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Article 
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Abstract: This study shows an optimal model to obtain the minimum contact surface with the ground 
for T-shaped combined footings, taking into account that the surface works partially under 
compression, this is, a part of the surface under the footing in contact with the ground is under 
compression and the other part the pressure is zero (linear pressure on the ground). There are works 
that show the minimum surface for T-shaped combined footings, but the surface beneath the footing 
in contact with the ground works entirely in compression. The model is developed by integration 
and/or by the geometric properties of a pyramid with a triangular-based to obtain the equations of 
the resultant force and the two moments (X and Y axes) for the fifteen cases of biaxial bending and 
three special cases of uniaxial bending (My1 and My2 are equals to zero). Three numerical examples 
are presented with the same data: Example 1 is for different bending moments; Example 2 is for 
bending moments Mx1 and Mx2 equals to zero; Example 3 is for bending moments My1 and My2 equals 
to zero. Also, a comparison is made with the current model (area works completely under 
compression) and the new model (area works partially under compression). The results show that 
savings of up to 31.40% can be achieved in the area of contact with the ground. In this way, the 
minimum surface model will be of great help to foundation engineering specialists. 

Keywords: optimal area; T-shaped combined footings; minimum surface; surface works partially 
under compression 

MSC: 32A40; 51E99; 90C90 

1. Introduction

The ground pressure below a footing depends on the type of soil, the relative stiffness of the soil
and the footing, and the depth of the foundation at the level of contact between the footing and the 
ground. 

Figure 1 shows the distribution of ground pressure below of the contact surface of a footing 
depending on the ground type for a rigid footing. Figure 1(a) presents a rigid footing on sandy soil. 
Figure 1(b) shows a rigid footing on clay soil. Figure 1(c) presents the uniform distribution used in 
the current design [1]. 
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Figure 1. Distribution of the soil pressure below of a footing. 

The proposed model considers that the distribution of the pressures on the ground is linear for 
T-shaped combined footings subjected to biaxial bending in each column. 

The load capacity studies by analytical and/or experimental methods for different types of 
foundations have been investigated by several authors, such as: Shahin and Cheung [2], Dixit and 
Patil [3], ErzÍn and Gul [4], Colmenares et al. [5], Cure et al. [6], Fattah et al. [7], Uncuoğlu [8], Anil et 
al. [9], Khatri et al. [10], Mohebkhah [11], Zhang [12], Turedi et al. [13], Gnananandarao [14], Gör [15]. 

The most important investigations on rectangular isolated footings for the efficient management 
of soil-footing interaction problems have been carried out through the use of analytical methods [16–
25], for graphics or design aids [26–28], and by analytical methods and graphics or design aids [29,30]. 
These documents are developed to obtain the axial load capacity and biaxial moment of the footing, 
or the pressure distribution in the contact area of a rigid rectangular isolated footing resting on the 
ground, and the dimensions of the footing are obtained through an iterative procedure. 

The most important contributions on the studies of combined footings have been investigated 
by several researchers, such as: For rectangular footings by Maheshwari and Khatri [31], Konapure 
and Vivek [32], Vivek et al. [33], Ravi Kumar Reddy et al. [34], Kashani et al. [35]; For trapezoidal 
footings by Al-Douri [36], Luévanos-Rojas et al. [37]; T-shaped footings by Luévanos-Rojas et al. 
[38,39], Moreno-Landeros et al. [40]; For corner Footings by Aishwarya, K.M.; Balaji [41]; For strap 
footings by Luévanos-Rojas et al. [42]. 

The papers more related to this paper are: Luévanos-Rojas et al. [38] investigated an analytical 
model to obtain the dimensions of the reinforced concrete T-shaped combined footings in contact 
with the ground. Luévanos-Rojas et al. [39] proposed a design mathematical model to obtain the 
thickness and reinforcing steel for reinforced concrete T-shaped combined footings. Moreno-
Landeros et al. [40] developed an optimal cost design for reinforced concrete T-shaped combined 
footings. All these works are developed under the criterion that the area of the footing works totally 
in compression. 

Thus, the review of the previous studies shows that there are no works with the current level of 
knowledge on the minimum area of T-shaped combined footings, considering that the area works 
partially in compression. 

This work presents an analytical model to obtain the minimum area for T-shaped combined 
footings assuming that the area in contact with the ground works partially in compression, i.e., a part 
of the footing contact area is subject to compression and another part without pressure (zero 
pressure). This paper shows the fifteen possible cases of footings subjected to biaxial bending and 
three special cases of uniaxial bending (My1 and My2 are equals to zero), and the resultant force R and 
the orthogonal moments on the X and Y axes are obtained by integration and are verified by the 
properties of a pyramid with a triangular base for biaxial bending and the properties of a triangular 
prism for uniaxial bending. Three numerical examples are presented in this paper. Example 1 is for 
biaxial bending; Example 2 is the same example 1, but Mx1 and Mx2 are equals to zero; Example 3 is 
the same example 1, but My1 and My2 are equals to zero. Each example presents four types of 
constraints, which are: Constraint 1 is for a footing with unconstrained sides; Constraint 2 is for a 
footing with one side constrained in column 1; Constraint 3 is for a footing with a side constrained in 
column 2; Constraint 4 is for a footing with two sides constrained (opposite sides). Also, a comparison 
is made with the current model (area works completely under compression) and the new model (area 
works partially under compression) to observe the different. 

2. Formulation of the Model 
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This work makes the following considerations: the footing is supported on an elastic and 
homogeneous ground and the footing is totally rigid, i.e., the ground pressure on the footing behaves 
linearly.  

Figure 2 shows a T-shaped combined footing (free sides at its ends) that supports two columns 
aligned on a Y axis (longitudinal axis), and each column transfers to the footing an axial load and two 
bending moments on the X and Y axes. 

 

Figure 2. T-shaped combined footing with free sides. 

The geometric properties of the T-shaped combined footing viewing in plan are: 𝐴 = ሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬, (1)

𝑦௧ = ሺ𝑎ଵ − 𝑎ଶሻ𝑏ଶ + 𝑎ଶℎ௬ଶ2ൣሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬൧, (2)

𝑦௕ = ൫2ℎ௬ − 𝑏൯ሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬ଶ2ൣሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬൧ , (3)

𝐼௫ = 𝑎ଶℎ௬𝑏ሺ𝑎ଵ − 𝑎ଶሻ൫ℎ௬ − 𝑏൯ଶൣ𝑎ଶℎ௬ + 𝑏ሺ𝑎ଵ − 𝑎ଶሻ൧4ൣሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬൧ଶ
+ ሺ𝑎ଵ − 𝑎ଶሻ𝑏ଷ + 𝑎ଶℎ௬ଷ12 , (4)

𝐼௬ = 𝑏𝑎ଵଷ + ൫ℎ௬ − 𝑏൯𝑎ଶଷ12 , (5)

where: A = Area of the footing in plan (m2), yt = Distance from center of footing to positive end (m), 
yb = Distance from center of footing to negative end (m), Ix = Moment of inertia about the X axis (m4), 
Iy = Moment of inertia about the Y axis (m4). 

