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Abstract

One of the main tools in Statistical Process Control (SPC) for monitoring quality is the control chart.
Simultaneous multivariate control charts are widely used to monitor shifts in the process mean and
variability at the same time. One Shewhart-type simultaneous multivariate chart is the Max-Half-
Mchart, which can detect both small and large shifts in the mean and variability. However, outliers
can distort the estimation of process parameters used to set control limits. In addition, outliers can
cause two related problems, namely the masking effect and the swamping effect. Recent studies have
highlighted the importance of cellwise outliers. Previous studies have shown that cellwise
contamination can trigger outlier propagation. Therefore, casewise-based robust estimators become
less relevant under such conditions. CelIMCD is a robust method for estimating location and
covariance by integrating cellwise outlier detection into a single objective function. This study aims
to develop a robust Max-Half-M chart based on celIMCD. Based on simulation studies under different
correlation levels and contamination proportions, the proposed chart shows more stable performance
than the conventional chart and the robust Fast-MCD-based version, as indicated by higher AUC
values and lower EN rates. The ARL analysis also suggests that the cellMCD-based chart tends to
detect small to moderate shifts faster. In the real-data application, the cellMCD-based chart
successfully detects seven out-of-control signals, which is more than the comparison charts.

Keywords: simultaneous multivariate control charts; Max-Half-Mchart; cellwise contamination;
cellIMCD

1. Introduction

Statistical Process Control (SPC) is an important approach to monitor product quality and keep
a production process consistent. SPC monitors the process mean and variability across several quality
characteristics, so process problems can be detected early before products go beyond specification
limits [1]. One of the main SPC tools is the control chart, introduced by Walter A. Shewhart in 1924
to distinguish common cause variation from special cause variation in a process [2]. Based on the
number of quality characteristics, control charts are classified into univariate and multivariate charts.
Univariate charts monitor one characteristic at a time, while multivariate control charts monitor two
or more correlated characteristics at the same time.

A wide range of multivariate control charts has been developed in the literature. Hotelling’s
T2 chart extends the t-test and the X chart to detect shifts in the process mean vector [3]. To better
detect small mean shifts, MCUSUM and MEWMA charts have been proposed [4,5]. For monitoring
changes in multivariate variability, the generalized variance chart uses the determinant of the sample
covariance matrix [1]. For individual observations, a successive difference approach has also been
introduced [6]. Other variability measures include IGV, vector variance, and methods that combine
generalized variance with the trace of the covariance matrix [7][8][9]. In addition, some charts focus
on changes in the correlation structure [10], and the Tr(R?) chart has been proposed for subgroup
data [11].
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Simultaneous control charts have also been developed to monitor the process mean and
variability at the same time. A Shewhart type simultaneous chart was first introduced using a
modified boxplot for subgroup data [12]. Later, the Max Chart was proposed by combining the
X chart and the S chart [13]. For the bivariate case, a Max-Chart based on Hotelling’s T?statistic and
the generalized variance was developed for subgroup data [14]. This idea was then extended to the
multivariate setting and became known as the Max-Mchart [15]. Further work includes the Max-
Mchart Chart with a gamma distribution transformation [16]. In addition, the Max-Mchart and the
Max Half-Mchart have been developed for individual observations using standard normal and half
normal transformations, and they have also been studied for subgroup data [17][18].

However, conventional control charts are known to be sensitive to outliers. Outliers can affect
the estimation of process parameters used to set control limits, which may result in wider or stretched
control limits [19]. A key weakness of classical estimators is their vulnerability to masking and
swamping effects. Masking refers to a loss of detection power when the true number of outliers is
larger than assumed, so extreme outliers may not be detected, leading to false negatives [20]. In
contrast, swamping occurs when normal observations are incorrectly flagged as outliers, leading to
false positives ([21].

Several studies have been developed to address the problem of casewise outliers. Robust
estimators such as the Minimum Volume Ellipsoid (MVE) and the Minimum Covariance
Determinant (MCD) were introduced as outlier resistant estimators of location and covariance. MVE
searches for the minimum volume ellipsoid covering at least iobservations, while MCD selects an
h-subset with the smallest covariance determinant [22]. To reduce computational cost, the Fast MCD
algorithm was proposed [23]. The efficiency of MCD was later improved by reweighting, leading to
RMCD [24], and a deterministic version was introduced as Det MCD [25]. For fat or high dimensional
data, the Minimum Regularized Covariance Determinant (MRCD) was proposed to stabilize robust
covariance estimation [26]. MRCD was further extended through a kernel approach, known as Kernel
MRCD, to provide more flexibility for non-elliptical data [27].

More recently, attention has shifted to cellwise outliers [28]. Cellwise contamination may cause
outlier propagation: even if only a small fraction of cells is contaminated, many rows can become
contaminated because a single outlying cell is enough to affect an entire observation. The expected
proportion of contaminated rows is 1 — (1 — €)%, where ¢is the fraction of contaminated cells and
d is the number of variables [28]. In high dimensional settings, a small € can therefore lead to a large
fraction of contaminated rows, which may reduce the accuracy of casewise robust methods. A widely
used method for cellwise detection is Detecting Deviating Data Cells (DDC), which predicts each cell
and flags cells that deviate strongly from their predictions [29]. Several approaches have also been
proposed to obtain covariance estimators that are robust under cellwise contamination, for example
using rank-based correlations, robust pairwise correlations, or wrapping transformations to produce
a positive semidefinite covariance matrix [30][31-33]. However, these methods follow a two steps
strategy, where outlier detection is separated from parameter estimation. To overcome this limitation,
the cellMCD estimator was introduced to jointly estimate location and covariance while detecting
cellwise outliers, using an observed likelihood framework for incomplete data and a penalty term
that limits the number of flagged cells [34]. This estimator is robust under cellwise contamination,
efficient for clean data, and implemented with C steps to ensure improvement of the objective
function at each iteration.

Based on these considerations, this study proposes a simultaneous control chart, namely Max
Half-Mchart based on cellMCD estimators, which is robust to cellwise outlier contamination. To
demonstrate the suitability of the proposed chart, its performance is compared with the conventional
Max Half-Mchart and the Max Half-Mchart based on Fast-MCD estimators. The remainder of this
paper is organized as follows. Section 2 introduces the proposed cellMCD based-Max Half-Mchart.
Section 3 describes the methodology and implementation procedures. Section 4 evaluates the chart
performance in detecting outliers and process shifts. Section 5 presents applications to simulated and
real data. Finally, Section 6 provides conclusions and directions for future research.
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2. Materials and Methods

2.1. Max-Half-Mchart

The Max-Mchart is known to have limitations in providing accurate results due to its use of
transformations based on the standard normal distribution. This limitation motivates an alternative
approach to avoid negative-domain issues when computing quantiles. One proposed solution is to
use the half-normal distribution, which has a positive support from 0 to e. This idea forms the basis
for developing the Max-Half-Mchart.

