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Abstract

This paper investigates the existence and uniqueness of weak solutions for a stochastic Ginzburg-
Landau equation involving the fractional Laplacian. The primary focus is on establishing a rigorous
mathematical framework to handle the coexistence of the nonlocal fractional Laplacian and stochastic
perturbations. By employing the Galerkin method, we establish that the initial-boundary value problem
admits a unique global weak solution for any L2 initial value. This study utilizes the properties of
the fractional Laplacian and fractional Sobolev spaces to provide a rigorous proof of the existence
and uniqueness theorem. These results extend the analysis of Ginzburg-Landau equations to models
incorporating stochastic terms and fractional Laplacian.

Keywords: stochastic ginzburg-landau equation; fractional laplacian; weak solutions; galerkin method;
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1. Introduction

The Ginzburg-Landau equation has become a research focus due to its wide applications in fields
such as superconductivity, fluid flow, and optical soliton transmission, see [1] and [2]. The introduction
of stochastic perturbations is more in line with the analysis needs of nonlinear systems that reflect
uncertainties in real-world systems, such as reaction-diffusion equations, infectious disease models,
and climate system models. It also provides key support for solving practical problems.

Recently, Qin, Jiang and Chen [3] proposed a numerical scheme combining a timporal direction
leap-frog method with a spatial finite difference scheme to solve this space-fractional Ginzburg-Landau-
Schrodinger equation

N
2

(x—iB)gr+ (—A)Zp—(1—|p|)p=0, x€Q, t>0.

They proved the convergence of the scheme while keeping both the discrete mass and energy conserved.
Pino, Juneman and Musso [4] investigated the linearized Ginzburg-Landau equation around a standard
degree-one vortex solution in the plane. By utilizing explicit expressions for Fourier modes, they
obtained precise estimates for the inverse of the linearization operator applicable to cases without
orthogonality conditions. Zhang, Lu and Liu [5] researched the stability and optimal controls for
time-space fractional Ginzburg-Landau systems. This paper aims to extend the aforementioned results
to fractional Ginzburg-Landau equations with stochastic perturbations.
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Let (S, F, Fi>0,P) be a complete filtered probability space. W be an Wiener process defined on
(S, F, Fi>0,P) . This paper considers the weak solutions of stochastic Ginzburg-Landau equation
involving fractional Laplacian as follows

txw + (=A)7z(t, x,w) = a(x, w)(z(t, x,w) — |z(t, x,w) |°z(t, x, w))
+,B(t,x w) + h(t, x,w)aw(éi’tx’w), (t,x) € It,w € S,
X, w ) / (t/x) S Qle € S/

z( ,x,w) =¢(x,w),xcL,LweSs,

where [ is a smooth bounded domain of R”, T € (0,+o0), It = (0,T) x I and Q7 = (0, T) x (R"\ I).
(—A)7 is fractional Laplacian and ¢y € (0,1) . 6 denotes the index of the nonlinear term. Briefly, by
omitting w, we rewrite the initial-boundary value problem as follows

D | (—AYT2(t,x) = a(x) (2(E %) — 2(t, %) P2 (1, %))
Bt x) + () D) () ey,

z(t,x) =0, (tx)€Qr,

z(0,x) = ¢(x),x € 1.

Relevant nonlinear models are also a research focus in the field of Ginzburg-Landau equations.

1.1)

Some scholars have proven the existence and uniqueness of solutions to initial-boundary value prob-
lems in appropriate function spaces[6], [7], [8]. Judrez-Campos, Kaikina and Ruiz-Paredes [9] proved
the existence and uniqueness of solutions to the stochastic nonlinear Ginzburg-Landau equation with
Neumann white-noise boundary conditions, and analyzed its regularity near the origin, particularly
when the boundary data is irregular. For semilinear equations with boundary noise and point noise,
scholars used the fixed-point method to prove the existence and uniqueness of solutions, see [10] and
[11]. Meanwhile, for real-valued stochastic Ginzburg-Landau equations driven by multiplicative noise
in the Itd sense, scholars have obtained exact triangular and hyperbolic stochastic solutions, see [12]
and [13]. For one-dimensional complex Ginzburg-Landau equations with multiplicative noise terms,
they not only proved the existence and uniqueness of solutions but also proposed a new numerical
approximation method and conducted error estimation, see [14] and [15]. For the existence of solutions
to partial differential equations with fractional differential operators, see [16] and [17]. Inspired by the
above research, this paper proves the existence and uniqueness of weak solutions for problem (1.1) by
Galerkin method.

