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Abstract: This study proposes an adaptive refinement method based on feature recognition to 
achieve rapid solution of the Reynolds equation. Leveraging an isogeometric analysis (IGA) solution 
framework supporting local refinement, three natural refinement features tailored for solving the 
Reynolds equation in fluid lubrication including two physical features, pressure value and pressure 
gradient and an element size feature for discretization are introduced firstly to identify mesh 
elements. Then a neural network model is trained on feature data to predict element classifications 
effectively. Finally, this model is integrated into the adaptive refinement solution framework and 
validated through simulations. Comparative validation was conducted on two distinct Reynolds 
equation instances, with results demonstrating that the proposed algorithm can effectively evaluate 
refinement regions globally, avoiding issues such as mesh non-conformity often caused by 
conventional independent element marking algorithms. The distribution of degrees of freedom is 
more rational, and the parallel prediction model enhances the speed of the refinement solution. 

Keywords: adaptive refinement; Reynolds equation; feature recognition; neural network 
 

1. Introduction 

The Reynolds equation is a fundamental equation in the field of fluid lubrication, derived from 
the Navier-Stokes equations under specific lubrication conditions[1], and is extensively applied in 
the analysis and design of lubrication systems. However, fluid lubrication problems typically exhibit 
unsteady characteristics, such as time-dependent terms[2], dynamic loads[3], and multi-field 
parameter coupling[4]. Consequently, lubrication analysis or the design of related components often 
necessitates multiple computations of the Reynolds equation (e.g., for time-varying unsteady 
problems) or iterative computations (e.g., for multi-field coupling problems). Although current 
methods for solving the Reynolds equation are relatively mature, including the finite difference 
method (FDM) [5], finite element method (FEM) [6], finite volume method (FVM) [7], and the 
increasingly popular IGA[8], the computational efficiency of a single solution process remains a 
critical concern when addressing repeated solving demands. Improvements in solving efficiency for 
coupled or time-varying problems can generally be approached from two perspectives: optimizing 
the solution of the Reynolds equation itself[9] or enhancing the computation of coupled solutions[10]. 
Clearly, improvements in the former are more universally applicable and can also support the latter. 

In Yang, H., various numerical algorithms for solving the Reynolds equation are 
comprehensively discussed[11], highlighting that the IGA method is particularly well-suited for 
solving simplified forms of the Reynolds equation. For instance, the normalized computational 
domain is relatively regular[12], facilitating discretization, while the unrestricted order of IGA basis 
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functions[13] is especially valuable for solving partial differential equations, particularly those with 
variable coefficients. Consequently, researchers have successfully adapted IGA for the Reynolds 
equation[14], demonstrating its advantages in this context. In fact, the IGA method closely resembles 
the finite element method (FEM) in its overall process, and efficiency improvements can similarly be 
approached from three aspects: discretization quality of the computational domain (meshing), 
coefficient matrix computation (stiffness matrix assembly), and equation system solving. Among 
these, the meshing process significantly impacts both solution accuracy and computational time[15]. 
Generally, mesh size directly correlates with computational time, while mesh layout affects solution 
accuracy. Therefore, optimizing mesh layout can enhance computational efficiency. In FEM, adaptive 
refinement techniques[16] control mesh size by allocating denser or higher-quality elements only in 
regions with larger computational errors, achieving the accuracy of large-scale global refinement 
with a reduced mesh size. This approach minimizes mesh size while maintaining accuracy, thereby 
reducing computational time and improving efficiency[17]. IGA can adopt a similar strategy to 
enhance computational efficiency. Our previous work has explored this approach, yielding 
promising results. 

It is worth noting that most existing adaptive refinement algorithms rely on threshold-based 
criteria, confining their scope to specific elements or fields[18]. This approach presents two 
limitations: firstly, thresholds restrict applicability across varying operating conditions, parameter 
adjustments, or coupling relationships; secondly, effective mesh layout optimization requires both 
local adjustments to specific elements and global considerations across the computational 
domain[19]. Compounding these issues, the pronounced nonlinearity of the Reynolds equation[20] 
renders conventional error estimation algorithms inadequate for accurately capturing errors in 
complex flows. This stems from a priori and a posteriori error estimation relying on theoretical 
models[21], which is undermined by continuously varying equation coefficients (e.g., viscosity and 
pressure), leading to error estimates highly sensitive to convergence point distributions and 
exhibiting poor stability[22], particularly under significant spatial or temporal variations[23]. To 
overcome these limitations, this paper proposes classifying mesh elements using natural refinement 
features, thereby eliminating threshold-related constraints. Furthermore, by employing a neural 
network model for global-level element recognition and classification within the computational 
domain, the proposed method enhances mesh layout optimization efficiency while supplanting 
computationally intensive error calibration techniques. 

This paper is structured as follows: Initially, leveraging an IGA framework, three natural 
refinement features are introduced to classify mesh elements. Subsequently, a neural network model 
is trained with feature data to predict element categories across the computational domain. This 
model is then incorporated into an adaptive refinement framework, establishing a feature 
recognition-based adaptive refinement algorithm. Finally, the algorithm’s effectiveness is validated 
through simulations and comparative analysis. 

2. PHT-Based IGA and Neural Network Feature Recognition 
To facilitate understanding of the feature-based refinement process, we briefly outline the IGA 

refinement approach utilizing PHT and the neural network-driven feature recognition method. 

2.1. PHT-Based IGA Refinement 

Various methods exist for solving the Reynolds equation, including finite difference methods, 
finite volume methods, and IGA, each with its own advantages. However, IGA, which combines the 
high accuracy of finite element methods with the geometric precision of NURBS (Non-Uniform 
Rational B-Splines)[24], not only efficiently handles complex fluid dynamics problems but also 
maintains continuity and consistency in the geometric model during mesh generation. In particular, 
IGA based on PHT splines[25] stands out, as it retains high accuracy and geometric precision while 
offering local refinement capabilities when solving partial differential equations. When paired with 
appropriate refinement strategies, the algorithm's efficiency can be further improved. For detailed 
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information on PHT splines, refer to Wen, Z.[26]. The following section briefly introduces the 
refinement process of PHT splines using a two-dimensional problem as an example. 

 

Figure 1. PHT Refinement Mesh (a) Initial Mesh Refinement (b) Intra-Element Refinement (c) Adjacent Element 
Refinement and Deeper-Level Refinement. 

The above figure is an example of local refinement using PHT in IGA, featuring three colored 
points divided into two categories: interior points and exterior points. Blue points are exterior points, 
while green and red points are interior points, with interior points further classified as cross points 
(red points) and T-points (green points). In practice, the PHT method involves inserting a cross at the 
center of the current element to divide a parent element into four child elements. 

The following provides a PHT-based IGA refinement process: 

 

Figure 2. IGA (PHT) Refinement Steps. 

During the refinement process, leveraging the properties of PHT splines, it is only necessary to 
mark the elements to be refined according to the strategy to reconstruct the parametric domain and 
complete the refinement process in the physical domain. It should be noted that the IGA method is 
essentially a parameterized finite element approach, and the PHT-based IGA method by default 
maps the physical domain to ሾ0 1ሿ௡. 
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2.2. Neural Network-Based Feature Recognition 

From the preceding refinement process, it is evident that an appropriate element marking 
algorithm is critical for optimizing mesh layout. Numerous existing methods enable element marking 
for region recognition or local refinement[27]. However, these methods often exhibit low efficiency 
and lack a global perspective, making it challenging to achieve effective adaptability in complex 
geometric and physical problems. Moreover, they typically permit adjustments only within confined 
regions, failing to respond effectively to large-scale variations, particularly in handling complex 
variable-coefficient problems[28], where comprehensive optimization is often unattainable. Most 
critically, the majority of these algorithms rely on threshold-based specific refinement rules, which 
impose significant limitations on their applicability. 

To address these limitations, employing feature recognition to identify elements for refinement 
provides an effective solution. Feature recognition methods overcome the constraints of local 
computation by analyzing key attributes or patterns in data to perform pattern classification and 
prediction. Currently, mainstream feature recognition methods, represented by machine 
learning[29], involve algorithms that learn patterns from data to make predictions or decisions. 
Unlike traditional threshold-based algorithms, machine learning does not rely on explicitly defined 
rules but adapts models by extracting features and patterns from data. Among various machine 
learning approaches, neural networks[30] are a particularly popular method. This study employs 
neural networks for feature recognition, utilizing supervised learning, although other machine 
learning methods are also applicable. 

3. Adaptive Refinement Algorithm Based on Neural Network Feature 
Recognition 

To effectively recognize elements for refinement and achieve the refinement process, this study 
builds on prior research by first proposing three natural refinement features for solving the Reynolds 
equation in fluid lubrication: pressure values and pressure gradients as physical characteristics, and 
element scale features for discrete representation. After extracting these element features, traditional 
sorting and computational classification are performed on each mesh element, assigning refinement 
labels based on specific refinement criteria. Subsequently, a neural network model is trained using 
the existing feature data and corresponding labels, enabling accurate classification and prediction of 
all mesh elements in the current discrete solution domain. Finally, this model is integrated into an 
adaptive refinement framework. 

This approach considers both local and global perspectives: locally, it calculates feature 
information, such as physical properties of sampling points within each element and element scale 
representations (e.g., parametric element area); globally, it defines labels for each element through 
data processing and classification criteria, marking elements and defining refinement based on label 
classification. This feature-based refinement approach circumvents threshold constraints, while the 
introduction of neural networks replaces cumbersome iterative sorting computations, enhancing 
refinement efficiency and robustness. 

