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Abstract

Interesting new correlation and unidirectional properties of two bosonic modes under the influence of
environment appear when the modes are mutually coupled through the simultaneously applied linear
mode-hopping and nonlinear squeezing interactions. Under such double coupling, it is found that
while the Hamiltonian of the system is clearly Hermitian the dynamics of the quadrature components of
the field operators can be attributed to non-Hermicity of the system. It is manifested in an asymmetric
coupling between the quadrature components which then leads to a variety of remarkable features. In
particular, we identify how the emerging exceptional point controls the conversion of thermal states
of the modes into single-mode classically or quantum squeezed states. Furthermore, for reservoirs
being in squeezed states, we find that the two-photon correlations present in these reservoirs are
responsible for unidirectional flow of populations and correlations among the modes and the flow can
be controlled by appropriate tuning of the mutual orientation of the squeezed noise ellipses. In the
course of analyzing these effects we find that the flow of the population creates the first-order coherence
between the modes which, on the other hand rules out an enhancement of the two photon correlations
responsible for entanglement between the modes. These results suggest new alternatives for the
creation of single mode squeezed fields and the potential applications for controlled unidirectional
transfer of population and correlations in bosonic chains.

Keywords: quantum correlations; squeezed states; coherence; non-Hermitian dynamics; exceptional
points

1. Introduction

It has been demonstrated in recent years that unconventional properties of non-Hermitian parity-
time (P7T)— symmetric systems such as exceptional points and nonreciprocity [1-6] are not restricted
to the time reversal systems [7-9], but can be obtained in quantum systems with a Hermitian Hamil-
tonian by interfering linear (excitation-preserving) and nonlinear two-mode interactions [10-16].
Subsequently, similar approaches have been studied including simultaneous application of linear and
dissipative interactions [17,18] or creation of two coupling processes by engineering collective atomic
systems [19,20]. The simultaneous existence of two coupling processes between quantum systems
has been experimentally realized among optomechanical cavities [21,22] and in superconducting
circuits [23,24].

To date, most of the treatments of the dynamics of doubly coupled modes have either been con-
cerned with entanglement dynamics [25-27], quantum sensing [28,29] and topological phases [30-34].
Here, we consider a system composed of two Gaussian bosonic modes and concentrate on their
fluctuation and correlation properties for features indicative of the simultaneous presence of the
linear and nonlinear couplings processes. The two mode system provides the simplest example of the
effects generated by the double coupling. In particular, we investigate how the coupling influences
on the fluctuations, populations and correlation properties of the modes. The treatment includes the
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dissipation of the modes to local thermal as well as to squeezed reservoirs which, as we will see can
have a significant effect on the fluctuation and correlation properties of the modes.

Modes interacting with local thermal or squeezed reservoirs will be sensitive to the number of
photons and in the case of squeezed reservoirs also to the correlations present in the reservoirs and in
general will evolve in a phase-sensitive fashion to a stationary state that will reflect such correlations.
A squeezed reservoir is characterized by the mean photon number n and by the phase dependent
two-photon correlations m, which range from zero to |m| = y/n(n + 1). Values of the correlation in the
range /n(n+ 1) > |m| > n correspond a quantum squeezed reservoir while values of the correlation
in the range 0 < |m| < n correspond to a classically squeezed reservoir, and m = 0, # 0 correspond
to a thermal reservoir [35,36]. Presence of the correlations m leads to a reduction of the fluctuations in
one quadrature of the modes.

It is well known that when only linear coupling is applied between two modes, it cannot create
any correlations between noisy Gaussian modes [37]. On the other hand when the nonlinear coupling is
applied, it can create two-photon correlations between the modes which are necessary for entanglement
but the correlated modes are left mutually incoherent [38—43]. Moreover the modes are strongly
amplified in both populations and fluctuations such that the modes are found in a highly fluctuating
thermal state [44—46].

In this paper, we demonstrate that when both linear and nonlinear interactions are simultaneously
applied the fluctuation and correlation properties of the modes are significantly different. Analytical
expressions are obtained for steady state variances of the quadrature components of the mode operators
and for correlation functions which show that relative to mutual coupling strengths of the two
interactions an exceptional point emerges which is characteristic of non-Hermitian systems. To
put it another way, our results demonstrate that in the Hermitian quantum system composed of
simultaneously linearly and nonlinearly coupled modes one can construct non-Hermitian dynamics
which can lead to nonreciprocal (one directional) influences of the modes on each other. It also creates
an exceptional point which separates two distinctive parameter regimes, an exponential amplification
regime and an oscillatory regime. In these two regimes the fluctuation properties of the modes are
found to be differently altered even to the point of turning the fluctuations from thermal to quantum
squeezed fluctuations. Under suitable conditions, the double coupling can establish nonresiprocal
transfer of population and correlations between the modes.

The plan of this paper is as follows. In Section 2, we introduce the Hamiltonian of doubly
coupled bosonic modes and give a description of independent external reservoirs to which the modes
are dumped. Then, we derive the quantum Langevin equations for the quadrature components
of the field operators and discuss their nonresiprocal coupling properties. In Section 3, we give
general solutions for the time-dependent quadrature operators which exhibit the presence of an
exceptional point separating two parameter regimes, exponential amplification and oscillatory regimes.
In Section 4, we specialize to the exponential amplification regime and apply the solutions to obtain
analytic stationary expressions of physical quantities of interest as the variances of the quadrature
operators, populations of the modes, single- and two-mode correlation functions, and to investigate
their dependence on the noise properties of thermal and squeezed reservoirs. Analytic expressions of
these physical quantities in the oscillatory regime are presented and extensively discussed in Section 5.
Differences and similarities of the results obtained in those two regimes are also examined. Finally, a
brief discussion of the results and conclusions are given in Section 6.