The structure of this paper is arranged as follows: Section 2 introduces some notations; Section 3
presents the global existence of weak solutions to problem (1.1) under the initial value ¢ € L2(I) . The
subsequent sections will elaborate on the research content of this paper in detail.

2. Some Notations

The main difficulty in studying problem (1.1) arises from the coexistence of a stochastic term
and the fractional Laplacian. This section is devoted to establishing appropriate function spaces for
problem (1.1) .

Let z be a function in Schwartz space. For v € (0,1), (—A)"z is defined by

(—=A)7z(x) = C(n,y)P.V. . Wdy, x € R".

Denote
Y(TRN) 2 (mn ( )|
HY(R") = {Z € L°(R") //”xR" |x |n+2,y dxdy < +oo}

and
By(I) ={z € H'(R") : 2 =0, a.e. in R"\I}.
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In addition, By(I) is a Hilbert space equipped with the following norm and inner product

%
_ —z(y)|”
Izl g = (//]RR Sk )

// — W) = 1)) 4. g
R xR"

|x _ |n+2'y

Recall that (S, F, Fi>o, IP) is a complete filtered probability space. Let H denote a separable Hilbert
space, and let W be a H-valued Wiener process defined on (S, F, F;>o,P). For any p € [1,+0), let

T
LE(0,T;X) = {z is a Fyc[o,r] adapted random process : IE/ ||z(t)||§§dt < oo}
0

endowed with the norm

T
I#g0r0 = (B ) 1))

If p = +o0, denote

L7(0,T;X) = {z is a Fic[o,7) adapted random process : esssupE||z(t)|[x < oo}
t€[0,T]

and

12l g2 (10,71, 5) = esssup(E||z()[|x).-
te[0,T]

In this paper, X is taken to be By(I), L?(I) or LO*2(I). Lastly, we set C} ([0, T]) to be
cl([0,T]) = {z € C}([0, T]) with z vanished at T}.

3. Existence and Uniqueness of Weak Solutions

The fractional Laplacian (—A)? possesses a sequence of eigenfunctions, denoted by
€1,€2," " ,lm, ",

which simultaneously serves as an orthonormal basis for L?(I) and an orthogonal basis for By(I). Since
W is a H-valued Wiener process and H is a separable Hilbert space, let

ll/lZ/”' /[m/"'

be an orthonormal basis of H. See [18] and [19] for more details. Hence, we utilize the Galerkin method
to establish the existence and uniqueness of weak solutions for problem (1.1).

Definition 3.1. A stochastic process z is called a weak solution to initial-boundary value problem (1.1) if z
satisfies

1) z€L2(0,T;Bo(I)) NLE+2(Ir) N LL(0, T; L2(I)) and z(0, x) = ¢(x), P— as..

2)  Foranyd € CY(0,T;Bo(I)) with O(T) =

~ 00— [ (=0, 40 ate (a0, 8015y,

= T(zx(z(t)—|z(t)|ez(t)) a(1)) dt+/ (B(t),0(t)) 2dlt (3.1
~Jo ’ (Ly+2)*,L8+2 0 ’ L2 .
+ /0 LB, (AW (D)2, P—as.
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In this paper, we make the following assumptions:
(Al)a € LP(I) and B € LF(0, T; L2(I)).
(A2) h € LY(0, T; L*(1)).

We recall the properties of the fractional Laplacian and fractional Sobolev spaces.

