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Abstract: In this paper, we give closed-form expressions of the p-Frobenius number for the triple of the generalized
star numbers an(n — 1) + 1 for an integer 2 > 4. When a = 6, it is reduced to the famous star number. For the
set of given positive integers {ay,ay, ..., a;}, the p-Frobenius number is the largest integer N whose number of
nonnegative integer representations N = a1x1 + axxp + - - - 4 aixy is at most p. When p = 0, the 0-Frobenius
number is the classical Frobenius number, which is the central topic of the famous linear Diophantine problem of
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1. Introduction

For an integer a > 4, define the generalized star numbers S, , by
San=an(n—1)+1 (n>0). 1)

When a = 6, S;; = Sg,, are the ordinary star numbers, which are often known as the centered 12-
gonal numbers or centered dodecagonal numbers. A star number is a centered figurate number that
represents a centered hexagram, such as the one that Chinese checkers is played on. As can be seen
in Figure 1, the star numbers show a nice symmetry. The star numbers are used for a new set of
vector-valued Teichmdiller modular forms, defined on the Teichmiiller space, strictly related to the
Mumford forms, which are holomorphic global sections of the vector bundle [1]. The first star numbers
are given by

{Su}n>0 =1,13,37,73,121,181,253,337,433, 541, 661,
793,937,1093,1261,1441,1633,1837,2053, . ..

([2, A.131],[3, A003154]). Some well-known formulas include:

£ 1 _men(n/2/3) S

=7¢ and S—n

=26.
=1 Sn 2V3 n—o =0 2"

Figure 1. Chinese Checker.

Geometrically, the n-th generalized star number S, , is made up of a central point and 2a copies of
the (n — 1)-th triangular number, making it numerically equal to the n-th centered (2a)-gonal number,
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but differently arranged. Therefore, S, are often called the centered 2a-gonal numbers. The generalized
star numbers satisfy the linear recurrence equation

Su,n == Sa,nfl + 211(1’1 — 1) .

When a = 4,5,7,8,9,10,11, 12, the centered 2a-gonal numbers are listed in [3, A016754, A062786,
A069127, A069129, A069131, A069133, A069173, A069190], respectively.

The p-numerical semigroup S,(A) from the set of the positive integers {ay,ay,...,a;} (k > 2)
is defined as the set of integers whose nonnegative integral linear combinations of given positive
integers ay, ay, . . ., ax are expressed in more than p ways [4]. For some backgrounds on the number
of representations, see, e.g., [5-8]. For a set of nonnegative integers Ny, the set NO\SP is finite if and
only if ged(ay, az,...,a¢) = 1. Then there exists the largest integer g,(A) := g(Sp) in Ng\S,, which
is called the p-Frobenius number. The cardinality of Ng\S, is called the p-genus (or the p-Sylvester
number) and is denoted by 1,(A) := n(Sy). This kind of concept is a generalization of the famous
Diophantine problem of Frobenius ([9,10]) since p = 0 is the case when the original Frobenius number
g(A) = go(A) and the genus n(A) = ny(A).

When k = 2, there exists the explicit closed formula of the p-Frobenius number for any non-
negative integer p. However, for k = 3, the p-Frobenius number cannot be given by any set of closed
formulas, which can be reduced to a finite set of certain polynomials ([11]). Since it is very difficult to
give a closed explicit formula for any general sequence for three or more variables, many researchers
have tried to find the Frobenius number for special cases (see, e.g., [12-14]). Though it is even more
difficult when p > 0 (see, e.g., [15-18]), in [19], the p-Frobenius numbers of the consecutive three
triangular numbers are studied.

In this paper, the closed-form expressions of the p-Frobenius numbers of the consecutive three
star numbers {Ss ., Sy n+1,Sant2} (@ > 4 and n > 2) are shown. We also give the explicit formula for
their p-Sylvester number.

2. Basic Properties of the Generalized Star Numbers

In this section, we shall show some basic formulas for the generalized star numbers.

Proposition 1.