2.1. Biaxial Bending  

In this subsection, the fifteen possible cases for a T-shaped combined footing subjected to axial 
load and two orthogonal bending moments in each column are presented.   
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For case I, it is assumed that the entire bottom surface of the footing works under compression. 
The pressures generated by the ground on the footing are obtained by the following equation (biaxial 
bending equation): 𝜎 = 𝑅𝐴 + 𝑀௫்𝑦𝐼௫ + 𝑀௬்𝑥𝐼௬ . (6)

where: σ = Allowable soil pressure (kN/m2), Mx = Bending moment about X axis (kN-m), My = Bending 
moment about Y axis (kN-m). 

Note: R, Mx and My can be determined as follows:  𝑅 = 𝑃ଵ + 𝑃ଶ, (7)𝑀௫் = 𝑀௫ଵ + 𝑀௫ଶ + 𝑃ଵሺ𝑦௧ − 𝐿ଵሻ − 𝑃ଶ൫ℎ௬ − 𝑦௧ − 𝐿ଶ൯, (8)𝑀௬் = 𝑀௬ଵ + 𝑀௬ଶ. (9)
For cases II to XV, it is assumed that the entire bottom surface of the footing works partially 

under compression, i.e., part of the contact area there is no pressure, and by integration and/or by the 
geometric properties of a pyramid with a triangular base, the resultant force R, the moment on the X 
axis MxT and the moment on the Y axis MyT are obtained. 

The pressures generated by the ground on the footing are obtained by means of the general 
equation of the pressure plane, starting from three known points. 

The general equation of a 3-D pressure plane of the ground on the footing is: 𝐴𝑥 + 𝐵𝑦 + 𝐶𝜎௭ + 𝐷 = 0. (10)
For cases II to XV, the three known points of the pressure plane are: 𝑝ଵ ቀ𝑎ଵ2 , 𝑦௧, 𝜎௠௔௫ቁ ; 𝑝ଶ ቀ𝑎ଵ2 − 𝐿௫ଵ, 𝑦௧, 0ቁ ; 𝑝ଷ ቀ𝑎ଵ2 , 𝑦௧ − 𝐿௬ଵ, 0ቁ. (11)

The general equation of the pressure plane is obtained as follows: 

ተተ
𝑥 − ቀ𝑎ଵ2 ቁ 𝑦 − ሺ𝑦௧ሻ 𝜎௭ − 𝜎௠௔௫𝑎ଵ2 − 𝐿௫ଵ − ቀ𝑎ଵ2 ቁ 𝑦௧ − ሺ𝑦௧ሻ 0 − 𝜎௠௔௫𝑎ଵ2 − ቀ𝑎ଵ2 ቁ 𝑦௧ − 𝐿௬ଵ − ሺ𝑦௧ሻ 0 − 𝜎௠௔௫ ተተ. (12)

Solving the determinant of Equation (12) gives the pressure at any point σz: 𝜎௭ = 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ + 𝑦 − 𝑦௧൯ + 𝐿௬ଵሺ2𝑥 − 𝑎ଵሻ൧2𝐿௫ଵ𝐿௬ଵ . (13)

The equation of the straight line that forms the neutral axis is: 2𝐿௫ଵ൫𝐿௬ଵ + 𝑦 − 𝑦௧൯ + 𝐿௬ଵሺ2𝑥 − 𝑎ଵሻ = 0. (14)
Figure 3 shows Case I assuming that the entire bottom surface of the footing works under 

compression. 
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Figure 3. Case I. 

Figure 4 shows Cases II to XV assuming that the entire bottom surface of the footing works 
partially under compression. 
 

  

Case II Case III 

 

 

Case IV Case V 
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Case VI Case VII 

  
Case VIII Case IX 

  

Case X Case XI 

  

Case XII Case XIII 

 
 

Case XIV Case XV 

Figure 4. Cases II to XV. 
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2.1.1. Case I 

The general equations for the soil pressure at each vertex of a footing subjected to biaxial bending 
are obtained from equation (6) as follows: 𝜎ଵ = 𝑅𝐴 + 𝑀௫்𝑦௧𝐼௫ + 𝑀௬்𝑎ଵ2𝐼௬ , (15)

𝜎ଶ = 𝑅𝐴 + 𝑀௫்𝑦௧𝐼௫ − 𝑀௬்𝑎ଵ2𝐼௬ , (16)

𝜎ଷ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௧ − 𝑏ሻ𝐼௫ + 𝑀௬்𝑎ଵ2𝐼௬ , (17)

𝜎ସ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௧ − 𝑏ሻ𝐼௫ + 𝑀௬்𝑎ଶ2𝐼௬ , (18)

𝜎ହ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௧ − 𝑏ሻ𝐼௫ − 𝑀௬்𝑎ଶ2𝐼௬ , (19)

𝜎଺ = 𝑅𝐴 + 𝑀௫்ሺ𝑦௧ − 𝑏ሻ𝐼௫ − 𝑀௬்𝑎ଵ2𝐼௬ , (20)

𝜎଻ = 𝑅𝐴 − 𝑀௫்൫ℎ௬ − 𝑦௧൯𝐼௫ + 𝑀௬்𝑎ଶ2𝐼௬ , (21)

𝜎଼ = 𝑅𝐴 − 𝑀௫்൫ℎ௬ − 𝑦௧൯𝐼௫ − 𝑀௬்𝑎ଶ2𝐼௬ . (22)

The general equations of R, MxT and MyT for cases II to XV are presented below. 

2.1.2. Case II 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௅೤భ , (23)

𝑅 = 𝜎௠௔௫𝐿௫ଵ𝐿௬ଵ6 , (24)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௅೤భ , (25)

𝑀௫் = 𝜎௠௔௫𝐿௫ଵ𝐿௬ଵ൫4𝑦௧ − 𝐿௬ଵ൯24 , (26)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௅೤భ , (27)
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𝑀௬் = 𝜎௠௔௫𝐿௫ଵ𝐿௬ଵሺ2𝑎ଵ − 𝐿௫ଵሻ24 . (28)

2.1.3. Case III 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , (29)

𝑅 = 𝜎௠௔௫𝐿௫ଵ ቂ𝐿௬ଵଷ − ൫𝐿௬ଵ − 𝑏൯ଷቃ6𝐿௬ଵଶ , (30)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , (31)

𝑀௫் = 𝜎௠௔௫𝐿௫ଵ ቂ𝐿௬ଵଷ൫4𝑦௧ − 𝐿௬ଵ൯ − ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ቃ24𝐿௬ଵଶ , (32)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , (33)

𝑀௬் = 𝜎௠௔௫𝐿௫ଵ ቄ𝐿௬ଵସሺ2𝑎ଵ − 𝐿௫ଵሻ − ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝑎ଵ𝐿௬ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ቅ24𝐿௬ଵଷ . (34)

