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Abstract: In this paper, we focus on the properties of local energy minima and energy barriers in immobilized dense

clusters of magnetic nanoparticles. Understanding of these features is highly interesting both for the fundamental

physics of disordered systems with the long-range interparticle interaction and for numerous applications of

modern ferrofluids consisting of such clusters. In particular, it is needed to predict the ac-susceptibility of these

systems and their magnetization relaxation after a sudden change of the external field, because both processes

occur via the magnetization jumps over energy barriers that separate the energy minima. Due to the exponential

increase of the corresponding jump time with the barrier height (tsw ∼ exp(∆E/kT)) direct Langevin dynamics

simulations of this process are not feasible. For this reason, we have developed efficient numerical methods both

for finding as many energy minima as possible and for the reliable evaluation of energy barriers between them.

Our results for the distribution of overlaps between the local energy minima imply that there is no spin-glass

state in such clusters even when they consist of particles with a small anisotropy. Further, we show that the

distributions of energy barrier heights are qualitatively different for clusters of particles with small, intermediate

and large anisotropies, what has important consequences for the magnetization dynamics of these systems.

Keywords: magnetic nanoparticles; numerical simulations; energy minima; energy barriers

1. Introduction

Functionalized nanoparticles have become indispensable in modern technology, especially in
medical diagnostics and therapy (see, for example, the reviews [1–5] and the literature cited therein).
Ferromagnetic nanoparticles with sizes ranging from about 10 nm to approximately 200 nm, which
under normal conditions remain in a (roughly) single-domain state, play a particularly important role
[6–9]. Due to their high magnetic moment, these particles can be controlled by an external magnetic
field, which otherwise has relatively little influence on processes in living organisms, since these
organisms (except for some exotic bacteria) do not contain ferromagnetic materials.

For this reason, systems of magnetic nanoparticles in a carrier fluid (ferrofluids) are already
actively used for many purposes, or relevant methods are being intensively researched. These topics
include (i) targeted drug delivery using a gradient magnetic field [4,7,9], (ii) magnetic hyperthermia [1,
2,10,11], isolation and enrichment for diagnostic and therapeutic purposes [8], (iii) imaging techniques
for the location of magnetic nanoparticles in tissue (Magnetic Particle Imaging) for diagnostic purposes
[12,13] etc.

This variety of applications requires extensive theoretical analysis to understand the processes in
many-particles magnetic systems and to provide recommendations to manufacturers and users of these
substances. This analysis is complicated by several factors, mainly by the long-range magnetodipolar
interparticle interaction, but also by a relatively wide distribution of particle parameters (size, shape,
magnetization, and magnetic anisotropy) and different types of particle coatings required for various
applications.

Significant efforts have been undertaken in this direction over the past two decades. The behavior
of many-particle systems composed of individual particles is relatively well understood from the
theoretical point of view. In the early simple models, magnetic particles were treated as magnetic
dipoles with a fixed moment. This approximation assumes that the magnetic anisotropy of a single
particle is so strong that the magnetic moment is always aligned along the particle’s anisotropy axis.
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This model is still widely used, for example, to study the dynamic susceptibility of concentrated
ferrofluids, to understand the effects of magnetodipolar interaction on the dynamics of individual
particles, and to understand the formation of particle aggregates [14–16].

However, the assumption regarding the high anisotropy is incorrect in most cases and is partic-
ularly inaccurate for magnetite particles most commonly used in applications. Qualitatively better
models were developed in [17–19], where the internal degrees of freedom in such particles - in the first
line the rotation of the magnetic moment relative to the particle itself - are taken into account, and
significant progress in modeling of these systems was achieved. In particular, magnetic relaxation
due to mechanical particle rotation (Brownian relaxation) and jumps of the magnetic moment over
the anisotropy barrier (Néel relaxation) were studied (see the review [19]), and energy absorption in
particles with moderate anisotropy was calculated [20,21].

However, in the most common case magnetic many-particle systems are composed not of individ-
ual separate nanoparticles but of multicore clusters containing from several tens to several hundreds of
nanoparticles (nanocores) embedded in a common polymer shell. In a typical ferrofluid, the formation
of these aggregates takes place already during its manufacturing due to the magnetodipolar attraction
of individual particles and is very difficult to prevent. These dense systems fundamentally differ from
those made of individual nanoparticles because the magnetodipolar interaction within such clusters is
very strong.

Ferrofluids consisting of many-particle clusters are potentially very attractive for several appli-
cations because such a cluster can have a much higher magnetic moment than a single nanoparticle.
Moreover, this moment can be induced in much smaller external fields than those which are required
to saturate the magnetization of a single particles having the same size as a many-particle cluster.
Consequently, attempts have been made to use such clusters in hyperthermia [22,23], for drug delivery
in magnetic gradient fields and in the cell separation [4].