3.1. Definition of Element Feature Information 

To effectively align with the natural characteristics of lubrication problems, this study adopts 
physical characteristics (e.g., pressure and pressure gradients) and geometric features (e.g., element 
size) as evaluation criteria for marking refinement regions. These physical quantities not only possess 
clear physical significance but also intuitively reflect the impact of different regions on the solution 
results[31]. Through feature recognition[32], the refinement process extends beyond local 
optimization, enabling rational judgments based on physical features across the global domain. 

The feature information in this study is categorized into physical features and geometric features. 
Physical feature information, including pressure and pressure gradients, reflects the physical 
properties of sampling points within each element. Geometric feature information, represented by 
the absolute size of elements, pertains to regional information. 

Considering the correlation between element size and physical information, this study integrates 
physical and geometric information to propose the concept of relative element scale, aiding in the 
global assessment of elements. 
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In summary, the four types of element feature information are shown in the table below. 

Table 1. Element feature information. 

Parameter Component structure Definition 𝑃 𝑝ଵ,⋯ ,𝑝௟ Pressure 𝑑𝑃 𝑑𝑃௨(𝑑𝑝ଵ௨,⋯ ,𝑑𝑝௟௨),𝑑𝑃௩(𝑑𝑝ଵ௩,⋯ ,𝑑𝑝௟௩) Pressure gradient 𝑆 ∆𝑢 × ∆𝑣 Element absolute scale 𝑅𝑆 𝑃𝑊்S Element relative scale 
Here, 𝑙 represents the number of Gauss quadrature points. 
When extracting feature information, the method of selecting Gauss quadrature points is used 

to arrange sampling points within the element. In IGA, the numerical solution 𝑝 of the physical field 
to be solved (Taking the two-dimensional Reynolds equation as an example) at any parametric point 
position (𝑢,𝑣) can be expressed as: 𝑝(𝑢, 𝑣) = ∑ ∑ 𝑅௜௝௡௝ୀଵ௠௜ୀଵ (𝑢, 𝑣)𝑞௜௝ (1) 

Here, 𝑅௜௝  represents the spline basis function, and 𝑞௜௝  denotes the solution coefficient 
corresponding to the basis function. (𝑢, 𝑣)  are parametric coordinates obtained after geometric 
mapping of the physical domain. Furthermore, the pressure gradient can be calculated using the 
following expression. 

The pressure gradients in the x-direction (u-direction) and y-direction (v-direction) can be 
expressed as: 𝑑𝑝௨ = డ௣డ௨ = ∑డோడ௨ 𝐷𝐹(𝑢, 𝑣)ି்𝛻(𝑢, 𝑣)𝑝(𝑢, 𝑣)𝐶௜௝  (2) 𝑑𝑝௩ = డ௣డ௩ = ∑డோడ௩ 𝐷𝐹(𝑢, 𝑣)ି்𝛻(𝑢, 𝑣)𝑝(𝑢, 𝑣)𝐶௜௝  (3) 

Here, 𝐷 denotes the physical domain, 𝐶௜௝ ∈ 𝐷, and 𝛻(𝑢, 𝑣) represents the derivative vector of the 
basis function, directly computed from the spline function definition. Similarly, 𝐷𝐹(𝑢, 𝑣) is a 2×2 
Jacobian matrix: 

𝐷𝐹(𝑢, 𝑣) = ቌడிభడ௨  డிభడ௩డிమడ௨  డிమడ௩ ቍ      (4) 

Specifically, the Jacobian matrix becomes an identity matrix I in the mapping from physical 
space to parametric space after PHT discretization, primarily because the derivation of the Reynolds 
equation involves a regularization of the solution domain that produces a normalization-like effect. 

For the geometric feature information 𝑆, this paper uses the parametric element area, which can 
be calculated from the coordinates of the element’s four vertices. 

The relative scale integrates geometric and physical feature information by multiplying the 
element pressure value by the element’s absolute scale. Here, the element pressure value 𝑁 , 
representing the pressure integral over the element domain, can be expressed as: 

 𝑅 = ∬ 𝑝(𝑢, 𝑣)𝑑𝑢𝑑𝑣஽  

 =  ∑ 𝑝௜𝑤௜ ∙ |𝐷𝐹௜| = 𝑃𝑊்௟௜ୀଵ  (5) 

Here, 𝑝௜ and 𝑤௜ represent the pressure value and integration weight calculated at the internal 
integration points of the element, respectively, while 𝐷𝐹௜  denotes the Jacobian determinant 
corresponding to the Gaussian integration points, after mapping, it becomes an identity matrix, and 
the determinant |𝐷𝐹௜| has a value of 1. Assuming all elements adopt the same sampling rule, 𝑤௜ can 
be regarded as a constant coefficient, identical for all elements. 𝑅 approximates the pressure integral of the physical domain, representing the total pressure 
contribution of the element, which is influenced by the element area 𝑆. Therefore, the concept of 
relative scale (𝑅𝑆) is proposed to represent the pressure contribution of the element area. 
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Figure 3. Illustration of relative scale. 

As shown in Figure 3, under the same solution distribution, the physical and geometric features 
of Element 1 remain unchanged across both discretization scenarios. However, in Scenario 2, the 
refinement features of Element 1 become more pronounced. This paper enhances the refinement 
features of Element 1 in Scenario 2 by introducing the element pressure value into the absolute scale 
to construct a relative scale. 

The element feature information can be organized into a set of element feature vectors as shown 
in Equation (6), providing a basis for subsequent element classification and foundational data for 
neural network training. 𝑄௭ = ሾ𝑃௭,𝑑𝑃௭, 𝑆௭,𝑅𝑆௭ሿ                         (6) 

In the equation, 𝑧 denotes the element index. 

3.2. Refinement Method Based on Feature Information 

This section primarily introduces the process of defining labels for each feature of elements 
based on element feature data, marking elements for refinement according to a unified refinement 
classification criterion, and thereby achieving adaptive refinement. Furthermore, a neural network is 
introduced to perform learning and training on the existing element data and labels, enabling the 
classification and recognition of element refinement features. 
3.2.1 Defining labels for feature information 𝑃, 𝑑𝑃, and 𝑅𝑆 belong to different data types and exhibit significant differences in magnitude; 
therefore, they should be standardized[33] separately by category before label definition. Within 𝑑𝑃, 𝑑𝑃௨ and 𝑑𝑃௩ are also standardized individually due to directional differences. The absolute scale 𝑆 is obtained from the mapped parametric coordinates and does not require further standardization. 
This paper adopts the Z-score standardization method, although other methods may also be applied. 
The general expression for Z-score is: 𝑍 = ௫ିఓఙ    (7) 

In Equation (7), 𝑍 represents the standardized value, 𝑥 is the raw data value, 𝜇 is the mean of the 
raw data, and 𝜎 is the standard deviation of the raw data. After standardization, the Z-scores for most 
data points fall within the range of [-3, 3]. 

After processing the feature information, the element feature vector ൣ𝑃ത,𝑑𝑃௨തതതതതത,𝑑𝑃௩തതതതത, 𝑆,𝑅𝑆തതതത൧ can be 
obtained. 

It should be particularly noted that the pressure and pressure gradient in the feature information 
are multidimensional data, whereas the scale information is one-dimensional data. To ensure 
consistency of standards and enhance the generalization performance of subsequent neural network 
training, the pressure and pressure gradient data are transformed into one-dimensional data using a 
method similar to Equation (5), and a new gradient magnitude 𝑑𝑁തതതത is introduced as follows: 
 𝑁 = 𝑃𝑊் 
 𝑑𝑁௨ = 𝑑𝑃௨𝑊் 
 𝑑𝑁௩ = 𝑑𝑃௩𝑊் 
 𝑑𝑁തതതത = ඥ(𝑑𝑁௨)ଶ ൅ (𝑑𝑁௩)ଶ 
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However, Z-score normalization assumes that the data distribution is approximately normal and 
only performs linear scaling of relative differences between features, which cannot effectively 
amplify the differences of certain key features, particularly when the data distribution is asymmetric 
or contains extreme values. Therefore, before applying Z-score normalization, a nonlinear piecewise 
transformation based on the median is employed here to preprocess the one-dimensional pressure 
and pressure gradient data, enhancing their differences and facilitating feature recognition. 

 𝑌 = ൜𝑀 + (𝑋 −𝑀)ଶ, 𝑋 > 𝑀𝑀 − (𝑀 − 𝑋)ଶ, 𝑋 ≤ 𝑀 (8) 

Equation (8) represents the basic formula for the nonlinear piecewise transformation based on 
the median, where 𝑌 is the transformed value, 𝑋 is the original data, and 𝑀 is the median of the 
data. 