2. Doubly Coupled Bosonic Modes

The system we study consists of two frequency degenerate radiation modes described by bosonic
creation (annihilation) operators, a(a) and b*(b), respectively. The modes are directly coupled to
each other through presence of two different types of interaction processes, the linear optical photon
exchange (beamsplitter type) and nonlinear two-photon (two-mode squeezing) interaction processes.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In addition, both modes are damped with the rate x by coupling to local (independent) reservoirs,
which will be considered as thermal or squeezed reservoirs, see Figure 1.

g

Figure 1. Schematic diagram of the considered system composed of two modes a2 and b coupled to each other
through linear (A) and nonlinear (g) interactions. The modes are dumped with rate x by the interaction with local
broadband reservoirs.

The interaction between the modes is determined by the Hamiltonian (7 = 1)
H = A(a—fbe*i((Pu*q)b) + ab+ei(¢ﬂ7¢b)) + g(abei(¢ﬂ+¢b) + a+b+€7i(¢ﬂ+¢h)>, (1)

where A and g are real parameters determining the strength, respectively, the linear and nonlinear
coupling between the modes, and ¢; (i = 4, b) is the phase of the i-the mode. The simultaneous action
of the two interactions will couple the modes and will give the systematic evolution of the modes due
to the mutual interaction. Without loss of generality we will assume that the phase of the mode a is
fixed at ¢, = 0, while the phase ¢, = ¢ of the mode b can be varied that ¢ will play the role of the
relative phase between squeezed reservoirs.

Using the input-output formalism, we readily find that the mode operators obey the quantum
Langevin equations

du _ _ ilu, H] — xu — /2xu'™®, ()
dt
where u = a,b. The first term on the right-hand side of Equation (2) gives the evolution due to
a coupling between the modes, the second term determines damping of the mode with the rate x,
which we will assume the same for both modes, resulting from the interaction of the modes with local
reservoirs. This interaction also gives rise to fluctuations in the system, these being represented by the
input noise operators u'".

It is more convenient to determine dynamics of the modes in terms of Hermitian operators
representing the amplitudes of two quadrature phase components of the fields

X, = é(a+a+>, Y, = T (afaJr)

X, = bei4’+b+e—i¢), Y, = (be"l’ bte —14’) 3)

Al

V2 Va2i
with similar expressions for the input-noise operators. Under the double coupling between the modes
the quadrature components obey the following equations of motion

Xy, = —kXp — (g — A)Ya — V2XI,

Y, = =Y, — (g +A)Xp — V2kYID,

Xy = kX, — (g — A)Y, — V2kXI,

Y, = —kY, — (g +A)X, — V2xYiR, (4)
We first observe that the equations of motion for the quadratures X; and Y, are decoupled from the

equations of motion for X, and Yj,. Further, inside each pair of equations, quadratures are coupled
to each other in an asymmetric manner that the X quadratures are coupled to Y quadratures with
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strength (g — A), whereas Y quadratures are coupled to X with strength (g + A). For ¢ = A we have
complete coupling asymmetry that the evolution of the X quadratures is decoupled from the evolution
of the Y quadratures. In this case there is a unidirectional coupling between the quadratures. Thus, we
expect chiral propagation of fluctuations and correlations from Y quadratures to X quadratures of the
other mode.

The dynamics of the quadrature operators is influenced by the quantum noise operators Xi" and
Y™ of the input modes to which the modes a and b are coupled. They obey Gaussian statistics and are
delta correlated in time. We assume that the input noise operators represent two independent reservoirs
which are in general in broadband squeezed vacuum states whose the properties are characterised by
the correlation functions

(KX = (5 m o= 1),

(R OY(E) = (5 m)at-1)

(XX = (5 -+ meos2p ) 1),

(R OYR) = (5 +n = meos29 )t 1), ©

where 7 is the average number of thermal photons and m describes the degree of phase dependent
two-photon correlations between photons contained in the reservoirs. The presence of the two-photon
correlations leads to an asymmetric distribution of noise between the quadratures. We assume that
the phase of the squeezed reservoir coupled to the mode a is fixed at zero, whereas the phase ¢ of the
squeezed reservoir coupled to the mode b can be varied. The parameters n and m are related to each
other such that m < n corresponds to a classically squeezed field whereas m < y/n(n + 1) corresponds
to a quantum squeezed field [35,36].

3. Dynamics of the Doubly Coupled Bosonic Modes

To proceed with the solution of the set of differential Equation (4), it is convenient to introduce
the Laplace transforms of the quadratures

Xi(p) E/o Xie Ptdt,  Yi(p) E/o Yie Pldt, (6)

whose the application converts the equations into a set of algebraic equations. The set of the algebraic
equations can be readily solved for the transformed quadratures to give

(p+x)Lix(p) — (§ — A)Ljy(p)

B ==k
W) = Sy 20 i ?
in which we have introduced the abbreviations
Lin(p) = [X:(0) = V26XP(p)|, Ly (p) = [¥i(0) = V2rY"(p)], ®)
and p; and p; are the roots of the quadratic equation
p*+2kp + k2 + A% — &2 )
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The roots can be easily computed, to give

P12 = —k+4/g%— A2 (10)

It is clearly seen from Equation (10) that the roots are strongly dependent on the relationship between
the coupling constants g and A. We distinguish two parameter regimes that depending on whether
A > gor A < g the factor /g2 — A2 can be either the real or the complex parameter. A threshold at
which the roots change character is for ¢ = A, which corresponds to the exceptional point. For g > A

S 3PS an

while for A > g the roots are complex

the roots are real

p3 = —Kk +1iB, ps = —Kk —ip, B=1/A%— g2 (12)

Thus there are two distinct regimes in which the solutions have different character. We will call the
regime ¢ > A an exponential amplification regime, and A > ¢ an oscillatory regime.