For this reason substantial effort has been undertaken in recent years to achieve a better under-
standing of quasistatic and dynamic remagnetization processes in densely packed magnetic clusters.
The task is really challenging, because the long-range magnetodipolar interaction within such a cluster
should be correctly taken into account. Concerning quasistatic properties, dependence of the cluster
magnetic moment on the applied field [24], the force acting on a multicore particle in a magnetic
field [25] and hysteresis loops of systems composed of various clusters have been studied (see, e.g.,
[11,26,27]). Among dynamics processes, energy absorption in nanoparticle aggregates [23,28,29],
magnetic relaxation within microscopic times [30] and relaxation in dense nanoparticle systems on
various time scales have been measured and simulated (see [16,31–35] and references therein). The
latter papers are briefly discussed below by analyzing the nature of spin-glass-like properties of these
systems.

However, physical understanding of dense ensembles of nanoparticles is still insufficient. The
reasons for this deficit are two-fold. On the one hand, considerable experimental effort is required
to prepare concentrated nanoparticle systems with a narrow size distribution of particles, which
is a necessary prerequisite for the reliable interpretation of the measured properties. On the other
hand, simulations of the magnetization dynamics on various time scales are usually performed via
Monte Carlo methods, which have well-known difficulties by escaping local energy minima at low
temperatures.

For these reasons, in this paper we have performed detailed studies of the local energy minima
and the energy barrier landscape in densely packed clusters of magnetic nanoparticles. We have
employed simulation methods which provide the corresponding information for T = 0, so that our
results can be considered as the limiting case of low-temperature system properties.

The paper is organized as follows. In Section 2 we explain our methods of finding local energy
minima and analyze the distribution of their overlaps; relation of the obtained results to the expected
spin-glass features of these systems is discussed afterwards. Section 3 presents our version of the
nudged elastic band method used to compute optimal trajectories between local minima. In the same
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section we introduce the terms of ’true’ and ’false’ optimal transitions and explain how we distinguish
between these two transition kinds. In Sec. 4 we present the distribution of energy barriers for clusters
composed of particles with very different single-particle anisotropies and discuss corresponding
results in connection with magnetic relaxation in such systems. Our findings are summarized in the
Conclusion.

2. Search for Local Energy Minima of Multi-Core Nanoclusters

Before studying the transition between the local energy minima in clusters of nanoparticles, we
need an efficient algorithm to create dense clusters of randomly packed particles (in our case spheres).
For this purpose we have started with the geometrical algorithm described in [36]. We have strongly
optimized the original method by introducing a list of nearest neighbours, so that the operation count
of the algorithm become ∼ Np, where Np is the desired number of particles in the cluster. Furthermore,
the method was extended to allow the generation of clusters with any form (in this research, we
consider spherical clusters). Using this improved method, we could generate clusters that have the
packing density ≈ 0.5 and contain a nearly arbitrary number of particles; in our simulations, we
have used clusters with the particle number up to 2000. We also note that, according to [30], different
algorithms for the cluster formation lead to clusters which magnetic properties are nearly the same, so
that the choice of some particular method does not affect physical results.

Here we assume that multi-core nanoclusters are immobilized, so that particle coordinates do not
depend on time. To determine energy minima in this situation, we calculate the total energy of the
system Etot, which is composed of the energy in the external field Eext, anisotropy energy Ean, and the
energy of the magnetodipolar interaction Edip:

Etot = Eext + Ean + Edip =

−∑
i

µiHext
i −∑

i
KiVi(mi · ni)

2 − 1
2 ∑

i ̸=j
µiH

dip
i

(1)

Here µi denotes the magnetic moment of the i-th particle, Hext
i - the external field at this particle,

Ki - the anisotropy constant, Vi - the particle volume, mi = µi/MVi - the unit vector of the magnetic
moment, ni - the unit vectors of the anisotropy axis direction. The form of Ean in (1) corresponds to the
uniaxial particle anisotropy type.

Using the constant K and the magnetization of the particle material M, we can define the re-
duced anisotropy constant β = 2K/M2. The value of β allows to estimate the relation between the
magnetodipolar interaction field from the nearest neighbour and the anisotropy field.

The magnetodipolar interaction field Hdip
i in the third term denotes the magnetic field at the

location of the i-th particle generated by all other particles in the system:

Hdip
i = ∑

j ̸=i
(

3
(
µj · eij

)
eij − µj

r3
ij

(2)

where rij = ri − rj and eij = rij/rij.
For our purposes it is convenient introduce the reduced field h = H/M and to define the reduced

energy in units of the maximal anisotropy energy per particle:

Ẽtot = E/KV =

− 2
β ∑

i
mihext

i −∑
i
(mi · ni)

2 − 1
β ∑

i ̸=j
mih

dip
i

(3)
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The reduced magnetodipolar field hdip
i in this context is

hdip
i =

4π

3 ∑
j ̸=i

3
(
mj · eij

)
eij −mj

r̃3
ij

(4)

where the reduced distance is defined in units of the particle radius R: r̃ij = rij/R.
The total energy Etot (1) should be minimized in order to find metastable states of the system.

Although the number of particles in a multicore cluster is usually moderate (Np ∼ 100− 1000), we
will show below that such a cluster may possess a macroscopically large number of energy minima.
For this reason, the choice of the minimization method becomes an important issue.