After undergoing nonlinear piecewise transformation based on the median and standardization, 
the feature information of the element is used to obtain the element feature vector ൣ𝑁ഥ,𝑑𝑁௨തതതതതത,𝑑𝑁௩തതതതതത,𝑑𝑁തതതത, 𝑆,𝑅𝑆തതതത൧ for classification. The elements are classified based on three aspects: pressure, 
pressure gradient, and element scale. First, labels are assigned based on the three types of element 
features—pressure, pressure gradient, absolute scale, and relative scale. Accordingly, the labels are 
divided into four categories, which must reflect the characteristic properties of the elements. In brief, 
larger feature values should correspond to larger label values, while smaller feature values should 
correspond to smaller label values. To this end, the features need to be classified first. However, the 
pressure and pressure gradient of an element are random and may exhibit extreme or minimal values, 
making accurate classification challenging. Dividing them into only "large" and "small" categories is 
insufficient to fully characterize the features, while dividing them into too many categories, although 
improving precision, significantly increases workload and may lead to classification redundancy. In 
contrast, the scale features of the element are easier to define: the absolute scale exhibits regularity, 
and through refinement, the absolute scale of sub-elements will not exceed that of the parent element; 
the relative scale implicitly reflects the pressure characteristics of the element, aiding in highlighting 
pressure features. Therefore, considering the above factors comprehensively, each type of feature is 
divided into three categories. 

This study employs a hierarchical agglomerative clustering method. The Cityblock metric is 
used as the similarity measure between data points, and the Complete linkage criterion is applied as 
the inter-cluster connection rule. The dendrogram is divided into three clusters (K=3), and the cluster 
labels are remapped to 1 (small), 2 (medium), and 3 (large) based on the ascending order of cluster 
means to reflect the relative magnitude of pressure values. Compared to standard statistical methods 
(e.g., quantile partitioning), this approach offers greater robustness in handling skewed distributions 
and outliers, enabling more accurate highlighting of differences in key features. 

Due to the binary refinement used in PHT-based IGA elements, the scale relationship between 
sub-elements and the parent element is 1/4^n, and as shown in Figure 2, the method maps the 
physical domain to the parametric domain. Therefore, the absolute scale node values of the 
subdivided elements are fixed values (0.0625, 0.015625), allowing the absolute scale to be directly 
divided into three categories without requiring the aforementioned clustering method for 
classification and label definition. 

Ultimately, through the above methods, labels corresponding to the four types of feature 
information of the element can be obtained. These four labels are combined, as shown in Figure 4, to 
form a four-digit label, which serves as the final feature label for the element. 
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Figure 6. Examples of Final Element Feature Labels. 

3.2.2. Element Type Definition and Refinement Criteria 

Once the feature labels of the element are determined, the elements are classified based on these 
labels, and those requiring further refinement are explicitly identified to provide a basis for 
refinement recognition in the neural network. During the classification process, attention must be 
paid not only to the final feature labels of the elements but also to a comprehensive evaluation 
incorporating refinement criteria to ensure the accuracy of classification and the rationality of 
refinement. The core principle of refinement prioritizes scale, with pressure and pressure gradient as 
supplementary factors. The refinement criteria are as follows: 

First, when the absolute scale label of an element is 1 (or 3), regardless of the values of other 
feature labels, the element must not be subdivided (or must be subdivided). When the absolute scale 
label is 2, the refinement decision is no longer determined solely by scale but is supplemented by the 
collective strength of the feature labels. When two or more feature labels or the final label have a 
value of 3 (i.e., at the upper limit of feature intensity), the element is considered to exhibit high 
nonlinearity or significant gradient changes across multiple dimensions, indicating pronounced non-
uniformity and instability, and thus a high necessity for refinement. Therefore, under the condition 
of S=2, if the number of “3” labels among the other feature labels is greater than or equal to 2, the 
element is deemed to require refinement (refinement state m=1); otherwise, it is not subdivided 
(refinement state m=0). 

The classification table is summarized as follows: 

Table 2. Mesh Element Classification. 𝑆 𝑁ഥ 𝑑𝑁തതതത(𝑑𝑁௫തതതതതത,𝑑𝑁௬തതതതതത) 𝑅𝑆തതതത Final 
Label (L) 

Category 
(F) 

Refinement 
State (m) 

3 1(2,3) 1(2,3) 1(2,3) 3111(……) 1 1 
1 1(2,3) 1(2,3) 1(2,3) 1111(……) 2 0 
2 2(3) 2(3) 2(3) 2222(……) 3 1 
2 1 1(2) 1(2) 2111(……) 4 0 
2 3 1 1 2311 5 0 
2 3 2 1 2321 6 1 
2 3 1 2 2312 7 1 
2 2 1 1 2211 8 0 
2 2 2 1 2221 9 0 
2 2 1 2 2212 10 0 
2 1 3 1 2131 11 0 
2 1 3 2 2132 12 1 
2 1 3 3 2133 13 1 

A(1) B(2) C(3)

B(2) A(1) C(3)

1123

3213

A(1)

C(3)
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2 2 1 1 2211 14 0 
2 2 1 2 2212 15 0 
2 2 1 3 2213 16 1 

Ultimately, all elements are classified into 16 categories, with corresponding refinement results 
for each category (0 indicating no refinement, 1 indicating refinement). The number of categories can 
be expanded or adjusted as needed. The entire framework for defining labels and classification is 
structured as shown in the figure below: 

 

Figure 5. Flowchart for Defining Element Labels and Classification. 

The current solution space is computed using the PHT method, followed by the extraction of 
feature information for element points and overall element feature information using Gaussian 
quadrature point techniques. These feature data are then integrated into a set of element feature 
vectors ൛𝑄𝑧ൟ, which undergo standardization and other processing to generate an optimized group 
of element feature vectors. Finally, feature labels are defined, and element categories, feature labels, 
and refinement decisions are determined based on specific refinement criteria. Thus, a feature-based 
refinement method is fully established. 

3.3. Parameter Optimization for Nonlinear Transformation and Clustering Methods 

In the aforementioned process, the selection of nonlinear transformation and clustering methods 
directly impacts the effectiveness of element classification and refinement. Therefore, their specific 
selection requires systematic analysis and validation. The following elaborates on the methodology 
and scientific basis for the selection to further demonstrate its rationality. 

First, using the hydrostatic sliding bearing model data as an example, the hierarchical clustering 
parameters are fixed as 'ward' and 'euclidean,' and different nonlinear transformation methods are 
employed for analysis and validation. 

Table 3. Parameter Settings for Nonlinear Transformation and Hierarchical Clustering. 

Simulation Group Nonlinear 
Transformation 

Method 

Hierarchical 
Clustering Method 

Hierarchical 
Clustering 

Distance Metric 
1 Median-Based 

Nonlinear 
Piecewise 

Transformation 

Ward Euclidean 

PHT 
solving

Solution 
space

3111
3222
3333
……

1
2
3

……

{𝑁ഥ௭ , 𝑑𝑁௭௨, 𝑑𝑁௭௩, 𝑑𝑁௭, 𝑆௭, 𝑅𝑆௭} Data processing

0
1
0

……

𝑄௭

Refinement 
status

Bp labels

Label definition

𝐹௭𝐿௭
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Nonlinear 

Transformation 

Ward Euclidean 

3 Sinh-Based 
Nonlinear 

Transformation 

Ward Euclidean 

 
Figure 6. The Effect of Three Nonlinear Transformation Methods on the S Value 

 
Figure 7. The Effect of Three Nonlinear Transformation Methods on the DOFS Value 
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Figure 8. Iterative Results of Mesh Refinement for Three Nonlinear Transformation Methods. 

From the first two comparison figures, it is evident that the three methods (Median or PMSQ, 
ATAN, and SINH) exhibit similar performance in approaching the optimal pressure solution, but 
they differ significantly in the number of degrees of freedom used. The nonlinear piecewise 
transformation method based on the median achieves the optimal solution with fewer degrees of 
freedom, demonstrating higher efficiency and resource utilization. In contrast, while the ATAN and 
SINH methods can also approach the optimal solution, they require more degrees of freedom, with 
SINH showing a sharp increase in degrees of freedom in the later stages. The third figure compares 
the iterative results of mesh refinement, clearly indicating that the ATAN and SINH methods lead to 
excessive mesh refinement, failing to effectively target critical elements for refined processing. This 
results in significant resource waste and reduced refinement efficiency. In comparison, the PMSQ 
(Piecewise Median Square) method prioritizes the refinement of critical elements, with well-defined 
element hierarchies and high resource utilization efficiency. This suggests that the nonlinear 
piecewise transformation method based on the median offers superior performance in the refinement 
process, thereby identifying it as the optimal nonlinear transformation method. 

Building on this nonlinear transformation method, fixed hierarchical clustering parameters are 
no longer used. Instead, different hierarchical clustering parameters are explored to investigate their 
impact on clustering performance while maintaining consistent cluster settings. By comparing 
performance metrics under different clustering methods and distance measures, the superiority of 
the method can be more comprehensively evaluated, ensuring the robustness and adaptability of the 
results. 

Table 4. Settings of Different Hierarchical Clustering Parameters. 

Simulation Group Nonlinear 
Transformation 

Method 

Hierarchical 
Clustering Method 

Hierarchical 
Clustering 

Distance Metric 
4 Median-Based 

Nonlinear 
Piecewise 

Transformation 

Ward Euclidean 

5 Median-Based 
Nonlinear 
Piecewise 

Transformation 

Complete Euclidean 

6 Median-Based 
Nonlinear 
Piecewise 

Transformation 

Ward Cityblock 

7 Median-Based 
Nonlinear 
Piecewise 

Transformation 

Complete Cityblock 
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Figure 9. The Effect of Different Hierarchical Clustering Parameters on the S Value 

 
Figure 10. The Effect of Different Hierarchical Clustering Parameters on the DOFS Value 
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Figure 11. Iterative Results of Mesh Refinement for Four Simulation Groups. 