The Max-Half-Mchart is constructed using the same combined framework as the The Max-
Mchart, namely Hotelling’s T?and the successive difference approach. The simultaneous statistics
for monitoring the process mean and variability in the Max-Half-Mchart for individual observations
are defined as follows [17]:

ZilH=Q-1Hpxi—p0'E0-1xi—p0, @

and

v = Q7 [y 5 0= x5 (- xew)] @

where Q(-)denotes the cumulative distribution function of the standard half normal distribution and
Hy,(-)denotes the cumulative distribution function of the chi square distribution with pdegrees of
freedom. Because the half normal transformation produces statistics on a positive support, the
absolute value is no longer required. The Max Half M chart statistic is then defined by

MM = max (ZM,V/M},i=23..,n 3)

The Max Half M chart uses only an upper control limit, since M/ > 0. Because the distribution
of M{" is not available in closed form and is typically skewed. The upper control limit is estimated
using a nonparametric procedure such as bootstrap approach[17].

2.2. Cellwise Minimum Covariance Determinant (CellMCD)

The Minimum Covariance Determinant (MCD) estimator is theoretically defined by selecting an
h-subset of observations that minimizes the determinant of the covariance matrix. MCD is a robust
estimator designed mainly for casewise outliers, where entire rows are atypical. However, in several
practical applications, contamination is cellwise. Only some entries in a row are outlying, while the
remaining cells still contain valid information. Under dominant cellwise contamination, discarding
whole rows may remove useful information and reduce efficiency. To address this issue, cellMCD
was developed as a cellwise extension of MCD [34].

CelIMCD introduces a binary weight matrix W = (w;;), where w;; = 1if cell (i,j) is kept as
clean and w;; = 0 if the cell is flagged as an outlier or missing value. The notation xgwi), d(w;), u™?,
and ™2 follows the observed likelihood framework for incomplete data [35]. The squared distance
term is defined as the partial Mahalanobis distance MD(x;,w;, i, %) =

\/ (xgw")—y(“’i)) (Zw)-1 (xi(wi)—y(“’i)) computed on the observed cells [36]. The matrix W is not

specified in advance but is estimated jointly with the model parameters. The trimming level his
applied to the number of unflagged cells per column rather than to the number of unflagged cases.
The cellMCD objective function is defined as follows [34].

n
G(x,wi, %, q) = Z(ln IEW9| + d(wy)In (21) + MD?(x;, w;, i, Z)) @)

i=1
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d
£ ) a - wll,
j=1

under the constrains 44(Z) = aand | W, llo= h,forj=1,..,d. The penalty parameter gq; is
computed as

q; = xip +In (2m) +1In (C)), 3)

where )(f_p denotes the p-quantile of the chi-square distribution with one degree of freedom. The
term (jis the conditional variance of variable jbased on the initial covariance estimate £,, defined
by 1/ (fa 1)],],. The value p = 0.99 is recommended because it leads to more efficient estimates [34].

In the first stage, the data are robustly standardized columnwise using (Rousseeuw). Next, initial
estimates are obtained using the DDCW estimator [37]. The algorithm then applies the C-step (Part
A), which updates the weight matrix W at iteration k while keeping i®and E£® fixed. For each
cell, the update is based on the change in the objective function when setting w;; =1 versus w;; =0,
defined by

Ay = G(x,w; = 1,0, 20, q) — G(x;, w; = 0,4", 2P, q)
x; =502
=In(C;)+In (2n)+(‘T‘)’)—qj ®)
i

where % = +2;,Z55(X;0—H,) and C;j=%;; —X;,Z,5%,; are the conditional mean and
conditional variance given the currently unflagged (observed) cells in row i (indexed by o). If A;; <
0 holds for at least hindices i in column j, the objective is minimized by setting w;; = 1 for those
cells and w;; = 0 for the remaining cells. Otherwise, the minimum is attained by setting w;; = 1 for
the h observations with the smallest A;; values and w;; = 0 for the others. After cycling through all
columns, the updated weight matrix w(k+1) is obtained.

After obtaining wK+D) from the C-step (Part A), the C-step (Part B) updates ftand X using an
EM-type framework for incomplete data, where flagged cells (w;; = 0) are treated as missing. For

each observation i, the index set of retained (observed) cells is defined as oi(k) ={j: w.(.k D) _ 1} and

ij
mgk) ={j: Wi(jk+1) = 0 },with oi(k) u mgk) ={1,..,p}and oi(k) n mgk) = (. The data vector x;, mean p,
and covariance matrix X are partitioned into observed and missing blocks, which allows structured
imputation and parameter updating.

In the E-step, for rows with missing cells (mgk) # @), the missing block is imputed by the

conditional mean given the observed block,
s &) L sk (k) -1 A ()
xi,m(-k) = l‘lmgk) + zmlgk)lolgk) (zoi(k)'olgk)) (xi‘oi(k) - .Uoi(k))- 6)

13

and the corresponding conditional covariance is computed to correct for the variance contribution of

imputation,
(k) _ 5:k) 5 () 3 (k) 158
¢ = zmgk)‘mlgk) - ngk)’oi(k) (Zoi(k)lai(k)) Zolgk)’mgk)- 7)
These quantities define the imputed matrix Xi(sl)p, where xl.i;.np’(k) = x;; for observed cells and
xii;.np‘(k) = J?l-(}‘) for flagged cells.

In the M-step, the mean estimator is updated as the average of the imputed observations,
1 n
AlHD = _Z G ®)
n .
i=1
and the covariance estimator is obtained from the sample covariance of X*)  plus a bias-correction

imp
0
i

matrix B®. The matrix B®) aggregates the contributions of C;”on the missing blocks for each row

and is averaged across all observations. The updated covariance is therefore
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< 1 ey i e 1
Fk+1) — E(xil]?'nzo.(k) —1,a® )’(xil;np'(k) —1,a®" + EB(k), )

To keep the covariance matrix well-conditioned, the constraint A, (f(k+1)) > ais enforced with

a = 10~* by truncating small eigenvalues, and the resulting matrix is denoted by g(k+1) The C-step
(Parts A and B) is repeated until convergence. After convergence at iteration k, the standardized-
scale estimates are fi; = fi’® and Z; = . The estimates on the original scale are obtained by back-
transformation as

Xceumep =M + fs S (10)

Sceumep = Dst (11)

where D = diag(s).