Lemma 3.1. ([20]) Let vy € (0,1), then for any z € By,

(~8)72,2) gy g, = 5L D2y 62
Lemma 3.2. ([20]) Let v € (0,1) and 2y < d. If p € [2,2}], then
By < LP — 2.
Thus, there exists C € (0, +o0) such that
2]z < Cllz]l,- (33)
Moreover, the embedding By << LF is compact when p € [2,27).
Next, we present the existence and uniqueness theorem of weak solutions for problem (1.1).

Theorem 3.1. Let y € (0,1],2y <nand0 < 6 < 2% Provided that (A1) and (A2) are satisfied, then for any
¢ € L2(I), there exists a unique weak solution to the initial-boundary value problem (1.1).

Proof. The proof strategy is to first establish the boundedness of the m-dimensional approximate
solutions for problem (1.1), then prove the existence of weak solutions for problem (1.1), and finally
demonstrate the uniqueness of the weak solutions.

Step 1. The m-dimensional approximate solutions for problem (1.1).

Letm € N4 and set

m m m

zm(t) £ ) z(ei, ¢ =) dei, Pult) = ) (B(t),ei) 20,

i=1 i=1 i=1

hgE

hm(t) = i(h(t),ei)Lzei, Wm(t) N L

(W(t), ti)mti-
Assume that z;, satisfies the following equations:

azmai(tt'x) + (=) "z (t, x) = a(x) (2 (t, X) — |z (t, x) [Pz (£, X))
B () + i (1, 20) 2l ) € I,

Zm(t,X) = O’ (t,X) € QT/

Zm(O;x) = (,bm(x),x cl.

(3.4)

That is, z;, is the approximate solution of problem (1.1).
Applying integration by parts to both sides of (3.4), we yield

1 t
3G, 2Oz + [ < (=8)720(7),z(7) >ay, d7

N /Ot (“(x)|zm|ezm,zm)d‘r = %((Pm,(l)m)L% + /Ot<(x(x)zm,zm)d‘f
[ @) 2+ [ o) ()W (),

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Therefore,
1 t t
Sllznl?y + | (=82, 25, gyt + [ (w6) 2l 2, 20 )
1 t t o
=2 lomll2; + /0 (@(%) 2, zm)dT + /0 (B 2m) 2T + /0 (I 2y AW ).
Utilizing (A1), (A2), (3.2), (3.3), and Young’s inequality, and taking expectations, we arrive at
t t
Elzn()I3; +Cr [ Ellzn()IFdt+Ca [ lzulll5h p dr
‘ 0 0 (3.5)

t
<E|lgn 33 + CoMF + Cs | EllBu(™) 334
In view of ¢ € L2(S,L?) and B € L2([0, T], L?), it follows from Gronwall’s inequality and (3.5) that

||Zm||Lg(o,T;BO) + ||Zm||L"+2(IT) <G

where C = C(||4>||L%(S/Lz), ||:3||L§([0,T],L2)/ T). Using (3.5) once more yields {z,,} is bounded in
L ([0, T), L) N L3([0, T], Bo) N L3*2([0, T], L**2).

Since the embedding of By(I) << L?(I) is compact, there exists a subsequence of {z,, } (still
denoted by {z,,}) and an element z such that

Zm — Z,m — 00, a.e. in It

Zm — z,m — oo, weakly in  L2([0,T], By),

3.6
Zm — z,m — o0, weakly in Lﬁ“([o, T],L9+2), 36)

Zm — z,m — 0o, weakly x in L([0, T], L?).

Step 2. The existence of weak solutions for (1.1).
We claim that z is a weak solution to problem (1.1). To this end, it suffices to show that z satisfies
the requirements of Definition 3.1. On one hand, It follows from (3.6) that

z € L2(0, T; Bo(I)) N L2 (I7) N LY (0, T; L2(1)),
z(0,x) = ¢(x), P—as.
For any ¢ € CL([0, T]) and 57 € L®(S), it follows from (3.4) that

0= (g £0)e)} + E{n [ zn(0), )t |
el [ < Coranttne i i)
_ E{n /OT(a(x)|zm|9zm,§’(t)ei)dt} + ]E{,? /(]T(a(x)zm,g(t)ei)dt}
+&{y [ B0 0ty + 5 [ @0ehn0mn0)}

£E1+Ey—E3—E4+ Es+Es + E7,

wherei =1,2,--- ,m. Since Ce; is a deterministic function, we apply (3.6)and the Dominated Conver-
gence Theorem to establish the assertion.