From the first two figures, it can be observed that the optimal pressure solutions achieved by 
different parameter combinations are approximately consistent, indicating that different parameter 
combinations have minimal impact on the optimal pressure solution but significantly affect the 
degrees of freedom. Comparison reveals that Simulation 7 requires the fewest degrees of freedom to 
approach the optimal pressure solution, closely followed by Simulation 5, with the hierarchical 
clustering method being the most influential parameter affecting the degrees of freedom. The third 
figure shows that all methods achieve prioritized refinement of critical elements, and the refinement 
results correspond to the DOFS values. Therefore, parameter settings with fewer degrees of freedom, 
such as those in Simulations 5 and 7, are preferred. This study selects the parameter settings of 
Simulation 7 as the optimal configuration. 

Different clustering methods also directly impact classification results and refinement efficiency. 
K-means and hierarchical clustering are commonly used clustering methods. The advantages of K-
means include fast computation speed, suitability for large-scale datasets, and ease of 
implementation, as it quickly converges by dividing data into a fixed number of clusters. Hierarchical 
clustering, on the other hand, does not require a predefined number of clusters and can reveal the 
hierarchical structure of data, making it suitable for complex datasets. Therefore, two groups of 
comparative simulations were conducted to evaluate the results, with hierarchical clustering 
parameters set according to Simulation 7, K-means using the squared Euclidean distance metric, and 
cluster settings kept consistent. 

Table 5. Comparison of Different Clustering Methods. 

Simulation Group Clustering Methods 
8 hierarchical clustering 
9 K-means 
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Figure 12. The Effect of Different Clustering Methods on the S Value 

 
Figure 13. The Effect of Different Clustering Methods on the DOFS Value 

 

Figure 14. Iterative Results of Mesh Refinement for Different Clustering Methods. 
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Analysis of the first two figures indicates that both K-means and hierarchical clustering methods 
converge toward a similar optimal pressure solution (S) over six iterations, with minimal deviation 
(e.g., the difference between the fifth and sixth iterations is less than 0.2%). Notably, hierarchical 
clustering requires significantly fewer degrees of freedom (DOFS) to achieve this solution—437 
versus 511 in the fifth iteration and 641 versus 999 in the sixth iteration—demonstrating superior 
resource utilization efficiency. In the third figure, the iterative mesh refinement results for both 
methods show that they effectively target critical elements for refinement with negligible differences. 
Consequently, the hierarchical clustering method, which requires fewer degrees of freedom, is 
selected as the preferred approach. 

Through systematic data analysis and validation, a processing scheme combining nonlinear 
piecewise transformation based on the median with hierarchical clustering (optimal parameter 
combination: Complete linkage criterion and Cityblock distance metric) has been established, 
achieving optimized element classification and significantly improved efficiency. However, it should 
be emphasized that this parameter combination is not universally applicable, as its effectiveness is 
closely tied to the distribution characteristics of the input data. In practical applications, it is 
recommended to repeat the above analysis and validation process based on the statistical properties 
of specific datasets to ensure the adaptability and robustness of the parameter selection. 

For the training data of the neural network, standardization is theoretically required again to 
facilitate learning and training. However, the aforementioned process already incorporates 
standardization. An alternative approach could involve introducing two sets of physical field data, 
standardizing each set individually, and then combining and re-standardizing them before inputting 
into the neural network for training. Specifically, data from the piston-cylinder system model are 
used, with physical field data varied by adjusting model parameters (using pressure data). The two 
datasets (each containing 16 element data points) are presented in the following table: 

Table 6. Element Pressure Data. 

Group Element Number Element 
Pressure Data 

Element 
Absolute Scale 

Group 1 

1 8345.58 

0.0625 

2 8006.12 
3 28253.74 
4 26791.08 
5 6843.65 
6 3360.44 
7 22306.58 
8 10443.86 
9 50587.60 

10 47296.49 
11 44740.59 
12 40974.75 
13 38420.35 
14 17523.46 
15 32276.93 
16 14657.69 

Group 2 

17 8366.28 0.0625 
18 8023.26 0.0625 
19 28342.90 0.0625 
20 26862.18 0.0625 
21 6854.91 0.0625 
22 3364.72 0.0625 
23 22348.69 0.0625 
24 10460.20 0.0625 
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25 32396.93 0.0625 
26 11508.25 0.015625 
27 11355.72 0.015625 
28 14138.73 0.015625 
29 13917.93 0.015625 
30 11024.15 0.015625 
31 10441.03 0.015625 
32 13447.59 0.015625 

Data from different physical fields are first standardized individually and then combined for 
hierarchical clustering analysis. The combined dataset is standardized again, followed by a second 
hierarchical clustering analysis. The results are shown in the figure below: 

 

Figure 15. Comparison of Classification Results between Single and Double Standardization. 

The results indicate that the classification outcomes remain unchanged after a dataset undergoes 
both the first and second standardization processes. This suggests that the two standardization 
processes have no impact on the classification positions of the data, with highly consistent 
classification results. Therefore, in the context of this study, the first standardization is sufficient to 
meet the requirements for data consistency and classification, and the second standardization does 
not provide additional improvements in classification. Consequently, secondary standardization is 
unnecessary. 

Through the above process, the optimal nonlinear transformation method and clustering 
method were ultimately determined, forming a complete feature-based refinement method. However, 
refinement based on labeled methods has the drawback of low efficiency, as it requires computing 
element data and defining and classifying labels for each element in every iteration. If raw natural 
features could be directly input for refinement decisions, the refinement efficiency could be 
significantly improved. Neural networks align with this approach and can serve as an efficient tool 
to accelerate the implementation of refinement decisions. 

3.4. Neural Network-Based Feature Recognition Algorithm 

The entire refinement process of IGA is executed sequentially, meaning that whenever the 
physical field or parameters change, a new algorithm must be redesigned for classification and 
refinement, resulting in low efficiency. While adopting parallel processing can improve 
computational efficiency, parallel methods have poor generalizability, and adjustments to the 
algorithm are still required whenever parameters or conditions change. To address this issue, 
machine learning methods can effectively replace traditional labeling and classification processes. 
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Regardless of changes in the physical field or parameters, machine learning methods can 
automatically perform element refinement decisions by extracting standardized element feature data. 
This not only simplifies the entire process but also significantly enhances processing efficiency 
through CPU computation, resolving the flexibility and efficiency bottlenecks of traditional methods. 

Among machine learning methods, neural networks are widely adopted due to their superior 
performance in classification and prediction tasks. In particular, neural networks introduce 
nonlinearity through activation functions such as Sigmoid[34], enabling effective fitting of complex 
nonlinear relationships and extraction of key features or patterns from high-dimensional data. Their 
multi-layer structure allows adaptive learning of complex patterns, capturing underlying regularities 
through nonlinear transformations without requiring manual feature engineering. The deep 
architecture excels at extracting hierarchical features, making it suitable for complex data such as 
images and text. Backpropagation and gradient descent algorithms enable efficient parameter tuning, 
adapting to diverse data distributions and achieving high prediction accuracy with sufficient data. 
This study selects neural networks as the primary model, though other machine learning methods 
are also applicable, and subsequent example validations will compare their performance. 

During neural network training, the element information initially used consists of element 
information from the same physical field, with three key feature information of the element serving 
as the neural network input. To enhance algorithm efficiency, the input data is no longer the entire 
element data generated by interpolation but is instead composed of a column vector 𝑄௭തതത, formed by 
the pressure values at several Gauss quadrature points of a single element, the pressure gradient 
values in the x and y directions, and the absolute scale of the element. All elements are combined to 
form the dataset {𝑄௭തതത}. 

During neural network training, the element information used initially pertains to the same 
physical field, with three major element feature data as inputs to the neural network. To improve 
algorithmic efficiency, the input data are no longer the entire element data generated by interpolation 
but instead consist of column vectors 𝑄௭തതത  formed by the pressure values at several Gaussian 
quadrature points of a single element, the pressure gradient values in the x and y directions, and the 
absolute scale of the element.  

The neural network is trained using data generated by the method of element refinement based 
on feature labels. Additionally, to enhance the generalization of the neural network model, the model 
parameters are adjusted to incorporate element information from various physical fields for training. 
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Figure 16. Neural Network Training Process. 

In the figure, F represents the element category, and k (k = 1, 2, 3, …) denotes different physical 
fields. By modifying model parameters to alter the physical field and following the process shown in 
Figure 5, element feature vectors under different conditions can be obtained. These vectors serve as 
inputs to train the neural network model, enhancing its applicability and accuracy. 

Once the neural network achieves the desired training performance, it can be integrated into the 
algorithm as shown in the flowchart below. 
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Figure 17. Flowchart of the Neural Network-Based Feature Recognition Process. 

In the figure, the refinement results for the physical domain and parameter domain are merely 
illustrative and do not represent actual results. The flowchart in Figure 17 outlines the overall process 
of feature recognition based on neural networks. After inputting feature data into the neural network, 
the BP (backpropagation) neural network can predict the categories of all elements, thereby 
determining the corresponding refinement decisions. Compared to Figure 5, the neural network 
effectively replaces the classification and labeling processes. 

The results of element refinement are shown in Figure 18: 

 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 June 2025 doi:10.20944/preprints202506.0774.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202506.0774.v1
http://creativecommons.org/licenses/by/4.0/


 20 of 43 

 

Figure 18. Refinement Results of the Feature Recognition Algorithm Based on Neural Networks. 