Standard numerical methods for minimizing functions of many variables (in our case, the system’s
energy) include the method of steepest descent, the conjugate gradient (CG) method, and various
quasi-Newton methods. The method of steepest descent is known for its slow convergence as it
requires many small iterative steps when descending through a long and narrow valley even for
relatively simple energy functions. Quasi-Newton methods require ∼ N3 operations per iteration (N
being the number of independent variables) for inverting the system’s Hessian matrix, what makes
them also too slow for the number of variables given above.

For these reasons, the CG method seems to be the most promising candidate among the standard
methods. However, in our specific case there is a fundamental problem that significantly complicates
their usage. Namely, for the implementation of the CG method for our task, we have to convert the
coordinates of magnetic moments from the Cartesian coordinates to the spherical ones, although the
formulas for the effective field and the energy contributions in spherical coordinates are much more
complicated. The reason for this conversion is that the magnitude of each magnetic moment must
remain constant during the magnetization process (µ = MV). Therefore, its Cartesian coordinates are
not independent variables due to the requirement µ2

x + µ2
y + µ2

z = Const. However, construction of a
set of conjugate directions in the CG method fails when dependent variables are used.

This transition to spherical coordinates is in principle possible, but it leads to another technical
problem: When a particle’s moment is close to the polar axis, its small movements can lead to arbitrary
changes in the corresponding azimuthal angle. This instability leads to a very slow convergence of
the method and often even to a failure in constructing the set of conjugate directions. Bypassing
this problem by introducing individual coordinate systems for each particle (which might be done in
our case) leads to excessive technical effort while simultaneously reducing efficiency. Therefore, we
decided to apply two other methods that are known from related applications and have to be adapted
to the multicore particles system.

These methods are described in detail in our paper [37], but here we briefly repeat the main ideas
to make this paper self-contained.

2.1. Method A: Solution of the Equation of Motion

Due to its physical transparency, guaranteed convergence, and a multitude of mathematical
methods available for solving systems of ordinary differential equations, this method is very popular
in simulating magnetic many-particle systems. The basic idea is to develop a minimization procedure
based on the equations of motion for a magnetic moment in an effective field, usually in the Landau-
Lifshitz-Gilbert form:

dmi
dτ

= −
(

mi × heff
i

)
− λ

(
mi ×

(
mi × heff

i

))
(5)

where the reduced time is τ = γMt, the reduced field is h = H/M, γ denotes the gyromagnetic ratio
and λ is the damping constant. According to the definition (3), the effective field heff

i is the sum of
three contributions: external, anisotropy, and magnetodipolar fields.
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Since we are not interested in the magnetization dynamics, but only in the relaxation to the
equilibrium, we can omit the first (precession) term and solve the system of ordinary differential
equations (ODE) which contains only the energy dissipation term:

dmi
dτ

= −λmi × (mi × heff,i), (6)

The evolution of the magnetization governed by this equation should lead us to the local minimum
(the nearest one to the starting state) according to the very sense of the energy dissipation.

There exist a large number of methods for solving such systems of ODEs. For our system, we
have implemented two Runge-Kutta methods of different orders (RK23 and RK45) and adaptive step
size control. The corresponding algorithm was significantly faster than the CG method.

2.2. Method B: Alignment Method

The idea behind this method originates from the basic assumption that particle magnetic moments
can only be rotated (i.e., their magnitude cannot be changed). This means that to reach a (meta)stable
equilibrium state, each magnetic moment should be aligned parallel to the effective field. In such
a state, the torque T ∼ mi × heffi

acting on each magnetic moment is zero, and therefore no further
rotations of all moments occurs. This observation leads to the following algorithm:

(1) For the current state, the effective field on each moment heff
i is calculated;

(2) Each moment is aligned along heff
i ;

(3) The new effective field is calculated;
(4) We check whether the convergence criterion

∣∣mi × heff
i

∣∣ < ϵ is met (ϵ ∼ 10−4 is a small threshold).
If not, the new magnetization state is accepted, and we return to step (1). If yes, the minimization
is successfully completed.

Unfortunately, in its simple form this algorithm can enter into a non-convergent cycle. However,
we have observed that in all practical cases, these cycles are very close to a simple oscillatory behavior,
which allowed us to implement a more stable version of steps (1)-(3) - see [37] for details.

In our simulations, we employ both methods – the solution of the equation of motion and the
alignment method. Our computer experiments have shown that for systems with a low particle
anisotropy solution of the equation of motion is more efficient, while for systems with a strong
anisotropy the alignment method is faster.

2.3. Number of Energy Minima as the Function of the Particle Number

Before computing the energy barriers between various local minima in a cluster of magnetic
nanoparticles, we have to collect a representative set of magnetization states corresponding to these
local minima.

For this purpose, we conducted a series of simulations for multicore particle systems varying the
number of nanoparticles in a cluster and the reduced particle anisotropy constant.