2.1.4. Case IV 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (35)

𝑅 = 𝜎௠௔௫ ቄ8𝐿௫ଵଷ ቂ𝐿௬ଵଷ − ൫𝐿௬ଵ − 𝑏൯ଷቃ + ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷቅ48𝐿௫ଵଶ𝐿௬ଵଶ , (36)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (37)
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𝑀௫்= 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ + 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
+ 𝜎௠௔௫𝐿௫ଵ ቂ𝐿௬ଵଷ൫4𝑦௧ − 𝐿௬ଵ൯ − ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ቃ24𝐿௬ଵଶ , (38)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (39)

𝑀௬் = 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧384𝐿௫ଵଶ𝐿௬ଵଷ
+ 𝜎௠௔௫𝐿௫ଵ ቄ𝐿௬ଵସሺ2𝑎ଵ − 𝐿௫ଵሻ − ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝑎ଵ𝐿௬ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ቅ24𝐿௬ଵଷ , (40)

2.1.5. Case V 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௛௬ , (4

1)

𝑅= 𝜎௠௔௫ ቄ8𝐿௫ଵଷ ቂ𝐿௬ଵଷ − ൫𝐿௬ଵ − 𝑏൯ଷቃ + ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷ − ൣ2𝐿௫ଵ൫𝐿௬ଵ −48𝐿௫ଵଶ𝐿௬ଵଶ (4
2)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௛௬ , (4

3)

𝑀௫்= 𝜎௠௔௫ ቄൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷቅ ൣ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ + 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ൫4𝑦௧ − 3ℎ௬ − 𝐿௬ଵ൯ + 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
+ 𝜎௠௔௫𝐿௫ଵ ቂ𝐿௬ଵଷ൫4𝑦௧ − 𝐿௬ଵ൯ − ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ቃ24𝐿௬ଵଶ , 

(4
4)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௕
௬೟ି௛௬ , (4

5)
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𝑀௬்= 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧384𝐿௫ଵଶ𝐿௬ଵଷ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯൧384𝐿௫ଵଶ𝐿௬ଵଷ
+ 𝜎௠௔௫𝐿௫ଵ ቄ𝐿௬ଵସሺ2𝑎ଵ − 𝐿௫ଵሻ − ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝑎ଵ𝐿௬ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ቅ24𝐿௬ଵଷ . 

(4
6)

2.1.6. Case VI 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛௬+ න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , 

(4
7)

𝑅
= 𝜎௠௔௫ ൜2𝐿௬ଵଷൣ4𝐿௫ଵଷ + 𝑎ଶሺ3𝑎ଵଶ + 𝑎ଶଶሻ൧ − 8𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ ቄ𝐿௫ଵଶ൫𝐿௬ଵ − 𝑏൯ଶ − 3𝑎ଶ𝐿௬ଵൣ48𝐿௫ଵଶ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷ48𝐿௫ଵଶ𝐿௬ଵଶ , 

(4
8)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛௬+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , 

(4
9)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 January 2025 doi:10.20944/preprints202501.1740.v1

https://doi.org/10.20944/preprints202501.1740.v1


 11 of 30 

 

𝑀௫்= 𝜎௠௔௫𝐿௫ଵ𝐿௬ଵ൫4𝑦௧ − 𝐿௬ଵ൯24− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵ൫4𝑦௧ − 3ℎ௬ − 𝐿௬ଵ൯ + 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ ቄ4𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷ − 3𝐿௬ଵ𝑎ଶൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵ𝑎ଵ൧ଶ − 𝐿௬ଵଷ96𝐿௫ଵଶ𝐿௬ଵଶ
− 𝜎௠௔௫𝑎ଶ ቄ4ൣ𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵ𝑎ଵ൧ଷ − 𝐿௬ଵଶሺ𝑎ଵଶ − 𝑎ଶଶሻൣ3𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 2𝐿௬ଵ𝑎ଵ൧ቅ96𝐿௫ଵଷ𝐿௬ଵ , 

(5
0)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛௬+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ , 

(5
1)

𝑀௬்= 𝜎௠௔௫ ቄ𝐿௫ଵଷ𝐿௬ଵସሺ2𝑎ଵ − 𝐿௫ଵሻ − 𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝑎ଵ𝐿௬ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ − 𝐿௬ଵଷ𝑎ଶଷൣ𝐿24𝐿௫ଵଶ𝐿௬ଵଷ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯൧384𝐿௫ଵଶ𝐿௬ଵଷ . 

(5
2)

2.1.7. Case VII 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௛௬ , (5

3) 

𝑅= 𝜎௠௔௫ ቄ𝐿௫ଵଶ ቂ𝐿௬ଵଷ + ൫𝑏 − 𝐿௬ଵ൯ଷቃ + 3𝐿௬ଵ𝑎ଶ൫𝑏 − ℎ௬൯ൣ𝐿௬ଵ𝑎ଵ − 𝐿௫ଵ൫2𝐿௬ଵ − 𝑏 − ℎ௬൯൧ቅ6𝐿௫ଵ𝐿௬ଵଶ , (5
4) 

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௛௬ , (5

5) 
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𝑀௫்= 𝜎௠௔௫𝑎ଶ𝐿௫ଵଶ൫ℎ௬ − 𝑏൯൛4𝐿௫ଵ൫𝑏ଶ + 𝑏ℎ௬ + ℎ௬ଶ൯ + 3𝐿௬ଵሺ𝑎ଵ − 2𝐿௫ଵሻ൫𝑏 + ℎ௬൯ − 6𝑦௧ൣ𝐿௫ଵ12𝐿௫ଵଷ𝐿௬ଵ+ 𝜎௠௔௫𝐿௫ଵ ቂ𝐿௬ଵଷ൫4𝑦௧ − 𝐿௬ଵ൯ − ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ቃ24𝐿௬ଵଶ , 
(5
6) 

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟௬೟ି௕ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௛௬ , (5

7) 𝑀௬்= 𝜎௠௔௫ ቄ𝐿௫ଵଷ ቂ൫𝑏 − 𝐿௬ଵ൯ସ − 𝐿௬ଵସቃ + 2𝐿௫ଵ𝑏𝐿௬ଵ𝑎ଵൣ𝑏ଶ − 3𝐿௬ଵ൫𝑏 − 𝐿௬ଵ൯൧ − 2𝑎ଶଷ𝐿௬ଵଷ൫𝑏24𝐿௫ଵ𝐿௬ଵଷ (5
8) 

2.1.8. Case VIII 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௅೤భ , (59)

𝑅 = 𝜎௠௔௫𝐿௬ଵൣ𝐿௫ଵଷ − ሺ𝐿௫ଵ − 𝑎ଵሻଷ൧6𝐿௫ଵଶ , (60)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௅೤భ , (61)

𝑀௫் = 𝜎௠௔௫𝐿௬ଵ ቂ𝐿௫ଵସ൫4𝑦௧ − 𝐿௬ଵ൯ − ሺ𝐿௫ଵ − 𝑎ଵሻଷൣ4𝐿௫ଵ𝑦௧ − 𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻ൧ቃ24𝐿௫ଵଷ , (62)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௅೤భ , (63)