For each of the regimes we will investigate properties of the steady state (+ — c0) variances of the
quadrature operators, populations of the modes, (a'a) and (b'b), single-mode two-photon correlations,
(a®) and (b?), which we will call as "local two-photon correlations”, and two-mode two-photon
correlations (ab), [47,48] which we will call as "global two-photon correlations". Apart from the global
two-photon correlations we will also consider the single-photon two-mode correlations (a'b), which
are known to carry information about coherence properties the modes [37]. This restricted class of the
correlation functions considered here results from the fact that the dynamics of the modes considered
are Gaussian. Note that the local two-photon correlations are responsible for squeezing of the single-
mode fluctuations, whereas the global two-photon correlations are necessary for entanglement [49-53].

By inverse Laplace transformation and application of the Cauchy residue theorem we then have
from Equation (7), with the help of Equation (11) that in the case of g > A the time evolution of the
quadrature operators is given by

Xi(t) = %{[Lix(pl) — uLj, (p1)]e"" + [Lix(p2) + uLjy (p2)]e?*'},

Yi(t) = 5 {~=[Lix(p1) — uLliy(p)]e™ + [Lix(p2) + uLiy(p2)]e?'}, i #j=a,b. (13)

whereu = /(g —A)/(g+A).
Similarly, the inverse Laplace transformation of Equation (7) with the complex roots (12) yields to

1 ) .
Xi(t) = 5 {[Lix(p3) — iwLjy (p3)]er>" + [Lix(pa) + iwLjy (ps)]eP*'},
i ) ) .
Yi(t) = 5 {[Ljx(p3s) — iwLiy(p3)]e"" — [Ljx(ps) +iwL;y (ps)leP+}, i#j=a,b. (14)
where w = /(A — g)/(A + g). In this case the quadrature evolve in an oscillatory manner.
The dynamics of the quadrature operators is influenced by the quadratures X"(p) and Y!"(p) of
the input modes, whose the statistics are given by the statistics of the reservoirs to which the modes are

coupled. The effect of the statistics of the reservoirs will be evident in the fluctuation and correlation
properties of the modes.

4. Exponential Amplification Regime, g > A.

We begin our discussion of the correlation and fluctuation properties of the modes by considering
first the exponential regime g > A.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let us first consider the average number of photons of the modes, i.e., populations of the modes.

Since
a= L(X +1Yy), a*—i(x —iY,)
\/E a a \/§ a ajls
1 1
b= — (X, +1Y}), bt = — (X, —iY}), 15
ﬁ( p+1Yp) ﬁ( p—1Yp) (15)

and we have solutions for the time evolution of the quadrature operators, the populations can be
evaluated from

(afa) = 2 ((X2) + () =1, ') = 2 (¢x3)+ () 1), (16)

where (X?) and (Y?) are variances of the quadrature operators of the modes. Thus, evaluation of the
populations of the modes requires calculations of the variances of the quadrature operators of the
modes.

The Gaussian character of the system enables the quadrature variances to be readily calculated.
With the use of Equations (13) and (5), we find that the variances of the quadrature components of the
mutually doubly coupled modes are

(X2) = G +n+m> <1+ ;sinhZIIJ) + ;(g‘—/_\)z(; +n —mcos2¢> cosh? y,
(Y2) = <; +n —m> <1+ %sinhz ¢> + ;(g_-i-/_\)z(; n+mc052¢> cosh®p,
(X2) = (;—i—n—i—mcoqub) <1+;sinh21p)+;(g‘—/_\ ( +n— >C05h2
(Y2 = (; +nmc052¢) <1+;Sinh2 1}7) + %(g‘+/'\) (; +n+m> cosh? . 17)

where all system parameters have been normalised by the damping rate x: § = g/x, A=Ak, & =ua/xK,
and the angle ¢ is defined through the relation ¢ = arctanh(&). In what follows we will drop the bar
on g, A, and & with the understanding that we are dealing with dimensionless rescaled quantities.

Equation (17) shows that the double coupling between the modes enhances the variances indicat-
ing enhancement of the fluctuations of the modes. However, the variances are unequally enhanced
that the variances of the X quadratures are less enhanced than the variances of the Y quadratures. This
is easily understood since, according to Equation (4) there is an asymmetry in the coupling between
the X and Y quadratures leading to unbalanced transfer of fluctuations between the quadratures.

Once the variances have been determined, it is only a matter of substitution of Equation (17)
in Equation (16) to derive explicit expressions for the steady state populations. Thus, we obtain the
following expressions for the populations

(ata) = n+ K; + n>g2 + gAm cos 24)] cosh? y, (18)

and
(b'h) = n+ [(; + n) P+ g/\m] cosh? . (19)
The first terms on the right-hand sides of Equations (18) and (19) represent the population of the
modes in the absence of the direct coupling between the modes. The second terms on the right-hand

sides are due to the coupling between the modes. Of particular interest to us is the dependence of the
populations on the term gA, which accounts for double coupling between the modes.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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It is quite evident from Equations (18) and (19) that the populations are amplified by the mutual
couplings and the major role in the amplification plays the nonlinear coupling process. Since tanh ¢
is limited to one, it means that the amplifier is operating below threshold for the stable steady-state
solutions [44,45,54].