2.3. CellMCD Based-Max Half-Mchart

This study adapts the Max Half M chart by substituting the classical estimators of the mean
vector X and covariance matrix Sin Equations (10) and (11) with robust estimates of location and
scatter. The replacements are obtained from the cellMCD estimator, which is designed to reduce the
influence of cellwise contamination. As a result, the control statistics become more reliable under
outliers. The statistics for monitoring the process mean vector and variability for individual
observations based on cellMCD are defined as follows:

Zieumen, = QM [Hp{(xi = Reeumen)'Sceumen Xi = Xeeumen)}], (12)
and
H -1 1 rq—1
Veeumen; = Q7" [Hp E(Xl‘ = Xi-1)'Sceumen Xi — Xi—1) |, (13)

Then, the cellMCD-based Max Half M chart statistic is constructed by combining the mean and
variability components into a single monitoring statistic. The cellMCD-based Max Half M chart
statistic is given by:

Mcl'gllMCDi = max {Zégumcui' ViIH}vi =23..,n (14)

Estimating the upper control limit (UCL) for the Max-Half-Mchart is carried out using a
resampling strategy based on bootstrap methods [17]. In practice, calibrating the chart to achieve a
target in-control average run length (ARL) is computationally demanding. For this reason, Monte
Carlo simulation is used to approximate the in-control behavior of the chart and to link candidate
UCL values to the resulting ARL [38]. In this study, the UCL is therefore determined through a
combined bootstrap—-Monte Carlo procedure, which is described in Algorithm 2.

3. Methodology

This section presents the methodological framework used in this study. The proposed cellMCD-
based Max-Half-Mchart is implemented in two main stages. First, the celMCD-based Max-Half-
Mchart statistics are computed. Second, the upper control limit is estimated by combining a bootstrap
resampling scheme with Monte Carlo simulation. the procedure for computing the charting statistics
and plotting the control chart is described as follows:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1681.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2026 d0i:10.20944/preprints202602.1681.v1

6 of 23

Algorithm 1 Procedure to Compute and Plot the Proposed cellMCD-Based Max-Half-M Chart
Step 1. Set a = 0.00273.

Step 2. Compute the robust mean vector X .ucp and robust covariance matrix Scencp
using equations (10) and (11).
Step 3. Calculate the mean statistic Ziguucp, and the variability statistic Viguucp, using
equations (12) and (13). Then form the simultaneous statistic Mgyycp, using equation (14).
Step 4. Estimate the upper control limit UCL g pcp for the proposed based on the bootstrap
and Monte Carlo simulation using Algorithm 2.
Step 5. Plot M{{mcp, against UCLceymcp-
i. If Zéle{zuwcui > UCLceymcp, classify the signal as M**and conclude a shift in the process
mean.
ii. If VCISIMCDi > UCL eymep , classify the signal as V**and conclude a shift in process
variability.
iii. If Ziumep; > UCLceumep and Vigimep, > UCLceumep , classify the signal as B** and

conclude shifts in both mean and variability.

After computing the cellMCD-based Max Half M chart statistics, the next step is to determine
the upper control limit (UCL) using Algorithm 2 as follows:

Algorithm 2 Bootstrap and Monte Carlo Control Limit
Step 1. Set a = 0.00273.

Step 2. Obtain the robust estimates X o;nycp and Scenycp using equations (10) and (11).
Step 3. For 1 =1,...,1000, repeat:
a.  Generate n observations from the multivariate normal distribution Ny,(Xceumcps Sceumcn)

b.  Compute the cellMCD-based Max-Half-Mchart statistic Méﬁ’”MCDi for i = 2,3, ...,n using the
simulated sample.

c.  Apply bootstrap resampling (with replacement) to obtain 1000 bootstrap values of Még’llMCDi.
d.  For replication [, compute the empirical 100(1 — a) th percentile of the 1000 bootstrap

IH
values, denoted by M g, ycp (1000-a@)1

Step 4. Estimate the UCL by averaging these percentile values across the 1000 Monte Carlo

replications:
1000
UCLceumep = 1000 Z Mcl‘gllMCD(mo(l_u))’l'
i=1
Step 5. Using UCL.vcp, estimate the in-control average run length ARL, as the mean run
length from 1000 replications.
1000 R,
ARLO — Zl—l L
1000

Step 5. Repeat Step 5 until ARL, = 370. At each iteration, update the control limit as
UCLceumcep,i+1 = UCLceypep; £ 0.005,decreasing the UCL when ARL, > 370 and increasing the
UCL when ARL, < 370.

The performance evaluation of the control chart includes ARL under process shifts and a
confusion matrix assessment for outlier detection. The effectiveness of the classification is assessed
through measures of correct decisions and classification errors. In this setting, correct decisions can
be divided into two categories:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 1. Confusion Matrix Table.

Detection
Actual
Outlier Normal
Outlier True Positives (TP) False Negatives (FN)
Normal False Positives (FP) True Negatives (TN)

True positives (TP) refer to outlier observations that are correctly identified as outliers. True
negatives (TN) refer to normal observations that are correctly identified as normal. Misclassification
errors are also grouped into two types. False positives (FP) occur when a normal observation is
incorrectly flagged as an outlier, which leads to a false alarm. False negatives (FN) occur when an
outlier observation is missed and incorrectly classified as normal, which results in an undetected
outlier. These errors are summarized using the false positive rate (FP Rate) and false negative rate
(FN Rate) [39].

FP Rate = — (11)
CETTIN T FP
FN

- 12
FN Rate TPTFN (12)
In addition, the overall detection ability is measured using the area under the curve (AUC)

defined as [40]:

1 TP TN
- 13
Ave 2<TP+FN+TN+FP) (13)
4. Result

4.1. Simulation Study

In this section, the performance of the robust Max-Half-Mchart is evaluated through a
simulation study to assess its ability to detect outliers. The simulation begins by generating
multivariate normal data X ~ N, (o, Zo), where the mean vectoris py = (0, ...,0) of dimension p X 1.
The variance of each quality characteristic is set to 1, and an exchangeable correlation structure pis
assumed across characteristics. Therefore, the covariance matrix is defined as X, =

1 p p
poL o P ) with p €{03,05,0.7).
p p eee 1

Next, cellwise contamination is introduced by replacing a fraction eof cells with contaminated
values. For each column of the data matrix, ne cell indices are randomly selected for contamination,
and the selected cells are then replaced by contaminated values controlled by the parameter y. A
larger y indicates more severe deviations in the contaminated cells. In this study, y = 5 is used. This
contamination mechanism is implemented using the generateData function from the R package
cellWise [41]. The outlier proportion is varied across four scenarios: 5%, 10%, 15%, and 20%. The
proportion of cellwise outlier contamination is limited to 20% because it remains below the theoretical
breakdown point of the cellMCD estimator, which is approximately 25% under the default choice
h = 0.75n, givenby (n —h + 1)/n = 0.25 [34]. The number of quality characteristics is set to p = 5.

