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Abstract

This paper presents a novel optimal control-based beamforming framework for phased antenna arrays,
targeting advanced wireless communication and radar applications, including 5G systems. Unlike
conventional beamforming techniques such as Fourier-based methods and adaptive algorithms (e.g.,
LMS and RLS), the proposed approach formulates the beam synthesis problem as a discrete-time
optimal control problem. The antenna array is modeled using a state-space representation, and a
quadratic cost function is introduced to jointly minimize the deviation from a desired radiation pattern
and the excitation power. The optimal excitation weights are derived using the Linear Quadratic
Regulator (LQR) framework by solving the discrete-time algebraic Riccati equation. This formulation
enables an effective trade-off between sidelobe suppression, main lobe accuracy, and power efficiency.
Simulation results demonstrate that the proposed method achieves a well-focused main beam, sig-
nificantly reduced sidelobe levels, and improved directivity compared to conventional approaches.
Furthermore, the framework offers robustness and computational efficiency, making it suitable for
real-time implementation, particularly on embedded platforms such as FPGA-based systems. Overall,
the proposed optimal control-based beamforming approach provides a powerful and flexible solution
for next-generation antenna systems in 5G and radar applications.

Keywords: phased antenna array; beamforming; linear quadratic regulator (LQR); radiation pat-
tern synthesis; 5G communications; radar systems; optimal control; side lobe suppression; FPGA
implementation; neural network acceleration

1. Introduction

The rapid evolution of wireless communication systems, particularly with the emergence of 5G
and beyond, has significantly increased the demand for high-performance antenna technologies.We
have extensively investigated the synthesis and analysis of radiation patterns in several studies. For
instance, multi-beam antenna array synthesis using the Fourier method for reliable 5G applications
was explored in [1], while phased antenna-array synthesis for similar 5G purposes was reported in [2].
Enhancement of beamforming efficiency through Taguchi optimization combined with neural network
acceleration was presented in [3]. Moreover, the Taguchi method was applied to the synthesis of circular
antenna arrays for improved IoT applications [4]. The implementation of phased array antennas
controlled by an FPGA-ARM Cortex-M processor is detailed in [5], and an efficient FPGA-based
MUSIC processor using the Cyclic Jacobi Method for LiDAR applications was demonstrated in [6].
Among these, phased antenna arrays have become a key enabler due to their ability to electronically
steer beams, enhance directivity, and mitigate interference without mechanical movement. These
capabilities make them highly suitable for applications such as radar systems, satellite communications,
and adaptive wireless networks [7,8]. Conventional beamforming techniques for phased arrays rely
on deterministic or adaptive approaches, such as the Fourier-based synthesis method and adaptive
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algorithms like Least Mean Squares (LMS) and Recursive Least Squares (RLS). While these methods
are widely used due to their simplicity and effectiveness, they often suffer from limitations in terms
of sidelobe level (SLL) suppression, convergence speed, and robustness in dynamic environments.
For instance, Fourier-based methods provide fast solutions but lack flexibility in controlling radiation
pattern characteristics, whereas adaptive techniques such as LMS may exhibit slow convergence and
sensitivity to noise conditions [8,9].

To overcome these challenges, several optimization-based approaches have been proposed,
including convex optimization, genetic algorithms (GA), and particle swarm optimization (PSO).
These techniques offer improved performance in terms of beam shaping and sidelobe reduction
but often come at the cost of increased computational complexity, making real-time implementation
challenging, especially on embedded platforms such as FPGAs [10,11]. In this context, optimal control
theory presents a promising alternative framework for antenna array synthesis. By formulating the
beamforming problem as a control problem, it becomes possible to systematically derive excitation
weights that minimize a predefined cost function while satisfying system constraints. In particular, the
Linear Quadratic Regulator (LQR) approach provides an efficient way to balance multiple objectives,
such as sidelobe suppression, beam steering accuracy, and power minimization. Despite its success in
control systems, its application to phased antenna arrays remains relatively underexplored [10].