For high single-particle anisotropy values β = 2K/M2 ≫ 1, we expect an exponential growth
of the number of found minima with the number of nanoparticles (cores) in a cluster. Indeed, for
particles with a high anisotropy the magnetodipolar interaction does not play any noticeable role
(according to the definition of β). Hence each particle retains its two equivalent energy minima - for
moment orientations along the two opposite directions of the anisotropy axis. This means, in turn, that
the number of minima for a cluster of Np particles is Nmin = 2Np . This dependence was confirmed
by our simulations, where we have started from arbitrary orientations of magnetic moments and
minimized the system energy using the alignment method described in Subsection 2.2 (results not
shown). Corresponding dependence was observed for anisotropies β ≥ 10.

For medium and low anisotropies, a non-exponential dependence Nmin(Np) could be expected
because of the long-range character of the magnetodipolar interaction. Due to this feature, in corre-
sponding many-particle magnetic clusters (where magnetodipolar interparticle interaction is strong
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compared to the single-particle anisotropy) the number of local minima could increase with the particle
number slower than exponentially due to the ’collective’ nature of these minima.

In contrast to this expectation, we have found that also for medium and low anisotropy values the
exponential dependency Nmin ∼ exp(αNp) remains valid, as shown in Figure 1 (note the logarithmic
scale of the y axis). It can be seen that for a cluster of particles with the anisotropy K = 4× 104 erg/cm2

and magnetization M = 800 G - so that the reduced anisotropy is only β = 1.25 - the number of minima
exceeds 103 already for Np = 35 nanoparticles. The corresponding coefficient in the exponent α is
significantly smaller than α = log 2 for particles with a high anisotropy, but the dependence is clearly
exponential.

Figure 1. Number of minima for a multi-core cluster of particles with the cubic anisotropy K = 4× 104

erg/cm2, M = 800 G (reduced anisotropy β = 1.25) and the particle radius Rp = 5 nm as a function of
the number of particles in the cluster (note the logarithmic scale of the y-axis).

Furthermore, assuming that this dependence is due to the formation of sub-clusters consisting
of several nanoparticles, each of which acts as a nearly independent quasi-particle with two energy
minima, we can estimate the number of particles nsub in each sub-cluster. Applying the relation
2nsub = Nmin, we obtain from the value Nmin ≈ 103 for Np = 35 that for this particle number we have
nsub ≈ 10 sub-clusters, so that one sub-cluster consists (on average) of Np/nsub ≈ 3.5 nanoparticles.

With reference to the next sections, we point out that the exponential growth of the number of
minima necessitated a complete change of the standard simulation concept for the search of energy
barriers between pairs of energy minima. Indeed, the number of transitions between the minima grows
as Ntrans ∼ N2

min, and the effort for computing all barriers for exponentially large number of energy
minima would be unrealistic. Therefore, we have abandoned the attempt to capture the complete
landscape of minima and developed a method that allows us to gain statistically relevant information
about the entire system through optimal structuring of the energy landscape (see Section 3).

2.4. Absence of the Spin-Glass State in Densely Packed Magnetic Clusters

One of the most interesting questions concerning the systems of interacting magnetic nanoparticles
is the question of the existence of the spin-glass phase [38,39] in such systems. From the theoretical
point of view, the spin-glass state in magnetodipolar ensembles can exist, because such systems
possess two necessary (but not sufficient!) prerequisites for the presence of this state - spatial disorder
and the so-called ’frustration’. The latter term means that a configuration of magnetic moments
where the energy of each pair of them is at its minimum does not exist. Taking into account that the
magnetodipolar interaction energy of two particles depends not only on the interparticle distance,
but also on the mutual orientation of their magnetic moments with respect to each other and to the
interparticle distance vector (see (2)), the frustration is obviously present in these systems. In addition,
the magnetodipolar interaction is a long-range one, what also leads to a high complexity of the system’s
energy landscape.
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Strong indications for the existence of the spin-glass phase in systems of magnetic nanoparticles
were found in several experimental studies - see, e.g., [31,32,35,40–42]. In these papers it was shown
that disordered systems of fine magnetic particles (and especially corresponding systems with the
high volume concentration of particles) demonstrate the dynamic behaviour typical for conventional
atomic-level spin glasses - in the first line the so-called ’memory effect’ for some specific cooling
protocols and ’aging’ in magnetic relaxation measurements.

The question concerning the existence of the spin-glass phase in ’magnetodipolar’ systems was
also studied theoretically by means of Monte-Carlo simulations - see the recent very detailed paper of
Alonso et al. [43] and references therein. In Ref. [43] the typical ’quasistatic’ features of the spin-glass
state, namely (i) the characteristic temperature dependence of the magnetization correlation length
and (ii) a non-trivial distribution of overlaps between different energy minima were found for some
specific particle concentration at low temperature.

The latter feature - a non-trivial distribution of overlaps - is very important from the theoretical
point of view, because a classical definition of a spin glass includes the existence of many local energy
minima with very different energies, and the hierarchical structure of the manifold of these minima
(see the above cited reviews for details). For these reasons the distribution density of overlaps between
different minima in these system should be highly non-trivial (as well as the distribution density of the
minima energies).