Z]’ZMwmﬂF@ﬁ”)@z& Z&TZWH%
=1 San u(a—4) n=0

- (_1)nsu,n o a+1 - San — ﬂ L

ng() n e ’ n;)b” _(b—1)3+ -1 O

Proof. The second and third identities are trivial from the definition in (1). For the first identity, by
referring to [20, Ch.25], put

(z) _ 1 _ 1
8 az(z—1)4+1 a(z—a)(z—p)
where
a++Va?—4a a a2 — 4a
a = % and B = o

For h(z) = mg(z) cot rtz,

. . Tmcotmz  rrcotma
Res,—.h = 11_r)n(z —a)rtg(z) cot mz = lim =
Z—K

sea(z— ) ala—p)
= Al cot<a+ a2—4aﬂ>

a2 — 4a 2
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= _ T tan a —4{1”
Vil —4a 2a ’
' . Tmcotmz  mcotmpP
Res,_gh = lim (z — trz =1 =
es,=ph = lim(z = p)mg(z) cotmz = lim == 5 = S B—a)

-7 (a—\/a2—4a )
= cot 7T

a2 —4a 2a
T Va* —4a
= - tan T,
Va2 —4a 2a
Hence, we get
Y e = L 60 = —(Reseoyl+ Res. )
pan(n 1)1, e ST TSR
21 Va2 —4a
= tan T .
Va2 —4a 2a
Since
= +
n_X:OO an(n—1)+1 n; an(n—1)+1 nzzoa(—n)(—n—l)—i—l
o 1
=2
7;_1 an(n—1)+1"
we obtain the first identity.
For the fourth identity, consider the function
A= (D) = s
=\b b—x
Since ( )
e e nn—=1) , 5 2b
h(X)_.r;) [ X _(b_x)3r
we have
no_ . Ly =
L T v R
_ 2ab b
S (b-1)8 b-1
O
3. Apéry Set

We introduce the Apéry set [21] to obtain the formulas in this paper.
Let p be a nonnegative integer. For a set of positive integers A = {ay,a,...,a;} with ged(A) =1
and a7 = min(A) we denote by

App(A) = Ap(ay,ay,...,ar) = {mép),mgp),. ..,mgfll},
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the Apéry set of A, where each positive integer ml(p ) (0 <i<ay —1) satisfies the conditions:
()mP =i (moday), (ii)m" €S,(A), (iii)m" —a, ¢S,(A)

Note that my is defined to be 0.
It follows that for each p,

App(A) ={0,1,...,ay — 1} (mod aq).

One of the convenient formulas to obtain the p-Frobenius number is via the elements in the
corresponding p-Apéry set ([22]).

Lemma 1. Let ged(ay, ..., a;) = 1 with a; = min{ay, ..., a;}. Then we have

= () _ 2

gplar, ... ax) o RAX T = 2)
1 m! (» m—1

np(ay,...,ax) = . ]'2:() mt = ———. 3)

Remark 1. When p = 0, the formulas (2) and (3) are essentially due to Brauer and Shockley [23], and Selmer
[24], respectively. More general formulas, including the p-power sum and the p-weighted sum, can be seen in
[22,25].

4. Main Result

It has been determined that the p-Frobenius number of the three consecutive generalized star
numbers can be given as follows. The general result for a non-negative p is based upon the result for
p = 0, which is stated as follows.

Theorem 1. When a is even with a > 4 and n > 2, we have

go(su,m Sa,n+1/ Sa,n+2)

(zn)sa,nJrl + (% - 1)1’15,1 n+2 — San

3a _ -3 3a—21+2 .
if 41 21 SNS S5 (1=>2);

(2In— 3% +1-3)Sg 41+ (§ —l+1)nsa,n+2 — San

3a—21+3 1-3 .
_ if S T sns 4(1 ey (122

(2n)sa,n+1 + (j - 1)nsa,n+2 - Sa,n
fE+1<n<3

(277 -7 2) San+1+ %nsa,nJrZ —San
ifn>3%+1.