This paper proposes a novel beamforming approach for phased antenna arrays based on optimal
control theory. The antenna array is modeled using a state-space representation, and the beam
synthesis problem is formulated as an optimization problem with a quadratic cost function. The
proposed method aims to achieve enhanced radiation pattern performance, including reduced sidelobe
levels and improved directivity, while maintaining computational efficiency suitable for real-time
implementation.

The main contributions of this work are summarized as follows:

* A new formulation of phased array beamforming as an optimal control problem;

*  The application of the LOR method to derive optimal excitation weights;

* A comparative analysis with conventional methods such as Fourier and LMS;

¢  Validation through simulations for 5G and radar scenarios, with potential for FPGA implementa-
tion.

Table 1 presents a comparison of the most widely used antenna array synthesis techniques,
including classical, adaptive, optimization-based, and the proposed optimal control approach.

Table 1. Extended Comparison of Antenna Array Synthesis Methods.

Method Principle SLL Dir. Conv. Advantages Limitations Ref.
Fourier Inv. Fourier -13 Med Fast Simple Poor SLL ctrl. [12]
Dolph-Cheb.  Chebyshev -30 High Fast Optimal SLL  Fixed beam [13]
Taylor Dist. shaping  -25 High Fast Flexible SLL. ~ Complex design [14]
LMS Error min. -18 Med Slow Adaptive Noise sens. [9]
RLS Rec. LS -22 High Fast Fast conwv. High cost [9]
MVDR Min var. -35 V. High Med Interf. rej. Needs cov. [7]
GA Evol. -28 High Slow Global opt. High time [15]
PSO Swarm -26 High Med Robust Local minima [18]
Convex Opt.  Constr. -40 V. High Med Optimal sol. ~ High res. [10]
Deep Learn. Data-dr. -30 High Fast Real-time Training need [11]
Reinf. Learn.  Trial-err. -32 High Med Adaptive Training cost [25]
Opt. Ctrl LQR -25-35 High Fast Low SLL Model req. This work

The parameters used in the comparison table are defined as follows. N denotes the number of
antenna elements, while d represents the inter-element spacing, typically normalized to the wavelength
A. The wave number is given by k = 27” The angle 0 defines the observation direction of the radiation

pattern, and 6 represents the main beam steering direction.
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Table 2. Comprehensive Comparison of Antenna Array Synthesis Methods with Mathematical Models and

Performance Results.

Method SLL (dB) Model / Formula Key Feature Ref.
Fourier -13 AF = Y wyefknsin® Spectral synthesis [12]
Woodward-Lawson -20 AF(6) sampling interpolation  Pattern shaping [12]
Binomial Array -18 wy = (I;f ) No sidelobes [16]
Dolph—Cheb. -30 AF = Tn(x) Min SLL [13]
Taylor -25-35 AF =Y ayelknsin® Controlled taper [14]
Bayliss Distribution -28 Modified aperture weighting Monopulse arrays [16]
MVDR -35 w.: ‘ﬁHJ%‘L InFerference T’lulling [71
Capon Beamformer -38 min w" Rw High resolution [7]
LMS -18 Wiyl = Wi + plex Adaptive [9]
RLS -22 Recursive LS update Fast convergence [9]
Convex Optimization -40 min |w||» Global optimum [10]
SOCP Design -42 Second-order cone constraints ~ Robust synthesis [10]
Sparse CS -35 min ||w]|; Sparse arrays [17]
Compressive Beamforming -37 y = dx Few sensors [22]
PSO -26 Swarm velocity update Fast search [18]
GA -28 Fitness optimization Global search [15]
Differential Evolution -32 Mutation + crossover Robust opt. [19]
Firefly Algorithm -30 Toce Global opt. [20]
Ant Colony Optimization -27 Probabilistic path search Distributed search [21]
Deep Learning Beamforming  -30 w = fy(x) Data-driven [23]
Transformer Beamforming -32 softmax(QKT)V Long dependency [24]
Reinforcement Learning -32 Q(s, a) optimization Adaptive policy [25]
LQR (This Work) -25-35 w = —Kx, K=P1BTQ Optimal control This work

The array response is described by the Array Factor AF(6), while AFyorm(0) denotes its normal-
ized form. The excitation coefficients of the array are represented by w,,, and the optimal weight vector
is denoted by wopt.