In Figure 18, (a) shows a two-dimensional refinement result of a physical field element, and (b) 
shows a three-dimensional result. The closer to the yellow region, the higher the element pressure 
value, indicating that the highest refinement level should be in the yellow region, while the lowest 
refinement level should be in the dark blue region on the left. In the refinement result shown in (a), 
this logic is satisfied, demonstrating the rationality of the refinement logic. Similarly, in areas with 
significant pressure changes, i.e., regions with large pressure gradients, refinement is also required. 
In the three-dimensional refinement result shown in (b), it is clear that elements with x-direction 
scales in the range [0.5, 0.8] exhibit significant pressure gradient changes in the x-direction, 
necessitating refinement. The result in (b) also aligns with this logic, further confirming the rationality 
of the refinement logic. 

 

Figure 19. Refinement Results Based on Feature classification. 

After verifying the rationality of the refinement logic of the feature recognition algorithm based 
on neural networks, the feature classification-based refinement method is applied to the same 
physical field element, and the refinement results of both methods are compared to validate the 
correctness of the algorithm. To ensure a fair comparison, both methods use the same number of 
refinements. The refinement results based on feature classification are shown in Figure 19. 
Comparing Figure 18 and Figure 19, it is evident that the refinement results of both methods are 
highly consistent, confirming the correctness of the neural network model. 

Next, a complete refinement process is implemented using the feature recognition algorithm 
based on neural networks, with the results shown in the figure below: 
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Figure 20. Complete Refinement Process of the Feature Recognition Algorithm Based on Neural Networks. 

The algorithm underwent nine iterations, clearly demonstrating that the neural network-based 
feature recognition algorithm can efficiently and accurately identify critical elements. The results 
show that the neural network model exhibits stable performance across multiple refinements, 
successfully identifying critical features in the target mesh elements, with the recognition results of 
each iteration highly consistent with expectations. This not only validates the correctness and 
reliability of the algorithm in the task of identifying critical elements but also lays a solid foundation 
for subsequent algorithm optimization and its application in similar scenarios. 

3.4.1. Neural Network Model Parameter Selection and Adaptive Tuning 

The performance of neural network models heavily depends on the selection of model 
parameters, including network architecture, optimizer, learning rate, regularization strategy, and 
batch size, among other key factors. The network architecture, typically determined by the number 
of hidden layers and their neuron counts, directly affects the model’s ability to capture data features. 
The optimizer (e.g., Adam, SGDM, or RMSProp) dictates the weight update strategy, influencing 
convergence speed and stability. The learning rate controls the step size of parameter updates, 
requiring a balance between convergence speed and training stability. Additionally, regularization 
methods (e.g., L2 regularization) and batch size play critical roles in the model’s generalization ability 
and training efficiency. Properly configuring these parameters is essential for enhancing the 
predictive accuracy and generalization capability of neural networks. 

First, a baseline model (Model 1) is established with the following parameter configuration: 2 
hidden layers with 16 and 8 neurons, respectively, a learning rate of 0.001, a batch size of 40, the 
Adam optimizer, an L2 regularization coefficient of 0, and a dataset split of 70%/10%/20%. The input 
data consists of 28-dimensional row vectors. The two-layer hidden structure, with 16 neurons in the 
first layer, effectively extracts key features from the 28-dimensional input, while the second layer 
with 8 neurons further compresses information, reducing the risk of overfitting while maintaining 
moderate model complexity. A learning rate of 0.001 is a commonly used initial value, and a batch 
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size of 40 balances training efficiency and gradient stability. The Adam optimizer, leveraging the 
advantages of momentum and RMSProp, ensures fast and stable convergence. The dataset split of 
70% for training, 10% for validation, and 20% for testing follows standard practice, with 70% ensuring 
sufficient training, 10% for parameter tuning, and 20% for evaluating generalization, providing a 
reliable baseline. Based on this, five groups of neural network models with different parameter 
configurations are compared to systematically evaluate the impact of each parameter on model 
performance, thereby selecting a more optimal parameter setting. 

Table 7. Settings of Neural Network Models with Different Parameter Configurations. 

Model 

Number 
of 

Hidden 
Layers 

Number 
of 

Neuron
s per 
Layer 

Learni
ng 

Rate 

Batch 
Size 

Optimize
r 

L2 
Regular
ization 

Coeffici
ent 

Dataset 
Split 

Model 1 2 16,8 0.001 40 Adam 0 70%/10
%/20% 

Model 2 3 32,24,16 0.01 80 
SGD with 
Momentu

m 
0.001 60%/20

%/20% 

Model 3 1 48 0.0001 20 RMSProp 0 80%/10
%/10% 

Model 4 4 64,32,16,
8 0.001 160 Adam 0.01 70%/10

%/20% 

Model 5 2 24,12 0.1 40 
SGD with 
Momentu

m 
0 60%/20

%/20% 

The models are comprehensively evaluated based on the root mean square error (RMSE) of the 
training and validation sets and the prediction accuracy of the test set output. The results are shown 
in the figure below: 

 
Figure 21. Root Mean Square Error of the Training Set 
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Figure 22. Root Mean Square Error of the Validation Set. 

 

Figure 23. Output Accuracy of Models with Different Parameter Configurations. 

Analysis of the above figures reveals that Model 1 (2-layer network, Adam optimizer, learning 
rate of 0.001) performs exceptionally well across all metrics, with the lowest training RMSE, a 
validation RMSE of approximately 0.05, and a test set output accuracy of up to 96.12%, significantly 
outperforming other models. 

In addition to the above parameters, batch normalization is a critical technique in neural network 
architecture design, effectively enhancing training stability and prediction accuracy. Therefore, a 
batch normalization layer is introduced during the neural network construction process to further 
optimize model performance. By comparing the differences in refinement results between models 
with and without batch normalization, the specific impact of batch normalization on model accuracy 
can be systematically evaluated. 
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Figure 24. Comparison of the Impact of Batch Normalization on Element Refinement Results in Neural 
Networks. 

In the figure, the left column displays the element refinement results predicted by the neural 
network model without batch normalization, while the right column shows the results predicted by 
the neural network model with batch normalization. A comparison of the refinement result figures 
indicates that the two are highly similar, suggesting that batch normalization has a limited impact on 
the predictive performance and element refinement results of the current neural network. However, 
the refinement results in the left column are structurally more standardized and rational. Therefore, 
based on the performance of the current model, batch normalization is not used. 

Ultimately, the preliminary comparative analysis provides key references for subsequent 
parameter optimization. However, relying solely on the comparison of five model configurations 
may limit the results to locally optimal parameter combinations, making it difficult to further enhance 
model performance. Therefore, an adaptive approach is adopted to design a neural network 
algorithm capable of autonomously adjusting hyperparameters, as shown below, to explore a 
broader range of parameter combinations and gradually approach the globally optimal model. 

Table 8. Neural Network Refinement Algorithm for Autonomous Hyperparameter Adjustment. 
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Input: Model Accuracy 
IF accuracy < target_accuracy 

  IF accuracy < 0.9 
% Condition: Low accuracy, indicating potential insufficient model capacity 

Trigger adjustment: Increase the number of neurons, layers, or training 
epochs 

ELSE 
% Condition: Accuracy close to target but not achieved, indicating 
potential model over-complexity 
Trigger adjustment: Decrease the number of neurons, layers, or training 
epochs 

END 
% Condition: Target accuracy not achieved 

Trigger adjustment: Reduce learning rate, increase Dropout rate, or 
enhance regularization 

ELSE 
% Condition: Target accuracy achieved 
Stop adjustment 
BREAK 

END 
By evaluating model accuracy (whether the predicted element label values match the defined 

element label values), key neural network parameters are adaptively adjusted to obtain the optimal 
model. However, the process of tuning neural network parameters is complex and nearly infinite. 
Traversing all parameter combinations to find the globally optimal model requires extensive iterative 
computations, resulting in a substantial workload. Given that the preliminary design of this study 
has achieved a high model accuracy (96.12%), Model 1 already meets practical requirements. If a 
more optimal model is needed, further improvements can be made following the aforementioned 
algorithm. 

Therefore, certain parameters of the neural network model in this study are set according to 
Model 1, followed by additional generalization training in accordance with the neural network 
training process. Subsequently, appropriate parameter tuning is conducted to obtain a neural 
network model with higher accuracy. 

4. Algorithm Application 
Through the aforementioned steps, a neural network model can be successfully constructed and 

trained to accurately perform feature recognition of element information and predict element 
categories. To validate the accuracy and robustness of the proposed algorithm, two independent 
neural network models (BP-1 and BP-2) were trained using the lubrication model of the piston-
cylinder system and the hydrostatic sliding bearing model, respectively, for performance evaluation. 
To further investigate the generalization ability and cross-scenario adaptability of neural networks in 
refinement tasks for different lubrication problems, BP-1 was used to predict element categories for 
the hydrostatic sliding bearing model, and BP-2 was similarly used to predict element categories for 
the piston-cylinder system lubrication model, with model prediction accuracy and refinement results 
compared. Additionally, the data from both lubrication models were combined into a single dataset 
to train a new neural network model (BP-3). Generalization validation results demonstrate that BP-3, 
as a single model, can directly adapt to refinement tasks for various lubrication problems without 
requiring scenario-specific data preparation or dedicated model training, thereby significantly 
enhancing the model's versatility and application efficiency. 

