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Abstract: In the present scenario, coherent states of a quantum harmonic oscillator are generalized
with positive Fox H auxiliary functions. The novel generalized coherent states provide canonical
coherent states and Mittag-Leffler or Wright generalized coherent states, as particular cases, and
resolve the identity operator, over the Fock space, with a weight function that is the product of a
Fox H function and a Wright generalized hypergeometric function. The novel generalized coherent
states, or the corresponding truncated generalized coherent states, are characterized by anomalous
statistics of large number of excitations: the corresponding decay laws exhibit, for determined values
of the involved parameters, various behaviors that depart from exponential and inverse-power-law
decays, or their product. The analysis of the Mandel Q factor shows that, for small values of the label,
the statistics of the number of excitations becomes super-Poissonian, or sub-Poissonian, by simply
choosing sufficiently large values of one of the involved parameters. The effects of the dissipative
processes on the novel generalized coherent states are analyzed.

Keywords: quantum harmonic oscillator; generalized coherent states; Fox H-functions; Wright
generalized hypergeometric functions

MSC: 81R30; 26A33; 33E12; 33E20

1. Introduction
A quantum harmonic oscillator is fundamental for the description of the most various systems in

the framework of quantum theory. In this regard, a basal example is represented by the quantization
of a single electromagnetic field mode. Coherent states (CSs) are special states of a quantum harmonic
oscillator that are characterized by minimum uncertainty and exhibit quasi-classical properties in the
time evolution. These states find the most various applications in mathematical physics, quantum
optics and quantum information, to name but a few. See Refs. [1–10], to name but a few.

During the last decades, CSs have been generalized in various ways. See Refs. [3,4,6,11–15], to
name but few. Klauder has generalized CSs by requiring the constraints of normalizability, continuity
in the label which characterized these states, and resolution of the identity operator over the canonical
Fock space with a positive weight function [3,4,6]. Mittag-Leffler or Wright generalized coherent
states (GCSs) are some examples of the Klauder’ s generalization [11–14]. These states are named
after the normalization factors, which are represented by Mittag-Leffler function or Wright function
of the square modulus of the label, respectively [16–19]. Mittag-Leffler or Wright exhibits anomalous
statistics of large number of excitations.

Truncated coherent states (TCSs) are obtained from canonical CSs by considering the Fock space
to be finite-dimensional (truncated). In this regards, refer to [20–30], to name but few. If compared
to canonical CSs, TCSs exhibit further properties with respect to the canonical CSs [25,30]. Truncated
generalized coherent states (TGCSs) are defined by requesting the three above-reported conditions
introduced by Klauder. Thus, TCSs resolve the the identity operator over the truncated Fock space
with a positive weight function [20–28,30]. Mittag-Leffler and Wright TGCSs are special examples of
TGCSs [14].
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Mittag-Leffler and Wright functions are particular cases of the Fox H-function [31–39]. The Fox
H-function is a special function that is defined via the Mellin-Barnes integrals. This function finds
applications in the most various areas of mathematics, statistics and physics. In this regards, refer
to [36,38–43], to name but few.

As a continuation of the above-described scenario, here, we aim to find further classes of GCSs by
adopting positive Fox H functions [44]. We aim to define further classes of GCSs that provide canonical
CSs and Mittag-Leffler or Wright GCSs as particular cases. Particularly, we aim to find novel forms
of weight functions that resolve the identity operator over the Fock space along with novel classes
of GCSs [3,4,6,11–15]. We also intend to study the distributions of the number of excitations which
characterize the novel GCSs, the Mandel Q factor [45], and the effects of the dissipative processes on
the novel GCSs [46–50].

The paper is organized as follows. GCSs and TGCSs are introduced in Section 2, for the sake of
completeness. Section 3 is devoted to the generalization of CSs and TCSs by adopting positive Fox H
functions as auxiliary functions. In Section 4, we analyze the statistics of the number of excitation of
the novel GCSs via the Mandel Q factor. The effects of the dissipative processes on the novel GCSs are
analyzed in Section 5. Summary of the results and conclusions are reported in Section 6. Details of the
calculations are provided in Appendix A.

2. GCSs and TGCSs
For the sake of clarity and completeness, we report in the present Section the definition and

the main properties of GCSs. The Fock basis F of a quantum harmonic oscillator is composed by
the eigenstates of the quantum number operator, F ≡ {|0⟩, |1⟩, . . . , }. The eigenstates are mutually
orthogonal and normalized to unity, ⟨j||k⟩ = δj,k, for every j, k ∈ N0, where N ≡ {1, 2, . . .} and
N0 ≡ N∪ {0}.