𝑀௬் = 𝜎௠௔௫𝑎ଵଷ𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵሻ24𝐿௫ଵଶ . (64)

2.1.9. Case IX 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕ , (6
5)

𝑅 = 𝜎௠௔௫ ቄ𝐿௬ଵଷൣ𝐿௫ଵଷ − ሺ𝐿௫ଵ − 𝑎ଵሻଷ൧ − 𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷቅ6𝐿௫ଵଶ𝐿௬ଵଶ , (6
6)
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𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕ , (6
7)

𝑀௫்= 𝜎௠௔௫ ቄ𝐿௬ଵଷ൛𝐿௫ଵସ൫4𝑦௧ − 𝐿௬ଵ൯ − ሺ𝐿௫ଵ − 𝑎ଵሻଷൣ4𝐿௫ଵ𝑦௧ − 𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻ൧ൟ − 𝐿௫ଵସ൫𝐿௬ଵ −24𝐿௫ଵଷ𝐿௬ଵଶ (6
8)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕ , (6
9)

𝑀௬் = 𝜎௠௔௫ ቄ𝑎ଵଷ𝐿௬ଵସሺ2𝐿௫ଵ − 𝑎ଵሻ − 𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝐿௬ଵ𝑎ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ቅ24𝐿௫ଵଶ𝐿௬ଵଷ . (7
0)

2.1.10. Case X 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (7
1)

𝑅= 𝜎௠௔௫ ቄ8𝐿௬ଵଷൣ𝐿௫ଵଷ − ሺ𝐿௫ଵ − 𝑎ଵሻଷ൧ − 𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷ + ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎48𝐿௫ଵଶ𝐿௬ଵଶ (7
2)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (7
3)

𝑀௫்= 𝜎௠௔௫ ቄ𝐿௬ଵଷ𝑎ଵൣ𝐿௫ଵ൫3𝐿௫ଵଶ − 3𝐿௫ଵ𝑎ଵ + 𝑎ଵଶ൯൫4𝑦௧ − 𝐿௬ଵ൯ − 𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻଷ൧ − 𝐿௫ଵସ൫𝐿௬24𝐿௫ଵଷ𝐿௬ଵଶ
+ 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ + 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ , 

(7
4)
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𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (7
5)

𝑀௬்= 𝜎௠௔௫ ቄ𝑎ଵଷ𝐿௬ଵସሺ2𝐿௫ଵ − 𝑎ଵሻ − 𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝐿௬ଵ𝑎ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ቅ24𝐿௫ଵଶ𝐿௬ଵଷ
+ 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧384𝐿௫ଵଶ𝐿௬ଵଷ . 

(7
6)

2.1.11. Case XI 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(77
)

𝑅= 𝜎௠௔௫ ቄ4ൣ𝐿௬ଵ𝑎ଶ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ଷ + 𝐿௬ଵଷൣ4𝐿௫ଵଷ − 4ሺ𝐿௫ଵ − 𝑎ଵሻଷ + 3𝑎ଶሺ𝑎ଵଶ − 𝑎ଶଶሻ൧ቅ24𝐿௫ଵଶ𝐿௬ଵଶ− 𝜎௠௔௫𝑎ଶ൫𝐿௬ଵ − 𝑏൯ሺ𝑎ଵ − 𝑎ଶሻ2𝐿௫ଵ , 
(78

)
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𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(79
)

𝑀௫்= 𝜎௠௔௫൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ ቄ4ൣ𝐿௬ଵ𝑎ଶ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ଷ − 3𝐿௬ଵଶ𝑎ଶሺ𝑎ଵ − 𝑎ଶሻൣ4𝐿௫ଵ൫𝐿௬ଵ −96𝐿௫ଵଶ𝐿௬ଵଶ
− 𝜎௠௔௫𝑎ଶ ቄ4ൣ𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵ𝑎ଵ൧ଷ − 𝐿௬ଵଶሺ𝑎ଵଶ − 𝑎ଶଶሻൣ3𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 2𝐿௬ଵ𝑎ଵ൧ቅ96𝐿௫ଵଷ𝐿௬ଵ+ 𝜎௠௔௫𝐿௬ଵൣ𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻସ − 4𝐿௫ଵ𝑦௧ሺ𝐿௫ଵ − 𝑎ଵሻଷ + 𝐿௫ଵସ൫4𝑦௧ − 𝐿௬ଵ൯൧24𝐿௫ଵଷ , 

(80
)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(81
)

𝑀௬்= 𝜎௠௔௫ ቂ𝐿௫ଵସ൫𝐿௬ଵ − 𝑏൯ସ − 2𝑎ଵ𝐿௫ଵଷ𝐿௬ଵ൫𝐿௬ଵ − 𝑏൯ଷ − 2𝑎ଶଷ𝐿௫ଵ𝐿௬ଵଷ𝑏 + 𝐿௬ଵସሺ𝑎ଵଷ + 𝑎ଶଷሻ24𝐿௫ଵଶ𝐿௬ଵଷ (82
)

2.1.12. Case XII 
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𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(83
) 

𝑅= 𝜎௠௔௫൛ሺ𝑎ଵ + 𝑎ଶሻଶൣ𝐿௬ଵሺ𝑎ଵ + 𝑎ଶሻ − 6𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯൧ − 24𝐿௫ଵ𝑎ଵ𝑎ଶ൫ℎ௬ − 𝑏൯ൟ48𝐿௫ଵଶ
+ 𝜎௠௔௫ ቄ6𝐿௬ଵ𝑎ଶ൫𝐿௬ଵ − 𝑏൯ଶ − ൫𝐿௬ଵ − ℎ௬൯ଶൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 3𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ቅ12𝐿௬ଵଶ , 

(84
) 

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(85
) 

𝑀௫்= 𝜎௠௔௫𝐿௬ଵ൛൫4𝑦௧ − 𝐿௬ଵ൯𝐿௫ଵସ − ሺ𝐿௫ଵ − 𝑎ଵሻଷൣ𝐿௫ଵ൫4𝑦௧ − 𝐿௬ଵ൯ + 𝐿௬ଵ𝑎ଵ൧ൟ24𝐿௫ଵଷ− 𝜎௠௔௫𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯24𝐿௬ଵଶ
+ 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵሺ4𝑦௧ − 3𝑏ሻ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ + 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ + 𝑎ଶሻ൧ଷൣ2𝐿௫ଵሺ4𝑦௧ − 3𝑏ሻ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵ൫4𝑦௧ − 3ℎ௬൯ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ + 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ , 

(86
) 
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𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ା൫௬೟ି௅೤భି௬൯௅ೣభ௅೤భ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ , 

(87
) 

𝑀௬்= 𝜎௠௔௫ ቂ𝐿௫ଵସ൫𝐿௬ଵ − 𝑏൯ସ − 2𝑎ଵ𝐿௫ଵଷ𝐿௬ଵ൫𝐿௬ଵ − 𝑏൯ଷ − 2𝑎ଶଷ𝐿௫ଵ𝐿௬ଵଷ𝑏 + 𝐿௬ଵସሺ𝑎ଵଷ + 𝑎ଶଷሻ24𝐿௫ଵଶ𝐿௬ଵଷ
+ 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯൧384𝐿௫ଵଶ𝐿௬ଵଷ . 