When a is odd with a > 5 and n > 2, we have

8o (Sa,nz Sa,n-i—lr Sa,n+2)
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(2”)Sa,n+1 + ﬂizlJﬁlnSa n+2 — San
3a—21+7 3a—2143 .
o1 <"<%Gpry (122
_ ((21 - 1)” M)S +1+ a_221+3n5a,n+2 - Sa,n
o 3a—2l+4 3a—20+7 .
fany <n<2@s (122
(Zn)sa,n+1 + & 5= nsa,n+2 San
ifn > %32
Remark 2. It is clear that there is no integer between 3% — =3 and 8o _ =2 (exclusive), and between
8! a
3 -1 :
2(21‘11) s and (21 0 (exclusive).
More precisely, for example, when a = 8 and a = 9 we have
80(Ss,n, Ss,n+1, Sgn+2)
4Sg 141+ 2Sg 142 — S ifn=2;
6S58,1+1 + 658 142 — Sg,n ifn=3;
(471 — 13)Sg,n+1 +3nSg 4+2 — Sg,n if4 <n <5
2nSg 11 +31nSg 42 — Sg if7 <n<12;
(21’1 - 14)Sg,n+1 + 4?188,,“_2 - 58,71 ifn>13
and
80(S9,1, S9,n+1, S9,n+2)
S93+4594 — S92 ifn=2;
6S94 + 6595 — So3 ifn=23;
6S95 + 12596 — Sg 4 if n =4
2nS8g y41 +3nS9 42 — Son if5<n<6;
(31 —15)Sg 41 +4nSg 2 — So, if7 <n <15
2nSg 11 +4nSg ;42 — So 4 ifn > 16,
respectively.

4.1. Proof of Theorem 1

4.1.1. Even Case

Let a be even with a > 4. For a positive integer /, we shall prove that the elements of the 0-Apéry
set can be arranged as in Table 1. Here, for simplicity, consider the representation

tyz == YSan+1+zSan+2 (y,2>0).

First, from the length relationship in the horizontal direction (y value) in Table 1,

21n—%a+l—320 and ZZn—ga—i—l—San,

o 3 I-3 3 -3
a — a —

_ < < — .
4 T =S"Fag-1n  20-1)
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Since 5,1 = 1, we must assume that n > 2. Hence,
3a -3 10l — 14
- >2 > . 4
i1—-1) 20-1 =" " =773 @
Since tont1,0 — fon = (1’[ + 1)Su,n1
tang1,0 = ton  (mod Sy ) and  tri10 > toy- ()
Since ( 20)( 2
a+2l)(n+1)—
t21n737“+172,0 + tO,(%fl)n+1 - ) San,
we have
boin—38 1120 = ~to(g-nnr1  (mod Sap). (6)

Now, we need to see that the sequence {£S, ;11 }?1’671 runs over every element of the 0-Apéry set once
and all. After the long subsequence with length 2n + 1

. a
i‘o/]', tl,j/' . -/th,j (] =0,1,..., (E — l)?’l) ,

by (5), it is continued to the next subsequence by increasing by n rows:

tO,j+n/ tl,j+}’ll cee .

After the short subsequence with length 2In — 32 + 1 — 2

. a a a
to,j t,js - ..,tzlnf%mf&j (j= (E —Dn+1, (E —Dn+2,. "’<§ —1+1)n),

by (6), it is continued to the long subsequence by decreasing by ((5 — I)n + 1) rows:

toj—(g—tn—1-t,j— (4 —Dn—17 -+ - rtanj— (4 —n—1-

Since ged(n, (5 —I)n +1) = 1, by this process, any element is not overlapped, and all the elements

can be counted only once. Since ged(San, Spnt1) = 1, we have {£S, ;11 }51'6_1 = {6}31’6_1.
In Table 1, there are two candidates to take the largest element of the 0-Apéry set: ton,(g—1yn OF
t . We see that

2ln—3a+1-3,(4~1+1)n

botn—3as1-3,(8—1+1)n — ton(g—1n = E(a,n,1)

= (21 — 1)an® — (3;2—(31—2)a>nz— (332—(1—1)(1—21+1>n

Consider the largest root of E(a,n,1) = 0 on n. Since for I > 2 and a > WT_M in (4)

30 —21+3 a(3a+21+1)(3a—214+3) 3
E 7 711 - - A
2(21 - 1) 8(21 —1)2 2

4801° — 192412 + 24391 — 1019 ~0

= 12020 —1)

30a—-214+2
E<a,2(2l1),l> = _2<0,

d0i:10.20944/preprints202407.2280.v1
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302143
a +,t

when n > 201-1)

2n—3at1-3,(2—1+1)n is the largest, and by Lemma 1 (2), we have

80 (Su,n/ Sa,n+1; Sa,n+2)

3 a
= (2[1’[ - Ea +1— 3) Sa,n+l + (E -1+ 1)1’15,1’71_‘_2 — Sa,n .