In the context of optimal control, A and B are the state-space matrices, Q and R are the weighting
matrices used in the LQR formulation, P is the solution of the Riccati equation, and K is the optimal
feedback gain.

For adaptive beamforming methods, R(-) denotes the covariance matrix. Finally, SLL refers to
the Side Lobe Level, while Dir. and Conv. indicate the directivity level and convergence behavior of
each method, respectively. The comparative analysis of antenna array synthesis methods highlights
significant differences in terms of Side Lobe Level (SLL), computational complexity, and adaptability.

Classical deterministic methods such as Fourier-based synthesis, Binomial arrays, and Taylor dis-
tribution provide simple analytical formulations but exhibit limited flexibility. Their SLL performance
typically ranges from —13 dB to —35 dB. Among them, Dolph—Chebyshev and Taylor distributions
offer improved sidelobe control due to their optimized amplitude tapering functions.

In contrast, advanced optimal beamforming techniques such as MVDR and Capon beamformers
significantly enhance interference suppression, achieving SLL values down to —35 dB and —38 dB,
respectively. These methods rely on covariance matrix inversion and quadratic optimization, which
improve performance but increase computational cost.

Convex optimization and second-order cone programming (SOCP) methods provide globally
optimal solutions with SLL levels reaching approximately —40 to —42 dB. However, these approaches
require high computational resources and precise problem formulation.

Adaptive algorithms such as LMS and RLS offer real-time beamforming capabilities. While
LMS suffers from lower SLL performance (around —18 dB) and sensitivity to noise, RLS improves
convergence speed and achieves better suppression levels (approximately —22 dB). Metaheuristic
optimization techniques including Particle Swarm Optimization (PSO), Genetic Algorithms (GA),
Differential Evolution (DE), Firefly Algorithm, and Ant Colony Optimization (ACO) provide flexible
global search capabilities. These methods typically achieve SLL values between —26 dB and —32
dB. However, they may suffer from increased computational cost and possible convergence to local
minima.
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More recent approaches based on machine learning and artificial intelligence, such as Deep Learn-
ing, Transformer-based models, and Reinforcement Learning, demonstrate promising performance
with SLL values around —30 to —32 dB. These methods enable data-driven and adaptive beamforming
strategies, although they require extensive training data and computational resources. Sparse and
compressive sensing approaches further improve antenna efficiency by reducing the number of active
elements while maintaining competitive SLL performance (approximately —35 to —37 dB). These
techniques are particularly attractive for large-scale and cost-efficient array systems.

Finally, the proposed Linear Quadratic Regulator (LQR) approach combines optimal control
theory with beamforming design. It achieves SLL levels between —25 and —35 dB while ensuring
system stability through the Riccati equation formulation. Compared to heuristic methods, the LOR
approach provides a structured and stable framework with lower computational complexity than
convex optimization methods. Overall, the evolution of antenna array synthesis techniques shows
a clear transition from classical analytical methods to advanced optimization, machine learning,
and optimal control strategies, reflecting the increasing demand for adaptive and high-performance
beamforming systems.

2. Optimal Control Formulation for Phased Antenna Arrays

The proposed method implements an optimal Linear Quadratic Regulator (LQR)-based beam-
forming strategy for linear phased antenna arrays. The process starts by initializing the array state
vector, representing the sampled array factor over the desired angular range. Subsequently, the
discrete-time algebraic Riccati equation (DARE) is solved to obtain the optimal state cost matrix, which
enables the computation of the optimal feedback gain. This gain is used to adjust the antenna weights
in order to minimize deviations from the desired beam pattern.

