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ON MAHLER EXPANSION OF p-ADIC GAMMA FUNCTION
AFFILIATED WITH THE ¢-BOOLE POLYNOMIALS

UGUR DURAN AND MEHMET ACIKGOZ

ABSTRACT. In this paper, we investigate several relations for p-adic gamma function by means of their
Mahler expansion and fermionic p-adic g-integral on Z,. We also derive two fermionic p-adic g-integrals
of p-adic gamma function in terms of ¢g-Boole polynomials and numbers. Moreover, we discover fermionic
p-adic g-integral of the derivative of p-adic gamma function. We acquire a representation for the p-adic
Euler constant by means of the g-Boole polynomials. We finally develop a novel, explicit and interesting
representation for the p-adic Euler constant including Stirling numbers of the first kind.

1. Introduction

Let N:={1,2,3,---} and Ny = NU {0}. Throughout this paper, Z denotes the set of integers, R denotes
the set of real numbers and C denotes the set of complex numbers. Let p be chosen as an odd fixed prime
number. The symbols Z,, Q, and C,, denote the ring of p-adic integers, the field of p-adic numbers and the
completion of an algebraic closure of ,, respectively. The normalized absolute value according to the theory
of p-adic analysis is given by |p| = p~ L. The parameter ¢ can be considered as an indeterminate, a complex
number ¢ € C with |g| < 1, or a p-adic number g € C,, with |g — 1|p < pip%l and ¢* = exp (zlogq) for
2|, < 1. The g-analogue of x is defined by [z], = (1 —¢%) /(1 — ¢). It is easy to show that lim, 1 [z], ==
for any x with |z[, <1 in the p-adic case (for details, cf. [1-10]; see also the related references cited therein).

Let f be uniformly differentiable function at a point a € Z,, denoted by f € UD (Z,). Kim [7] originally
introduced the fermionic g-Volkenborn integral (or fermionic p-adic g-integral on Z,) of a function f €

UD (Zy), as follows:
[ r@ @)=
ZP

Note that taking ¢ — 1 yields the familiar p-adic fermionic integral given by fz x)dp_q () =

My oo 27 > hg T 1) £ (K), see [3,7-9].
Let fi(x) = ( +1). By (1.1), the following integral equation holds true, see [7]:

q1—q(f1) +1-4(f) = [2], £ (0), (1.2)

which intensely preserves usability in introducing diverse generalizations of several special polynomials such
as Euler polynomials, Genocchi polynomials and Changhee polynomials. As a general case of (1.2), Kim [7],
Korean mathematician, gave the following integral equality for f,(x) = f(z + n):

N71

)¢~ (1.1)

_q k=0

n—1

"Lg(fa) + (D" () = 2, (D) f ().
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The usual Boole polynomials Bl, (x) are defined by means of the following generating function (cf. [9]):

= tn 1 n
Bl, . S— L - 1+ 4)"tvq .
3B ele) 1 = e (407 = [ G407, )
When w = 1, we have Bl,(z|1) := 271Ch,,(x) which are the familiar Changhee polynomials defined by the
following generating function to be (cf. [8])

> tm 2 -
;Oc*hn(gg)H =5 1+t (1.3)

In the case z = 0 in the (1.3), one can get Ch,(0) := Ch,, standing for n-th Changhee number (cf. [3, 8]).
The ¢-Boole polynomials of the first kind are defined by means of the following fermionic ¢-Volkenborn
integral (cf. [8,9]; see also the references cited in each of these earlier works):

> t 1 otw 1 m
Bl,,(z|lw)— =— 141t Ydu_ =—+—S(14¢)". 14
3 Blaa o) 13 = g [ (007 iy ) = e (4 (14)
The ¢g-Boole polynomials of the first kind can be represented by
Bl (o) = 2" [ (o wn) duy ). (1)

where (z),, be falling factorial given by (¢f. [1-3,8,9])
(), =z(xz—-1)(x—=2)---(z—n+1). (1.6)
In the special case, Bl,, , (0|w) := Bl,, 4 (w) is called n-th ¢-Boole number.
Upon setting w = 1, we have Bl, 4(z|1) := [2};1 Chy, ¢(x) which are defined by

Chug(@) = [ (o+1),dny ).
Taking = 0 into the (1.4) gives Chy, 4(0) := Ch,, 4 being called n-th ¢-Changhee number. It is obvious
that lim,_q Chy, 4 (z) := Ch,, (z), see [3].

The g-Boole polynomials of the second kind are defined by means of the following fermionic g-Volkenborn
integral, see [8]:

=~ t" 1 _ (1+1)*
Bl — = — 1+t)""“Yd =— 7 —(1+¢t)". 1.7
nz_:o n,q (:I: ‘w) n| 1 + q Zp ( + ) /J’—q (y) q+ (1 +t)w ( + ) ( )
The ¢g-Boole polynomials of the second kind can be represented by
Bl (o) = 207" [ (o =wm), duy (). (19)

P

When z = 0, we have B\qu O|w) := ﬁn,q (w) which is called the g-Boole numbers of the second kind.