To check whether densely packed clusters of magnetic nanoparticles possess these features,
we have performed further in-depth investigation. Namely, we have studied the above mentioned
distribution density of overlaps between two minima in our system. The corresponding overlap is
defined as

qij =
1

Np

Np

∑
k

m(i)
k m(j)

k , (7)

where m(i)
k is the unit magnetic moment vector of the k−th particle in the i-th energy minimum of the

cluster.
The overlap defined this way has a clear physical sense. Namely, for the Ising ferromagnet

with two possible orientations of each moment (mz = ±1) and two equivalent global energy minima
at T < Tc, its possible values are q12 = ±1, so that the distribution density of overlaps in the
thermodynamic limit Np → ∞ is Pfm(q) ∼ δ(q − 1) + δ(q + 1). For a non-interacting system of
magnetic particles with the uniaxial anisotropy and randomly oriented anisotropy axes this density
(in the same limit) is Pmp(q) ∼ δ(q). However, for a ’true’ spin glass with the hierarchical structure of
energy minima, P(q) is highly nontrivial, being a continuous non-zero function between the minimal
and maximal possible overlaps qmin and qmax (which are not necessarily ±1, but not equal to zero)
[38,39].

In order to understand the behaviour of the distribution density of overlaps P(q) in the ther-
modynamical limit Np → ∞ in our system, we have computed this density for clusters with the
increasing particle number, from Np = 100 to Np = 2000. We have studied the case of a small reduced
single-particle anisotropy β = 0.5, because large anisotropies would obviously destroy the spin-glass
behaviour (each particle will possess two energy minima, independently on the moment orienta-
tions of other particles). For all clusters we have produced Nmin = 1000 different energy minima,
starting each time from a new randomly generated initial state. Hence for building the densities of
overlaps P(q) defined in (7), we had to our disposal random realizations of overlap sets containing
Novl = N2

min = 106 overlaps each, resulting in a highly accurate estimation of this density.
As an example, the histogram P(q) for the particle number Np = 100 is shown in Figure 2(a)

together with the corresponding Gaussian fit. It can be seen that P(q) has a perfectly Gaussian shape
with very small deviation near q = 0 due to the confinement of possible overlap values in the interval
−1 ≤ q ≤ 1. This deviation disappears when we increase the number of particles whereby the
histograms become narrower.
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Figure 2. (a) Distribution density P(q) of the minima overlaps in a cluster of magnetic nanoparticles
with the reduced anisotropy β = 0.5 and the corresponding Gaussian fit (red line); (b) Dependence
of the variance of P(q) on the invesrse particle number 1/Np in the cluster (red open circles) with
extrapolated value for Np → ∞ (green point).

The non-trivial structure of the overlap distribution density P(q) assumes that this distribution
has at least a non-zero width in the limit Np → ∞. To find out whether this is the case, we have plotted
the dependence of the variance (second moment) σ2 of P(q) on the inverse number of particles 1/Np,
as shown in Figure 2(b). The dashed blue line shown in Figure 2 is the quadratic fit to all data, used to
demonstrate both the finite-size effect and the effect due to the free surface of a clusters.

As for the desired thermodynamic limit, it can be clearly seen that the linear extrapolation of the
dependence σ2(1/Np) towards 1/Np → 0 (i.e., in the limit Np → ∞) results in a value very close to
zero. It does not extrapolate exactly to zero due to the above mentioned presence of a free surface
in our clusters: magnetic moments of particles near this surface tend to align parallel to it due to the
demagnetizing field, so that small correlations of different energy minima arise. This effect becomes
negligible with increasing the cluster size.

The observed behaviour means that for our system in the limit Np → ∞ the distribution density
of overlaps P(q)→ δ(q), so that the minima landscape behaves itself analogous to the landscape of a
system of non-interacting particles. For this reason we come to the conclusion that densely packed
clusters of fine particles do not behave themselves as a dipolar spin glass even for particles with a
small single-particle anisotropy.

Unfortunately, the distribution density of overlaps is not accessible experimentally. For this reason
our results cannot be directly connected to experimental measurements reported in papers cited above
[31,32,35,40–42], where the dynamical behaviour similar to that of classical atomic spin glasses was
found. The detailed analysis of all these results is also out of scope of this paper. We would like only to
remind once more that several theoretical studies [33,41,44] have shown that both the ’memory effect’
and ’aging’ can be present simply in non-interacting systems of magnetic particles with a considerable
size distribution, which leads to an exponentially broad distribution of relaxation times. Presence of the
interparticle interaction makes the picture even qualitatively more complicated. For all these reasons,
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a very careful analysis of experimental data is required to decide which of the three scenarios for the
nature of the phase transition of a disordered many-particle system at low temperatures described,
e.g., in subsection 2.5 of the review [39] takes place in real systems.

As for the direct comparison of our results for P(q) with other numerical simulations, we are
aware only of the already mentioned comprehensive study [43], where the authors consider a system
of isotropic Heisenberg dipoles (as opposed to Ising dipoles studied in [34]) with the magnetodipolar
interaction between them. In this paper, the non-zero value of the second moment σ2 of the distribution
density P(q) is found for the volume fraction of particles c ≲ 0.49 and below a certain transition
temperature. Hence the authors conclude that under these conditions the spin-glass phase does exist
in their simulated system.