Note that the manner in which the populations are amplified by the couplings is different for (aa)
and (b'h), and the populations are very dependent on the nature of the reservoirs. Perhaps the most
significant is the insensitivity of the population of the mode b to the phase of the squeezed reservoir to
which the mode is coupled. As it is seen from Equation (18) the phase sensitivity is transferred to the
mode a. Thus, a variation of the phase ¢ of the squeezed reservoir coupled to the mode b will modify
the population of the other mode.

The squeezed reservoirs provide the mechanism for controlled amplification of the mode a that
the population of the mode can vary with the phase in such a way that it could be possible to cease the
amplification process. Specifically, at the exceptional point, when A = g with m = /n(n +1) and in
the strong squeezing limit n > 1, Equation (18) takes a simple form

(ata) = n+ (; + n) (14 cos2¢)g>. (20)

This result directly shows that for strongly squeezed reservoirs the population is extremely phase
sensitive at the exceptional point, and the choice of phase ¢ = 7r/2 leads to ceasing of the amplification
process.

It is worth noting that the phenomenon of ceasing of the amplification process of mode a, derived
using m = \/n(n + 1), is unique to quantum squeezing that it is not possible to cease the the amplifi-
cation process when m = #, i.e., the modes interact with classically squeezed fields of the reservoirs.
In addition, this phase-dependent amplification of the mode gives us a new control over nonlinear
effects in the system of coupled modes.

Figure 2 shows the variation of the population of the mode a with the strength of the linear
coupling A for two limiting cases of the phase ¢ = 0 and ¢ = 71/2 and two different values of the
nonlinear coupling strength g. Note that the limit ¢ — 1 corresponds to approaching the instability
threshold in the nonlinear amplifying interaction [44,45,54]. For ¢ away from the instability threshold
the population varies with the phase and the linear coupling such that for ¢ = 0 it is further amplified
and de-amplified for ¢p = 7r/2. For g close to the instability threshold, the population exhibits a weak
dependence on the phase, rapidly degrades with increasing strength of the linear interactions and
returns to its initial value as A approaches the exceptional point A = g.

037, @

0.25 )

0.2

0-1% 0.1 0.2 03 0.4 05 % 0.2 04 34 06 0.8

Mk

Figure 2. Variation of the population of the mode a with the strength of the linear coupling A/« in the limited
range from 0 to g forn = 0.1, m = \/n(n+ 1) and (a) g = 0.5, (b) g = 0.99. The solid black line is for ¢ = 0, the
dashed blue line is for ¢ = /2.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1268.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 December 2025 d0i:10.20944/preprints202512.1268.v1

8 of 21

4.1. Two-Photon Correlations Inside the Modes

We now turn to the calculation of the single mode two-photon correlation functions, which are
known to give rise to squeezing of the fluctuations of the quadrature operators. To evaluate the
correlation functions we use Equation (15) and find

(aa) = 2{(38) —~ (¥2) +2i(X,ve) +1},
(bb) = %{<X§> = (V) +2i(XpY) + 1} 1)

It is seen that the two-photon correlation functions are not only related to the variances but also to the
correlation functions (X;Y;), which are readily evaluated with the use of Equation (13) and are given

by
(Xa()Ya(t)) = %i - %m sin 2¢ sinh? ¢, (22)
and
(X, (1)Y,(t)) = %i + msin2¢ (1 + %sinhz ¢>. (23)

Then, the two-photon correlation functions obtained from Equation (21) are

(aa) = m — K; + n) gA +msinge " $+3) g% 4 mcos ¢ ei‘P)\z] cosh? i,

(bb) = me?® — K; + n) gh+msinge P~ 7)g? 4 m cos¢ei"’/\2] cosh? . (24)

The contribution of the first terms on the right-hand side of Equation (24) obviously correspond to
correlations transferred to the modes in the absence of the inter-mode couplings. The second terms
correspond to creation of the correlations inside the modes by the inter-mode couplings. It is seen that
the effect of the presence of the double coupling between the modes is to create phase-insensitive and
phase sensitive contributions to the correlations.

The phase insensitive contributions corresponds to those created when the reservoirs are in
thermal states (m = 0), and then the correlations are

(aa) = (bb) = — (; + n) g\ cosh? i, (25)

This shows that nonzero two-photon correlations arise solely from the presence of the double coupling
between the modes. Consequently, uncoupled modes being in thermal states are turned by the double
coupling to squeezed states. This is clearly seen when one considers variances of the quadrature
components, Equation (17), which in the case of m = 0 reduce to

<X§> = <X§> = (; + n) [1 +39(g— )L)cosh2 l[)} ,
(Y2) = (Y?) = G +n>[1 + g(g + A)cosh? 4)}. (26)

Evidently, (X?) < (Y?), (i = a,b) when A # 0 indicating that the modes are in squeezed states
with the variances of X quadratures reduced at the expense of increased variances of Y quadratures.
Further inside into the variances reveals that (X?) decreases as A is increasing and a maximum
squeezing, i.e., the minimum value of <X12> is reached for A = g, i.e., at the exceptional point, in which
case (X?) = (1/2+n). Since (X?) > 1/2, it follows that the maximum reduction of the variances

(fluctuations) corresponds to maximally classically squeezed fields.
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Conditions for squeezed fluctuations of the modes can be more conveniently examined by
investigating the so-called degrees of squeezing defined as

|(aa)| — (a'a) (bb)| - (b'0)

oo = " gigy 0 = GD) (27)

Negative values of 7;;, with the limiting value —1, indicate classically squeezed field, whereas positive
values of #;; indicate a quantum squeezed field, and the largest the positive value the greater quantum
squeezing.