In recent years, the Boole and the Changhee polynomials in conjunction with their many generalizations
studied and investigated by diverse mathematicians possess multifarious applications in p-adic analysis and
g-analysis, cf. [3,8,9] and references cited therein.

The formula (1.6) satisfies the following identity:

(@), =Y S1(n k)", (1.9)
k=0

where S (n, k) is Stirling number of the first kind (cf. [1-3,8,9]).
The following relation holds true for n > 0:

/Z (x J;wy) dp_y (y) = g;)w’"sl (m.m) B (=) (1.10)

P
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where E,, 4 (z/w) is m-th ¢-Euler polynomials with the value z/w defined by (cf. [8])

oo

| n 1+4q
> P = [ @t e, @

= t
o . 14 qe

Note that when y = 0, we have E,, , (0) := E, 4 called n-th ¢g-Euler number (see [8]).

In this paper, we investigate several relations for p-adic gamma function by means of their Mahler expan-
sion and fermionic p-adic ¢g-integral on Z,. We also derived two fermionic p-adic g-integrals of p-adic gamma
function in terms of g-Boole polynomials and numbers. Moreover, we discover fermionic p-adic ¢-integral
of the derivative of p-adic gamma function. We acquire a representation for the p-adic Euler constant by
means of the ¢g-Boole polynomials. We finally develop a novel, explicit and interesting representation for the
p-adic Euler constant including Stirling numbers of the first kind.

2. The ¢-Boole Polynomials Associated with p-Adic Gamma Function

1

Throughout this paper, we suppose that ¢,q € C,, with |q\p < p*ﬁ and |t\p < p~ T-». In this chapter, we
perform to derive some relationships among the two types of ¢g-Boole polynomials, p-adic gamma function
and p-adic Euler constant by making use of the Mahler expansion of the p-adic gamma function.

The p-adic gamma function (see [1-3,5,6,10]) is defined as follows

. n .
Iy (z) = lim (=1) H J (z €Zy), (2.1)
(p]j)nzl
where n approaches = through positive integers.
The p-adic Euler constant v, is defined by the following formula
- _I‘; (1)
! I, (0)
The p-adic gamma function in conjunction with its a great deal of extensions and p-adic Euler constant have
been developed by many physicists and mathematicians, ¢f. [1-3,6,10]; see also the references cited in each
of these earlier works.

For & € Zy, the symbol (¥) is given by () =1 and () = w (n € N).

Let « € Z, and n € N. The functions  — (*) form an orthonormal base of the space C (Z, — C,) with
respect to the Euclidean norm ||-|| . The mentioned orthonormal base satisfy the following equality:

@/ -5 - (%) (seo lana ). (23)

i=0 J

=T (1) =~ (0). (2.2)

Mahler investigated a generalization for continuous maps of a p-adic variable utilizing the special polynomials
as binomial coefficient polynomial [4] in 1958 as follows.

Theorem 1. [4]Every continuous function f : Z, — C, can be written in the form

f(z) = i an <Z> (2.4)

n=0

for all z € Z,,, where a,, € C, and a, — 0 as n — 00.

The base {(*) : n € N} is named as Mahler base of the space C (Z,, — C,,) , and the components {a,, : n € N}
in f(z) = Yo", a, (%) are called Mahler coefficients of f € C (Z, — C,). The Mahler expansion of the p-adic
gamma function I', and its Mahler coefficients are discovered in [6] as follows.

Proposition 1. For x € Z,, let T, (x+1) = Y07 jan (%) be Mahler series of T'y,. Then its coefficients
satisfy the following identity:

> (= an = 22 exp <x + mp) . (2.5)

n! 11—z D
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The fermionic ¢-Volkenborn integral on Z, of the p-adic gamma function via Eq. (1.5) and Proposition 1
is as follows.

Theorem 2. The following identity holds true for n € N:

| Twr D, @ =Y 2 Bl @)

P n=0

where a,, is given by Proposition 1.
Proof. For z,w € Zj,, by Proposition 1, we get

JEERSTEESD sy I e L

P n=0 Zp

and using the formula (1.5), we acquire

/Z [y (wz+1)dp_, () = Z quln,q (W),

P n=0

which gives the asserted result. |

We here present one other fermionic p-adic g-integral of the p-adic gamma function related to the g-Boole
polynomials as follows.

Theorem 3. Let x,Y,w € Zp. We have
| r+wy+1 d/t = E tn [2]q Bl T W 2.6
p ( Y ) —q (y) n! n,q ( | ) ) ( . )

Zp n=0

where a,, is given by Proposition 1.