Starting with the term E; = E{#5(¢n,(0)é;)}, and taking into account that z,,(0) is the m-
dimensional truncation of ¢, we arrive at

¢m — ¢,m — o0, in L2(S,L?).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Furthermore, since there exists a constant ¢; > 0, depending on |[#7| = (s) and &(0),
E{n¢m,(0)e;) } < Cl”‘l’”%g(s,LZ)
we obtain the following convergence as m — oo
E{n7(¢m, E(0)ei)} — E{(7¢,&(0)ei) }.

As for E; = {17 fo zm(t), éei) 2 dt} Holder inequality yields the bound

T .
]E{;y /0 (zm(t),(;’ei)det}
T 1 : 1
§||’7||L°<>(5)/0 (Ellzm ()l 2) 2 (EE(t)ei | 2) 24t
<ealzmll e po,1),12)

with ¢; > 0, depending on |77/ (s) and [|&[|¢(jo,7))- Consequently, by invoking (3.6) and the Domi-
nated Convergence Theorem, we arrive at

By [ (o) gt} — By [ G0 Eeat ), m - oo

Next, we turn to E3 = E{;y fOT < (=B)"zu(t), ei >p; 5, @(t)dt}. In view of the facts that p €
1,2%/2) and ¢é; € L*([0, T], By), applying Lemma 3.2 and (3.6) yields the following result as m — oo,
¥ pplymng y g
T
| < 8 znt) e >ayn, 2002
O [T p ) St DEEC) S0 g gy
ﬂle’l

|x —y|"+2y

_>C(nz,v / //R Z(t,X)—zi(t,y))(é‘(t)e,-(x)—é’(f)ez‘(y))dxdydt.

|x —y[**t27

Hence, the term is bounded by

T
Bln [ < (-0)zn(t) e >agm, 90t} < clllimgy

for some c3 > 0. From this estimate, it follows immediately that

Bfn [ < (-8zn(0) e >y, £}

—>E{;7/OT < (=A)7z(t), e > gy 5, g(t)dt}, m — .

In view of E4 = E{U fo (Dc )z zm, C(t)ei)dt} and E5 = {17 fo X)Zm, & )ei)dt}, the appli-
cation of assumption (A1) and (3.6) ensure the convergence

E{n/OT(oc(x)|zm|92m,g(t)ei>dt} — E{;y/OT(a(x)|z|ez,§(t)ei>dt}, m — oco.

E{U/OT(oc(x)zm,C(t)ei)dt} — E{q /()T(oc(x)z,(f(t)ei)dt}, m — co.

and

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Next, we consider the term Eg = E{;y fOT(/Sm(t),C(t)ei) det}. Since By, is the m-dimensional
truncation of B, it follows that

Bm — Bin L2([0,T],L2), m — oo.

Consequently, an application of the Dominated Convergence Theorem yields
T T
B{n [[ (B0, et} — B [ (B0) et} m—

Regarding E; = E{’? fOT@ ()ei, h (£)dWy (1)) }, the definition of W, as the m-dimensional trun-
cation of W implies that
Wy, — W, m — oo, in H.

By virtue of assumption (A2), we deduce the convergence of the stochastic integral as follows:

efn [ @i awa) | — ={y [ @on onam .

as m — .
In summary, the fact that {e;} is a basis of Bj ensures that

- E{ylg,£0)m} - 5y [ ), &u)yaat}
T
+2{n [ < (0020, £

—5{y [ (sl e )i} + 2y [ w0z ewmarl

+2{y [ s, comeaf + By [ o}

forany pu € By, & € CL([0,T]) and 57 € L®(S). Consequently, for any d € C1(0, T; Bo(I)) with d(T) =0,
z satisfies

- (930 - /0<z<t>,c‘5<”>L2dt+ [ (720,306,

= [ ()~ EOF=0),00) i+ [ 600,00 2t
+/O B(1), h(HAW()) 2, P —as.