For performance evaluation, each observation that contains at least one contaminated cell is
treated as a contaminated observation and assigned label 1; otherwise, it is assigned label 0.
Furthermore, because the Max-Half statistic is computed based on successive difference (t —1,t), a
pair label is defined for each pair. The pair is assigned label 1 if at least one of the two observations in
(t —1,t) is contaminated, and label 0 if both are normal. The proposed robust Max-Half-Mchart
based on cellMCD is compared with the conventional chart and the robust Max-Half-Mchart based

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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on Fast-MCD. The chart performance is considered satisfactory when it achieves high Accuracy and
AUC, along with low false positive rate (FP rate) and false negative rate (FN rate).

Outlier detection using the conventional control chart was evaluated first, and the detailed
performance results are reported in Table 2. Table 2 summarizes the Accuracy, AUC, false positive
rate (FP rate), and false negative rate (FN rate) of the conventional Max-Half-Mchart chart under
different correlation levels p and outlier proportions. The results indicate that the conventional Max-
Half-Mchart performs poorly for cellwise contamination. The FN rate is extremely high, ranging from
0.8579 to 0.9999, meaning that most truly contaminated observations are not detected. Consistently,
the AUC values remain close to 0.5, suggesting that the chart has almost no discriminatory power
beyond random guessing. Regarding the effect of correlation, increasing p from 0.3 to 0.7 does not
lead to a meaningful improvement. Although a slight increase in AUC is observed at 5% outliers
when p is higher, the overall performance of the chart remains unsatisfactory.

Table 2. Simulation result for Conventional Max-Half-Mchart.

Conventional Max-Half-Mchart

p %O0ut
Accuracy FP Rate FN Rate AUC
5 0.6278 0.0000 0.9273 0.5363
10 0.3532 0.0000 0.9926 0.5037
03 15 0.1977 0.0000 0.9992 0.5004
20 0.1069 0.0000 0.9999 0.5001
5 0.6366 0.0000 0.9044 0.5478
10 0.3559 0.0000 0.9892 0.5054
03 15 0.1975 0.0000 0.9985 0.5007
20 0.1076 0.0000 0.9997 0.5002
5 0.6557 0.0000 0.8579 0.5710
0.7 10 0.3602 0.0000 0.9823 0.5089
15 0.1984 0.0000 0.9975 0.5013
20 0.1081 0.0000 0.9994 0.5003

Table 3 shows the simulation results of the Fast-MCD-based Max-Half-M chart under different
correlation levels pand outlier proportions. Overall, this method performs much better than the
conventional chart, as indicated by high Accuracy and AUC values and very small false positive rates
(FP rates) in almost all scenarios. Under low contamination, the Fast-MCD approach shows good
performance. For example, when p = 0.7, the Accuracy reaches approximately 0.9882 with an AUC
of 0.9904, while the false negative rate (FN rate) remains relatively low. A similar pattern is also
observed for p = 0.5. These results suggest that when the correlation among variables is sufficiently
strong, the robust Fast-MCD estimator can maintain high sensitivity for outlier detection.

Table 3. Simulation result for Max-Half-Mchart based on Fast-MCD.

Fast-MCD-based Max-Half-Mchart

p %O0ut
Accuracy FP Rate FN Rate AUC
5 0.9150 0.0025 0.2080 0.8948
10 0.8262 0.0008 0.2660 0.8666
03 15 0.4353 0.0000 0.7018 0.6491
20 0.2131 0.0000 0.8816 0.5592

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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5 0.9559 0.0025 0.1059 0.9458

10 0.9390 0.0019 0.0925 0.9528

0> 15 0.7933 0.0001 0.2571 0.8714
20 0.6166 0.0000 0.4293 0.7853

5 0.9896 0.0025 0.0222 0.9877

10 0.9882 0.0023 0.0169 0.9904

07 15 0.9067 0.0009 0.1160 0.9416
20 0.8119 0.0002 0.2107 0.8945

As the outlier proportion increases, the performance decreases, particularly under weaker
correlation. For p = 0.3, increasing the outlier percentage from 10% to 20% reduces the Accuracy
from 0.8262 to 0.2131 and sharply increases the FN rate from 0.2660 to 0.8816. The AUC also drops to
0.5592, indicating much weaker discrimination under heavy contamination and low correlation.
Overall, these findings confirm that the Fast-MCD-based Max-Half-Mchart becomes less effective
when cellwise contamination is severe.

Table 4 presents the simulation results of the celIMCD-based Max-Half-M chart under different
correlation levels p and outlier proportions. Overall, the method shows stable and strong
performance across all scenarios, characterized by high Accuracy and AUC values, very small false
positive rates (FP rates), and false negative rates (FN rates) that tend to decrease as the outlier
proportion increases. For p = 0.3, the performance of the cellMCD approach does not deteriorate
when contamination becomes more severe. When the outlier proportion increases from 5% to 20%,
the Accuracy remains high, while the FN rate decreases from 0.2279 to 0.1167 and the AUC increases
from 0.8851 to 0.9413. This pattern indicates that celIMCD can maintain consistent outlier detection
ability even under low-correlation conditions.

A similar trend is observed for p = 0.5. As the contamination level increases from 5% to 20%,
the FN rate decreases from 0.1231 to 0.0671, the AUC increases from 0.9375 to 0.9660, and the
Accuracy stays at a high level. For p = 0.7, the performance becomes very strong. Accuracy
consistently exceeds 0.98, AUC ranges from 0.9861 to 0.9918, and the FN rate remains very small.
Across all values of p, the FP rate also stays low. In summary, Table 4 confirms that the cellMCD-
based Max-Half-M chart is more robust and more reliable for cellwise contamination, both under low
and high correlation, while maintaining a low false alarm rate even when the outlier proportion

increases.
Table 4. Simulation result for Max-Half-Mchart based on cellMCD.
celIMCD-based Max-Half-Mchart

p %Out
Accuracy FP Rate FN Rate AUC
5 0.9073 0.0019 0.2279 0.8851
10 0.8741 0.0015 0.1924 0.9031
03 15 0.8764 0.0010 0.1535 0.9227
20 0.8956 0.0008 0.1167 0.9413
5 0.9495 0.0018 0.1231 0.9375
10 0.9301 0.0014 0.1064 0.9461
0° 15 0.9297 0.0011 0.0872 0.9558
20 0.9400 0.0009 0.0671 0.9660
0.7 5 0.9885 0.0020 0.0258 0.9861
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10 0.9838 0.0015 0.0241 0.9872
15 0.9836 0.0011 0.0202 0.9894
20 0.9862 0.0011 0.0153 0.9918

To make the performance comparison among charts clearer, radar charts are provided in Figures
1-3. These figures present the comparison of Accuracy, FN rate, and AUC under three correlation
settings: (a) p = 0.3, (b) p = 0.5, and (c) p = 0.7, with outlier proportions of 5%, 10%, 15%, and 20%.
The FP rate is not visualized because its differences across charts are very small and thus do not
provide additional insight.