There are three main differences between our study and that performed in [43]: (i) our particles
have a non-zero anisotropy, (ii) we study spherical clusters with open boundary conditions (OBC),
whereas in [43] a cubic simulation cell with periodic BC is used and (iii) we obtain our minima by
the energy minimization from a random initial state, what corresponds to T = 0, whereas in [43] a
Monte-Carlo method is used to update system configurations which are then used to evaluate the
overlaps between them.

Considering these differences, we first note that our anisotropy is small (β = 0.5) compared
to the magnetodipolar field and thus cannot have a noticeable impact on the overlap distribution
P(q). Secondly, open boundary conditions lead to the strong demagnetizing field and thus suppress
the ferromagnetic (aligned) configuration of magnetic moments. Indeed, we did not find such a
configuration for any obtained minimum, in contrast to [43], where the FM state was found for
sufficiently high particle concentrations. However, a spin glass state is highly disordered from the
’macroscopic’ point of view, so that the demagnetizing field due to open surface should be nearly
absent.

The most serious difference is the usage of the MC method in [43], as opposed to our zero-
temperature energy minimization. This means that our local energy minima (found at T = 0) are
definitely obtained from uncorrelated initial states. Although the authors of [43] use a strongly
improved MC methodology, that allows to ’grasp’ a much larger part of the system phase space than
a simple Metropolis algorithm, some correlations between subsequent states used to evaluate the
interstate overlaps cannot be completely excluded. This problem is especially pronounced at low
temperatures, where the spin-glass state was found in [43]. In any case, further detailed studies are
necessary to clarify this issue.

3. Evaluation of Energy Barriers in Multi-Core Nanoclusters

3.1. Method for Calculating Energy Barriers

Now we turn our attention to the task of determining the energy barriers between the computed
energy minima of multicore clusters. Several established methods are available for calculating such
barriers, including (i) the minimization of the thermodynamic action [45] (the so-called Onsager-
Machlup functional (OMF) [46]), (ii) the string method [47], and (iii) the Nudged Elastic Band (NEB)
method [48]. A comprehensive overview of these methods and their comparison in terms of efficiency
and reliability can be found in our review [18].

Here we have chosen to use the NEB method because, based on our experience with other physical
systems, it turned out to be relatively straightforward to implement and comparatively fast. The
string method is very closely related to the NEB method, but the NEB method is physically somewhat
more transparent and easier to employ. Minimization of OMF is significantly more complicated and
requires a special effort to maintain the stability of OMF, because it contains the second derivatives of
the system coordinates. In addition, OMF has another drawback which will be discussed in the next
subsection.
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Similar to other methods for finding the energy barriers, the NEB method uses the representation
of a continuous path between two given local minima M1 and M2 as a chain of N discrete states Si
(i = 1, ..., N): {S1 = M1, S2, ..., SN−1, SN = M2} (see Figure 3). In the NEB method these states are
moved according to the equation

∂Si
∂t

= −[∇V(Si)]
⊥ + Fs

i (8)

Here t denotes an artificially introduced time and [∇V(Si)]
⊥ is the component of the energy gradient

perpendicular to the current transition trajectory between the minima. Moving the states along the
perpendicular component of the energy gradient ensures two important properties of the (artificial)
dynamics described by Equation (8): (i) all system states are moved in the direction of the decreasing
energy and (ii) they are not moved along the trajectory because this movement would not contribute
to the main goal of finding the saddle point.

Figure 3. (a) The discretized path with states Si and (b) various methods for determining the tangent τi

to the path at state Si.

The second term on the right-hand side in (8)

Fs
i = k(Si+1 − Si + Si−1) (9)

is the ’spring force’ that holds the states together, not allowing them to ’run away’ during the mini-
mization.

The displacement of states according to Equation 8 continues until the criterion ∥[∇V(Si)]
⊥∥ < ϵ

(ϵ≪ 1) is met, which means that all states belong to the trajectory along the energy gradient. Taking
into account that the states have been always moved along directions of the decreasing energy, the
obtained trajectory does only run along the energy gradient, but is also passing through the point with
the minimum energy between M1 and M2, i.e. through the desired saddle point.

It is very important to correctly determine the tangent vector τ to the path {Si} at each step,
because this vector is required both for the calculation of the spring force and the determination of
the direction perpendicular to the trajectory at the corresponding point Si. There are two possible
first-order methods for this task. In the first method, the tangent vector is calculated as the bisector
between two vectors connecting the neighbouring states (red vector in Figure 3). In the second method,
it is calculated as the diagonal of the corresponding parallelogram (green vector in the same figure). In
our simulations we use the second method τi = Si+1 − Si−1, because it has proven to be more stable.

The only adjustable parameter in NEB method is the spring constant k used to compute the elastic
force (9). When choosing k we have to take into account the following features of NEB:

1. For too small values of k (elastic term negligible), the states are weakly connected, allowing all
states to ’slide’ along the trajectory into the start and end energy minima.