When n < %, t2n,(%— D is the largest, and we have

a

5 l)nsa,nJrZ —San -

80(Sum, Sani1, Sani2) = (2m)Sanin + (

Table 1. Apy(Sa,n, Sant1,San+2) when a is even.

to,0 e toin—3a+1-3,0 botn—3a+1-2,0 R tan,0
tO,(%*l)n e t21n7%a+173,(%71)n t21n7%u+172,(%71)n e e t2n,(%fl)n
foa—pnt1 0 tam-3ati-3(8-nn+1
foa—ivnn 0 tan-3ati-3(2—1+1)n

Since forl =1landa > 2

3a 94° 942
E(a,z—i—l,l) —T+7+2a—1>0,

3a
(ﬂ, > ’ ) < 0,

3a
whenn > 5 +1, t2n_%a

Y is the largest, and we have

3 a
gO(Su,n/ Sa,n+1/ Sa,n+2) = (27’1 - Ea - 2) Sa,n+1 + Ensu,n-&-Z - Su,n .

When n < 37”, ton, (5 —1)n 1 the largest, and we have

a
g()(sa,n/ Sa,n+1/ Sa,n+2) = (zn)sa,n+1 + (E - 1) nsa,n+2 —San -

4.1.2. Odd Case

Let a be odd with a > 5. We shall prove that when n < 3(a + 1) /2, the elements of the 0-Apéry
set can be arranged as in Table 2. First, from the length relationship in the horizontal direction (y value)

in Table 2,
2047 2047
(21—1)71—361%20 and (21—1)n—3”%g2n,
o 3a-21+7 3020 +7
a—20+ a—2l+
221—1) = "= 20@20-3)

Since the possible n > 2, we have

3a—-21+7 10l — 19
> > — .
n> 2020 -3) or a> 3 (7)
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Since ( 20)( 3 3
a—+ n+1l)—n-—
t(zlfl)n73“*§H5,O + tola—221+1 n+1 - P Sa,n ’
we have
t(ﬂ—l)n—%,o = _to,%nﬂ (mod Sa,n) - 8)

Now, the sequence {¢S, ;11 }?i'(‘fl runs over the elements of 0-Apéry set once and all. After the long
subsequence with length 2n + 1

a—21+1

tO,jrtl,j/--'rth,j (] = 0,1,..., 2 1’1),

by (5), it is continued to the next subsequence by increasing by n rows:
tO,j—i—n/ tl,j-‘ri’ll cee e
After the short subsequence with length (21 — 1)n — w

. oa—21+1 a—2l+1 a—2l+3
tO,jl tl,j/ ceey t(ZZ—l)n—3”’%l+5,j (] - 2 n + 1/ 2 n + 2/ sy f”) 7

a—21+1
(==

by (8), it is continued to the long subsequence by decreasing by n + 1) rows:

bojagiy,poby et qoe e by ey, g

Since ged(n, %n +1) =1, by this process, any element is not overlapped, and all the elements can
be counted only once. Since ged(Syn, Spnt+1) = 1, we have {£S, ;11 }?Z";l = {K}?Z{l.

In Table 2, there are two candidates to take the largest values: tZ",“fzzI“ " and t(2l—1) ST TR S TS
Notice that

Folo1yn— 0= a=ss,, — by a-pien, 1= O(a,n,lI)

_ 2 _ _ _ _
:2(1—1)an3—”(3” 26l+7)n2_3a (21 32)a 4l-1)
73a—21+7
—

Since for! > 2 and a > 101%19 in (7)

O( 3a—21+4l) a(Ba+21)(3a—21+4) 3

AT Y 32(1—1)2 2
9601° — 528812 + 94671 — 5559 _
= 9%6(1 — 1) ’
30-21+3
O(ﬂ, 4(1_1),1) =-2 < 0,

when n < %, t,, a-2111, is the largest in the 0-Apéry set. Hence, by Lemma 1 (2), we have
72