By definition, the class {|z; g⟩ ∀ z ∈ C} of GCSs is required to fulfill the conditions of normaliz-
ability, continuity in the label and resolution of the identity with a positive weight function. This class
is generated by the arithmetic function g(n) of the natural variable n, is defined over the Fock basis F
as follows:

|z; g⟩ =
[

Ng

(
|z|2
)]−1/2 ∞

∑
n=0

zn√
g(n)

|n⟩. (2.1)

for every z ∈ C \ {0}. Thus, the arithmetic function g(n) is required to be positive, g(n) > 0 for every
n ∈ N0. The GCS |0; g⟩ is the ground state of the quantum harmonic oscillator or, equivalently, the
state with no excitation (vacuum state), |0; g⟩ = |0⟩. By definition, the normalization factor Ng

(
|z|2
)
,

given by

Ng

(
|z|2
)
=

∞

∑
n=0

|z|2n

g(n)
, (2.2)

is required to be positive and finite,

0 < Ng

(
|z|2
)
< +∞, (2.3)

for every z ∈ C \ {0}. Condition (2.3) of normalizability is realized for every z ∈ C \ {0} iff

lim
n→+∞

sup
n′≥n

[
g
(
n′)]−1/n′

= 0. (2.4)

Due to condition (2.4), the following power series: ∑∞
n=0 ζn/gn, function of the complex variable

ζ, exists and is continuous for every ζ ∈ C. Thus, the following limit: Re⟨z||z0⟩ → 1, holds as z → z0,
and the required continuity in the label, |z; g⟩ → |z0; g⟩, is realized for every z, z0 ∈ C.
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By definition, the class {|z; g⟩, ∀ z ∈ C} of GCSs resolves the identity operator I over the Fock
basis F if a weight function Ug(u), positive on the set of the positive real numbers R+, exists such that
the following relation holds [3,6,11,12],∫

R2
Ug

(
|z|2
)
|z; g⟩⟨z; g|d2z = I, (2.5)

where d2z = d Re(z)d Im(z). The resolution of the identity operator is determined by the properties of
arithmetic function g(n) [3,6,11,12,51]. In fact, let the auxiliary function f (u) be defined on R+ via the
weight function U(g)(u) and the normalization factor Ng(u) as follows [3,6,11,12,51],:

f (u) ≡ π
Ug(u)
Ng(u)

, (2.6)

for every u > 0. The resolution of the identity operator, Eq. (2.5), holds over the Fock space F if

f̂ (n + 1) = g(n), (2.7)

for every n ∈ N0. The function f̂ (s) is the Mellin transform of the auxiliary function f (u),

f̂ (s) =
∫ ∞

0
f (u)us−1du, (2.8)

for every value of the complex variable s such that the involved integral exists [52–56].
The probability Pg

(
n, |z|2

)
that the GCS |z; g⟩ is characterized by n excitations, i.e., the state |n⟩,

is

Pg

(
n, |z|2

)
=

|z|2n

Ng(|z|2)g(n)
, (2.9)

for every n ∈ N0.
The truncated Fock basis Fd of a quantum harmonic oscillator is defined as follows: F ≡

{|0⟩, . . . , |d⟩}, for every d ∈ N. The class {|z; g; d⟩, ∀ z ∈ C} of TGCSs is defined over the truncated
Fock basis Fd as below:

|z; d; g⟩ =
[

Nd,g

(
|z|2
)]−1/2 d

∑
n=0

zn√
g(n)

|n⟩, (2.10)

for every z ∈ C \ {0} and d ∈ N, while |0; d, g⟩ = |0⟩ for every d ∈ N. The normalization factor Nd,g(u)
is

Nd,g(u) =
d

∑
n=0

un

g(n)
, (2.11)

for every u > 0 and d ∈ N. TGCSs are required to resolve the identity operator I over the truncated
Fock basis Fd, ∫

R2
Ud,g

(
|z|2
)
|z; d; g⟩⟨z; d; g|d2z = I. (2.12)

If the Mellin transform f̂ (s) of the positive auxiliary function f (u) exists for 1 ≤ Re s ≤ d+ 1, relations
(2.6) and (2.7) hold for the weight function Ud,g(u) and the normalization factor Nd,g(u), for every
d ∈ N.
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The probability Pg

(
n, d, |z|2

)
that the GCS |z; d; g⟩ is characterized by n excitations, i.e., the state

|n⟩, is

Pg

(
n, d, |z|2

)
=

|z|2n

Nd,g(|z|2)g(n)
, (2.13)

for every n = 0, . . . , d.

3. GCSs Characterized by Positive Fox H Auxiliary Functions
In the present Section, we intend to investigate if canonical CSs, and Mittag-Leffler or Wright

GCSs can be generalized further via Fox H auxiliary functions. For the sake of clarity and completeness,
we report below the definition of the Fox H function and conditions under which Fox H functions are
positive.

Briefly, the Fox H function is defined as follows [31–36]:

Hm,n
p,q

[
z

∣∣∣∣∣
(
αj, Aj

)p
1(

β j, Bj
)q

1

]
=

1
2πı

∫
C

Ξm,n
p,q

[
s

∣∣∣∣∣
(
αj, Aj

)p
1(

β j, Bj
)q

1

]
z−sds, (3.1)

where

Ξm,n
p,q

[
s

∣∣∣∣∣
(
αj, Aj

)p
1(

β j, Bj
)q

1

]
=

∏m
j=1 Γ

(
β j + Bjs

)
∏n

j=1 Γ
(
1 − αj − Ajs

)
∏

q
j=m+1 Γ

(
1 − β j − Bjs

)
∏

p
j=n+1 Γ

(
αj + Ajs

) .