2. For k being too large (elastic term dominates the motion of the states in phase space), the energy
barrier height is overestimated, because the excessive spring force shortens the trajectory, causing
it to pass through the point at a higher energy than the saddle point.
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Therefore, making a correct choice for the spring constant k is very important. Fortunately,
satisfactory results can be usually obtained in a relatively broad region of k-values. Our test simulations
for magnetic nanoclusters studied here have shown that the region 2 < k < 10 provides the most
accurate results.

3.2. Distinguishing Between True and False Optimal Transitions

Due to its physical transparency the NEB method has been implemented for a large variety of
physical systems, including micromagnetic ones, where it was first employed in [49,50].

The main problem by applying this method - and any other numerical method for finding the
energy barrier between two metastable states - is not to find the saddle point by itself, but to ensure
that the computed saddle point corresponds to the real physical transition path between the two states
in question.

To understand why not every barrier found by the search of the saddle point corresponds to
a physically plausible transition, let us consider a simple example: a system of two non-interacting
magnetic particles, where each particle has two equivalent energy minima with magnetizations
mz = ±1 and the barrier ∆E1p between them (see Figure 4). The system has four energy minima
with the same energy (orientations of moments for both particles correspond to their minimal energy)
marked in this figure as (1) to (4).

If we look for a transition between states (1) and (3) using NEB (or any other numerical method),
we will find most probably a direct transition (1)←→ (3) between these two states. This transition
- marked in Figure 4 by the red arrow - has the barrier height 2∆E1p. However, the physically most
probable transition goes through an intermediate state ((1)←→ (2)←→ (3) or ((1)←→ (4)←→ (3)),
because for these paths the system needs to overcome two energy barriers with a height only ∆E1p each
(and the probability of a transition decreases exponentially with the barrier height). Hence the saddle
point found for the direct transition (1) ←→ (3) is physically irrelevant. Below we shall categorize
such paths as ’false’ optimal transition, and transitions of the type to (1)←→ (2)←→ (3) (i.e., going
through the lowest saddle points) as ’true’.

Figure 4. To the explanation of the difference between ’true’ and ’false’ optimal transitions using the
simplest non-trivial system consisting of 2 non-interacting particles each having two energy minima
separated by the barrier ∆E1p. See text for details.

The problem of identifying true transitions usually does not arise in standard micromagnetic
systems like magnetic memory elements or multilayer stacks using in spin-torque diodes, because such
systems possess only two energy minima with a single saddle point or two equivalent ones between
these minima. However, in interacting fine particle systems where an exponentially large number of
minima with the corresponding number of saddle points in between exists (see Subsection 2.3), the
task of distinguishing between true and false optimal transitions becomes really challenging.
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We note that for the saddle point search based on the OMF minimization the problem is even
more complicated. The reason is that the path between two minima found by minimizing OMF may
pass not only through a saddle point, but even through a local energy maximum (depending on the
initial path guess). This unfavourable constellation is possible, because the path which minimizes the
OMF should proceed along the gradient lines of the energy landscape, what does not necessarily mean
that it should pass via the saddle point. Indeed, it is easy to show that a trajectory along the gradient
lines might go also through an energy maximum [45], providing an absolutely wrong value of the
energy barrier.

To solve the problem of excluding ’false’ optimal transitions (that lead to excessively high barriers)
from the pool of computed optimal trajectories, we have developed the following algorithm which
was applied to each pair of energy minima:

(1) Using the NEB method, a transition path between the i-th and j-th minima was found; this
transition is shown in Figure 5, where intermediate states Si (i = 1, ..., N) are marked as blue
circles.

(2) Small random perturbations of magnetic moments of all particles in the states close to the saddle
point were introduced, so that we obtained slightly different states which are still close to the
saddle.

(3) Several minimization attempts were performed starting from these states. If these attempts
always ended up in one of the two minima #i or #j, then we assumed that there are no additional
intermediate local minima between the states #i or #j along the transition path. Hence this path
was marked as ’true’ and used to compute the corresponding energy barrier. If any different
minimum was found by this procedure, then the transition is most likely not a direct transition
and it was excluded from further analysis.

Figure 5. Principle of our method to distinguish between ’true’ and ’false’ optimal transitions: for
this purpose we perform small random perturbations (shown symbolically by red arrows) of those
states along the optimal path which are close to the saddle point. If energy minimization from these
perturbed states leads to new minima, the path is considered as ’false’. See text for details

3.3. Optimization of the Energy Barrier Search

The algorithm (1)-(3) described in the previous section allows to clarify whether the already found
transition between the two minima is a ‘true’ one and should be included into the statistics of physically
relevant energy barriers. However, the computational cost of searching for transitions between all
pairs of computed minima is by itself too expensive due to the quadratic scaling Ntr ∼ N2

min of the
transition number with the number of minima.

To reduce this effort, we have employed the following idea: the probability that a transition
between two minima is a ’true’ one rapidly decreases when the distance between these minima
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increases. Therefore, it makes sense to consider only pairs of minima that are sufficiently close to each
other in the sense of some metric.