— = Conventional-Max-Half-Mchart (---)
— FastMCD-Max-Half-Mchart (—)
= CelMCD-Max-Half-Mchart (---)

10% e 20% 10% o 20% 10%

15% 15%

(a) (b) (©)

Figure 1. Accuracy Performance for All Charts Based on Various Correlation (a) p=0.3, (b) p=0.5, and (c) p=0.7.

Figure 1 shows that the celIMCD-based Max-Half-Mchart generally forms the largest area across
most scenarios, indicating the highest and most stable Accuracy as the outlier proportion increases.
Figure 2 provides a more comprehensive view of outlier detection ability. The cellMCD-based Max-
Half-Mchart produces the smallest area in all panels, reflecting the lowest FN rates. In contrast, the
Fast-MCD-based Max-Half-Mchart lies in between: it performs better than the conventional chart,
but under higher contamination levels it still exhibits relatively larger FN rates in several cases.

Figure 3 shows a pattern consistent with the previous metrics. The cellMCD-based Max-Half-
Mchart achieves the highest and most stable AUC values across all combinations of p and outlier
proportions, indicating strong discrimination between normal and contaminated observations. The
Fast-MCD-based Max-Half-Mchart performs well under low to moderate contamination, but its
performance tends to decrease when the outlier proportion increases, particularly under low
correlation. Conversely, the conventional chart consistently shows the lowest AUC values,
suggesting weak separation capability under cellwise contamination.

— - Conventional-Max-Half-Mchart (—)
—— FastMCD-Max-Half-Mchart (—)
= CelMCD-Max-Half-Mchart (---)

N
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z
N
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’ ’ \ Ve opb N
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N 4 N 4
\ ’ N 7
4 N 4
\ Vs N 7
\ 7 \ 4
\ 7 \ 4
\ ’ \ 4
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Figure 2. FN Rate comparison for All Charts Based on Various Correlation (a) p=0.3, (b) p=0.5, and (c) p=0.7.
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— - Conventional-Max-Half-Mchart (-—)
—— FastMCD-Max-Half-Mchart (—)
=== CelMCD-Max-Half-Mchart (---)

10% 10% e 20% 10%

(a) (b) (c)

Figure 3. AUC performance for All Charts Based on Various Correlation (a) p=0.3, (b) p=0.5, and (c) p=0.7.

Figure 1 shows that the cellMCD-based Max-Half-M chart generally forms the largest area across
most scenarios, indicating the highest and most stable Accuracy as the outlier proportion increases.
Figure 2 provides a more comprehensive view of outlier detection ability. The cellMCD-based Max-
Half-M chart produces the smallest area in all panels, reflecting the lowest FN rates. In contrast, the
Fast-MCD-based Max-Half-M chart lies in between: it performs better than the conventional chart,
but under higher contamination levels it still exhibits relatively larger FN rates in several cases.

Figure 3 (AUC) shows a pattern consistent with the previous metrics. The cellMCD-based Max-
Half-M chart achieves the highest and most stable AUC values across all combinations of p and
outlier proportions, indicating strong discrimination between normal and contaminated
observations. The Fast-MCD-based Max-Half-M chart performs well under low to moderate
contamination, but its performance tends to decrease when the outlier proportion increases,
particularly under low correlation. Conversely, the conventional chart consistently shows the lowest
AUC values, suggesting weak separation capability under cellwise contamination.

Conventional Max-Half-Mchart (Outlier=5%, rho=0.7) Fast-MCD Max-Half-Mchart (Outlier=5%, rh0=0.7) cellMCD - Max-Half-Mchart (Outlier=5%, rho=0.7)

Figure 4. Statistics Plot of Simulation on 5% outliers using (a) Max-Half-Mchart, (b) Max-Half-Mchart-FMCD,
and (c) Max-Half-Mchart-celIMCD.
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Conventional Max-Half-Mchart (Outlier=15%, rho=0.7) Fast-MCD Max-Half-Mchart (Outlier=15%, rho=0.7) cellMCD - Max-Half-Mchart (Outlier=15%, rho=0.7)

ER * nomal
o outier

Obsenvation Observation Obsenvation

(a) (b) (c)

Figure 5. Statistics Plot of Simulation on 15% outliers using (a) Max-Half-Mchart, (b) Max-Half-Mchart-FMCD,
and (c) Max-Half-Mchart-cellMCD.

Conventional Max-Half-Mchart (Outlier=20%, rho=0.7) Fast-MCD Max-Half-Mchart (Outlier=20%, rho=0.7) celIMCD - Max-Half-Mchart (Outlier=20%, rho=0.7)

Observation Obsenvation Observation

(a) (b) (©

Figure 6. Statistics Plot of Simulation on 20% outliers using (a) Max-Half-Mchart, (b) Max-Half-Mchart-FMCD,
and (c) Max-Half-Mchart-celIMCD.

To clarify how each chart produces signals on the simulated data, Figures 4-6 present the Max-
Half-M statistics plots under three contamination levels, namely 5%, 15%, and 20%. Visually, the
celIMCD-based Max-Half-M chart provides the clearest separation between normal observations and
outliers. Contaminated observations more frequently exceed the UCL, whereas normal observations
tend to remain below the UCL. This pattern is consistent across all contamination levels, even when
the outlier proportion increases to 20%.

In contrast, the conventional chart and the Fast-MCD-based Max-Half-M chart still show many
contaminated observations falling below the UCL, especially under higher contamination, indicating
a higher false negative rate. Therefore, Figures 4-6 support the results reported in the previous tables
and confirm that the cellMCD-based Max-Half-M chart is the most reliable approach for detecting
cellwise contamination, as it maintains high detection sensitivity without excessively increasing false
alarms.