(3.2)

The poles of the Gamma functions Γ(β1 + B1s), . . ., Γ(βm + Bms), are required to differ from the
poles of the Gamma functions Γ(1 − α1 − A1s), . . ., Γ(1 − αn − Ans). This property is provided by the
following inequality:

Aj

(
l + β j′

)
̸= Bj′

(
αj − l′ − 1

)
, (3.3)

that is requested to hold for every j = 1, . . . , n, j′ = 1, . . . , m, and l, l′ ∈ N0. The empty products
coincide with unity. The allowed values of the indexes n and m are 0 ≤ n ≤ p, 0 ≤ m ≤ q, and
Ai, Bj ∈ R+, αi, β j ∈ C, for every i = 1, · · · , p, and j = 1, · · · , q, where C is the set of the complex

numbers. The following notation is adopted for the sake of shortness:
(
xj
)l

1 ≡ x1, . . ., xl , for every

l ∈ N, while
(

xj
)l

1 ≡ 1, for l = 0;
(

xj, Xj
)l

1 ≡ (x1, X1), . . . , (xl , Xl), for every l ∈ N, while
(
xj, Xj

)l
1 ≡ 1,

for l = 0; and
((

xj, Xj
)
,
(
yj, Yj

))l
1 ≡ (x1, X1), (y1, Y1), . . ., (xl , Xl), (yl , Yl), for every l ∈ N. Refer

to [35,36] for the existence condition, the domain of analiticity and the contour path C that is adopted
in the definition (3.1) of the Fox H function.

The Wright generalized hypergeometric function is a special case of the Fox H function and is
defined by the below-reported power series [35,36],

pWq

[
z

∣∣∣∣∣
(
αj, Aj

)p
1

(βk, Bk)
q
1

]
=

∞

∑
n=0

∏
p
j=1 Γ

(
αj + Ajn

)
∏

q
k=1 Γ(βk + Bkn)

zn

n!

= H1,p
p,q+1

[
−z

∣∣∣∣∣
(
1 − αj, Aj

)p
1

(0, 1), (1 − βk, Bk)
q
1

]
, (3.4)
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for every z ∈ C \ {0}, αj, βk ∈ C, Aj, Bk ∈ R+. The Wright generalized hypergeometric function is an
entire function of the complex variable z, for every z ∈ C \ {0} if µ > −1, where

µ =
q

∑
j=1

Bj −
p

∑
j=1

Aj. (3.5)

The Mellin transform of the Fox H function [35,36]:

∫ +∞

0
us−1Hm,n

p,q

[
u

∣∣∣∣∣
(
αj, Aj

)p
1(

β j, Bj
)q

1

]
du = Ξm,n

p,q

[
s

∣∣∣∣∣
(
αj, Aj

)p
1(

β j, Bj
)q

1

]
, (3.6)

exists for

− min
j=1,...,m

{
ℜ
(

β j
)

Bj

}
< ℜ(s) < min

j=1,...,n

1 −ℜ
(
αj
)

Aj
, (3.7)

if χ > 0.
A class of Fox H functions, positive on R+, is obtained from the Mellin convolution product of

functions that are positive on R+ [44]:

Hm′ ,n′

p′ ,q′

u

∣∣∣∣∣
(

α′j, A′
j

)p′

1(
β′

j′ , B′
j

)q′

1

 > 0, (3.8)

for every u > 0. The indexes m′, n′, p′, q′ are

m′ = n1 + n2 + n3, (3.9)

n′ = n3 + n4, (3.10)

p′ = n2 + n3 + n4, (3.11)

q′ = n1 + n2 + n3 + n4, (3.12)

where n1, n2, n3, n4 are natural numbers such that

n1 ≥ 1, or n3 ≥ 1. (3.13)

The involved parameters are

(
α′j, A′

j

)p′

1
=
(

1 − rj, a′′j
)n3

1
,
(

1 − vj, a′′′j

)n4

1
,
(

dj, a′j
)n2

1
, (3.14)(

β′
j, B′

j′

)q′

1
=
(
bj, aj

)n1
1 ,
(

cj, a′j
)n2

1
,
(

oj, a′′j
)n3

1
,
(

1 − wj, a′′′j

)n4

1
. (3.15)

By definition, the constraint below,

A′
j

(
β′

j′ + l
)
̸= B′

j′

(
α′j − l′ − 1

)
, (3.16)
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is required to hold for every j = 1, . . . , n′, j′ = 1, . . . , m′, and l, l′ ∈ N0. Additionally, the parameters
a1, . . ., an, b1, . . ., bn, a′1, . . ., a′n, c1,. . ., cn, d1, . . ., dn, a′′1 , . . ., a′′n , o1, . . ., on, r1, . . ., rn, a′′′1 , . . ., a′′′n , v1, . . ., vn,
w1, . . ., wn, are required to fulfill the following relations:

aj > 0, bj ≥ 0, j = 1, . . . , n1, (3.17)

a′j > 0, cj ≥ 0, dj ≥ cj + 1, j = 1, . . . , n2, (3.18)

a′′j , rj > 0, oj ≥ 0, j = 1, . . . , n3, (3.19)

a′′′j , vj > 0, wj ≥ vj + 1, j = 1, . . . , n4. (3.20)

for every (n1, n2, n3, n4) ∈ S, where S ≡ N4
0 \ {(0, 0, 0, 0)}. The parameter χ is defined as below for the

general form (3.1) of the Fox H function,

χ =
n

∑
j=1

Aj −
p

∑
j=n+1

Aj +
m

∑
j=1

Bj −
q

∑
j=m+1

Bj. (3.21)