(88
) 

2.1.13. Case XIII 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௛௬ , (89
)

𝑅 = 𝜎௠௔௫ ቄ3𝑎ଶ𝐿௫ଵଶ𝐿௬ଵ ቂ൫𝐿௬ଵ − 𝑏൯ଶ − ൫𝐿௬ଵ − ℎ௬൯ଶቃ − 𝐿௬ଵଷሺ𝐿௫ଵ − 𝑎ଵሻଷቅ6𝐿௫ଵଶ𝐿௬ଵଶ
+ 𝜎௠௔௫ ቄ𝐿௫ଵଷ ቂ𝐿௬ଵଷ − ൫𝐿௬ଵ − 𝑏൯ଷቃ − 3𝑎ଵ𝑎ଶ𝐿௫ଵ𝐿௬ଵଶ൫ℎ௬ − 𝑏൯ቅ6𝐿௫ଵଶ𝐿௬ଵଶ , (90

)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௛௬ , (91
)
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𝑀௫் = 𝜎௠௔௫൛𝑎ଶℎ௬ଶൣ2ℎ௬ − 3൫𝐿௬ଵ + 𝑦௧൯൧ + 𝑏ଶൣ2𝑏ሺ𝐿௫ଵ − 𝑎ଶሻ + 3𝑎ଶ൫𝐿௬ଵ + 𝑦௧൯൧ൟ6𝐿௬ଵ+ 𝜎௠௔௫ሺ𝐿௫ଵ − 𝑎ଵሻଷൣ𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻ − 4𝐿௫ଵ𝑦௧൧24𝐿௬ଵଶ+ 𝜎௠௔௫𝑎ଶ൫𝑏 − ℎ௬൯ൣ2𝑦௧ሺ𝑎ଵ − 2𝐿௫ଵሻ − 𝑎ଵ൫𝑏 + ℎ௬൯൧4𝐿௫ଵ+ 𝜎௠௔௫𝐿௫ଵ ቂ2𝐿௬ଵଶ൫2𝐿௬ଵ𝑦௧ − 3𝑏ଶ൯ − 3𝑏ସ − 4𝑦௧൫𝐿௬ଵ − 𝑏൯ଷቃ24𝐿௬ଵଶ , 
(92

)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௅೤భሺ௅ೣభି௔భሻ௅ೣభ௬೟ି௕+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ
௬೟ି௕

௬೟ି௛௬ , (93
)

𝑀௬்= 𝜎௠௔௫ ቄ𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷൣ𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 2𝑎ଵ𝐿௬ଵ൧ + 𝐿௬ଵଷൣ𝑎ଵଷ𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵሻ + 2𝑎ଶଷ𝐿24𝐿௫ଵଶ𝐿௬ଵଷ (94
)

2.1.14. Case XIV 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (95)

𝑅= 𝜎௠௔௫൛𝐿௬ଵଶ𝑎ଶଷ + 3𝐿௬ଵଶ𝑎ଶሺ2𝐿௫ଵ − 𝑎ଵሻଶ − 12𝐿௫ଵ𝑏ሺ𝑎ଵ − 𝑎ଶሻൣ𝐿௬ଵሺ𝑎ଵ − 2𝐿௫ଵሻ + 𝐿௫ଵ𝑏24𝐿௫ଵଶ𝐿௬ଵ (96)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (97)
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𝑀௫் = 𝜎௠௔௫ ቄ𝑎ଶ𝐿௬ଵଷሾ𝑎ଵ𝑎ଶଶ − ሺ2𝐿௫ଵ − 𝑎ଵሻଷሿ − 24𝐿௫ଵଷ𝑦௧ሺ𝑎ଵ − 𝑎ଶሻ൫𝐿௬ଵ − 𝑏൯ଶቅ48𝐿௫ଵଷ𝐿௬ଵ− 𝜎௠௔௫൛𝑏ሺ𝑎ଵ − 𝑎ଶሻൣ3𝐿௬ଵ𝑎ଵሺ2𝑦௧ − 𝑏ሻ + 2𝐿௫ଵ𝑏൫3𝐿௬ଵ − 2𝑏൯൧ൟ12𝐿௫ଵ𝐿௬ଵ+ 𝜎௠௔௫𝐿௬ଵ൛3𝑎ଵ𝑦௧ሾ𝑎ଵ𝑎ଶ + 4𝐿௫ଵሺ𝐿௫ଵ − 𝑎ଶሻሿ − 𝑎ଶଷ൫𝐿௬ଵ − 𝑦௧൯ൟ24𝐿௫ଵଶ , 
(98)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భି௔మሻଶ௅ೣభ , (99)

𝑀௬் = 𝜎௠௔௫൛2𝐿௫ଵൣ𝑎ଵଷ𝑏 + 𝑎ଶଷ൫𝐿௬ଵ − 𝑏൯൧ − 𝐿௬ଵ𝑎ଵ𝑎ଶଷൟ24𝐿௫ଵଶ . (100
)

2.1.15. Case XV 

𝑅 = න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ , (10
1)

𝑅= 𝜎௠௔௫ ቄ2𝐿௫ଵ ቂ𝐿௬ଵଷ − ൫𝐿௬ଵ − ℎ௬൯ଷቃ − 3𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ ቂ2൫𝐿௬ଵ − 𝑏൯ଶ − ൫𝐿௬ଵ − ℎ௬൯ଶቃቅ12𝐿௬ଵଶ− 𝜎௠௔௫൛6𝐿௫ଵሺ𝑎ଵ − 𝑎ଶሻൣ4𝑎ଵ𝑏 − ℎ௬ሺ𝑎ଵ − 𝑎ଶሻ൧ + 𝐿௬ଵൣሺ𝐿௫ଵ − 𝑎ଵ − 𝑎ଶሻଷ − 12𝐿௫ଵଶሺ𝑎ଵ −48𝐿௫ଵଶ
(10
2)

𝑀௫் = න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ , (10
3)
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𝑀௫்= 𝜎௠௔௫ ቄൣ𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵ𝑎ଵ൧ଷൣ𝐿௫ଵሺ4𝑦௧ − 3𝑏ሻ − 𝐿௬ଵሺ𝐿௫ଵ − 𝑎ଵሻ൧ − 𝐿௬ଵଷሺ𝐿௫ଵ − 𝑎ଵሻ24𝐿௫ଵଷ𝐿௬ଵଶ
+ 𝜎௠௔௫ ቂ𝐿௫ଵ𝐿௬ଵଷ൫4𝑦௧ − 𝐿௬ଵ൯ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ଷ൫4𝑦௧ − 3𝑏 − 𝐿௬ଵ൯ቃ24𝐿௬ଵଶ
+ 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵሺ4𝑦௧ − 3𝑏ሻ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ + 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ + 𝑎ଶሻ൧ଷൣ2𝐿௫ଵሺ4𝑦௧ − 3𝑏ሻ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ − 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ2𝐿௫ଵ൫4𝑦௧ − 3ℎ௬൯ − 𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵ + 𝑎ଶሻ൧384𝐿௫ଵଷ𝐿௬ଵଶ ,