a—21+1

> 1Sy 42 — San -

gO(Su,nr Sa,n+1r Sa,n+2) = (2n)sa,n+l +

3a—21+4 .
When n > ) t(ZIil)n73a7§1+7,a7221+3n is the largest, and we have

80 (Su,n/ Su,n+lr Su,n+2)
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3a—-21+7 a—21+3
= ((Zl - 1)11 I — Sant1 + fnsa,,wz —San-
Table 2. Ap(Sa,n, San+1, Sant2) when a is odd.
to’o e t(Zl—l)n—Sa%w),O t(21—1)n—w,0 Ce e t2n,0
to/n—22l+ln < t<21_1>n_3a7§1+7/u7221+1n t(zl—l)n—3“’§’+5,”’22’“n SRR tzn/n—ZZIJrln
tO,”’ZzHl ntl c t(21_1)n_3a7%1+7,a—221+1 n+1
tO u—2l+3n et t(zl_l)n_Bu—21+7 n—2l+3n
s 2 2 4 2
Forl =1, by
n(n+1)a(3a+1 3a+5
O(a,n,1) =— ( Ja( ) _ <0,

2 2
we can find that £, a1y is the largest in the 0-Apéry set. Hence, by Lemma 1 (2), we have

a
g()(sa,nr Sa,n+1/ Sa,n+2) = (Zn)sa,n+1 + T”Sa,‘rz-ﬂ —San-

5.p=1

The arrangement of the elements of the 1-Apéry set can be determined from those of the 0-Apéry
set. As seen in the case where p = 0, there are four different patterns about the arrangement of the
elements of the 0-Apéry set.

Consider the case where a is even with a > 4. Otherwise, the following argument is not valid. By

_ (a+2)n+a

(5), (6) and t 3420 1,(3-1)ntl = +—— Sa,n, we have the correspondences between the elements of
the 0-Apéry set and those of the 1-Apéry set:

7

7 —bm

tyz =tyioni1z—n  (mod Sgp) (O <y<2n,n<z<(

7

0§y§21n—32—a+l—3, (5

m+1<z< (;—l—i—l)n),
bye =ty o3 1221 (8 Dt (mod Sg,n)

(ogyg 32{1—2(l—l)n—l+2,0§z§n—1>,
bye =t 3 o0 1)ntl-324(§—1+1)n+1 (mod Sy)

(32{1—2(1—1)n—l—|—3§y§2n,0§z§n—1),

respectively. Namely, in Table 3, the elements in the first n rows are simply moved below the 0-Apéry
set to fill in the gap. However, the remaining portion is moved to the lower left. Elements other than
the first n rows are shifted to the right side of the 0-Apéry set by shifting up n rows.

Set Tyy,x := XSan + YSant+1 + 2Sa,n+2. We can show that all the elements of the 1-Apéry set have
at least 2 different representations:

Tntly,z = Wy +2n+1,z—n (0 < y <2n,n<z< (* - l)i’l;
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3

O§y§21n—§+l—3, (g—l)n—l-lSzS (;—H—l)n),

T<a+2l)<2n+1)72,y,z = Toy+20n—30 41224 (&—)n+1
3

<0§y§ ;—Z(Z—I)n—l+2,0§z§n—1>,
Tetaantatais | = Toy— 3 402(1-1)n+1-3,2+(§—1+1)n+1

<32a—2(1—1)n—l+3§y§2n,0§z§n—l>.

Table 3. Ap;(Sa,n, Sant1,Sant2) When a is even.

tant1,0 e e tan+1,0

by, (s—i-1)n " T e
bnil,(3-1-Dnt1 0 Be- 212, (411t
ton s, (8 -1)n b= 41-2,(s -
L Y () |
b2y a-1vyn 0 0 hagom
fo(s-1nr1 7t Byos (it
bos-irn 0 by w3 o

From Table 3, there are four candidates to take the largest value of Ap;(Sau, Sant1, San+2):

bin—341-3,(3—142n  Pon(§—140mw  bagsm-r—2,3-nw  Hna(g-1-1n-

Since

botn—3a 113,38 142y ~ 2 1)n—3 41-2,(3—1)n

= b, (8 141)n — tant1,(g—1-1)n = 3an(n+1) —1>0,

similarly to the case where p = 0, there are only two possibilities. Namely, when i—‘l’ — 15—13 <n<

32“(;12_152 (I>2)or ‘1—“ +1<n< % (=1, ton, (4 —14+1)n is the largest, so by Lemma 1 (2) we have

a
&1 (Sﬂ,i’l/ Sa,n+1/ Sa,n+2) = (zn)sa,nJrl + (E -1+ 1>nsu,n+2 - sa,n .