Let the parameterχ′, be the value of the parameter χ, defined by Eq. (3.21), that characterizes the
positive Fox H function involved in relation (3.8). The parameter χ′ is positive,

χ′ =
n1

∑
j=1

aj + 2
n3

∑
j=1

a′′j > 0, (3.22)

if condition (3.13) holds. Instead, the parameter χ′ vanishes, χ′ = 0, for n1 = n3 = 0.
At this stage, we are equipped to process special forms of the auxiliary function f (u) that are

represented by Fox H functions. In fact, consider the following expression of the auxiliary function:

fH(u) = Hq′ ,0
p′ ,q′

u

∣∣∣∣∣
(

α′j, A′
j

)p′

1(
β′

j′ , B′
j

)q′

1

, (3.23)

for every u > 0. The involved indexes and parameters are defined by relations (3.9)-(3.22), with
n3 = n4 = 0. Thus, the function fH(u) is a Fox H function that is positive on R+, i.e., fH(u) > 0,
for every u > 0. The parameter χ′ of the Fox H function fH(u) is positive, χ′ > 0. Thus, the Mellin
transform f̂H(n + 1) of the function fH(u), given by Eq. (3.23), exists for every n ∈ N0. The arithmetic
function gH(n), corresponding to the auxiliary function fH(u), is determined via Eq. (2.7),

gH(n) =

(
n1

∏
j=1

Γ
(
b̄j + ajn

))( n2

∏
k=1

Γ
(
c̄k + a′kn

)
Γ
(
d̄k + a′kn

)), (3.24)

for every n ∈ N0, where b̄j = bj + aj, for every j = 1, . . . , n1, and c̄k = ck + a′k, d̄k ≡ dk + a′k, for
every k = 1, . . . , n2. Note that condition (2.4) holds due to the asymptotic behavior of the Gamma
function [35]. According to the above-reported properties, the Fox H function fH(u), given by Eq.
(3.23), represents an auxiliary function that is legitimate for the definition of GCSs.

The normalization factor NgH

(
|z|2
)

is given by a Wright generalized hypergeometric function,

NgH (u) = p′+1Wq′

u

∣∣∣∣∣ (1, 1),
(

d̄j, a′j
)n2

1(
b̄j, aj

)n1
1 ,
(

c̄j, a′j
)n2

1

, (3.25)
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for every u > 0. The weight function UgH

(
|z|2
)

, corresponding to the auxiliary function fH(u) given
by Eq. (3.23), results to be a product of a Wright generalized hypergeometric function and a Fox H
function,

UgH (u) = π−1
p′+1Wq′

u

∣∣∣∣∣ (1, 1),
(

d̄j, a′j
)n1

1(
b̄j, aj

)n1
1 ,
(

c̄j, a′j
)n2

1


× Hq′ ,0

p′ ,q′

u

∣∣∣∣∣
(

dj, a′j
)n2

1(
bj, aj

)n1
1 ,
(

cj, a′j
)n2

1

, (3.26)

for every u > 0.
We are finally able to state that the set {|z; gH⟩ ∀ z ∈ C} is a legitimate class of GCSs, obtained

with positive Fox H auxiliary functions. This class of GCSs resolves the identity operator over the
Fock space F . The positive weight function is the product of a Wright hypergeometric function and a
Fox H function. Canonical CSs, Mittag-Leffler and Wright GCSs are special cases of the GCSs under
study. In fact, Canonical CSs are obtained for n1 = 1, n2 = 0, b1 = 0, a1 = 1, i.e., gH(n) = Γ(n + 1).
Mittag-Leffler GCSs are obtained for n1 = 1, n2 = 0, i.e., gH(n) = Γ(a1n + b1). Wright GCSs are
obtained for n1 = 2, n2 = 0, b1 = 0, a1 = 1, i.e., gH(n) = n!Γ

(
a1n + b̄1

)
.

The probability PgH

(
n, |z|2

)
that the generalized coherent state |z; gH⟩ coincides with n excitations,

i.e., the state |n⟩ of the Fock basis, is

PgH

(
n, |z|2

)
=

|z|2n

NgH (|z|2)gH(n)
, (3.27)

for every n ∈ N0. For large values of the number of excitations, n ≫ 1, the probability PgH

(
n, |z|2

)
is

described by the following asymptotic form:

PgH

(
n, |z|2

)
∼ γ′|z|2n

NgH (|z|2)

( e
n

)µ′n(
κ′
)−nn−δ̄, (3.28)

where

γ′ = (2π)−ρ′ exp

 q′

∑
j=1

β̄ j −
p′

∑
j=1

ᾱj

∏
p′

j=1

(
A′

j

)ᾱj−(1/2)

∏
q′
j=1

(
B′

j

)β̄ j−(1/2)
, (3.29)

ρ′ =
q′ − p′

2
, (3.30)

κ′ =

 p′

∏
j=1

(
A′

j

)−A′
j

 q′

∏
j=1

(
B′

j

)B′
j

, (3.31)

δ̄ =
q′

∑
j=1

β̄ j −
p′

∑
j=1

ᾱj +
p′ − q′

2
, (3.32)

for every allowed values of the involved parameters.