4.2. Detecting Shift

In statistical process control performance evaluation, one of the fundamental metrics is the
Average Run Length (ARL). ARL is widely used to assess the efficiency of a control chart because it
reflects how quickly the chart can detect a process change (shift). The ARL is defined as the average
number of observations required until the control chart signals an out-of-control condition for the
first time. A control chart is considered desirable when it has a large ARL, under in-control
conditions, indicating a low false alarm rate. Conversely, a smaller ARL ; indicates faster detection of
real process changes. Therefore, the smaller the ARL; value that is close to 1 indicates that the chart
can detect process shifts more effectively [1].
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In this study, ARL values were estimated using a simulation procedure. The simulations
considered several shift scenarios, including shifts in the process mean, shifts in the covariance
matrix, and simultaneous shifts in both. Experiments were conducted for a quality-characteristic
dimension of p =5 and three correlation settings p € {0.3,0.5,0.7}. Under these settings, the
performance of each chart can be compared objectively and comprehensively based on its ability to
detect process shifts. For comparison purposes, the ARL values of the conventional and Fast-MCD-
based charts were adopted from the preprint study by [42] and treated as benchmark results.

Table 5. ARL of the Conventional Max-Half-MChart for p = 5and p = 0.3.

b
1 1.25 15 1.75 2 225 25 275 3 325 35 3.7 4
0 37294 80.06 2839 1418 891 6.00 467 337 295 254 222 200 185
025 31041 7276 2631 1354 858 578 460 3.66 285 253 220 200 1.85
0.5 21525 5265 2232 1256 771 541 412 330 277 250 213 198 175
075 12280 39.15 1788 1065 6.81 488 361 3.06 257 223 213 189 171
1 63.71 2538 12.36 814 521 437 346 295 247 218 199 177 1.64
1.25 31.20 1470  8.63 625 437 348 304 263 229 197 18 168 1.60
1.5 16.26 8.80 6.37 423 353 3.02 251 220 194 181 171 159 148
1.75 8.44 5.37 4.35 326 293 250 221 197 179 169 156 147 146
2 5.26 391 3.18 266 230 212 195 185 163 151 143 143 138
2.25 3.37 2.73 2.35 2.11 192 175 167 151 150 143 137 133 125
2.5 241 2.07 1.92 1.73 162 163 152 145 136 139 133 124 124
2.75 1.72 1.72 1.54 148 147 134 135 128 132 125 121 120 1.19
3 1.42 1.34 1.33 128 130 130 124 124 119 117 116 115 113

Table 6. ARL of the Fast-MCD-Based Max-Half-MChart for p = 5and p = 0.3.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 3.7 4
0 37113  80.56 29.22 1451 941 622 463 384 3.02 257 225 217 1.88
025 326.69 7036 28.05 13.81 847 583 453 353 292 250 224 197 1.88
05 22240 59.14 2322 1257 7.86 530 4.01 328 282 243 223 196 1.85
0.75 129.17 39.18 18.81 10.13 6.78 4.84 4.00 317 261 232 216 188 178
1 65.58 2370 1251 822 565 439 338 281 254 225 200 180 1.71
125  31.82 1546 9.08 634 469 355 299 247 223 205 181 177 1.64
1.5 16.50 928 615 476 3.64 3.03 249 230 210 1.87 1.68 161 1.56
1.75 8.97 583 430 339 3.01 234 224 188 180 1.66 157 148 1.46
2 5.08 378 319 266 236 208 196 179 163 157 151 143 137
2.25 3.33 266 253 219 195 181 169 156 147 141 138 134 131
25 2.37 204 190 178 170 153 150 144 136 132 127 131 123
2.75 1.72 171 159 150 149 144 136 136 127 124 122 121 119
3 1.44 143 137 131 135 130 130 122 119 118 116 114 1.16
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Table 7. ARL of the celIMCD-Based Max-Half-MChart for p = 5and p = 0.3.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 375 4
0 37118 6239 2323 1283 776 559 428 340 285 244 207 201 1.82
025 263.72 59.82 23.67 1223 766 540 414 320 272 245 211 194 1.69
0.5 18327 49.78 1993 10.88 699 514 386 305 271 226 208 186 175
0.75 11893 3540 1655 975 647 451 353 291 271 235 201 181 174
1 59.12 2333 1185 744 513 404 325 274 239 202 190 174 1.61
125 3283 1473 824 573 433 346 289 250 227 196 178 1.69 154
1.5 18.20 949 598 463 341 286 245 220 191 176 173 157 147
1.75 947 6.08 409 347 275 242 211 194 176 161 155 145 141
2 5.47 399 319 283 236 214 189 171 166 156 147 141 135
225 345 28 251 216 183 183 168 155 150 143 135 130 125
25 2.53 203 190 174 166 161 145 142 138 132 133 126 120
275 180 168 158 153 143 140 134 129 126 124 121 121 1.16
3 1.46 140 140 138 130 128 122 122 119 117 114 115 113

Table 1 shows the ARL values of the conventional Max-Half-Mchart for p = 0.3. When the mean
vector shifts from a = [0,0]' to a = [0.25,0.25]" while the covariance matrix remains in control (b =
1), the ARL of the conventional Max-Half-Mchart decreases from 373 to 310. The ARL further
decreases from 372 to 80 when the covariance matrix is inflated by a factor of 1.5 (b = 1.5) while the
mean vector remains in control (a = 0).

From Table 2, the ARL of the robust Fast-MCD-based Max-Half-Mchart decreases from 371 to
326 under the same mean shift a = [0,0]'to a = [0.25,0.25]'with b = 1. It also decreases from 371 to
80 when the covariance matrix is inflated by a factor of 1.5 (b = 1.5) while the mean remains in
control. Table 3 shows that the robust cellMCD-based Max-Half-M chart achieves a faster response,
with the ARL decreasing from 371 to 263 under the mean shift and from 371 to 62 when the covariance
matrix is inflated by a factor of 1.5 (b = 1.5) with the mean still in control. These results indicate that
the cellMCD-based robust Max-Half-Mchart detects both mean shifts and covariance changes more
quickly than the other charts. A similar conclusion is observed for larger shifts, where the cellMCD-
based chart also provides the fastest detection for changes in both the mean and the covariance
structure.

Tables 7-9 report the ARL values of the three charts for p = 0.7. Under small shifts, the robust
cellMCD-based Max-Half-Mchart detects both mean shifts and covariance changes faster than the
other charts. However, under large shifts, the conventional chart provides faster detection for both
mean shifts and covariance shifts. To make the comparison clearer, Figure 7 presents a graphical
visualization of the detection performance of the three charts at p = 0.7 for mean shifts, covariance
shifts, and simultaneous shifts in both.