When we specify to thermal reservoirs interacting with the modes, we get

n+ (% + n)g(g — A) cosh? ¢

Naa = Npp = — , (28)

n+ (% +1’l)g2COShzl[J

which is always negative. Thus, fluctuations of both modes cannot be reduced below the vacuum limit
of % Therefore, both modes display classically squeezed fluctuations.

Further, we would like to point out that Equation (25) provides an interesting example of an
unexpected result that interactions applied between the modes create correlations inside the modes.
Such effect is absent when only one type of the interaction, linear or nonlinear, is applied between the
modes.

The phase sensitive contributions to the correlations (24) are due to correlations m existing in
squeezed reservoirs. A close look at the correlations, Equation (24), reveals that the two-photon correla-
tions inside the modes are created by the linear and nonlinear coupling processes from the correlations
existing in the reservoirs under completely different conditions. It can be seen in Equation (24) that
for ¢ = 0 the phase sensitive contributions are due to the linear coupling process (1), whereas for
¢ = 71/2 the contribution to the correlations is done by the nonlinear process (g).

Let us examine how the correlations behave at the exceptional point, when A = g. In this case, we
obtain from Equation (24) that

(aa) = m — <; +n+ mcos2q>)g2,
(bb) = me*? — (; +n+ m) g, (29)

from which it is apparent that the correlations contained in the mode a are sensitive to phase of
the reservoir to which mode b is coupled. Remembering that in the large quantum squeezing limit,
n—m — f%, we see that the proces of enhancement of the correlations inside the mode a can be
significantly reduced and ultimately ceased if one choses ¢ = 7r/2. Thus, for strongly squeezed
reservoirs the same dramatic phase dependence exhibited by the population of the mode a also
appears in the single-mode two-photon correlations.

4.2. Correlations Between the Modes

Now we turn our attention to the two-mode correlations which could exist between the modes.
There could be one-photon and two-photon correlations existing between the two modes which are
determined by the correlation functions (a'b) and (ab), respectively. From Equation (15), we find
that the correlations can be evaluated by calculating the correlations between quadratures of different

<a*b> =

modes

[(XaXp) + (YaYp) +i({XaYp) = (YaXp))], (30)

N —

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and

(ab) = S[(XaXp) — (Ya¥p) +i({XaYp) + (YaXy))]- (31)

N =

The correlation functions can be evaluated using Equation (13) with the help of Equation (5), and their
explicit steady-state expressions are given in the Appendix A. Hence, by inserting Equations (A1) and
(A2) into Equations (30) and (31), we obtain

(a'b) = —mgsin ¢ e'? cosh? y, (32)
and

(ab)y = —i K; + n)g +mA cosc])ei"’] cosh? . (33)

From Equation (32), we see that the interaction of the modes with squeezed reservoirs (m # 0) is
essential for generating the first-order correlations between the modes that it is not possible to have
(a*h) # 0 when the modes interact with thermal reservoirs. In addition, the correlations are specifically
dependent on the relative phase of the squeezed reservoirs. A comparison of Equations (32) and (33)
shows that the difference that the phase ¢ has on the one-photon and two-photon correlations. Namely,
the choice of phase ¢ = 0 results in (a'b) = 0 with simultaneous enhancement of the two-photon
correlations (ab). Conversely, the choice of phase ¢ = 71/2 results in (a"b) maximal and (ab) minimal.
Thus, the first-order coherence between the modes can be destroyed or preserved depending on the
relative phase of the reservoirs.

In addition, Equations (32) and (33), reveal that the one-photon correlations between the modes
are created solely by the nonlinear coupling process from the two-photon correlations existing in
the squeezed reservoirs. However, the two-photon correlations between the modes are created by
both linear and nonlinear coupling processes. The effect of the nonlinear coupling is to create a
phase insensitive contribution from the reservoirs thermal noise ( % + n), whereas the phase sensitive
contribution is created by the linear coupling process from the two-photon correlations existing in the
squeezed reservoirs. Note that (ab) becomes phase insensitive when phase ¢ = 77/2.

As (a*b) can be nonzero, it follows that the modes can be coherent to the first-order, and we can de-
termine the degree of the first-order coherence by considering the quantity 7,, = [{a'b)|/+/(a%a) (b'b),
which lies between 0 for mutually incoherent and 1, for mutually perfectly coherent fields. For the case
considered here, the explicit analytical form of ,; can be found using Equations (32), (18) and (19).
With the choice of phase ¢ = 71/2, at which |(ath)| is maximal, we obtain

- mg cosh? i
ab — .
\/[n + (% + n)gz cosh? tpr — (mg/\ cosh? 1/1)2

Figure 3 shows the coherence function 7, as a function of n and as a function of A /«x for g = 0.99«. It

(34)

is seen that the degree of coherence increases with n such that for n > 1 this is close to unity, indicating
that the modes are almost perfectly coherent.
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Figure 3. Degree of the first-order coherence v,;, plotted as a function n and A/x form = \/n(n+1), ¢ = /2,
and g = 0.99x.

In order to study two-photon correlations between the modes it is useful to define the degree of
two-photon correlations between the modes by introducing the quantity #,, = |(ab)|/+/{ata)(b*D),
which lies between 0 and co. However, there is a threshold value of #,, which distinguishes between
classically and quantum two-photon correlated fields. Namely, for classically correlated fields 7,
can be no larger than 1, and 7,;, > 1 can be achieved only for quantum correlated fields. It should be
pointed out that a value of 7,;, above one indicates that the modes may be entangled [43,49-53].