3a—214+3 3 1-3 3 =
When 55 <" S qiop ~zimp ( 2 2)orn = 3+ 10 =1) ¢

and we have

23 41-3,(4—1+2)n 13 the largest,

4t (Su,n/ Sa,n+1/ Sa,n+2)

3a a
- (2111 — S+l 3) Sumi1+ (E I+ 2) NSamni2 — Sam -

The case where a is odd is not so similar, but analogous patterns and corresponding congruences
and inequalities give the following results. When a is odd with a > 5 and n > 2, we have

81 (Sa,n/ Sa,n-‘,—lr Sa,n+2)
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(2n)sa,n+1 + a7221+3”5a,n+2 —San
if §oPT < n < S (12 2);
_ ((21 - 1)” - 3a_zﬁ)sa,n+l + a_221+5”5a,n+2 — San
if §75 <n < 3RHT (1> 2);
(Zn)sa,n+1 + %nsa,n-ﬂ — San
: 3a+5
ifn > 322,
6.p>2
The elements of the 2-Apéry set can be determined from those of the 1-Apéry set as follows. See
Table 4.

Similarly to the case where p = 1, the elements in the first #n rows of the main part of the 1-Apéry
set are simply moved below the 0-Apéry set to fill in the gap. However, the remaining portion is
moved to the lower left of the 0-Apéry. Elements other than the first n rows of the main part are shifted
to the right side of the 0-Apéry set by shifting up n rows. The other staircase parts are shifted to the
left by (21 + 1) and upward by n.

In Table 4, by comparing the six candidates

t21n737“+173,(%7l+3)n’ t2n,(%71+2)n/ t2(l+1)n7%+l—2,(§71+1)n'

Fan1,(4=1)nr B 2pn— 30 11-1,(g—1- 1w Lon+2,(§—1-2)n

we find that ton, (4§ —14+2)n 1S the largest element of the 2-Apéry set when % — 15—13 <n< 32“(512_“1“)2

3 3 (1 — 1)-
(=2orF+l<n<g =1ty s 505 113

32“(512153 <n< 4(13fl) — 2(11131) (I>2)orn> 37“ +1 (I = 1). Therefore, by Lemma 1 (2) we have

is the largest element of the 2-Apéry set when

gz(Su,n, Sa,n+1/ sa,n+2)

(Zn)sa,n-i-l + (% -1+ Z)nsa,n+2 — San
ifiu _1-3 <n< 3a—21+2 (l > 2);

a2l 2021-1)
(20n — 3 41 -3)S, 41 + (& — 1 +3)nSsni2 — San
¢ 322143 3 -3
- 55 << gy~ sy (=22,

(zn)su,nJrl + (% + 1)nsa,n+2 —San
if3+1<n<3,

(27’1 - % - 2) San+1+ (% + 2)71511,71+2 — San
ifn >3 +1.
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Table 4. Ap,(San, San+1, San+2)-

tini20 s torran—241-10 forpayn—%+10 e ton+2,0

b2 e 2aongo2n temagn-2angogn 0 e (312

Horpayn—241-1,(4—1-2)n+1

b (a—1-n 0 R B o111

torropn-2 a1 g—1-ns1 7 0 Hnp(g-i-nen

Hor2)n—2 +1-1,(2—)n tant1,(4-1)n

b (s—nnst 0 Lo 24—ttt

L O e N P T e Ry ey

bin-gio(g-tetmsr 0t (g—rnn

bn—iia(a—t42n 0 bnaoigon

fo(g—t12nt1 7 b3 (g4

bos—ivan 0 b w3143
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Similarly, for p = 3,4, ..., the elements of the p-Apéry set can also be determined from those of
the (p — 1)-Apéry set. However, the same pattern cannot be continued. As seen in Table 5, the situation
is changed. @), @ and @) indicate the position of the largest elements of the 0-, 1- and 2-Apéry sets,

respectively, when 222243 < 5 < (I>2)orn> 3” +1( =1);and @, @ and @ when
p Y 2021-1) 4(1 1) 2(1 1

% — T <n< 3”(212”{2 (I1>2)or 3” +1<n< 3” (I = 1). We can see that no element of the Apéry
set can exist at the expected locatlon for the largest value. Then, in general, for p > § — 1+ 1, the
same formula cannot be applied, and the situation becomes more and more Complicated, though the

p-Frobenius numbers should exist.