3.1. Truncated Coherent States Generalized with Positive Fox H Functions

At this stage, we consider the case where the Fock basis Fd of a quantum harmonic oscillator
is truncated: F ≡ {|0⟩, . . . , |d⟩}, for every d ∈ N. The truncated Fock space is (d+ 1)-dymensional.
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Let the auxiliary function f (u) be represented by a positive Fox H-function defined by relations
(3.8)-(3.22) [44],

fH(u) ≡ Hm′ ,n′

p′ ,q′

u

∣∣∣∣∣
(

α′j, A′
j

)p′

1(
β′

j, B′
j

)q′

1

, (3.33)

for every u > 0. Let the following conditions hold: χ > 0, and

d+ 1 < min
j=1,...,n′

{
1 − α′j

A′
j

}
, (3.34)

with d ∈ N. Then, the corresponding values gH(0), . . . , gH(d) are obtained from Eq. (2.7),

gH(n) =
∏m′

j=1 Γ
(

β̄ j + B′
jn
)

∏n′
j=1 Γ

(
1 − ᾱj − A′

jn
)

∏
q′
j=m′+1 Γ

(
1 − β̄ j − B′

jn
)

∏
p′
j=n+1 Γ

(
ᾱj + A′

jn
) , (3.35)

for every n = 0, . . . , d. The corresponding normalization factor, Nd,gH

(
|z|2
)

, is given by Eq. (2.11) in
case the terms g(0), . . . , g(d), are obtained from Eq. (3.35), for every n = 0, . . . , d. The corresponding
weight function Ud,gH

(
|z|2
)

is given by the form below,

Ud,gH (u) = π−1Nd,gH (u)Hm′ ,n′

p′ ,q′

u

∣∣∣∣∣
(

α′j, A′
j

)p′

1(
β′

j′ , B′
j

)q′

1

, (3.36)

for every u > 0.
The probability PgH

(
n, d, |z|2

)
that the GCS |z; d; gH⟩ is characterized by n excitations, i.e., the

state |n⟩, is

PgH

(
n, d, |z|2

)
=

|z|2n

Nd,gH (|z|2)gH(n)
, (3.37)

for every n = 0, . . . , d. For large values of the number of excitations, d ≥ n ≫ 1, the probability
PgH

(
n, d, |z|2

)
is properly approximated by the following asymptotic form:

PgH

(
n, d, |z|2

)
≃ γ′′|z|2n

Nd,gH (|z|2)

( e
n

)µ′n(
κ′
)−nn−δ̄, (3.38)

where

γ′′ =

(
2π

e

)q′−m′−n′

γ′,

for every allowed values of the involved parameters.

4. Sub- and Super-Poissonian Statistics of the Number of Excitations
The distribution of the numbers of excitations for a canonical CS is given by a purely Poissonian

statistics. The deviation from this canonical condition is estimated by the Mandel Q parameter [45].
The Mandel Q parameter is defined in terms of the expectation values of N̂2, the square of the number
operator, and N̂, the number operator,

Q =
⟨N̂2⟩ − ⟨N̂⟩2

⟨N̂⟩
− 1. (4.1)
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The distributions of the number of excitations is super-Poissonian if the Mandel parameter is pos-
itive, Q > 0. In this case, the variance is larger than the mean value of the number of excitations,[
⟨N̂2⟩ − ⟨N̂⟩2] > ⟨N̂⟩. The distributions of the number of excitations is purely Poissonian if the Man-

del parameter vanishes, Q = 0. In this case, the variance coincides with the mean value of the number
of excitation,

[
⟨N̂2⟩ − ⟨N̂⟩2] = ⟨N̂⟩. The distributions of the number of excitations is sub-Poissonian if

the Mandel parameter is negative, Q < 0. In this case, the variance is smaller than the mean value of
the number of excitations,

[
⟨N̂2⟩ − ⟨N̂⟩2] < ⟨N̂⟩. Negative values of the Mandel parameter are related

to the non-classical nature of the system.
For the GCSs generated by the arithmetic function g(n), the Mandel parameter Q

(
|z|2, g

)
is given

by the following form [57]:

Q
(
|z|2, g

)
= |z|2

[
∑∞

n=0(n + 1)(n + 2)|z|2n/g(n + 2)

∑∞
n=0(n + 1)|z|2n/g(n + 1)

−∑∞
n=0(n + 1)|z|2n/g(n + 1)

∑∞
n=0|z|

2n/g(n)

]
, (4.2)

for every z ∈ C \ {0}. For the GCSs generated by the arithmetic function gH(n), the Mandel parameter
Q
(
|z|2, gH

)
is expressed in terms of the Wright generalized hypergeometric function,

Q
(
|z|2, gH

)
= |z|2



p′+1Wq′

u

∣∣∣∣∣ (3, 1),
(

αj + 3A′
j, A′

j

)p′

1(
β + 3B′

j, B′
j

)q′

1



p′+1Wq′

u

∣∣∣∣∣ (2, 1),
(

αj + 2A′
j, A′

j

)p′

1(
β + 2B′

j, B′
j

)q′

1



−

p′+1Wq′

u

∣∣∣∣∣ (2, 1),
(

αj + 2A′
j, A′

j

)p′

1(
β + 2B′

j, B′
j

)q′

1



p′+1Wq′

u

∣∣∣∣∣ (1, 1),
(

αj + A′
j, A′

j

)p′

1(
β + B′

j, B′
j

)q′

1




, (4.3)

for every z ∈ C \ {0}. The Mandel parameter of GCSs is studied for large and small values of the label
in Ref. [57]. The Mandel parameter tends to the opposite of unity for large values of the label. This
behavior is confirmed by the statistics of the GCSs under study,

Q
(
|z|2, gH

)
→ −1, (4.4)

for large values of the label, |z| → +∞. In accordance with the general case, for the GCSs under study,
the distributions of the number of excitations is sub-Poissonian at large values of the label.