When the modes interact with squeezed reservoirs, we find that the choices of phase ¢ = 0 and
¢ = /2 require significantly different conditions for #,;, to be larger than one. With the help of
Equations (33), (18) and (19), we find that

(1-g9) K% ~|—n>g+m}\} cosh? —n
Nab =1+ (35)
n —l—g[(% —l—n)g—l—m/\] cosh? ¢
when ¢ = 0, and
(% +n>gcosh21p )

Hab = 2 2
\/[n + (% + n) g2 cosh? IP} — (mg)\ cosh? 1/;)

when ¢ = 7r/2. Since in the exponential amplification regime, the condition for stable steady-state
solutions [37,44,45,54] requires g < 1, we see from Equation (35) that in the case of the ordinary
vacuum (m = n = 0) it ensures that always 7, is larger than one. However, for the thermal or
squeezed vacuum, where n # 0 the first term in the numerator of Equation (35) may not be large
enough to enforce 77,, > 1.

To search for limits imposed by 7 on #,;, being larger than one, we plot in Figure 4 the degree of
two-photon correlations 7, as a function of A and as a function of n for ¢ = .99 and m = /n(n +1).
The largest value of #,;, occurs for n = 0 at which 7, > 1, degrades with an increasing n and turns
into values smaller than one for # ~ 0.5. The linear interaction has the effect to decrease further the
correlations.
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Figure 4. Degree of the mutual two-photon correlations 7, plotted as a function n and A/« for m = \/n(n+1),
¢ =m/2,and g = 0.99.

A comparison of Figure 3 and Figure 4 immediately shows the difference that the number of
thermal photons has on the degree of coherence -, and on the degree of two-photon correlations
Nap- As it is clearly seen, 77, is large in the region of n < 0.5 in which v, is small, while for the
values of n where 7, is large, 77, is smaller than one and even tends to zero. For n > 1 the degree of
coherence can, in principle, approach one (y,; = 1), the perfect coherence. Thus, unlike the degree of
the first-order correlation which approaches maximal values for large #, the degree of the two-photon
correlations has maximal values for small n. In addition, the perfect coherence ,, = 1 can be achieved
only if the reservoirs are in in quantum squeezed states, m = \/n(n + 1). For maximally classically
squeezed reservoirs, m = n, the degree of coherence is significantly less than one.

5. Oscillatory Regime A > ¢

We now turn to consider the case of A > g, in which the quadrature components exhibit oscillatory
behaviour and, as in the previous section, we study the fluctuation properties of the modes, their
populations, single and two-mode correlations. The starting point of our calculations this time is
Equation (14), the solutions for the time evolution of the quadrature components for A > g and we
will first consider the steady-state properties of the variances of the quadrature components.

5.1. Fluctuation Properties of the Modes

Following the same procedure as described in the preceding section, if we evaluate variances of
the quadrature components according to Equation (14), we arrive to the following expressions

(X2) = (; +n+m—mcoschsin2x) — (; +n—mc052¢>g()\—g)coszx,

Y2) = 1—|—n—m—|—mcos2 sinz)( + 1+n—|—m(:052 A+ cosZ)(,

<X§) = (;+n+mcosz¢mcosz(psin2x> — (;Jrnm)g()\g) cos? x,

1
(Y2) = (; + 1 — mcos 2¢ + m cos? ¢ sin’ X> + (2 +n+ m)g()\ +g)cos® x, (37)
where x = arctan(p). These results are in marked contrast to those found in the exponential region
g > A given by Equation (17). In particular, we can see immediately that outside the exceptional point
(g # A) the variances of the X quadratures are reduced while the variances of the Y quadratures are
enhanced by the double coupling.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The first important fact we can derive from Equation (37) is that even when the modes interact
with thermal reservoirs, the variances of the X quadratures can be reduced below their vacuum value
of 1/2, which indicates that the modes can be found in quantum squeezed states. To show it more
explicitly, we set m = 0 in Equation (37) and find that

(03) = (xF) = (5 +0) [1- 50 - ) cos?],

(¥2) = (Y2) = G +n) [148(2 +g) cos? x|. (38)
Clearly, the fluctuations in X; quadratures can be reduced below 1/2if g # A. This implies that outside
the exceptional point the fields of both modes can display quantum squeezed fluctuations.

In Figure 5 we plot the variances of the X quadratures as a function of the scaled nonlinear
coupling strength g/« for n = 0 and several different values of A/«x. The figure shows clearly that
the variances are reduced below 1/2 for all values of ¢ < A indicating that the modes are in quantum
squeezed states and the maximum squeezing occurs for g in the vicinity of the exceptional point. It
is seen that approaching the exceptional point cause cessation of quantum squeezing. The largest
reduction of the variances is achieved for A > «, in which case A?X; ~ 0.25, so that we may speak of
50% reduction of the fluctuations below the quantum level. Again, we point out that this result is in
sharp contrast with the exponential case of g > A, Equation (26), where the variances were reduced to

only the vacuum level.

0.5 T

0.451 % %

AX , A°X
a b

o’
¢

-
-
’
’

0.25

Figure 5. Variation of the variances of the X quadratures with g for n = 0 and several different values of A: A =5
(blue dotted line), A = 10 (green dashed-dotted line), A = 15 (red dashed line), A = 20 (black solid line).