4.1. Lubrication Model of Piston-Cylinder System 
Figure (a) shows the piston-cylinder liner configuration, and Figure (b) illustrates the oil film 

lubrication. 𝑅 denotes the crank radius;  𝑒௧ and 𝑒௕ denote the distances between the center of the 
piston skirt and the cylinder liner axis at the top and bottom of the skirt, respectively. 𝐿ௌ௞ denotes 
the piston skirt length. 
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Figure 25. Schematic of Piston-Cylinder System and Lubrication Regions. 

The morphology diagram in Figure 25a is obtained by solving a specific simplified Reynolds 
equation[35] based on the Navier-Stokes equations and the continuity equation. பப௫ ൬ఘℎయଵଶఎ ப௣ப௫൰ + பப௬ ൬ఘℎయଵଶఎ ப௣ப௬൰ = பப௫ ൫௨బି௨ℎ൯ఘℎଶ + பப௬ ൫௩బି௩ℎ൯ఘℎଶ + ப(ఘℎ)ப௧    (9) 

In Equation (9), 𝑡 denotes time, 𝑝 denotes oil film pressure, 𝜂 denotes dynamic viscosity, 𝑢଴ 
and 𝑢ℎ  denote the circumferential velocities of the oil film on the piston and cylinder liner, 
respectively, 𝑣଴ and 𝑣ℎ denote the axial velocities of the oil film on the piston and cylinder liner, 
respectively, ℎ denotes oil film thickness, and 𝜌 denotes lubricant density. 

Figure 25b presents a simplified representation of the oil film lubrication region, divided into 
left and right lubrication zones, symmetric about the plane 𝜑 = 0. Equation (9) is further simplified 
by assuming constant 𝜌 and 𝜂, and neglecting leakage[36]. 

Take𝑢଴ = 𝑢ℎ = 0,𝑣଴ = 0,𝑣ℎ=𝑣, பப௫ ቀ ௛యଵଶఎ ப௣ப௫ቁ + பப௬ ቀ ௛యଵଶఎ ப௣ப௬ቁ = −௩ଶ ப௛ப௬ + ப௛ப௧     (10) 

The domain 𝐷 is mapped to the unit square ሾ0,1ሿ × ሾ0,1ሿ using the following transformations 
(example shown for the right side): 𝑥 = 𝑅𝜑,𝜑 = 𝜑ோ ,𝑦 = 𝐿ௌ௄𝑌 𝐷 = {𝜑|0 ≤ 𝜑 ≤ 𝜑ோ} × {𝑦|0 ≤ 𝑦 ≤ 𝐿ௌ௄}, 0 < 𝜑ோ < 𝜋2 

பப௑ ൬− ௛యଵଶఎோమఝೃమ ப௣ப௑൰ + பப௒ ൬− ௛యଵଶఎ௅ೄ಼మ ப௣ப௒൰ = ௩ଶ ப௛ப௬ − ப௛ப௧ , (𝑋,𝑌) ∈ ሾ0,1ሿ × ሾ0,1ሿ  (11) 

The oil film thickness ℎ in Equation (11) can be calculated using an elliptical equation, such as 
Equation (12). 

ℎ(𝜑,𝑦) = 𝑅 − ௫బ௥మ ௖௢௦(ఝ)ା௔௥ට൫௔మି௫బమ൯ ௦௜௡మ(ఝ)ା௥మ ௖௢௦మ(ఝ)ሾ௔మ ௦௜௡మ(ఝ)ା௥మ ௖௢௦మ(ఝ)ሿ     (12) 

However, the IGA solution process requires a regular geometric domain, necessitating a 
transformation of the oil film lubrication region into a rectangular domain. 

First, the piston-cylinder system with secondary piston motion is taken as an example, using the 
Reynolds boundary conditions[37]. Other boundary conditions are treated similarly, and the 
dynamic calculations are omitted for brevity. The input parameters, based on a specific single-
cylinder gasoline engine, are listed in Table 9[38]. 

Table 9. Basic input parameters in the calculation example. 

Parameter Description Worth Element 𝑟 Piston skirt radius 21.725 × 10ିଷ 𝑚 𝑅 Cylinder liner 
radius 21.75 × 10ିଷ 𝑚 𝐿௦௞ Piston skirt length 22.5 × 10ିଷ 𝑚 
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𝜂 Lubricating oil 
viscosity 0.01295 𝑃𝑎 ⋅ 𝑠 

𝑒௧ Eccentricity of the 
upper end of the 

piston skirt 
0.78565 × 10ିହ 𝑚 

𝑒௕ 
Eccentricity of the 
lower end of the 

piston skirt 
−0.24924 × 10ିସ 𝑚 

𝑑௘௧ Derivative of 𝑒௧ 
with respect to 

time 
−0.24335 × 10ିଶ 𝑚 ⋅ 𝑠ିଵ 

𝑑௘௕ 
Derivative of 𝑒௕ 
with respect to 

time 
−0.84461 × 10ିଶ 𝑚 ⋅ 𝑠ିଵ 

𝑣 Piston 
reciprocating speed −11.6543 𝑚 ⋅ 𝑠ିଵ 

𝐶௕ 
Vertical distance 

from piston pin to 
top of piston 

6 × 10ିଷ 𝑚 

𝐶௖ Distance from 
piston pin to piston 

centerline 
0 𝑚 

 

Figure 26. Comparison of feature classification before and after data processing. 

The left column of the figure shows the feature classification results before data processing, and 
the right column shows the results after processing. (a) to (c) represent successive refinement steps, 
similarly for the right column.  

From the figures, it can be observed that the method without data processing, from (a) to (c), 
performs large-scale refinement based on the previous level, failing to effectively identify critical 
elements. However, the method with data processing prioritizes the recognition and refinement of 
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critical elements in each iteration, gradually expanding outward. This validates the necessity of data 
processing (here referring to standardization and differential amplification processing) as described 
in Section 3.2. 

Table 10. Comparison of Degrees of Freedom, Pressure Values, and Refinement Time for the Two Cases. 

Number of 
Refinements  

Without Data Processing  With Data Processing 
DOFs Pressure(N) Time(s) DOFs Pressure(N) Time(s) 

3 217 183.3025 3.1273 217 183.3025 2.3790 
4 769 183.5318 4.3321 727 183.5213 3.4891 
5 2825 183.5509 6.1079 919 183.5328 4.7209 
6 3829 183.5515 24.7455 1281 183.5443 6.1425 
7 11703 183.5529 31.1459 1841 183.5499 7.8066 
8 12869 183.5532 40.8508 2181 183.5510 9.5794 

As shown in Table 6, the pressure value solutions obtained by the two refinement methods are 
similar. However, the method with data processing achieves comparable pressure value solutions 
with fewer degrees of freedom, indicating higher efficiency. Moreover, as the number of refinements 
increases, the time consumed by the method without data processing grows significantly, reaching 
approximately four times that of the method with data processing by the eighth refinement, which 
substantially reduces refinement efficiency. 

 

Figure 27. Comparison of refinement results using feature classification-based and local consideration PHT-IGA 
methods. 

In comparing these two methods, the input parameter 𝑣 = −10.6543, while other parameters 
remained consistent with Table 9. In Figure 27, the left column shows the 2D refinement results, and 
the right column shows the corresponding 3D results. (a) and (b) are the results using the PHT-IGA 
method; (c) and (d) are the results using the feature classification-based method. Figure (a) and (c) 
show that in areas with a large pressure gradient, the local method does not refine the region 
sufficiently, and for areas with high pressure, the local method's refinement is insufficient.  
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Table 11. Comparison of Data Results. 

Number of 
Refinements  

Without Data Processing  With Data Processing 
DOFs Pressure(N) Time(s) DOFs Pressure(N) Time(s) 

1 25 178.5365 0.0414 25 162.5501 0.0394 
2 81 181.1382 1.9617 81 180.7430 1.6458 
3 189 181.2513 3.2149 217 183.3025 2.3790 
4 287 181.2525 4.3925 727 183.5213 3.4891 

From the table, it can be observed that, under the same number of refinements, the feature 
classification-based method achieves a solution closer to the optimal pressure value and requires 
relatively less time per refinement. In comparison, the neural network-based feature recognition 
method demonstrates superior refinement performance. 

Next, when comparing the feature classification method and the neural network-based feature 
recognition method, new feature data are directly used as input to the neural network to predict 
refinement results and conduct a comparison. 

 

Figure 28. Results of the Sixth Refinement for the Feature classification-Based Method and the Neural Network-
Based Feature Recognition Method. 

In the figure, (a) and (b) represent the results of the feature classification-based method, while 
(c) and (d) represent the results of the neural network-based feature recognition method, all obtained 
after six refinements. From the figure, it can be observed that the stable element pressure values 
obtained by both methods are very close, indicating that the neural network model can accurately 
predict the refinement of unknown elements. 

Once the neural network model is completed, it can also be applied to mesh refinement in other 
physical fields. The parameter values are modified as shown in Table 12. 

Table 12. New Parameters for the Piston-Cylinder System Model. 

Parameter Description Worth Element 𝑟 Piston skirt radius 31.725 × 10ିଷ 𝑚 𝑅 Cylinder liner radius 31.75 × 10ିଷ 𝑚 𝐿௦௞ Piston skirt length 30.5 × 10ିଷ 𝑚 
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𝜂 Lubricating oil 
viscosity 0.01395 𝑃𝑎 ⋅ 𝑠 

 

Figure 29. Comparison of results from the neural network-based feature recognition method in different 
physical fields. 