For small nonvanishing values of the label, the Mandel parameter of the GCSs under study is
positive (negative),

Q
(
|z|2, gH

)
>(<) 0, (4.5)

as |z| → 0+, with z ̸= 0, if the following constraint holds [57]:

gH(0)gH(2)
g2

H(1)
<(>) 2. (4.6)
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Relation (A1) is fulfilled by the following values of the involved parameters:

A′
j = B′

k = 1, αj =
2 − 2ξ j

2ξ j − 1
, βk =

2 − 2ηk

2ξk − 1
, (4.7)

in case

q′

∑
k=1

ηk −
p′

∑
j=1

ξ j <(>) 1, (4.8)

for every ξ j and ηk such that 0 < ξ j, ηk ≤ 1, and every j = 1, . . . , p′, k = 1, . . . , q′.

The GCSs under study exhibit super-Poissonian statistics of the number of excitations, Q
(
|z|2, gH

)
>

0, for small nonvanishing values of the label, |z| → 0+, with z ̸= 0, in case the involved parameters are
given by relations (4.7) and (4.8), and ηj ≃ ξ j, for every j = 1, . . . , p′, ηj ≳ 0, for ever j = p′ + 1, . . . , q′,

as q′ > p′. Instead, the statistics of the number of excitations is sub-Poissonian , Q
(
|z|2, gH

)
< 0, for

small nonvanishing values of the label, |z| → 0+, with z ̸= 0, in case the involved parameters are given

by relations (4.7) and (4.8), and ξ j ≳ 0, for every j = 1, . . . , p′, ∑
q′

k=1 ηk > 1.
Super-Poissonian statistics of the number of excitations for small nonvanishing values of the label

are realized, more generally, if one index j′ exists, at least, such that the value of the parameter A′
j′

is sufficiently large, i.e., A′
j′ ≫ 1. Similarly, sub-Poissonian statistics of the number of excitations for

small nonvanishing values of the label is realized if one index j′′ exists, at least, such that the value of
the parameter B′

j′′ is sufficiently large, i.e., B′
j′′ ≫ 1.

In summary, the GCSs under study exhibit super- or sub-Poissonian statistics of the number of
excitations, according to the values of the involved parameters. The corresponding Mandel parameter
is expressed in terms of Wright generalized hypergeometric functions and is negative for large values
of the label. Instead, positive or negative values of the Mandel parameter are obtained for small
nonvanishing values of the label and determined values of the involved parameters. In this way, the
resulting statistic is super- or sub-Possonian, respectively.

5. Dissipative Effects
At this stage we evaluate the dissipative effects that a memoryless environment produces over

the GCSs under study [46–50]. For the sake of clarity and consistency, we report below the dissipative
evolution of a GCS interacting with such an environment, by following Refs. [48–50].

Briefly, the dissipative evolution of an initial state described by the density matrix ρ(0), results to
be the mixed state ρ(t), given by the form below,

ρ(t) =
∞

∑
l=0

Λl(t)ρ(0)Λ†
l (t), (5.1)

for every t ≥ 0. The effect operators Λ0(t), Λ1(t), . . ., mimic the loss of zero, one, or more excitations,
or, equivalently, decay events, and are given by the following form in the canonical Fock basis F :

Λl(t) =
∞

∑
l′=l

√
l′![p(t)]l

′−l [1 − p(t)]l

l!(l′ − l)!
|l′ − l⟩⟨l′|, (5.2)

for every t ≥ 0, and l ∈ N0. The function p(t) is the exponentially damped survival probability of the
initial state,

p(t) = exp(−υt), (5.3)

for every t ≥ 0.
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The loss of zero, one, or more excitations by a GCS |z; g⟩, produces states that, despite the loss,
remain GCSs [50],

Λl(t)|z; g⟩ = zlKl

[
p(t), |z|2, gl

]
|z
√

p(t); gl⟩, (5.4)

for every t ≥ 0, z ∈ C \ {0} and l ∈ N0. The function Kl

[
p(t), |z|2, gl

]
is given by the following

expression:

Kl

[
p(t), |z|2, gl

]
=

√√√√√ [1 − p(t)]l Ngl

[
|z|2 p(t)

]
l! Ng0

(
|z|2
) . (5.5)

The transformed GCS |z
√

p(t); gl⟩, is generated by the arithmetic function gl(n), given by

gl(n) =
g0(n + l)