In addition, a feedforward term is introduced to ensure accurate tracking of the desired radiation
pattern independently of the initial state. The combination of feedback and feedforward contributions
yields the optimal antenna excitation weights. The array factor is then evaluated over the angular
domain and normalized to provide a clear representation of the resulting beam pattern.

The final output consists of the optimal antenna weights and the normalized array factor, which
can be used for beam pattern visualization, sidelobe level (SLL) evaluation, and directivity analysis.
Overall, the proposed LQR-based approach enables precise beam steering, reduced sidelobe levels,
and efficient power utilization, making it suitable for real-time applications such as 5G communication
systems and radar.

Algorithm 1: LQR-Based Optimal Beamforming

Inputs: N, d, 60, A, B,Q,R,xy,0
Outputs: Wopt, AFuorm(6)

Step 1:
Xy = 0 (1)
Step 2:
P = AHpA — AMPB(R +B"PB)'BHPA+Q 2)
Step 3:
K = (R+ B"PB)~'B"PA ®)
Step 4:
usr = (BPR'B)'BHR x, 4)
Step 5:
wopt = —Kxo + ugs (G)]
Step 6:
N-1 o
AF(@) _ E wne]nkdsm(e) (6)
n=0
Step 7:
_AF(e)
AFuorm(0) = max [AF(8)] )
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2.1. Results and Discussion

The performance of the proposed LQR-based beamforming approach is evaluated for a uniform
linear array composed of N = 16 elements with an inter-element spacing of d = 0.5A. The operating
wavelength is normalized to A = 1, resulting in a wave number k = 27t/ A. The radiation pattern is
computed over an angular range of 6 € [—90°,90°], with the main beam steered toward O p,in = 20°.

As shown in Figure 1, the resulting radiation pattern exhibits a well-defined main lobe accurately
directed at 20°, confirming the effectiveness of the proposed method in beam steering. Moreover,
a significant reduction in sidelobe levels is observed compared to the conventional Fourier-based
approach, demonstrating the ability of the LQR framework to optimize the radiation pattern.

The amplitude and phase distributions of the optimal excitation weights reveal a non-uniform
structure, which enhances the flexibility of the array in controlling sidelobes and improving directivity.
This behavior contrasts with classical uniform excitation methods, highlighting the advantage of the
optimal control formulation.

Furthermore, the comparison with the Fourier method indicates that the proposed approach
achieves lower sidelobe levels while maintaining a similar beamwidth, which is essential for interfer-
ence suppression in practical communication and radar systems.

Figure 2 illustrates the three-dimensional radiation pattern, confirming strong spatial directivity
and beam concentration around the desired direction. In addition, the beam steering map in Figure 3
demonstrates that the proposed method can effectively steer the beam across a wide angular range
while preserving low sidelobe levels and stable performance.

Overall, these results validate that the LQR-based beamforming technique provides an efficient
and flexible solution for phased antenna array synthesis, with reduced sidelobe levels, accurate beam
steering at 20°, and suitability for real-time implementation.

LQR Beamforming Performance

LQR Radiation Pattern Amplitude of Weights
T T T 1 oo ool
m'-20
E _—
= 05
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(040 ¢
-60 . : 0
-100 50 0 50 100 0 5 10 15
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— = = =[purier
T GT @T GT m-20
> b lé =
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) | o4
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4 : : : 60 : :
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Element Index Angle (deqg)

Figure 1. Performance evaluation of the proposed LOR-based beamforming method: (a) radiation pattern, (b)
amplitude of optimal weights, (c) phase of optimal weights, and (d) comparison with the Fourier-based approach.
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Figure 2. Three-dimensional radiation pattern of the proposed LQR-based beamforming approach, illustrating
spatial directivity and beam focusing capability.
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Figure 3. Beam steering map of the proposed method, showing the normalized array factor versus steering angle.
The results demonstrate accurate beam tracking with low sidelobe levels across a wide angular range.
2.2. Phased Antenna Array Model