(10
4)

𝑀௬் = න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔భଶି௔భଶ
௬೟௬೟ି௕ + න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶି௔మଶ

௬೟ି௕
௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ+ න න 𝜎௭𝑥𝑑𝑥𝑑𝑦௔మଶ௔భଶ ାሺ௬೟ି௬ሻ௅ೣభ௅೤భ ି௅ೣభ

௬೟ି௕ିଶ௅ೣభ൫௅೤భି௕൯ି௅೤భሺ௔భା௔మሻଶ௅ೣభ௬೟ି௛೤ , (10
5)

𝑀௬்= 𝜎௠௔௫ ቄ16𝑎ଵଷ𝐿௫ଵଶ𝐿௬ଵሺ2𝐿௫ଵ − 𝑎ଵሻ + ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶ384𝐿௫ଵଶ𝐿௬ଵଷ
− 𝜎௠௔௫ ቄ𝐿௫ଵଷ൫𝐿௬ଵ − 𝑏൯ଷൣ2𝐿௬ଵ𝑎ଵ − 𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧ + ൣ𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵ𝑎ଵ൧ଷൣ𝐿௬ଵ𝑎ଵ +24𝐿௫ଵଶ𝐿௬ଵଷ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯ − 𝐿௬ଵሺ𝑎ଵ + 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ − 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − 𝑏൯൧384𝐿௫ଵଶ𝐿௬ଵଷ
− 𝜎௠௔௫ൣ2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯ − 𝐿௬ଵሺ𝑎ଵ − 𝑎ଶሻ൧ଷൣ𝐿௬ଵሺ𝑎ଵ + 3𝑎ଶሻ − 2𝐿௫ଵ൫𝐿௬ଵ − ℎ௬൯൧384𝐿௫ଵଶ𝐿௬ଵଷ . 

(10
6)

2.2. Special Cases  

There are two cases: Case X) when the moments Mx1 and Mx2 are zero; Case Y) when moments 
My1 and My2 are zero. 

2.2.1. Case Y 

Figure 5 shows the three possible cases for a T-shaped combined footing subjected to axial load 
and a bending moment around the X axis provided by each column (My1 and My2 are zero). 

For case Y-I, it is assumed that the entire bottom surface of the footing works under compression, 
and equations (15) to (22) are used. 

For cases Y-IIA and Y-IIB, it is assumed that the entire bottom surface of the footing works 
partially under compression  

The pressures generated by the ground on the footing are obtained by means of the general 
equation of the pressure plane, starting from three known points. 

Now, the three known points of the pressure plane are: 
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𝑝ଵ ቀ𝑎ଵ2 , 𝑦௧, 𝜎௠௔௫ቁ ; 𝑝ଶ ቀ− 𝑎ଵ2 , 𝑦௧, 𝜎௠௔௫ቁ ; 𝑝ଷ ቀ𝑎ଶ2 , 𝑦௧ − 𝐿௬ଵ, 0ቁ. (107)

The general equation of the pressure plane is obtained as follows: 

ተተ 𝑥 − 𝑎ଵ2 𝑦 − 𝑦௧ 𝜎௭ − 𝜎௠௔௫−𝑎ଵ 0 0𝑎ଶ − 𝑎ଵ2 −𝐿௬ଵ −𝜎௠௔௫ ተተ. (108)

Solving the determinant of equation (108) gives the pressure at any point “σz”: 𝜎௭ = 𝜎௠௔௫൫𝐿௬ଵ − 𝑦௧ + 𝑦൯𝐿௬ଵ . (109)

 

Case Y-I Case Y-IIA 

 
Case Y-IIB 

Figure 5. Case Y for T-shaped combined footings. 

2.2.1.1. Case Y-IIA 

The general equations for R and MxT are: 𝑅 = 2 න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ଴
௬೟௬೟ି௕ + 2 න න 𝜎௭𝑑𝑥𝑑𝑦௔మଶ଴

௬೟ି௕
௬೟ି௅೤భ , (110)
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𝑅 = 𝜎௠௔௫ ቂ𝑎ଵ𝑏൫2𝐿௬ଵ − 𝑏൯ + 𝑎ଶ൫𝐿௬ଵ − 𝑏൯ଶቃ2𝐿௬ଵ , (111)

𝑀௫் = 2 න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ଴
௬೟௬೟ି௕ + 2 න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔మଶ଴

௬೟ି௕
௬೟ି௅೤భ , (112)

𝑀௫் = 𝜎௠௔௫𝑏ሺ𝑎ଵ − 𝑎ଶሻൣ2𝑏ଶ + 6𝐿௬ଵ𝑦௧ − 3𝑏൫𝐿௬ଵ + 𝑦௧൯൧6𝐿௬ଵ+ 𝜎௠௔௫൛𝑎ଶ𝐿௬ଵଶ൫3𝑦௧ − 𝐿௬ଵ൯ൟ6𝐿௬ଵ . (113)

2.2.1.2. Case Y-IIB 

The general equations for R and MxT are: 𝑅 = 2 න න 𝜎௭𝑑𝑥𝑑𝑦௔భଶ଴
௬೟௬೟ି௅೤భ , (114)

𝑅 = 𝜎௠௔௫𝑎ଵ𝐿௬ଵ2 , (115)

𝑀௫் = 2 න න 𝜎௭𝑦𝑑𝑥𝑑𝑦௔భଶ଴
௬೟௬೟ି௅೤భ , (116)

𝑀௫் = 𝜎௠௔௫𝑎ଵ𝐿௬ଵ൫3𝑦௧ − 𝐿௬ଵ൯6 . (117)

2.2.2. Case X 

For the T-shaped combined footing subjected to axial load and a bending moment around the Y 
axis provided by each column (Mx1 and Mx2 are zero). 

For the case X, all the equations of the biaxial bending must be used, because there are resultant 
moments MxT. 

2.3. Minimum Surface for T-Shaped Combined Footings 

Minimum surface (objective function) for all cases is: 𝐴௠௜௡ = ሺ𝑎ଵ − 𝑎ଶሻ𝑏 + 𝑎ଶℎ௬. (118)
Table 1 shows the equations of the constraint functions for biaxial bending in each case. 

Table 1. Constraint functions for biaxial bending. 