We may readily adapt the expressions (37) for the variances to calculate populations of the modes.
On making use of variances (37) in Equation (16), we obtain

<g+g> =n-+ {(; + n) ¢ +mcos 2gbg)\} cos® x, (39)
and

<b+b> =n+ K; + n) g2 + mg/\} cos? x. (40)

Apart from the appearance of cos x in place of cosh ¢, Equations (39) and (40) are formally identical
with the corresponding results found in Section 4 for the exponential case ¢ > A. As for the case
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g > A, only the population of the mode a depends on the phase such that for ¢ = 0 the modes are
equally populated and by varying the phase, it is possible to vary the population such that effect of
amplification of the population ultimately ceases to occur.

5.2. Two-Photon Correlations Inside the Modes

We now consider the single-mode two-photon correlations. Using the variances (37) in Equa-
tion (21), we find

; 1
(aa) = m —mcos ¢ e sin? y — [(5 + n)g/\ + mg? cosZgb] cos? X,

; ; 1
(bb) = me*® — m cos ¢ €' sin? y — [(E + n>g/\ + mgz} cos’ x. (41)
Further inside into the correlation properties of the modes is gained by considering the degrees of

the correlations. If we restrict ourselves to the case where the doubly coupled modes interact with
local thermal reservoirs, we get that the degrees of the correlations are

(%—i—n)g()\—g)coszx—n
n+ (%+n>g2cos2x .

HNaa = Mpp = (42)

Apparently, the degrees of correlations can have positive values, which is quite different from the
exponential amplification case of g > A, where 7,, and 7, were always negative. It is particularly
interesting to note that in the case of the ordinary vacuum state (n = 0) of the reservoirs, #,, and
pp are always positive. Therefore, the fluctuations of the modes can be reduced below the vacuum
limit so that the modes can display quantum squeezed fluctuations. The effect of thermal photons 7 is
to diminish the correlations and eventually to turn ., and 7, into negative values. In other words,
thermal fluctuations can turn the fluctuations of the modes from quantum to classically squeezed
fluctuations.

The feature of the correlations just described are easily seen in Figure 6, which shows #,, and 1y,
as given in Equation (42) as a function of g/« and n for A = 5x. The largest value of #,, and #;;, occurs
for small g and #n. It is also seen that with an increasing g the threshold for #,, and #;;, to be positive
shifts towards larger n.

Figure 6. Variation of #,, and 1, with g¢/x and n for A = 5 and the modes interacting with thermal reservoirs.
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To continue the analysis of the two-photon correlations, we now assume that the modes interact
with squeezed reservoirs. In this case, the degrees of the two-photon correlations depend on the phase
¢ such that the choice of the phase ¢ = 0 results in the degrees equal for both modes

(=[] (3 0)g s ] eotn n

n—i—g[(%—i—n)g—i—m)\}coszx @)

Naa = Mpp =

The absolute values appearing in the numerator of this equation involve a difference between the
two-photon correlations existing in the squeezed reservoirs and correlations generated by the double
coupling between the modes.

In Figure 7, we plot #,, and #;;, as a function of ¢/« and n for A = 5x and quantum squeezed
reservoirs with m = /n(n + 1). We can distinguish two separate ranges of the parameters for which
the degrees are positive. For the first, occurring for ¢ < 0.2x the quantum correlations are those
transferred to the modes due to their interaction with the reservoirs. The correlations decrease with an
increasing ¢ and ultimately cease at ¢ = .2x. As g increases further quantum correlations appear again
showing that the double coupling can generate quantum correlations inside the modes independent of
the state of the reservoirs.

0.6
a/k 0.8 0.15

Figure 7. Variation of #,, and 7, with ¢/« and n for A = 0.8k and m = \/n(n + 1).

The choice of phase ¢ = 71/2 leads to widely different behaviour of the degrees of the correlations

of the modes that
pon — ‘m—gK% +n>)\—mg} Cosz)(’ —g[(% +n)g—m)\] Cos2x—n’ ”
”+8[<% +n)g—m/\] cos? x
and
m—n—i—g(%—i—n—m)()t—g)cosz)(
Moy = (45)

n+g[(% —I—n)g—km)x] cos? x

Since A > g, it is clearly seen from the structure of the numerator in Equation (45) that 1, is always
positive. Hence, the mode b will exhibit quantum squeezed fluctuations even if the reservoirs are
in classically squeezed states. This is illustrated in Figure 8, where we plot 77, as a function of g for
A = 5,n = 1 and several different values of m < n. For m = 0.5n, 1, is negative over the entire
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range of ¢ indicating classically squeezed correlations present in the mode. For m = 0.75n quantum
correlations appear in the restricted range of large g. For m = 0.9n quantum correlations appear in less
restricted range of g and for m = n quantum correlations occur over the entire range of g.
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Figure 8. Variation of 14, and 1, with g/« for n = 1, A = 5k and several different values of m: m = 0.5n (red
dotted line), m = 0.75n (green dashed-dotted line), m = 0.9n (blue dashed line), and m = n (black solid line).

5.3. Correlations Between the Modes

Finally, we consider properties of the two-mode correlations which in the case of A > g follow
from Equations (30) and (31) with the correlations functions involving quadrature operators of different
modes given by Equations (A3) and (A4). Thus, we find that

(a'b) = —mg sin e cos? x, (46)

and
(ab) = —i { (; + n)g + mA cos ¢ ei"’] cos? x. (47)

From the form of the correlations we can see that the one-photon correlation function is different
from zero only for choices of phase between 0 and 71/2 and attains its maximal values for phase
¢ = /4, at which the linear and nonlinear processes equally contribute to the two-photon correlation
function. This result is in marked contrast to that found in the case of ¢ > A, where (a'h) attained a
maximal value at ¢ = 7t/2. At that phase the two-photon correlation function was independent of the
correlations m.