In the figure, (c) represents the two-dimensional refinement result of another physical field, and 
(d) illustrates the three-dimensional refinement result. From this, it can be inferred that the element 
pressure and pressure gradient across the entire new physical field have undergone changes. 
However, the neural network-based feature recognition method effectively identifies and refines 
regions in the new physical field with high absolute pressure values and significant pressure 
gradients. This indicates that the neural network model exhibits strong generalization capability. 

The previous section mentioned that this example represents an initial attempt to apply a neural 
network method, but other machine learning methods are also applicable. In this example, Support 
Vector Machine (SVM)[39] is introduced as a new machine learning approach. SVM is a machine 
learning method based on margin maximization, which maps data to a high-dimensional space 
through the selection of appropriate kernel functions (e.g., linear kernel, Gaussian kernel, or 
polynomial kernel), making it suitable for both regression and classification tasks. Its key parameters 
include the kernel function type, kernel scale, regularization parameter, ε-insensitive loss parameter 
(Epsilon), and whether to standardize data (Standardize), among others. The choice of these 
parameters directly determines the model’s fitting capability and generalization performance. 
Similar to the parameter tuning of neural networks, we designed five sets of controlled simulation 
experiments to systematically compare the impact of different parameter combinations on SVM 
model performance, thereby determining the optimal parameter settings. The specific parameter 
configurations are shown in the table below: 

Table 13. SVM Settings for Different Parameter Models. 

Model Kernel 
Function 

Kernel 
Scale 

Standardization BoxConstraint 
(C) 

Epsilon Dataset 
Partition 

Model 1 Rbf Auto True 1 0.037 70%/10%/20% 
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Model 2 Linear - True 0.1 0.05  60%/20%/20% 
Model 3 Polynomial 3 False 10 0.2 80%/10%/10% 
Model 4 Rbf 1 True 5 0.01 70%/10%/20% 
Model 5 Polynomial 2 True 0.5 0.5 60%/20%/20% 

The SVM model is evaluated based on two metrics: predicted residual distribution and test set 
output accuracy. The results are shown in the figure below: 

 

Figure 30. Residual Distribution of Different SVM Models. 

 

Figure 31. Output Accuracy of SVM Models with Different Parameters. 

Figures 30 and 31 illustrate the performance evaluation of five SVM models. Figure 30, depicting 
the residual distribution, shows that Model 1 and Model 4 exhibit the smallest prediction biases (with 
residuals concentrated between -0.1 and 0.1, peaking at a frequency close to 100), while Model 5 has 
the largest bias (with the widest residual distribution, ranging from -0.4 to 0.4). Figure 31, a bar chart 
of accuracy (m-value), indicates that Model 1 achieves the highest accuracy (97.47%), followed by 
Model 4 (94.94%), Model 2 (94.30%), and Model 3 (93.75%), with Model 5 having the lowest accuracy 
(72.78%), consistent with the residual distribution trend. This suggests that Model 1’s parameter 
settings are optimal, and thus, the SVM model parameters in this study are set according to Model 1. 

Under the same input conditions, the final cell refinement performance of the neural network 
and SVM methods is compared, with results shown in Figure 32: 
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Figure 32. Refinement Results of Feature Recognition Methods Based on Neural Network and Support Vector 
Machine (SVM). 

In the figure, (a) and (b) represent the neural network method, while (c) and (d) represent the 
SVM method. It can be observed from the figure that the grid sparsity differs between the two 
methods. The SVM method fails to identify the lower-left region during refinement, but the overall 
cell refinement trend is similar to that of the neural network method, indicating that both methods 
can effectively capture data features. Based on the current simulation results, the neural network 
method demonstrates superior performance. 

4.2. Hydrostatic Sliding Bearing Model 
Here, 𝐹 denotes the external applied load; ω represents the angular velocity of the shaft; φ 

indicates the attitude angle; 𝑂ଵ signifies the geometric center of the bearing center; and 𝑂ଶ denotes 
the geometric center of the shaft center. Figure 33(a) depicts the bearing in a non-operating state, 33(b) 
illustrates the bearing in an operating state, and 33(c) shows a schematic diagram of the oil film 
pressure distribution. 

 

Figure 33. Schematic diagram of the lubrication model for a radial bearing. 

Taking this model as an example, the two-dimensional steady-state incompressible flow 
pressure lubrication Reynolds equation under laminar flow conditions is formulated as follows: డడ௫ ቀ௛యఎ డ௣డ௫ቁ + డడ௬ ቀ௛యఎ డ௣డ௬ቁ = 6𝑈 డℎడ௫                     (13) 
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In the equation, ℎ represents the oil film thickness; 𝑝 denotes the oil film pressure; and η 
indicates the dynamic viscosity of the lubricating oil. 

Let 𝑥 = 𝑟𝜑 and 𝑦 = ௅௒ଶ  in the equation, where 0 ≤ φ ≤ π and 0 ≤ 𝑦 ≤ ௅ଶ. Performing variable 
substitution yields: డడఝ ቀ௛య௥మ డ௣డఝቁ + డడ௬ ൭ ௛యቀಽమቁమ డ௣డ௬൱ = 6𝑈𝜂 ଵ௥ డℎడఝ                   (14) 

Further let φ = φୖ ∗ X, where 0 ≤ 𝑋 ≤ 1 and 0 ≤ 𝑌 ≤ 1 . After simplification, it yields: − డడఝ ൬− ௛య௥మఝೃమ డ௣డ௑൰ − డడ௒ ൭− ௛యቀಽమቁమ డ௣డ௒൱ = 6𝑈𝜂 ଵ௥ ଵఝೃ డℎడ௑               (15) 

The parameters of the radial sliding bearing model for this example are shown in the table below: 

Table 14. Parameters of the Hydrostatic Sliding Bearing Model. 

Parameter Description Worth Element 𝐶 Radial clearance 5 × 10ିହ 𝑚 𝑛 Rotational speed 3 × 10ଷ 𝑟𝑝𝑠 𝐷 Bearing inner 
diameter 5.6 × 10ିଶ 𝑚 𝐿 Bearing width 4.8 × 10ିଶ 𝑚 𝑒௧௔ Viscosity 5 × 10ିଶ 𝑃𝑎 ∙ 𝑠 𝑒ଵ Eccentricity 0.6  𝑤 Angular velocity 100 ∙ π 𝑟𝑎𝑑/𝑠 𝑓𝑎𝑖𝑅 Angle π 𝑟𝑎𝑑 
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Figure 34. Refinement result comparison without and with data processing. 

Table 15. Comparison of Degrees of Freedom and Pressure for Unprocessed and Processed Data Methods. 

Number of 
Refinements  

Without Data Processing  With Data Processing 
DOFs Pressure(N) Time(s) DOFs Pressure(N) Time(s) 

1 25 1053.4 0.0414 25 1053.4 0.0519 
2 81 1523 1.4326 81 1523 1.3354 
3 203 1529.1 3.8336 153 1530.5 3.0211 
4 557 1529.6 4.4012 487 1529.9 4.2153 
5 1967 1529.4 6.3218 881 1529.6 5.1384 
6 7205 1529.4 28.2372 1161 1529.6 6.3547 
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Figure 35. Results Comparison of Feature classification Method and Neural Network Method. 

The model parameters were adjusted as shown in the table below, and the modified model was 
used to generate a new physical field for comparison. 

Table 16. Modified Parameters. 

Parameter Description Worth Element 𝐶 Radial clearance 4.8 × 10ିହ 𝑚 𝑛 Rotational speed 4 × 10ଷ 𝑟𝑝𝑠 𝑒ଵ Eccentricity 0.2  
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Figure 36. Comparison of refinement results for the new and original physical fields. 

 

Figure 37. Comparison of the neural network-based feature recognition method and the Support Vector Machine 
(SVM)-based feature recognition method. 

The figures and tables presented above illustrate comparative refinement results under various 
scenarios. These results demonstrate that the neural network-based feature recognition method 
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exhibits superior adaptability and generalization capability across diverse model configurations. It is 
noteworthy that, although the SVM and neural network methods exhibit significant differences in 
the degrees of freedom of the solved elements after the same number of refinement iterations, the 
computed pressure values are remarkably similar. 

4.3. Generalization Validation 
This section aims to validate the generalization ability and cross-scenario adaptability of neural 

networks in refinement tasks for different lubrication problems. Element feature data from two 
lubrication models (approximately 800 samples each) were collected, denoted as Dataset 1 and 
Dataset 2, respectively. First, Dataset 1 was used as input to invoke BP-2 for predicting element 
categories; similarly, Dataset 2 was used as input to invoke BP-1 for predicting element categories. 
The prediction accuracy was compared with that of the neural network model trained on the 
corresponding lubrication model. The results are shown in the table below: 

Table 17. Comparison of Prediction Accuracy for BP Models Across Different Lubrication Models. 