Case Equations   
I Equations (1) to (5), (7) to (9), (15) to (22), 0 ≤ σ1 to σ8 ≤ σmax 

II Equations (1), (2), (7) to (9), (24), (26), (28), Ly1 ≤ b, Lx1 ≤ a1 

III Equations (1), (2), (7) to (9), (30), (32), (34), Ly1 ≥ b, Lx1 ≤ a1 

IV Equations (1), (2), (7) to (9), (36), (38), (40), Ly1 ≥ b, Lx1 ≤ a1 

V Equations (1), (2), (7) to (9), (42), (44), (46), Ly1 ≥ hy, Lx1 ≤ a1 

VI Equations (1), (2), (7) to (9), (48), (50), (52), Ly1 ≥ hy, Lx1 ≤ a1 
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VII Equations (1), (2), (7) to (9), (54), (56), (58), Ly1 ≥ hy, Lx1 ≤ a1 

VIII Equations (1), (2), (7) to (9), (60), (62), (64), Ly1 ≤ b, Lx1 ≥ a1 

IX Equations (1), (2), (7) to (9), (66), (68), (70), Ly1 ≥ b, Lx1 ≥ a1 

X Equations (1), (2), (7) to (9), (72), (74), (76), Ly1 ≥ b, Lx1 ≥ a1 

XI Equations (1), (2), (7) to (9), (78), (80), (82), Ly1 ≥ b, Lx1 ≥ a1 

XII Equations (1), (2), (7) to (9), (84), (86), (88), Ly1 ≥ b, Lx1 ≥ a1 

XIII Equations (1), (2), (7) to (9), (90), (92), (94), Ly1 ≥ b, Lx1 ≥ a1 

XIV Equations (1), (2), (7) to (9), (96), (98), (100), Ly1 ≥ b, Lx1 ≥ a1 

XV Equations (1), (2), (7) to (9), (102), (104), (106), Ly1 ≥ b, Lx1 ≥ a1 
Note: all cases must include hy = L1 + L + L2, hy ≥ b, L1 ≤ b/2, a2 ≤ a1. 

The functions that must be limited in the Y-axis direction are:   
Not limited: L1 ≥ c1/2 and L2 ≥ c3/2. 
Limited in column 1: L1 = c1/2 and L2 ≥ c3/2. 
Limited in column 2: L1 ≥ c1/2 and L2 = c3/2. 
Limited in the two columns: L1 = c1/2 and L2 = c3/2. 
Note: c1 and c3 are the sides of the columns in the Y direction. 
Table 2 shows the equations of the constraint functions for uniaxial bending in each case (Case 

Y). 

Table 2. Constraint functions for uniaxial bending. 

Case Equations 
Y-I Equations (1) to (5), (7) to (9), (15) to (22), 0 ≤ σ1 to σ8 ≤ σmax 

Y-IIA Equations (1), (2), (7) to (9), (111) to (113), Ly1 ≥ b, Ly1 ≤ hy 

Y-IIB Equations (1), (2), (7) to (9), (115) to (117), Ly1 ≤ b 
Note: all cases must include hy = L1 + L + L2, hy ≥ b, L1 ≤ b/2, a2 ≤ a1. 

3. Numerical Examples 

Three numerical examples are shown for T-shaped combined footings supporting two columns, 
and each example presents four types of constraints, the constraints are: Constraint 1 is for 
unconstrained sides (L1 ≥ c1/2 and L2 ≥ c3/2); Constraint 2 is for a side constrained in column 1 (L1 = c1/2 
and L2 ≥ c3/2); Constraint 3 is for a side constrained in column 2 (L1 ≥ c1/2 and L2 = c3/2); Constraint 4 is 
for two sides constrained (opposite sides) (L1 = c1/2 and L2 = c3/2). Example 1 is for a T-shaped 
combined footing subjected to axial load and moments on the X and Y axes due to the columns. 
Example 2 is for a T-shaped combined footing subjected to axial load and a moment on the Y axis 
due to the columns. Example 3 is for a T-shaped combined footing subjected to axial load and a 
moment on the X axis due to the columns. 

The data for example 1 are: c1 = 0.40 m, c3 = 0.40 m, P1 = 1250 kN, P2 = 250 kN, Mx1 = 300 kN-m, Mx2 
= 150 kN-m, My1 = 200 kN-m, My2 = 200 kN-m, L = 6.00 m, σmax = 200 kN/m2. The data for example 2 are: 
the same as for example 1, but Mx1 = 0 kN-m, Mx2 = 0 kN-m. The data for example 3 are: the same as for 
example 1, but My1 = 0 kN-m, My2 = 0 kN-m. 

Table 3 shows the results of the example 1.   
Table 4 shows the results of the example 2. 
Table 5 shows the results of the example 3. 

Table 3. Example 1. 

Case 
Amin 
m2 

Ends not limited Limited at L1 Limited at L2 Limited at L1 and L2 
I 13.11 17.10 13.11 17.10 
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II 45.00 * * * 

III 15.85 * 15.85 * 

IV 21.93 * * * 

V 15.62 * 15.62 * 

VI 11.59 11.73 11.59 15.51 

VII 15.53 * 15.53 * 

VIII 23.45 22.36 23.45 22.36 

IX 12.61 16.78 12.61 16.78 

X 14.09 14.46 14.09 14.46 

XI 12.98 16.58 12.98 16.58 

XII 14.94 * 14.94 * 

XIII 12.88 16.46 12.88 16.46 

XIV 13.12 13.44 13.12 13.44 

XV 12.71 * 12.71 * 
Note: * No solution available. 

Table 4. Example 2. 

Case 
Amin 
m2 

Ends not limited Limited at L1 Limited at L2 Limited at L1 and L2 
I 12.57 12.80 12.57 12.80 

II 45.00 * * * 

III 15.55 * 15.53 * 

IV 21.91 * * * 

V 15.26 * 15.26 * 

VI 15.37 12.25 12.90 12.90 

VII 15.06 * 15.05 * 

VIII 22.45 22.45 22.45 22.45 

IX 12.56 15.82 12.56 15.82 

X 13.61 13.79 13.61 13.79 

XI 15.66 15.48 10.40 15.48 

XII 13.15 * 13.51 * 

XIII 12.56 15.45 12.56 15.45 

XIV 12.68 12.82 12.68 12.82 

XV 11.88 12.78 11.14 12.16 
Note: * No solution available. 

Table 5. Example 3. 

Case 
Amin 
m2 

Ends not limited Limited at L1 Limited at L2 Limited at L1 and L2 
YI 11.50 16.74 11.50 16.74 

YIIA 11.34 11.87 11.34 11.87 

YIIB 15.00 18.70 15.00 18.70 
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4. Results  

The results of the table 3 show the following: 
1.- The value of “Amin” is the same for constraint 1 and 3, except in cases II and IV that there is no 

solution available in constraint 3. 
2.- The value of “Amin” is the same for constraint 2 and 4, except in case VI that there is solution 

available, but it is different. 
3.- The minimum areas “Amin” are presented in case VI for constraints 1, 2 and 3, and case XIV 

for constraint 4. 
The results of the table 4 show the following: 
1.- The value of “Amin” is the same for constraint 1 and 3, except in cases II and IV that there is no 

solution available in constraint 3, and also for cases III, VI, VII, XI XII, XV these are different. 
2.- The value of “Amin” is the same for constraint 2 and 4, except in cases VI and XV that there is 

solution available, but these are different. 
3.- The minimum areas “Amin” are presented in case XV for constraint 1, in case VI for constraint 

2, in case XI for constraint 3 and in case XV for constraint 4. 
The results of the table 5 show the following: 
1.- The value of “Amin” is the same for constraint 1 and 3. 
2.- The value of “Amin” is the same for constraint 2 and 4. 
3.- The minimum areas “Amin” are presented in case YIIA for all the constraints. 
Tables 6 to 8 show in detail the mechanical and geometric properties of the cases that present 

the minimum areas of each example.  