Figure 7a compares the ARL values when a shift occurs in the mean vector (parameter a) while
the covariance matrix remains in control (b = 1). Figure 7b shows the ARL comparison when the
mean vector stays in control (a = 0) and a shift occurs in the covariance matrix, represented by the
inflation factor b. Figure 7c presents the ARL comparison when shifts occur simultaneously in both
the mean vector and the covariance matrix. In general, increasing the correlation among variables has
the most noticeable effect in the mean-shift case. The ARL tends to be larger at higher p for small to
moderate shifts, which means mean shifts are detected more slowly when the dependence among
variables becomes stronger. However, when the mean shift becomes larger, all ARL curves quickly
approach one, so the differences across correlation levels become much smaller. In contrast, in Figures
7b and 7c, the ARL curves for different p values are close to each other, indicating that correlation
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has only a minor effect when the covariance shifts or when both mean and covariance shift. In these
cases, the ARL drops sharply as soon as b or the shift level increases, showing fast detection.
Therefore, correlation mainly affects the sensitivity of the charts for detecting small mean shifts, while
for covariance shifts and simultaneous shifts, changes in correlation do not substantially change the
detection speed.

Table 8. ARL of the Conventional Max-Half-MChart for p = 5and p = 0.7.

b
1 1.25 15 1.75 2 225 25 275 3 325 35 375 4

0 37244 7784 2833 14.09 870 585 456 348 293 259 230 200 1.87
025 30873 71.61 2626 1457 926 615 432 352 292 248 220 198 1.87
0.5 25144 6397 2455 1334 782 584 427 353 292 247 218 195 1.87
075 19419 51.68 2128 11.60 7.64 518 422 340 283 237 210 194 1.80
1 12691 3713 1774 9.83 647 470 381 3.09 275 223 210 192 1.79
1.25 72.12 2771 1350 789 546 452 364 288 253 216 194 175 1.63
1.5 40.55 18.17 1045 6.68 518 379 316 261 232 204 187 179 1.64
1.75 25.97 11.60 7.67 551 427 332 283 257 212 192 176 159 1.51
2 14.65 897 580 417 336 291 256 230 199 183 170 155 1.50
2.25 9.48 583 448 357 286 246 228 200 186 172 161 145 1.39
25 6.20 430 346 295 252 222 207 184 166 157 153 142 138
2.75 4.23 337 278 242 210 190 179 169 158 149 146 141 135
3 3.27 248 231 204 189 175 167 153 149 140 132 131 1.27

Table 9. ARL of the Fast-MCD-Based Max-Half-MChart for p = 5and p = 0.7.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 375 4
0 370.54 7770 2956 1484 936 613 453 372 3.09 251 231 198 187
025 33726 7536 2964 1469 926 627 442 364 296 250 216 197 187
0.5 27339 6917 26.64 1282 802 588 442 346 3.00 244 216 194 1.86
075 20289 5429 2203 1190 758 557 423 337 287 236 216 202 184
1 124.60 3958 17.35 997 677 532 392 320 255 233 216 193 183
1.25 78.04 26.61 14.87 8.16 627 435 358 294 255 223 192 186 171
1.5 4570 1912 10.44 6.92 506 401 325 267 228 199 192 176 1.67
1.75 2559 1295 7.85 557 446 348 292 253 218 192 177 165 153
2 15.94 8.75 5.59 4.45 358 296 257 229 210 182 167 162 148
2.25 9.96 6.14 4.67 3.71 3.02 261 221 207 183 181 162 154 146
25 6.44 4.74 3.55 287 247 223 206 193 176 163 156 145 1.39
2.75 4.59 3.54 2.85 247 218 191 181 168 164 148 144 141 131
3 3.16 2.58 2.36 2.09 194 177 165 155 147 137 134 133 130
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Table 10. ARL of the celIMCD-Based Max-Half-MChart for p = 5and p = 0.7.

b
1 1.25 1.5 1.75 2 225 25 275 3 325 35 3.75 4

0 370.86 57.12 2312 1250 810 547 395 341 283 255 212 198 1.87
025 23334 5511 2216 1210 786 522 4.02 328 266 240 218 199 176
0.5 19392 5254 20.88 12.01 7.50 496 3.92 325 257 231 214 183 177
075 15575 4085 17.86 1021 6.81 480 3.60 3.03 257 242 199 182 174
1 118.61 3523 1591 9.00 629 449 367 3.02 256 212 200 180 1.65
125 7411 23.64 13.00 824 514 4.05 323 298 229 210 185 171 1.62
1.5 4196 1823 1036 647 471 371 290 261 236 194 177 164 159
1.75 2691 1299 785 545 397 317 264 244 210 186 172 1.62 152
2 1768 884 613 456 336 287 257 219 195 183 163 152 144
225 1049 656 477 370 305 253 225 194 185 1.63 160 148 145
25 688 478 364 299 252 218 205 178 172 158 147 142 135
2.75 472 367 300 251 223 202 18 171 1.60 150 142 138 1.30
3 352 286 247 212 190 181 160 156 146 143 133 131 1.28

=== Conventional ro=0.3 =+~ Convenfional rho=0 3
~*= Fast-MCD-based rho=0.2 ~*= Fast-MCD-based rho-0.2
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Figure 7. Comparison ARL values of all charts: a) Mean shift, (b) Covariance matrix shift, and (c) both.
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4.3. Application Scheme
4.3.1. Application to Synthetic Data

In this section, the proposed robust cellMCD-based Max-Half-Mchart is applied using synthetic
data. Synthetic data are selected because the data-generating parameters can be specified in a
structured manner and the contamination level can be controlled explicitly. Under this setting,
comparisons among the conventional Max-Half-Mchart, the Fast-MCD-based Max-Half-Mchart, and
the cellMCD-based Max-Half-Mchart can be presented more clearly, particularly for outlier detection
under cellwise contamination.

The synthetic data generation mechanism follows the same procedure as described in Section
4.1. The main difference in this subsection is the simplified experimental design. The evaluation is
restricted to two contamination levels, namely 5% (low contamination) for scenario 1 and 20% (high
contamination) for scenario 2, and the sample size is set to n = 100 to allow a concise presentation
and interpretation. For each scenario, Accuracy, AUC, false positive rate (FP rate), and false negative
rate (FN rate) are computed, and statistics plots are provided to visualize the detection outcomes.
Table 11 summarizes the performance comparison of all charts on synthetic data in terms of
Accuracy, AUC, FP rate, and FN rate for Scenario 1 and Scenario 2. Figures 8-9 present the statistics
plots for all charts on the synthetic data under Scenario 1 and Scenario 2. In each plot, the dashed
vertical line separates Phase I (in-control) from Phase II (contaminated), while the red horizontal line
indicates the UCL. In Scenario 1, the conventional chart detects only four out-of-control observations
in Phase II. The Fast-MCD-based chart is more responsive, but it still shows several contaminated
points that do not consistently exceed the UCL, indicating false negatives. In contrast, the cellMCD-
based chart provides clearer detection, where most Phase II observations exceed the UCL while Phase
I remains stable below the UCL.