Neural network model Lubrication model Prediction accuracy 
BP-1 Piston-cylinder system 94.55% 
BP-2 Hydrostatic sliding bearing 70.85% 
BP-1 Piston-cylinder system 75.25% 
BP-2 Hydrostatic sliding bearing 96.95% 

Based on the table results, the current BP models demonstrate a certain degree of cross-scenario 
adaptability. BP-1 achieves an accuracy of 94.55% on the piston-cylinder system (Dataset 1) but drops 
to 70.85% when predicting the hydrostatic sliding bearing (Dataset 2). Similarly, BP-2 achieves an 
accuracy of 96.95% on the hydrostatic sliding bearing (Dataset 2) but only 75.25% when predicting 
the piston-cylinder system (Dataset 1). The decline in prediction accuracy in new scenarios indicates 
that the generalization ability of the BP models is still limited. By optimizing the model structure or 
training with a mixed dataset, the adaptability and prediction accuracy of neural networks across 
different lubrication problems can be further enhanced. 

Following this approach, a neural network can be trained using mixed data. Datasets 1 and 2 
were combined as training data, ensuring consistent proportions of data from both lubrication 
models across training, testing, and validation sets, to train BP-3. Subsequently, parameters of the 
two lubrication models were adjusted to generate Datasets 4 and 5 (approximately 750 samples each). 
BP-3 was applied to predict element categories in these datasets, and the model’s accuracy was 
evaluated. The results are shown in the table below: 

Table 18. Comparison of Prediction Accuracy for BP-3 Across Different Lubrication Models. 

Neural network model Lubrication model Prediction accuracy 
BP-3 Piston-cylinder system 95.72% 
BP-3 Hydrostatic sliding bearing 96.69% 

According to the table results, BP-3, after training on a mixed dataset, demonstrates strong 
generalization ability. It achieves an accuracy of 95.72% for the piston-cylinder system (Dataset 4) 
and 96.69% for the hydrostatic sliding bearing (Dataset 5), indicating that the single model BP-3 can 
effectively adapt to different lubrication scenarios with high prediction accuracy. 

Next, different neural network models can be applied to a unified adaptive refinement algorithm 
for more specific comparative validation. First, BP-1 and BP-2 are separately integrated into the 
adaptive refinement algorithm, using four datasets from the hydrostatic sliding bearing model 
(including new parameters). Additionally, a feature classification method is employed, ultimately 
generating six refinement results for comparison, as shown in the figure below: 
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Figure 38. Comparison of Adaptive Refinement Results Based on Different Parameter Models and Feature 
Recognition Methods. 

Table 19. Data Comparison Table for Different Parameter Models and Feature Recognition Methods After 
Multiple Refinements. 

Refinement method Number of 
refinements 

Number of 
elements after 

refinement 

Average 
prediction 
accuracy 

BP-2 3 46 82.97% 
BP-1 3 25 45.33% 

Feature classification method 3 44 - 
BP-2(NPM) 3 49 80.74% 
BP-1(NPM) 3 25 41.33% 

Feature classification 
method(NPM) 

3 44 - 

In the table, NPM denotes New Parameters Model. As shown in the comparison figures and 
tables, BP-2, trained on data from the hydrostatic sliding bearing model, can more accurately predict 
element categories, thereby achieving superior element refinement performance with a higher 
average prediction accuracy. Although BP-1, which is unrelated to the training data, is slightly 
inferior to BP-2 in refinement performance and has lower accuracy, it can still effectively perform 
feature recognition of critical elements and complete refinement. When the parameters of the 
hydrostatic sliding bearing model change, both neural networks maintain relatively stable element 
category prediction capabilities, indicating strong generalization ability. 

Subsequently, the lubrication model of the piston-cylinder system was used, with results shown 
in the figure below: 
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Figure 39. Comparison of Adaptive Refinement Results for Lubrication Models Based on Different Parameters 
and Feature Recognition Methods. 

Table 20. Data Comparison Table for Lubrication Models Based on Different Parameter Models and Feature 
Recognition Methods After Multiple Refinements. 

Refinement method Number of 
refinements 

Number of 
elements after 

refinement 

Average 
prediction 
accuracy 

BP-1 3 61 81.28% 
BP-2 3 31 71.98% 

Feature classification method 3 64 - 
BP-1(NPM) 3 61 75.03% 
BP-2(NPM) 3 31 74.55% 

Feature classification 
method(NPM) 

3 52 - 

By comparing the element refinement results in the figures with Table 20, it is evident that BP-
1, trained on its own model data, can better predict the element categories of its own model, while 
BP-2 performs slightly less effectively but both exhibit stable prediction capabilities. For BP-2, its 
model demonstrates relatively high prediction accuracy across different lubrication models, 
indicating superior generalization performance. 

Through generalization validation in specific applications, it is confirmed that BP-1 and BP-2 
models can handle the refinement process in various lubrication scenarios, although they may 
underperform compared to specialized models in certain cases. It should be noted that this 
generalization validation is based solely on the average prediction accuracy of three refinement 
results, which does not fully reflect the true performance of the BP models. In the future, further 
model tuning and parameter optimization are expected to significantly enhance the generalization 
capabilities of BP-1 and BP-2, thereby achieving superior performance and higher robustness in a 
broader range of application scenarios. 

Based on the above concept, BP-3 is similarly applied to both lubrication models, yielding the 
refinement result figures and performance comparison table as shown below: 

 

Figure 40. Comparison of refinement results for BP-3 applied to different lubrication models. 

Table 21. Comparison of BP-3 refinement performance across different lubrication models. 
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Lubrication model Number of 
refinements 

Number of 
elements after 

refinement 

Average 
prediction 
accuracy 

Piston-cylinder system 3 64 85.42% 
Piston-cylinder system (NPM) 3 61 76.67% 

Hydrostatic sliding bearing 3 49 80.06% 
Hydrostatic sliding bearing(NPM) 3 52 78.53% 

Analysis of the refinement comparison figures and tables reveals that the BP-3 model, trained 
on mixed data, effectively predicts element categories for both the piston-cylinder lubrication model 
and the hydrostatic sliding bearing model, achieving a high average prediction accuracy. 
Additionally, this model demonstrates robust and stable generalization performance, outperforming 
BP-1 and BP-2 models with notably superior overall performance and prediction accuracy. 

Although the feature classification method (Method 2) overcomes many limitations of the 
residual judgment method based on bubble functions (Method 1) and enhances refinement efficiency 
through parallel operations in nonlinear transformation and hierarchical clustering, these two steps 
remain time-consuming when the number of elements is large. In contrast, the BP neural network 
method (Method 3) eliminates these steps by directly generating outputs from inputs through data 
parallelism, further improving refinement efficiency. To validate its refinement efficiency, full 
refinement of elements was performed using the piston-cylinder lubrication model, as shown in the 
figure below: 

 

Figure 41. Refinement Result for a Specific Iteration. 

Using the element data (16,384 elements) obtained from the sixth full refinement as the data to 
be predicted, the residual judgment algorithm based on bubble functions (Method 1), the feature 
classification method (Method 2), and the BP neural network method (Method 3) were applied to 
classify these data. The time taken is shown in the table below: 

Table 22. Comparison of Time Taken by Three Methods for Element Category Classification. 

Number of samples 
classified 

Time required 
for Method 1 (s) 

Time required 
for Method 2 (s) 

Time required 
for Method 3 

(s) 
16348 51.234466 5.1689 0.2423 

As shown in the table, all three methods classified approximately 16,000 elements. Among them, 
the BP neural network method required the least time, approximately 1/20 of that needed by the 
feature classification method, and was even faster than the residual judgment algorithm based on 
bubble functions. 

Overall, within the current research framework, BP-3 enables data parallel operations, efficiently 
predicting element categories under large element datasets. As a highly efficient neural network 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 10 June 2025 doi:10.20944/preprints202506.0774.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202506.0774.v1
http://creativecommons.org/licenses/by/4.0/


 41 of 43 

 

model, it relies solely on a single model to effectively handle refinement processes across different 
lubrication scenarios. 

5. Conclusion 
This study employed a neural network model to achieve recognition of element refinement 

features, enabling adaptive refinement for solving the Reynolds equation within the PHT-based IGA 
framework. The proposed method introduced the concept of refinement features, which incorporated 
key physical quantities in lubrication analysis, such as pressure and its gradient, alongside element 
scale from traditional finite element methods, to facilitate global feature recognition and element 
refinement. 

The method proposed in this study has demonstrated the following key advantages: First, it 
addressed the essential requirements of lubrication analysis by using physical information for the 
recognition and marking of critical regions. Second, it overcame the limitation of traditional 
refinement algorithms, which were confined to individual elements, by holistically evaluating 
refinement regions from the perspective of the solution domain and adaptively adjusting refinement 
strategies to meet the specific needs of different problems. Third, unlike conventional threshold-
based methods, the incorporation of refinement features, combined with data processing techniques 
commonly used in machine learning, eliminated threshold constraints, achieving strong 
generalization performance and enabling effective adaptation to the refinement processes of various 
lubrication problems without requiring specialized data preparation or model training. Finally, the 
classification and prediction capabilities of machine learning are highly parallelizable, supporting 
data parallelism, model parallelism, and operation-level parallelism with numerous implementations, 
thus providing significant efficiency advantages in large-scale applications. 

Admittedly, this study has certain limitations. First, the cavitation issue in lubrication problems 
has not been investigated, which will be a key focus of our future research. Cavitation could serve as 
a refinement feature, and its corresponding regions should be clearly refined to obtain a reliable oil 
film pressure distribution. Second, the impact of different classification prediction models and data 
processing methods on prediction performance has not been thoroughly analyzed. Additionally, 
while the proposed method achieved good accuracy in the refinement process, it lacks a complete 
mathematical proof, requiring further validation and refinement. 
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