Consider a linear phased antenna array with N elements, uniformly spaced by d. The array factor
(AF) at an angle 6 is expressed as [12,13]:

N_l . .
AF(0) = Y wyel"ksin® ®)
n=0
where w;,, € C are the complex excitation weights, and k = 271/A is the wavenumber.
To apply optimal control theory, the antenna array is modeled using a state-space representation[26]:

Xk+1 = Axg + Buy )

where x; € CM is the state vector representing sampled array factor values along desired angles,
uy € CN is the control input vector corresponding to antenna excitations, and A € CM*M B ¢ CM*N
describe the array dynamics including mutual coupling and geometry [27,28].
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2.3. Quadratic Cost Function

The control objective is to minimize the deviation from a desired beam pattern x; while penalizing
excessive excitation power [26,29]:

J=) [(xk —x)"Qx — x4) + ”ERuk} (10)
k=0

where Q > 0 weights pattern errors (beam fidelity and sidelobe suppression), and R - 0 penalizes
control effort. (-)! denotes the conjugate transpose.

2.4. Optimal Control Law

The optimal control input minimizing | is given by a state feedback law [26,27]:
up = —Kxp +ugs (11)
where the feedback gain K is obtained from the discrete-time algebraic Riccati equation (DARE):
P = A"PA — AHPB(R + BEPB)'B"PA + Q (12)

and
K= (R+ BHPB)~'BHpPA (13)

The feedforward term u ¢ ensures tracking of the desired pattern:
uss = (BIRTIB) 1 BHR 1y, (14)

2.5. Performance Metrics and Discussion
Using this optimal control framework, the phased antenna array can achieve:

¢ Main-lobe steering with high directivity [11],

e Sidelobe level reduction (SLL) [9],

e  Efficient power utilization [10],

*  Real-time adaptability for 5G and radar scenarios [28].

The LQR-based design also allows inclusion of practical constraints, such as maximum excitation
amplitude or beamwidth limitations, by appropriately tuning Q and R. This makes the approach
suitable for FPGA or DSP implementations in dynamic wireless environments [27,29]-[9,12].

2.6. Proposed Optimal Control-Based Beamforming Architecture

Figure 4 illustrates the proposed framework for optimal control-based beamforming applied to
phased antenna arrays in 5G communication and radar systems.

The system integrates two main application domains. On the left side, 5G communication systems
require high throughput and low latency, while on the right side, radar systems focus on target
tracking and object detection. Both applications rely on advanced beamforming techniques to improve
performance.

At the core of the system, the phased antenna array is modeled using a state-space representation
given by:

Xpy1 = Axx + Buy (15)

where x; represents the system state and uj denotes the control input corresponding to the antenna
excitation weights.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 4. Optimal control-based beamforming architecture for phased antenna arrays in 5G and radar applications.

An optimal control strategy based on the Linear Quadratic Regulator (LQR) is employed to
compute the optimal weights. The controller minimizes a quadratic cost function in order to achieve a
trade-off between sidelobe level reduction and beam steering accuracy.

The resulting beam pattern exhibits improved characteristics, including low sidelobe levels (SLL)
and high directivity. Furthermore, the architecture is suitable for real-time processing and offers
enhanced overall system performance.

As illustrated in Figure 5, the proposed radar architecture consists of four main stages: signal
generation, beamforming, antenna array radiation, and signal processing.

Input Signal
(Radar / Tx Signal)

¥

Beamforming
(LQR / Optimal Weights)

[
)

Antenna Array
(N elements)

——

2

peppett — T ) i
“(. Received Echo ot

Radiation Pattern /
—

(Main Lobe + SLL)

4.4\..._?_1\9") . '. -

Signal Processing
(Detection, Estimation)

©ER i

Figure 5. Proposed radar system integrating beamforming, antenna array, radiation pattern, and signal processing.
The figure illustrates the signal flow from transmission to reception and processing, highlighting the role of
optimal beamforming in directing the radiation pattern toward the target while minimizing side lobes.
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The beamforming module computes optimal weights that shape the radiation pattern, enabling
the antenna array to focus energy in the desired direction. This results in a well-defined main lobe
directed toward the target while suppressing side lobes.