Proof. For z,y,w € Z,, by the relation (mtl‘*’y) = % and Proposition 1, we get

:1:+wy _mai et w
[ ro et v, o= [ S o g ) =D any | @) da, ),

P Zp n=0 n=0 R
which is the desired result (2.6) via (1.4). O
We state the following theorem including a relation between I'), (z) and E\lmq (x|w).
Theorem 4. For z,y,w € Z,,we have

/ Lp(z—wy+1)du_, Zan ¢>

Zyp

where a, is given by Proposition 1.

Proof. For z,y,w € Zy, by the relation (7%, “¥) = % and Proposition 1, we get

/I‘p(a:—wy—i—l)du_q(y) = /Z dp_g (y)

L Zp n=0

ganm é (‘T - wy)n d:u‘—q (y) )

D

which is the desired result thanks to (1.8). O

A consequence of Theorem 4 is given by the following corollary.
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Corollary 1. Upon setting x = 0 in Theorem 4 gives the following relation for I'y, and B\ln’q (w):

/ Lp(z—wy+1)du_, Zan (w)’

ZP
where a,, is given by Proposition 1.
Here is the fermionic p-adic g-integral of the derivative of the p-adic gamma function.

Theorem 5. For z,y,w € Z,, we have

oo 1
/I‘ (x+wy+1)du_, Z an [2

Zyp n=0 j=0

o I
T + wy T+ wy
( ) p_g (y) = Zan/ ( > dp_y (y)
n=0 ZP n
and using (2.3), we derive

/Zr;(a:+wy+1)dufq(y) = inzlan(_i)n_;l/z (mj;wy>duq(y)

n—

(0" Bl (@)
(n—4) !

Proof. In view of Proposition 1, we obtain

/ZF’( +wy+1)du_, /Z

P PnO

P n=0 j=0 P
oo n—1 n—j—1 Bl
= Z an [2] (1) jq (2 |w)
n1=lq 4 1l :
n=0 j=0 = J:

The immediate result of Theorem 5 is given as follows.

Corollary 2. Fory € Z,, we have

/ I (wy+1)du_, Z Z an [2 =D .Bl.j’q C) . (2.7)

Zp n=0 j=0 (n_j)]'

We now provide a new and interesting representation of the p-adic Euler constant by means of g-Boole
polynomials of the second kind.

Theorem 6. We have

S (s Ba )~ By (1) 23

— ) 9!

Proof. Taking f (y) = I', (wy) in (1.2) yields the following result

o[ Tplrsw—1+ 0, W)+ [ T, ) = 2,10

D D

Using (2.2), (2.7) and Theorem 5 along with some basic calculations, we have

oo n—1 n—j—1 oo n—1 n—j—1
(-1)"77 " Blj g (w—1w) (—=1)"7 7 Bl (—1|w)
q an + an = =7 2 )
HZOJZO (n—j)J! ,LZOJZO (n—j)J! v,
which implies the asserted result. O

We give the following explicit formula for the p-adic Euler constant.
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Theorem 7. The following explicit formula is valid:

oo n—1 n
ZZ (n—j j' Z 1) (]_m_IZSH (n, k) (q (=1 —wm)f — (=1 —w—wm)k) .
n=0 j=0 k=0

Proof. By (1.4), we get

o~ " qil m+w - 7m71 ztw+wm
T;Bln,q(fku)a = W( _Z:O (1+t)
= D ()T AT = Z Mgy <x " wn+ wm) o
m=0 =0 n=0
o0 oo tn
= Z(Z g (2 4 w4 wm) )n
m=0
which gives, from (1.9), that
P oo n
Bl (v|w) = Z (-1 gt Z S1(n, k) (x +w+ wm)k
m=0 k=0

In view of (1.4) and (1.7), we easily obtain that
Bl (z|w) = Blyg (z|-w).

So, we derive that
Blog(zlw) =Y (-D"q ™) S (n,k) (2 —w—wm)". (2.9)
Thus, we have

Blyg(—1lw) =Y (-1D)"¢ ™ > 81 (n, k) (-1 — w —wm)” (2.10)

m=0 k=0
and - .
Blyg(w—1lw) =Y (=1)"q ™ > 81 (nk) (-1 —wm)*. (2.11)
m=0 =
By combining (2.8), (2.10) and (2.11), we arrive at the desired result. O

3. Conclusions and Observations

In the present work, we first have considered multifarious relationships among the two types of g-Boole
polynomials and p-adic gamma function. Also, we have computed the fermionic p-adic g-integral of the
derivative of p-adic gamma function. Moreover, we have given a novel representation for the p-adic Euler
constant by means of the g-Boole polynomials of both sides. We have finally provided a quirky explicit
formula for p-adic Euler constant.
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