(n + 1) · · · (n + l)
, (5.6)

for every l, n ∈ N0. Note that g0(n) = g(n) for every n ∈ N0. The class {|z; gl⟩, ∀ z ∈ C} of GCSs
produced by l decay events, resolve the identity operator with the weight function Ugl (u), given by
the expression below,

Ugl (u) = Ngl (u)
∫ ∞

u
· · ·

∫ ∞

ul−1

Ug0(ul)

Ng0(ul)
dul . . . du1, (5.7)

for every u > 0, and l ∈ N, with u0 = u.
According to Eq. (5.1), the time evolution of the initial GCS |z; g⟩, i.e., ρ(0) = |z; g⟩⟨z; g|, is

ρ(t) =
∞

∑
l=0

Ξl

[
p(t), |z|2, gl

]
|z
√

p(t); gl⟩⟨z
√

p(t); gl |, (5.8)

for every t ≥ 0. The statistical mixture ρ(t) is composed by the transformed GCSs |z
√

p(t); g0⟩,
|z
√

p(t); g1⟩, . . ., with weights Ξ0

(
p(t), |z|2, g0

)
,

Ξ1

(
p(t), |z|2, g1

)
, . . ., given by

Ξl

[
p(t), |z|2, gl

]
= |z|2lK2

l

[
p(t), |z|2, gl

]
=

|z|2l [1 − p(t)]l Ngl

[
|z|2 p(t)

]
l! Ng0

(
|z|2
) ,

(5.9)

for every t ≥ 0, l ∈ N0, and z ∈ C \ {0}.
At this stage, we are equipped to describe the dissipative effects on the CSs generalized with the

Fox H function due to the unavoidable interaction with the external environment. The generalized
coherent state |z; gH⟩ is transformed by l decay events into the generalized coherent state |z; gH,l⟩, for
every z ∈ C \ {0}, described by Eqs. (5.4) and (5.5), for every l ∈ N0. The involved arithmetic function
gH,l(n) is obtained from Eqs. (3.24) and (5.6),

gH,l(n) =
Γ(1 + n)

Γ(1 + l + n)

(
n1

∏
j=1

Γ
(

bj,l + ajn
))( n2

∏
k=1

Γ
(
ck,l + a′kn

)
Γ
(
dk,l + a′kn

)), (5.10)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 17 June 2025 doi:10.20944/preprints202506.1349.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202506.1349.v1
http://creativecommons.org/licenses/by/4.0/


12 of 15

for every l, n ∈ N0. The involved parameters are defined as follows:

bj,l = bj + (l + 1)aj, ck,l = ck + (l + 1)a′k, dk,l = dk + (l + 1)a′k,

(5.11)

for every j = 1, . . . , n1, k = 1, . . . , n2, n1, n2 ∈ N, l ∈ N0. Note that gH,0(n) = gH(n), for every n ∈ N0.
The (positive) auxiliary function fH,l(u), corresponding to the arithmetic function gH,l(n), is given

by the following Fox H function:

fH,l(u) = Hq′+1,0
p′+1,q′+1

u

∣∣∣∣∣ (l + 1, 1),
(

α′j,l , A′
j

)p′

1

(1, 1),
(

β′
j,l , B′

j

)q′

1

, (5.12)

for every u > 0, and l ∈ N0. The involved parameters are

(
α′j,l , A′

j

)p′

1
=
(
dk,l , a′k

)n2
1 , (5.13)(

β′
j,l , B′

j′

)q′

1
=
(

bj,l , aj

)n1

1
,
(
ck,l , a′k

)n2
1 , (5.14)

for every l, n ∈ N0, and n1, n2 ∈ N.
The normalization factor NgH,l

(
|z|2
)

of the transformed generalized coherent state |z; gH,l⟩ is
given by a Wright generalized hypergeometric function,

NgH,l (u) = p′+1Wq′

u

∣∣∣∣∣ (l + 1, 1),
(

α′j,l , A′
j

)p′

1(
β′

j,l , B′
j

)q′

1

, (5.15)

for every u > 0. The weight function UgH,l

(
|z|2
)

, corresponding to the auxiliary function fH,l(u) given
by Eq. (5.12), results to be a product of a Wright generalized hypergeometric function and a Fox H
function,

UgH,l (u) = π−1
p′+1Wq′

u

∣∣∣∣∣ (l + 1, 1),
(

α′j,l , A′
j

)p′

1(
β′

j,l , B′
j

)q′

1


× Hq′+1,0

p′+1,q′+1

u

∣∣∣∣∣ (l + 1, 1),
(

α′j,l , A′
j

)p′

1

(1, 1),
(

β′
j,l , B′

j

)q′

1

, (5.16)

for every u > 0.
The exponentially damped survival probability of the initial state, p(t), vanishes over long

times, t ≫ 1/u. Thus, every time-dependent GCS generated by the zero, one or more decay events,
|z
√

p(t); gH,l⟩ for every l with nonvanishing label, z ∈ C \ {0} for every l, n ∈ N0, tends to become
the ground or vacuum states, |z

√
p(t); g⟩ → |0⟩, for t ≫ 1/u. Consequently, the amplitude damping

noise ultimately reduces the initial GCS |z; gH⟩ to the vacuum state, ρ(t) → |0⟩⟨0|, over long times,
t ≫ 1/u [50].