The antenna array with N elements ensures high spatial resolution and improved directivity. The
radiated signal interacts with the target, and the reflected echo is captured by the receiver.

Finally, the received signal is processed to extract relevant parameters such as target angle, range,
and characteristics, demonstrating the effectiveness of the proposed radar system.

Figure 6 compares five methods for synthesizing a 16-element linear antenna array with an
element spacing of 0.5A and a main lobe steered to 30°. The methods considered are Fourier, Chebyshev,
LMS, RLS, and LOQR (optimal control). Each curve depicts the normalized array factor (AF) as a
function of angle 6. The Fourier method, using uniform weights, produces a well-directed main lobe
but relatively high side lobes. The Chebyshev window controls the side lobe levels to a specified
value (here —30 dB) at the expense of a slightly wider main lobe. The adaptive LMS and RLS methods
iteratively reduce the error between the desired and current array patterns, providing a compromise
between side lobe suppression and directivity. Finally, the LOR approach, based on optimal control
of the weights, generally provides the best trade-off between minimizing side lobes and maximizing
directivity. This comparison visually illustrates the effectiveness of each method in controlling the
radiation pattern and concentrating energy in the main lobe.

Comparison of Antenna Array Synthesis Methods

Fourier
Chebyshev
LMS

RLS

Normalized AF (dB)
' o '
o

Figure 6. Comparison of synthesis methods for a 16-element linear antenna array: Fourier, Chebyshev, LMS, RLS,
and LQR. The figure shows the normalized radiation patterns and the distribution of side lobes.

Figure 7 shows the normalized array factor expressed in dB. The obtained radiation pattern clearly
highlights the presence of a dominant main lobe directed toward the desired steering angle. The
significant attenuation of the side lobes demonstrates the effectiveness of the LOR-based approach in
improving interference rejection and enhancing directivity.

Figure 8 illustrates the radiation pattern in polar coordinates. The main beam is accurately steered
toward the target direction, confirming the precision of the proposed beamforming strategy. The
smooth shape of the pattern indicates a stable and well-controlled antenna response.

Figure 9 presents the magnitude distribution of the optimal antenna weights. The non-uniform
amplitude allocation contributes to sidelobe suppression and improved beam shaping. This weighting
strategy helps concentrate the radiated power toward the desired direction.

Figure 10 depicts the phase of the optimal weights. The phase progression across the antenna
elements ensures constructive interference in the desired direction, which is essential for accurate
beam steering.

Figure 11 compares the proposed LQR-based beamforming with the conventional approach. It is
observed that the LQR method achieves lower sidelobe levels and better beam focusing, resulting in
superior overall performance.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Figure 12 shows the heatmap of the beamforming response for multiple steering angles. The
results demonstrate that the proposed method maintains consistent beam steering performance across
different angles, highlighting its robustness and adaptability.
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Figure 7. Normalized array factor (dB)
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Figure 8. Radiation pattern (polar)

Optimal Weights h‘ﬂagnitude

0 2 4 6 8 10 12 14 16
Antenna Index

Figure 9. Weights magnitude

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.



https://doi.org/10.20944/preprints202605.1202.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 May 2026 d0i:10.20944/preprints202605.1202.v1

110f18

Optimal Weights Phase

Phase (rad)
PR
—

0 2 4 6 8 10 12 14 16
Antenna Index

Figure 10. Weights phase

Beamforming Comparison

LQR
= = =Conventional

ot B

20

=20 b

-40 [ b

Gain (dB)

-60 1

100 . . . . . . . . .
-100 -80 -80 40 -20 0 20 40 60 80 100
Angle (degrees)

Figure 11. Comparison between LQR-based and conventional beamforming
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Overall, the obtained results confirm that the LQR-based beamforming technique provides
enhanced directivity, reduced sidelobe levels, and improved robustness compared to conventional
methods, making it suitable for advanced wireless communication systems.