Table 6. Mechanical and geometric properties of the cases that present the minimum areas of the example 1. 

Case
R 

kN 
MxT 

kN-m 

MyT 

kN-
m 

L1 

m 
L2 

m 
Lx1 

m 
Ly1 

m 
a1 
m 

a2 

m 
b 

m 
hy 

m 
yt 

m 

Amin 
m2 

Ends not limited 
VI 1500 2034.12 400 0.20 0.20 0.92 6.40 3.38 1.00 2.18 6.40 2.26 11.59

Limited footing at L1 
VI 1500 2663.63 400 0.20 1.19 0.92 7.39 3.32 1.00 1.87 7.39 2.68 11.73

Limited footing at L2 
VI 1500 2034.12 400 0.20 0.20 0.92 6.40 3.38 1.00 2.18 6.40 2.26 11.59

Limited footing at L1 and L2 
XIV 1500 1328.82 400 0.20 0.20 21.83 6.83 8.04 1.00 1.00 6.40 1.79 13.44

Table 7. Mechanical and geometric properties of the cases that present the minimum areas of the example 2. 

Case 
R 

kN 
MxT 

kN-m 

MyT 

kN-
m 

L1 

m 
L2 

m 
Lx1 

m 
Ly1 

m 
a1 
m 

a2 

m 
b 

m 
hy 

m 
yt 

m 

Amin 
m2 

Ends not limited 
XV 1500 1095.78 400 0.25 0.20 50.00 5.54 6.44 1.00 1.00 6.45 1.98 11.88

Limited footing at L1 
VI 1500 4437.68 400 0.20 3.78 0.92 9.98 3.27 1.00 1.00 9.98 4.16 12.25

Limited footing at L2 
XI 1500 0 400 4.20 0.20 8.40 20.05 1.00 1.00 10.40 10.40 5.20 10.40

Limited footing at L1 and L2 
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XV 1500 1081.82 400 0.20 0.20 38.73 5.50 6.76 1.00 1.00 6.40 1.92 12.16

Table 8. Mechanical and geometric properties of the cases that present the minimum areas of the example 3. 

Case 
R 

kN 
MxT 

kN-m 
MyT 

kN-m 
L1 

m 
L2 

m 
Ly1 

m 
a1 
m 

a2 

m 
b 

m 
hy 

m 
yt 

m 

Amin 
m2 

Ends not limited 
YIIA 1500 1476.28 0 0.50 0.20 6.44 5.64 1.00 1.00 6.70 2.18 11.34 

Limited footing at L1 
YIIA 1500 1582.81 0 0.20 0.20 5.12 6.47 1.00 1.00 6.40 1.96 11.87 

Limited footing at L2 
YIIA 1500 1476.28 0 0.50 0.20 6.44 5.64 1.00 1.00 6.70 2.18 11.34 

Limited footing at L1 and L2 
YIIA 1500 1582.81 0 0.20 0.20 5.12 6.47 1.00 1.00 6.40 1.96 11.87 

 
The results of the table 6 show the following: 
1.- All the values are the same for constraints 1 and 3. 
2.- The smaller value of “a1” occurs in constraint 2, and the largest appears in constraint 4. All 

the values of “a2” are the same. The smaller value of “b” occurs in constraint 4, and the largest appears 
in constraints 1 and 3. The largest value of “hy” occurs in constraint 2, and the smaller appears in 
constraints 1, 3 and 4. 

3.- The minimum area “Amin” is presented in case VI for constraints 1 and 3, and the largest 
appears in case XIV for constraint 4. 

The results of the table 7 show the following: 
1.- The smaller value of “a1” occurs in constraint 3, and the largest appears in constraint 4. All 

the values of “a2” are the same. The largest value of “b” occurs in constraint 3, and the smaller appears 
in constraint 1, 2 and 4. The largest value of “hy” occurs in constraint 4, and the smaller appears in 
constraint 4. 

2.- The minimum area “Amin” is presented in case XI for constraint 3, and the largest appears in 
case VI for constraint 2. 

3.- The constraint 3 shows a rectangular combined footing. 
The results of the table 8 show the following: 
1.- All the values are the same for constraints 1 and 3, and for constraints 2 and 4. 
2.- The smaller value of “a1” occurs in constraints 1 and 3, and the largest appears in constraints 

2 and 4. All the values of “a2” are the same. All values of “b” are the same. The largest value of “hy” 
occurs in constraints 1 and 3, and the smaller appears in constraints 2 and 4. 

3.- The minimum area “Amin” is presented in case YIIA for constraints 1 and 3, and the largest 
appears in case YIIA for constraints 2 and 4. 

Figure 6 shows a comparison between the CM (current model) and the NM (new model). 
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Example 1 Example 2 

Example 3 

Figure 6. Comparison between the CM and the NM. 

In three examples it shows a saving using the NM with respect to the CM. For example 1, largest 
savings occurs with 31.40% by limiting L1. For example 2, largest savings occurs with 17.26% by 
limiting L2. For example 3, largest savings occurs with 29.09% by limiting L1, and by limiting L1 and 
L2.   

5. Conclusions 

The model presented in this document applies only for minimum area of a T-shaped combined 
footing that supports two columns aligned on a longitudinal axis. The considerations of this work 
are: the footing is rigid and the soil that supports to the footing is elastic and homogeneous, that 
comply with the biaxial bending, i.e., the variation of soil pressure is linear.  

This paper concludes the following: 
1.- Some authors present equations to find the dimensions of the footing and the minimum 

surface, but the entire surface of the footing works under compression (see Case I for the three 
examples). 

2.- The proposed model presents the minimum surface and the constraint functions for the 
fifteen possible cases. 

3.- The model can be used as a review of the allowable load capacity of the soil, taking into 
account the objective function “σmax”, and the same constraint functions for biaxial bending or 
uniaxial bending. 

4.- The proposed model can be used for rectangular combined footings, simply set a1 = a2 and b 
= hy (see Table 7). 

5.- When MxT is zero, the resultant force lies along the X axis (see Table 7). 
6.- When MyT is zero, the resultant force lies along the Y axis (see Table 8). 
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7.- The model can be used for the following considerations: 
a) Unconstrained sides (L1 ≥ c1/2 and L2 ≥ c3/2) 
b) A constrained side in column 1 (L1 = c1/2 and L2 ≥ c3/2) 
c) A constrained side in column 2 (L1 ≥ c1/2 and L2 = c3/2) 
d) Two constrained sides (opposite sides) (L1 = c1/2 and L2 = c3/2) 
The next investigations can be: 1) Minimum area for corner combined footings assuming that 

the contact area with the ground woks partially under compression. 2) Minimum area for strap 
combined footings assuming that the contact area with the ground woks partially under compression. 
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