Table 5. Ap;(Sna, Sn+1,ar Snt2,a)-

I

®
) B
@ @

L — — — 4

Therefore, for a general integer p with 0 < p < 7 — [ we have the following. Note that the case
where a is odd is not so similar, but analogous arguments can be applied.

Theorem 2. When a is even with a > 6 and n > 2, for integers 0 < p < % —landl > 2

Sp (Su,n/ Sa,n-i—lz Sa,n+2)

(Zn)sa,nJrl + (P + % - l)nsa n+2 — San

-3 3a-2142.
’f* P<n< 2021-1) /

(2In =3 —1)Sapni1 + (p +5 - l +1)nSani2 — Sam

30-2143 _1-3
if 5 a1 Sns ( 1) 20-1)

forintegersn > 2and 0 < p < 5 —

8p (Sa,n/ Sa,n+1/ Su,n+2)
_ (2n)Spns1 + (P + % - 1)7’lsa,n+2 — San lf%a +1<n< 3,
(21— F =2)Sans1+ (P+§)nSams2 = San ifn > F +1.

WhenaisoddwithaZSananZ,forOSpg#withlzz

8p (Sa,n/ Su,n+l/ Su,n+2)
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<2n)su,n+l + <P + a72l+1)nsu n+2 — Su n

3a—21+7 3a—21+3.
U o Y N T s
((21 - 1)” A= 21+7)Su n+1 + (P + %>nsa,n+2 - Sa,n

f?)ﬂ 21+4 <n< 3a(212143r)7,

for integersn > 2and 0 < p < 451

8p (Su,n/ Su,n+1/ Sa,n+2)

a—1 . 3a+5
_(2n)sa,n+1+<p+ . )nsa,m—sa,n ifn> 2012

Remark 3. When a is even, the first and second conditions in the first identity are equivalent to

2 2 2 4
3a+6§l§3a+ n+ and 3a+ n+3§lg3a+ n+6’
4n +2 4dn+2 4dn +2 4n+2

respectively. When a is odd, the first and second conditions in the third identity are equivalent to

3a+2n+7§l§3a+4n+3 and 3a+4n+4§l§3a+6n+71
4n+2 4n 42 4n 42 4n 42

respectively.

7. p-Genus

Let a be even with a > 4. Observing Tables 1, 3 and 4, the sum of the elements of the p-Apéry set
is made by dividing into three parts: all the left sides of the staircase, all the right sides of the staircase,
and the main part. For 0 < p < 7 — [ with > 1 we have

San—1

Zm

p—1 (2n+D)x+2ln—38 +1-3 (p+2—2k—I+1)n

= ty,z
k=0 y=2n+1)x z=(p+4—2k—1)n+1
p—1 (2n+1)(xk+1)-1 (p+5—2k—)n
+ 2 X X tyz

k=0 y=(2n+1)x+2In— % +1-2z=(p+5-2k—1-1)n+1

p(2n+1)+2n (3—p—hn pn+1)+2in—¥4+1-3 (§—p—I+1)n
+ Z 2 t]/rz + Z Z ty,z
y=p(2n+1) z=0 y=p(2n+1) z=(§—p-In+1
Sﬂi’l

8
+a* —2(6] — 5)a +4(1 —2)(I - 3))

=2 (n(z(a2 +4a+41(1 —1))n* + (34> — 2(6] —5)a+4(31 —1)(1 —2))n

+4(2n+1)(2Squt1 —n(n+1))p —4n(n+1)(2n + 1)p2> .
By Lemma 1 (3), we have

Su,nfl ( ) Sa w— 1
”P(Su,nzsu,n+lr5a,n+2) =<5 Z m.p - .

Son 55 2
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- ;(”(2012 +da+ 41— 1))n* + (3a® —6(21 —1)a+4(31 - 1)(I —2))n
+ > —2(61 — 7)a+4(1 - 2)(1 - 3))

+4(2n+1)(2Sq 41 —n(n+1))p —4n(n+1)(2n + 1)p2) .