Therefore, we have demonstrated that z is indeed a weak solution to problem (1.1).

Step 3. The uniqueness of weak solutions for (1.1).

Let 2 and # be two weak solutions to problem (1.1) in the spaces L ([0, T], L) N L2([0, T], By) N
L9*2([0, T], L9*?), corresponding to the initial states ¢, ¢, and B, B respectively. Since 2 and # satisfy
problem (1.1) in the weak sense with probability one, an application of the integration-by-parts formula
leads to

t

0

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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By invoking Simon’s inequality, it is shown that

(w0122 — a()|2)°2, 2 — 2) = /Ioc(x)<|2|92— [21°2) (2 — 2)dx

Furthermore, based on assumptions (Al) and (A2) and estimates (3.2), (3.3), Young’s inequality implies

t
& =212+ Cln,v) [ l12 =20 dr
<19~ §lz+c [ 1B~ Bllad+ [ (52— hz,aw)

Taking the expectation, we arrive at the following estimate:
5 3|2 Llis g2
El|z 2| + Cn,E | |2 =2/ dv
sm%—&nfhﬂ/|m Bllfad

where the stochastic integral term vanishes in expectation, i.e., E fot (h*2 —h*Z,dW) = 0. By setting the
initial data and parameters such that ¢ = ¢, B = B, it follows immediately that 2 = Z almost surely. []

4. Conclusions

This paper investigates the well-posedness of the stochastic fractional Ginzburg-Landau equation.
First, we introduced a framework for weak solutions within adapted solution spaces. The existence of
these solutions was established using a Galerkin-type approximation and the Dominated Convergence
Theorem, supported by detailed energy estimates and compactness arguments. Furthermore, the
uniqueness of the weak solution was confirmed through the application of Simon’s and Young’s
inequalities, ensuring the stability of the system.

The results presented in this work contribute to the theoretical understanding of nonlocal stochas-
tic partial differential equations (SPDEs). Future work could extend these results to investigate the
long-term asymptotic behavior, such as the existence of random attractors, or explore optimal control
problems for this fractional stochastic system.

Author Contributions: Conceptualization, J. X. Li and L. X. Yan; methodology,]. X. Li and L. X. Yan; software, D.
G. Ma, X. Y. Li and X. J. Zhang ; validation, J. X. Li, D. G. Ma, X. Y. Li, X. J. Zhang and L. X. Yan; investigation, J. X.
Li, D. G. Ma, X. Y. Li and X. J. Zhang; writing—original draft preparation, J. X. Li; writing—review and editing, J.
X. Liand L. X. Yan; funding acquisition, J. X. Li and L. X. Yan. All authors have read and agreed to the published
version of the manuscript.

Funding: The authors are supported by the Northeast Forestry University College Student Innovation and
Entrepreneurship Training Program Project: 5202510225077.

Institutional Review Board Statement: Not applicable.
Data Availability Statement: Dataset available on request from the authors.

Acknowledgments: The authors wish to express their sincere gratitude to the editors and anonymous reviewers
for their valuable comments and suggestions.

Conflicts of Interest: The authors declare no conflicts of interest.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.1541.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 March 2026 d0i:10.20944/preprints202603.1541.v1

90f9

References

1.  Aranson, I.S.; Kramer, L. The world of the complex Ginzburg-Landau equation. Reviews of Modern Physics
2002, 74, 99-143.

2.  Towne, A.; Schmidt, O.T.; Colonius, T. Spectral proper orthogonal decomposition and its relationship to
dynamic mode decomposition and resolvent analysis. Journal of Fluid Mechanics 2018, 847, 821-867.

3. Qin, H.; Jiang, H.; Chen, X. Convergence of a Structure-Preserving Scheme for the Space-Fractional
Ginzburg-Landau-Schrodinger Equation. Fractal and Fractional 2026, 10, 56.