Figure 13 illustrates the three-dimensional radiation pattern of the proposed LQR-based beam-
forming approach expressed in dB scale. The results clearly show a well-formed and highly concen-
trated main lobe oriented toward the desired direction, which confirms the accuracy of the beam
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steering mechanism. The color distribution and surface shape highlight a significant suppression of
side lobes, indicating that the proposed method effectively minimizes undesired radiation in non-
target directions. This reduction in sidelobe levels contributes to improved interference rejection and
enhanced signal quality. Moreover, the smooth and continuous structure of the radiation surface
demonstrates the stability and robustness of the LQR-based weighting strategy. The spatial distribution
of the gain shows that the energy is strongly focused in a specific *>*¥', while remaining significantly
attenuated elsewhere. Overall, this 3D representation confirms that the proposed approach provides
high directivity, low sidelobe levels, and precise spatial focusing, making it suitable for advanced
antenna array applications such as 5G and massive MIMO systems.

3D Radiation Pattern (Spatial Representation)
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Figure 13. 3D Radiation Pattern (dB)

3. System Model and Problem Formulation

Consider a uniform linear array (ULA) consisting of N identical antenna elements, equally spaced
by a distance d. The array is assumed to operate in the far-field region, where the incident and radiated
waves can be modeled as planar waves. Let w = [wg, w1, .. .,wN,l]T € CN denote the complex
excitation (amplitude and phase) vector applied to the antenna elements.

The array factor (AF), which characterizes the radiation pattern of the array, is given by [12,13]:

N-1
AF(0) = Y wyelmkdsin®) (16)
n=0

where k = 27” is the wavenumber, A is the wavelength, and 6 is the observation angle.
For practical implementation, the angular domain is discretized into M sampling points
{61,02,...,00}. The array response can then be written in vector form as:

AF = Aw (17)
where A € CM*N is the steering matrix defined as:

Apn = ej(nfl)kdsin(f)m) (18)

’

Let x; € CM denote the desired radiation pattern (e.g., a narrow main lobe with suppressed
sidelobes). The beamforming problem can then be formulated as a constrained optimization problem:

min [|Aw — xg(3 (19)
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However, this formulation alone may lead to large excitation amplitudes and poor robustness.
Therefore, a regularized least-squares formulation is considered:

min J(w) = || Aw — xg]13 + Alfewl 13 (20)

where A > 0 is a regularization parameter that controls the trade-off between pattern accuracy and
excitation energy [10].

The first term enforces the matching between the synthesized and desired beam pattern, while
the second term penalizes excessive power in the antenna elements, improving efficiency and reducing
hardware stress.

This optimization problem is equivalent to a Tikhonov regularization problem and admits a
closed-form solution given by:

wopt = (AMA 4+ A1) 1AFy, (21)

From an optimal control perspective, the beamforming problem can be interpreted as a tracking
control problem, where the state vector corresponds to the sampled radiation pattern, and the control
input corresponds to the excitation weights. The cost function can be rewritten in a quadratic form
similar to the Linear Quadratic Regulator (LQR) framework [26]:

J=Y [(xk —x)HQ(xk — x4) + M}?Ruk} (22)
k=0

where Q and R are positive semi-definite weighting matrices that determine the trade-off between
beam accuracy and control effort.

This formulation enables the use of advanced optimal control techniques to compute the excitation
weights, ensuring improved robustness, stability, and adaptability in dynamic environments such as
5G and radar systems [27,28].

Moreover, by appropriately designing the matrices Q and R, it is possible to control key perfor-
mance metrics such as:

e Main lobe direction and beamwidth,

e  Sidelobe level (SLL),

*  Power efficiency of the antenna array,

*  Robustness against noise and model uncertainties.