A better inside into the correlations is obtained by considering the degrees of the correlations.
Consider first the degree of the first-order coherence v,;,. Using Equation (46) with the populations
given in Equations (39) and (40), we readily find that for ¢ = 71/2 the degree of coherence ,;, is

mg cos® x

Yab = .
\/[n + (% + n)g2 cos? Xr — (mgA cos? x)*

(48)

The expression is plotted in Figure 9 for A = x and m = \/n(n +1). The degree of the first-order
coherence increases with ¢ and attains maximal values which is no larger than 0.6. This result is
significantly different from that obtained in the exponential amplification regime g > A, where the
degree of the first-order coherence can be as large as 1.
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0.4
Figure 9. Degree of the first-order coherence 7, plotted as a function of ¢/« and n for A = x and m = \/n(n + 1).

To examine properties of the two-mode two-photon correlations, we use Equation (47), which
together with the populations given by Equations (39) and (40) gives

(1-g) [(% ~|—n)g+m}\} cos®x —n
Hap =1+ (49)
n—l—g[(% +n>g+m/\} cos? x
for the choice of phase ¢ = 0, and
(% =+ n)gc052 X , (50

Mab = 5
\/[n + (% + n)g2 cos? )(} — (mgA cos? x)*

for the choice of phase ¢ = 77/2.

It is clear from Equation (49) that for ¢ = 0 the minimum requirement for #,;, to be larger than one
is that ¢ should be smaller than one. Since in the oscillatory regime there are no limits imposed on g,
we have that in the case of the ordinary vacuum (m = n = 0) the requirement g < 1 is necessary and
sufficient. However, for the thermal or squeezed vacuum it is necessary but not sufficient. For n # 0
the first term in the numerator of Equation (49) may not be large enough to enforce 7,, > 1. To search
for limits imposed by n on 7,;, being larger than one, we plot in Figure 10 the degree of two-photon
correlations 7, as a function of g and as a function of n for A = 0.8 and m = n. The degree of the
correlations is initially for g = 0 equal to one, but increases to values greater than 1 with an increasing
g. For g > 0 and small n the correlations attain maximal values indicating that at the parameter regime
strong quantum two-photon correlations exist between the modes.
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Figure 10. Degree of the two-mode two-photon correlations 7, plotted as a function of g/« and n for A = 0.8x
and maximally classically squeezed reservoirs, m = n.

6. Discussion and Conclusions

In this paper we have studied the fluctuation and correlation properties of two bosonic modes
mutually coupled through a linear photon exchange and nonlinear parametric type processes. This
Hermitian quantum system is known to exhibit non-Hermitian dynamics, which can lead to nonre-
ciprocal (one directional) influences of the modes on each other [16,26]. In addition, it results in the
appearance of an exceptional point separating two parameter regimes, exponential amplification and
oscillatory regimes. The fluctuation and correlation properties of the modes have been investigated
by evaluating the stationary expressions for the variances of the quadrature components of the field
operators, populations of the modes, and single- and two-mode correlations. We have assumed that
apart from the presence of the double coupling, the modes are in contact (interact) with local thermal or
squeezed reservoirs, and have shown that the creation of the correlations by the nonreciprocal coupling
is strongly influenced by the noise properties of the reservoirs. The differences in the fluctuations
and correlations for these two regimes were studied in details. In particular, for the exponential
amplification regime the nonreciprocal coupling tends to convert thermal fluctuations of independent
modes being in contact with thermal reservoirs into classically squeezed fluctuations. In the oscillatory
regime, however, thermal fluctuations of the modes can be turned by the nonreciprocal coupling into
quantum squeezed fluctuations. Apart from the fluctuations, the nonreciprocal coupling can have
significant effect on the amplification of the population of the modes. We have shown that when the
modes interact with strongly squeezed reservoirs the amplification of the population of one of the
modes can be controlled by varying phase of the reservoir interacting with the other mode, and even
can be completely ceased. We have also discuss conditions under which the modes could be coherent
and simultaneously entangled. We have found that the coherence and entanglement exclude each
other that strongly coherent modes exhibit classical rather than quantum two-photon correlations, and
vice versa, strongly two-photon correlated modes are behaving as being mutually incoherent.
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Appendix A

In this appendix we give analytic expressions for the stationary correlation functions of quadra-
tures operators of the same and different modes, which are required to evaluate single-mode two-
photon correlation functions and two-mode one-photon and two-photon correlation functions.

The required correlation functions are (X, X;), (YaYs), (XaYp), and (Y,X}). In the exponential
amplification regime, these correlation functions are readily calculated using Equation (13), and with
the help of Equation (5), we find that

(XaXp) + (YaYy) = —mgsin2¢ cosh? ¢,
(XaXp) — (VoY) = mAsin2¢ cosh? g, (A1)

and
(XaYp) + (Yo Xp) = —2 [ <; + n>g + mA cos? 4)} cosh? 1,
(XaYy) — (YaXp) = —2mg sin? ¢ cosh? . (A2)

In the oscillatory regime, these correlation functions are calculated using Equation (14), and with
the help of Equation (5), we find that

(XaXp) + (YaYy) = —mgsin2¢ cos® x,

(XaXp) — (YaYy) = mAsin2¢ cos? x, (A3)
and
(XaYp) + (YaXp) = =2 [ <; + n)g + mA cos? 4)] cos? x,
(XaYy) — (YaXp) = —2mgsin® ¢ cos? x. (Ad)
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