When ais odd witha > 5,for 0 < p < % with [ > 1 we have

5 1m](p>
j=0
p—1 n+ 1)+ (21-1)n— 30247 (ppa=23 oy,
=) )3 Y by
x=0 y=(2n+1)x z=(p+ 274+ 2x)n+1
p—1 (2n+1)(k+1)-1 (p+2=2+L 25 )n
+) ) Y by
k=0 y= (2n+1)x+ (21— 1)n— 37245 7= (py 1=2=1 2y 41
pn+1)+2n (4L —p)n p(2n+1)+(2—1)n—30=2+7 (1243 _ 4y,
+ Z Z ty,z + Z Z ty,z
y=p(2n+1) =0 y=p(2n+1) 2=(=2H_pyu i1

Sgﬂ (n(z((a +1)(a+3) +41( —2))n* + (32> — 4(3] — 4)a + (2 - 5)(6] = 5))n

+a® —4(31 —4)a+ (21 - 5)(21 - 7))

+4(2n+1) (2S5 441 —n(n+1))p —4n(n+1)(2n + 1)p2> .

By Lemma 1 (3), we have

Nnp (Sa,n; Sa,n+1/ Sa,n+2)

= 1(n(z((a +1)(a+3)+4l(I —2))n*+ (32> —12(1 — 1)a + (21 = 5) (6] — 5))n

8
+a* —4(31 = 5)a + (21 — 5)(21 - 7))

+4(2n+1)(2S4 41 —n(n+1))p —4n(n+1)(2n + 1)p2> .

Theorem 3. When a is even witha > 4andn > 2,for0 < p < 5 —lwith > 1,

ny (Sans San+1, Sant2)

= 51;<”(2(ﬂ2 +4a+41(1—1))n® + 32 —6(2l — 1)a+4(3l —1)(1 —2))n

+a? —2(6l — 7)a+4(1—2)(1 - 3))

+4(2n+1)(2Squi1 —n(n+1))p —4n(n+1)(2n+ 1)p2) .

When a is odd witha > 5andn > 2, for 0 < p < %withl >1,

np (Sa,n; Sa,n+1/ Sa,n+2)

= 51;(”(2((“ +1)(a+3) +41(1—2))n? + (3a® — 12(1 — 1)a + (2 — 5)(6] — 5))n
+0a? —4(31 —5)a+ (21 —5)(21 = 7))
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+4(2n+1)(2Sg 1 —n(n+1))p —4n(n+1)(2n + 1)p2> .

8. Examples
When (a,n) = (22,9), by Remark of Theorem 2, we see that

36 43
1919

and there is no integer in the interval {%, %} , the first identity of the even case in Theorem 2 is applied

with ! = 2. Then, for 0 < p<9=%2 -2

8p(522,9, 522,10, 522,11) = §p(1585,1981,2421)
= 1852210 +22(p +9)S22,11 — S22,10 -

The first several terms are

{8p(522,9, 522,10, S22,11) }3:0 = 230174,251963, 273752,295541,
317330, 339119, 360908, 382697, 404486, 426275 .

However, when p = 10, the identity does not give the correct value of 442125 but the wrong value of
448064.
Concerning the p-genus, by the first identity of Theorem 3, we have

{1p(S229, S2.10, S2211) Fog = 116694, 152623, 186842, 219351,
250150, 279239, 306618, 332287, 356246, 378495 .

When (a,n) = (13,11), by Remark of Theorem 2, we see that there is no integer in the interval

34 43

[g, g:l and
87 56

2e [4623]

the second identity of the odd case in Theorem 2 is applied with [ = 2. Then, for0 < p <5 = % we

have

{8p(S513,11, 513,12, S13,13) }?;:o
= 153087,175406,197725,220044,242363, 264682 .

Concerning the p-genus, by the third identity of Theorem 3, we have

{np(S1311, 513,12, S13,13) }‘;’;:o
=79904,116359,149778,180161,207508,231819 .

9. Final Comments

One should not think that the results in this paper are quite similar to some previous works. In
general, it is never easy to find any explicit formula for the Frobenius number for given sequences or
tuples with three or more variables. When p > 0, the situation is even harder. For example, triangular
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numbers are given as a polynomial of similar quadratic polynomials too. The explicit formulas of the
p-Frobenius number of consecutive triangular numbers have been successful in being given in [14,19]
and the case of squares is also possible [26]. But nothing has been known for pentagonal, hexagonal,
heptagonal, octagonal numbers given by n(kn — k +2)/2 for k = 5,6,7, 8, respectively.
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