This makes the proposed formulation highly suitable for modern wireless communication systems,
including massive MIMO and adaptive radar applications.

Figure 15 presents the radiation pattern in polar coordinates. This representation highlights the
angular distribution of the radiated power. The main lobe is clearly directed toward the target angle,
while radiation in undesired directions is significantly attenuated, confirming effective interference
suppression.

Figure 14 shows the normalized array factor in dB. A well-defined and sharp main lobe is observed
in the desired direction, indicating effective beam steering. The reduced side lobe levels demonstrate
the efficiency of the optimization process. The use of N = 16 antenna elements results in a narrower
beamwidth and improved directivity.

Figure 16 illustrates the magnitude of the optimal weights. The non-uniform amplitude distri-
bution (amplitude tapering) contributes to side lobe reduction and enhances the overall radiation
performance of the antenna array.

Figure 17 depicts the phase distribution of the optimal weights. The progressive phase shift across
the antenna elements ensures constructive interference in the desired direction, which is essential for
accurate beam steering and the formation of a strong main beam.
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Figure 14. Normalized array factor (in dB), illustrating the radiation pattern and the direction of the main lobe.
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Figure 15. Radiation pattern in polar coordinates, showing the spatial distribution of the radiated energy.
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Figure 18 compares the proposed beamforming technique with the conventional method. The
proposed approach achieves lower side lobe levels and improved beam focusing, demonstrating
superior performance in terms of radiation control and interference mitigation.

Figure 19 shows the beamforming heatmap over a range of steering angles. The results indicate
that the proposed method maintains a consistent and stable beam response across multiple directions,
highlighting its robustness and adaptability.

Figure 20 presents the three-dimensional radiation pattern of the antenna array. This figure
provides a complete spatial visualization of the radiated energy, confirming high directivity and
efficient energy concentration in the desired direction. The results validate the effectiveness of the
proposed beamforming strategy for advanced wireless and radar applications.
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Figure 18. Performance comparison between the proposed beamforming method and the conventional approach.
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4. Conclusions

This paper proposed a novel optimal control-based beamforming framework for phased antenna
arrays, targeting applications in 5G wireless communications and radar systems. The beamforming
problem was formulated as a discrete-time optimal control problem using a state-space representation,
where a quadratic cost function was introduced to balance radiation pattern accuracy and excitation
power.

The Linear Quadratic Regulator (LQR) approach was employed to compute the optimal excitation
weights by solving the discrete-time algebraic Riccati equation. This method enables precise control of
the radiation pattern while ensuring efficient power utilization and improved robustness compared to
conventional techniques.

Simulation results demonstrated that the proposed method significantly enhances beamforming
performance, achieving lower sidelobe levels, improved main lobe directivity, and accurate beam
steering. In addition, the proposed framework exhibits strong potential for real-time implementation,
particularly on FPGA-based and embedded platforms.

Future work will focus on extending the proposed approach to more complex scenarios, includ-
ing planar and massive MIMO antenna arrays, as well as incorporating hardware constraints and
experimental validation in real-world systems.
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Abbreviations

The following abbreviations are used in this manuscript:

AF Array Factor

LOR Linear Quadratic Regulator

DARE  Discrete-Time Algebraic Riccati Equation
LMS Least Mean Squares

RLS Recursive Least Squares

MVDR  Minimum Variance Distortionless Response
PSO Particle Swarm Optimization

GA Genetic Algorithm

SOCP  Second-Order Cone Programming
ULA Uniform Linear Array

FPGA  Field-Programmable Gate Array
DSP Digital Signal Processing

MIMO  Multiple-Input Multiple-Output
SLL Side Lobe Level

SNR Signal-to-Noise Ratio

Al Artificial Intelligence

ACO Ant Colony Optimization

DE Differential Evolution

5G Fifth Generation Wireless Communication
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