6. Summary and Conclusions
CSs of a quantum harmonic oscillator are fundamental states of minimum uncertainty that

exhibit Poissonian distribution of the number of excitations. CSs find applications in the most various
scenarios, from quantum optics to mechanical devices.
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Theoretical generalizations of CSs are performed in various ways. Klauder’ s generalization of
CSs is performed by requiring the conditions of normalizability, continuity in the label and resolution
of the identity operator with a (positive) weight function [3]. This approach has led to various
generalizations of CSs with special functions including Mittag-Leffler and Wright functions [3,11–
15,57]. These generalized states exhibit various distributions of the number of excitations, ranging
from super-Poissonian to the non-classical sub-Poissonian statistics. Additionally, Wright generalized
Schrödinger cat states evolve under amplitude damping noise similarly to the canonical Scrödinger
cat states, opening to possible applications in quantum information processing [48–50].

Fox H function is a special function that produces Mittag-Leffler and Wright special functions as
particular cases [31–36,36–38,38,39,39–43]. Therefore, in the present scenario, we have adopted this
special function to perform further generalization of CSs. We have found that the resulting GCSs
provide canonical CSs, and Mittag-Leffler and Wright GCSs as particular cases. Additionally, these
GCSs exhibit anomalous distributions of large numbers of excitations that result to be products of
exponential and power laws and powers of the term n−n. Thus, the novel GCSs are equipped to
describe a large variety of anomalous distributions of number of excitations in the framework of
purely quantum theory. The corresponding Mandel Q factor consists of ratios of Wright generalized
hypergeometric functions that is negative for large values of the label and, therefore, witnesses (non-
classical) sub-Poissonian statistics. Instead, for small nonvanishing values of the label, the Mandel Q
factor is positive or negative, according to the values of the involved parameters. In these cases the
statistics is super- or sub-Poissonian, respectively, according to the values of the involved parameters.
Additionally, the super-Poissonian regime is obtained for small nonvanishing values of the label by
simply choosing sufficiently large values of just one parameter. Same property holds for the realization
of the sub-Poissonian statistics. The GCSs under study resolve the identity operator with a weight
functions that is the product of a Wright generalized hypergeometric function and a Fox H function.

In conclusion, the CSs generalized via Fox H auxiliary functions provide a wide variety of
behaviors ranging from classical to non-classical properties, and anomalous statistics of the number of
excitations that described various decay laws. We believe that these property might be help to describe
anomalous phenomena in the framework of purely quantum theory.

Appendix A. Details

The normalization factor NgH

(
|z|2
)

, given by Eq. (3.25), is obtained from the general form (2.2),
by considering the arithmetic function gH(n), given by Eq. (3.24). The corresponding power series
provides the Wright generalized hypergeometric function via Eq. (3.4). The weight function UgH (u),
given by Eq. (3.26), is derived from Eqs. (2.6), (3.23), (3.25). The asymptotic form (3.28) is derived from
Eq. (3.27) and the asymptotic expansion of the form 1/gH(n) as n → +∞ [35]. The above-reported
methods hold also for the truncated GCSs under study. In this way, Eqs. (3.36) - (3.28) are obtained
from Eqs. (3.33), (3.34).

Expression (4.3) of the Mandel parameter is obtained from Eq. (4.2) by using form (3.24) of the
arithmetic function g(n). The asymptotic form (4.4) is evaluated in straightforward way from Eqs. (4.3),
by considering the generalized hypergeometric function as a particular case of the Fox H function [35],
Eq. (3.4).

Condition (4.6) is equivalent to the following relation involving products of ratios of non-negative
Gamma functions:  q′

∏
j=1

Γ
(

β̄ j + 2B′
j

)
Γ
(

β̄ j + B′
j

)
 p′

∏
j=1

Γ
(

ᾱj + A′
j

)
Γ
(
ᾱj
)


<(>) 2

 p′

∏
j=1

Γ
(

ᾱj + 2A′
j

)
Γ
(

ᾱj + A′
j

)
 q′

∏
j=1

Γ
(

β̄ j + B′
j

)
Γ
(

β̄ j
)

. (A1)
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Conditions (4.7) and (4.8) are obtained from relation (A1) and the recurrence relation involved Gamma
function [58], Γ(z + 1) = zΓ(z), holding for Re z > 0.

Condition A′
j′ ≫ 1, realizing the super-Poissonian statistics, is derived from the following

vanishing asymptotic behavior [58]:

lim
A′

j′→+∞

Γ
(

ᾱj′ + A′
j′

)
Γ
(

ᾱj′
) /

Γ
(

ᾱj′ + 2A′
j′

)
Γ
(

ᾱj′ + A′
j′

) = 0+, (A2)

Similarly, condition B′
j′′ ≫ 1, realizing the sub-Poissonian statistics, is derived from the following

vanishing asymptotic behavior [58]:

lim
B′

j′′→+∞

Γ
(

β̄ j′′ + 2B′
j′′

)
Γ
(

β̄ j′′ + B′
j′′

) /Γ
(

β̄ j′′ + B′
j′′

)
Γ
(

β̄ j′′
) = +∞. (A3)

Relations (5.10) - (5.16) are obtained in straightforward way from Eqs. (2.6), (2.7), (3.1) - (3.26).
This concludes the demonstration of the present results.
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