This pattern becomes more pronounced in Scenario 2 when the contamination level increases to
20%. The conventional chart fails to detect out-of-control signals, and the Fast-MCD-based chart
remains more responsive but still misses some contaminated observations in Phase II. Meanwhile,
the cellMCD-based chart remains the most consistent, with the majority of Phase II observations
above the UCL and the in-control phase staying well controlled. Overall, Figures 8-9 confirm that the
cellMCD-based Max-Half-Mchart provides the most stable detection performance for cellwise
contamination under both low and high contamination levels.

onventional Max-Hal-Mchart

Fast-MCD Max-Half-Mchart

Sample Sample
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Figure 8. Statistics plots of all charts under Scenario 1: a) Max-Half-Mchart, (b) Max-Half-Mchart-FMCD, and (c)
Max-Half-Mchart-cellMCD.
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Figure 9. Statistics plots of all charts under Scenario 2: a) Max-Half-Mchart, (b) Max-Half-Mchart-FMCD, and (c)
Max-Half-Mchart-cellMCD.
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Table 11. Performance Comparison of All Charts on Synthetic Data.
Evaluation Metrics
Max-Half-Mchart Scenario
Accuracy FP Rate FN Rate AUC
1 0.6263 0.0000 0.9024 0.5488
Conventional

2 0.1515 0.0000 1.0000 0.5000
1 0.9798 0.0000 0.0541 0.9730

Fast-MCD
2 0.8182 0.0000 0.2195 0.8902
1 0.9899 0.0182 0.0000 0.9909

cellIMCD
2 0.9899 0.0000 0.0122 0.9939

4.3.2. Application to Data Real

The proposed robust cellMCD-based Max-Half-M chart is applied to real OPC cement quality
data [Awang (2024)]. The monitoring results of the cellMCD-based chart are compared with two
other approaches, namely the conventional chart using the classical mean and covariance estimators
and the robust Fast-MCD-based Max-Half-Mchart. This comparison aims to evaluate how clearly
each chart separates in-control and out-of-control conditions.

The application results are illustrated in Figure 10, which shows the monitoring outputs of the
conventional Max-Half-Mchart, the Fast-MCD-based Max-Half-Mchart, and the cellMCD-based
Max-Half-Mchart. The red horizontal line represents the upper control limit (UCL), and points above
the UCL are interpreted as out-of-control signals. The annotated points indicate the type of detected
shift. The label M**denotes that the out-of-control signal is mainly driven by a mean shift, whereas
the label V**indicates a signal driven by a variability shift. In the conventional chart, the detected
signals are dominated by M**, suggesting that the early deviations are primarily associated with
changes in the process mean. In the Fast-MCD-based and cellMCD-based charts, V**signals also
appear at several early observations, indicating that robust approaches can detect changes related to
process variability that may not be clearly captured by the conventional approach.

Based on Figure 10, the conventional chart detects out-of-control signals only at observations 10
and 46, and both are classified as M**, meaning that the detected deviations mainly reflect mean
shifts. The Fast-MCD-based Max-Half-Mchart detects more out-of-control signals, including V** at
observations 1 and 25 and M™% at observations 9, 10, and 46. Furthermore, the cellMCD-based Max-
Half-Mchart provides the most sensitive detection with seven out-of-control signals, namely V** at
observations 1, 25, and 47 and M** at observations 9, 10, 38, and 46.

M+ 6
q

w

Conventional Max-Half-Mchart
~
Fast-MCD Max-Half-Mchart

L=

Sample Sample

(a) (b)
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Figure 10. Monitoring result of all charts under real datasets: (a) Conventional Max-Half-Mchart, (b) Fast-MCD-
based Max-Half-Mchart, (c) celMCD-based Max-Half-Mchart.

Table 12. Performance Comparison of All Charts on monitoring cement OPC datasets.

Control Chart Out-of-Control Mean Shift Variability Shift
Max-Half-Mchart 2 2 0
Robust Max-Half-Mchart . 3 )
Based on Fast-MCD
Robust Max-Half-Mchart
7 4 3

Based on cell-MCD

5. Conclusions and Future Research

This study develops a robust cellMCD-based Max-Half-Mchart for multivariate process
monitoring. The proposed chart uses the celMCD estimator to obtain mean and covariance estimates
that are more resistant to outliers. These estimates are then used to construct the Max-Half-Mstatistic
and to determine the upper control limit (UCL) based on a simulation procedure. The chart
performance is evaluated in two stages, namely a simulation study to assess detection ability under
various shift scenarios and an application to real OPC cement quality data.

The simulation results show that the celIMCD-based chart consistently provides more stable
performance than the conventional approach and the robust Fast-MCD-based version. Under
cellwise contamination, the conventional chart tends to fail in separating normal and contaminated
observations, as indicated by AUC values close to random performance and high FN rates. In
contrast, the celIMCD approach maintains high AUC and low FN rates across different combinations
of correlation levels and outlier proportions, leading to a clearer separation between normal and
outlier observations. In addition, based on the ARL analysis, the cellMCD-based chart yields smaller
ARL values for small to moderate shifts, indicating faster detection. In the real OPC application, the
cellMCD-based chart is also able to identify out-of-control conditions while indicating the type of
shift, where M**represents a mean shift and V**represents a variability shift. Compared with the
conventional chart and the Fast-MCD-based chart, the cellMCD approach detects more out-of-
control points, which facilitates early investigation of potential sources of process deviations. Overall,
these findings support that the robust celIMCD-based Max-Half-M chart is a reliable alternative for
multivariate process monitoring when contamination occurs in a cellwise manner.

For future work, evaluations can be extended to settings with different numbers of quality
characteristics. Additional comparisons with other robust techniques may also be conducted to
further benchmark the cellMCD-based Max-Half-Mchart against alternative approaches [43][44].
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Moreover, the procedure can be adapted for subgrouped observations and tested on other industrial
datasets to examine its consistency and reliability across different contexts. Integrating machine
learning methods to enhance detection and decision support is another promising direction [45,46].
In addition, future work may consider nonparametric UCL determination methods, such as
approaches based on kernel density estimation [47].
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