4.  del Pino, M.,; Juneman, R.; Musso, M. Solvability for the Ginzburg-Landau equation linearized at the
degree-one vortex, Journal of Functional Analysis 2025, 289, 111105.

5. Zhang, X,; Lu, Y,; Liu, D. Stability and Optimal Controls for Time-space Fractional Ginzburg-Landau
Systems, Journal of Optimization Theory and Applications 2023, 199, 1106—1129.

6.  Colinet, A,; Jerrard, R.; Sternberg, P. Solutions of the Ginzburg-Landau equations with vorticity concentrating
near a nondegenerate geodesic. Journal of the European Mathematical Society 2025, 27, 1527-1561.

7.  Zayed, EM.E.; Arnous, A.H.; Secer, A.; Ozisik, M.; Bayram, M.; Shah, N.A.; Chung, ].D. High dispersion
and cubic—quintic-septic-nonic nonlinearity effects on optical solitons in the complex Ginzburg-Landau
equation of eighth-order with multiplicative white noise in the It6 sense. Results in Physics 2024, 58, 107439.

8. Nouri, K;; Ranjbar, H.; Baleanu, D.; Torkzadeh, L. Investigation on Ginzburg-Landau equation via a tested
approach to benchmark stochastic Davis-Skodje system. Alexandria Engineering Journal 2021, 60, 5521-5526.

9.  Juarez-Campos, B.; Kaikina, E.I.; Ruiz-Paredes, H.F. Stochastic Ginzburg-Landau equation on a half-line
with Neumann type white-noise boundary conditions. Journal of Mathematical Analysis and Applications 2020,
487,123952.

10. Maslowski, B. Stability of semilinear equations with boundary and pointwise noise. Annali Della Scuola
Normale Superiore Di Pisa Classe Di Scienze 1995, 22, 55-93.

11.  Tao, M,; Bieri, K.; Zhang, B. Multi-bump solutions for a Schrodinger equation with prescribed L2-norm via a
fixed point approach. Bulletin of Mathematical Sciences 2025, 15, 2550010.

12.  Mohammed, W.W.; Ahmad, H.; Hamza, A.E.; ALy, E.S.; El-Morshedy, M.; Elabbasy, E.M. The exact solutions
of the stochastic Ginzburg-Landau equation. Results in Physics 2021, 23, 103988.

13.  Yu, Y. Zhao, Q. Controllability and observability for some forward stochastic complex degenerate/singular
Ginzburg-Landau equations. ESAIM: Control Optimisation and Calculus of Variations 2023, 29, 15.

14. Breckner, B.E.; Lisei, H. Approximations of the solution of a stochastic Ginzburg-Landau equation. Studia
Universitatis Babes-Bolyai Matematica 2021, 66, 307-319.

15. Inan, B.; Osman, M.S.; Ak, T.; Baleanu, D. Analytical and numerical solutions of mathematical biology
models: The Newell-Whitehead-Segel and Allen-Cahn equations. Mathematical Methods in the Applied Sciences
2020, 43, 2588-2600.

16. Pucci, P,; Xiang, M. Multiplicity and Stability of Normalized Solutions in Nonlocal Double Phase Problems.
Applied Mathematics & Optimization 2025, 92, 35.

17.  Fu, Y.; Zhang, X. Global existence and asymptotic behaviour of weak solutions for time-space fractional
Kirchhoff-type diffusion equations. Discrete and Continuous Dynamical Systems - B 2021, 27, 1301-1322.

18.  Molica Bisci, G.; Radulescu, V.D.; Servadei, R. Variational Methods for Nonlocal Fractional Problems, Cambridge
University Press: Cambridge, UK, 2016;

19. Da Prato, G.; Zabczyk, J. Stochastic equations in infinite dimensions, Cambridge University Press: Cambridge,
UK, 1992.

20. Di Nezza, E.; Palatucci, G.; Valdinoci, E. Hitchhiker’s guide to the fractional Sobolev spaces. Bulletin des
Sciences Mathématiques 2012, 136, 521-573.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202603.1541.v1
http://creativecommons.org/licenses/by/4.0/