The suitable metric (distance between the minima i and j) is defined as

∆m(i,j)
tot =

Np

∑
k

[
(m(i)

k −m(j)
k )2

]1/2
(10)

This metric is related to the overlap defined by (7), but is constructed so that ∆m(i,j)
tot = 0 if the two

minima coincide (according to the definition of a metric) and is equal to 2Np if magnetic moments of
minima i and j have opposite orientations for all particles.

Using this metric, we optimize the search for ’true’ energy barriers in the following way.
Part A. For each minimum {m(i)} from the computed minima set we perform the following steps:

(A.1) The distances (10) between {m(i)} and all other minima from this set are calculated.
(A.2) All other minima are ordered into a list according to their proximity to {m(i)}. The minimum

with the number l in this list is assigned to the l-th shell of neighbours.

Part B. Using the shell lists obtained in part A, the following steps are executed:

(B.1) Transition paths between all minima {m(i)} and their nearest neighbours (shell #1) are calculated.
For each transition we check, whether it is a ’true’ one.

(B.2) Step B.1 is repeated for the next shell, until no true transitions for the current shell are found.

Our numerical experiments confirm that this approach greatly reduces the computational time,
because usually no true transitions are found already for the 5th nearest neighbour.

4. Distribution of Energy Barriers in Clusters of Magnetic Nanoparticles

The algorithm described above was applied to calculate energy barriers in densely packed clusters
composed of nanoparticles with the diameter Dp = 10 nm and with different reduced anisotropy
constants (uniaxial anisotropy type was assumed): low (β = 0.5), intermediate (β = 5) and high
(β = 50) anisotropies. To obtain these values of the reduced anisotropy, we have assigned to the
particles the magnetization value Ms = 400 G and anisotropy constants K = 4× 104, K = 4× 105 and
K = 4× 106 erg/cm3.

First we note, that for all anisotropies listed above we have simulated clusters containing different
numbers of particles: Np = 20, 50, 80, 100. Starting from Np = 50, results are qualitatively the same
(with a significantly larger number of local minima found for larger Np). For this reason we present
below only results for clusters with the largest particle number Np = 100.

High single-particle anisotropy. We have first simulated clusters of particles with the high anisotropy
β = 50, for which magnetodipolar interaction is weak compared with the anisotropy field. For this
reason particles behave themselves as nearly independent, so that all ’true’ optimal transitions should
correspond to the remagnetization of one particle.

Results of these simulations are presented in Figure 6 for the cluster containing 100 particles
(results for clusters with smaller numbers of particles are nearly the same and are not shown). Part
(a) of this figure shows the characteristics of the found optimal transitions on the coordinate plane
(∆mtot, ∆E). Here the red circles mark the ’false’ barriers, and the blue ones - the ’true’ barriers. It can
be clearly seen that all distances ∆mtot defined by (10) between minima connected by a ’true’ transition
indeed correspond to the magnetization reversal of a single particle (δm = ∆m1p ≈ 2), as it should be
for this high anisotropy. Reduced energy barriers are ∆E/KV ≈ 1 (V is the particle volume), as also
expected for a single-particle flip. This result demonstrates the robustness of our proposed method for
determining physically relevant transitions.
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Figure 6. (a): Characteristics of ’true’ (blue circles) and ’false’ (red circles) optimal transitions shown
as points on the (∆E/KV, ∆mtot)-plane for clusters containing 100 nanoparticles with the diameter
Dp = 10 nm each, and the high single-particle anisotropy β = 50. (b): Corresponding histogram of
’true’ energy barriers. The ratio KV/kT is given for the room temperature T = 300 K.

Part (b) of Figure 6 shows the histogram of ’true’ energy barriers in this cluster - also in units of
∆E/KV. (the histogram uses ≈ 2000 minima identified as ’true’). Interestingly, the barrier heights
show a noticeable spreading around the single-particle value ∆E/KV = 1, although the reduced
anisotropy is very high. This means that the magnetodipolar interaction between the particles, being
not able to change the individual nature of the transitions between the local minima for this system,
still causes some changes in the heights of the barriers themselves. Hence we note that the standard
condition β ≫ 1 for neglecting the magnetodipolar interaction in fine particle systems should be
replaced in dense clusters by the stronger condition β · knn ≫ 1, where knn is the average number of
nearest neighbours; in our clusters we have knn ≈ 10.

Intermediate single-particle anisotropy.The situation for a cluster of particles with intermediate
anisotropy (K = 4.6× 105 erg/cm3, M = 400 G, so that β = 5) differs significantly from the case
discussed above, as demonstrated in Figure 7. First, the existence regions of ’true’ and ’false’ barriers
shown in Figure 7a are much broader than for β = 50, what means that already for this anisotropy the
magnetodipolar interaction plays a significant role. For the same reason, the regions of existence of
’true’ and ’false’ barriers slightly overlap, and ’true’ transitions involving moments of various numbers
of particles become possible.
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Figure 7. Plots analogous to Fig. 6, but for the intermediate anisotropy β = 5.

The distribution of ’true’ energy barriers for this system displayed as the histogram in Figure
7b is also different from the case β = 50: (i) it is much broader, (ii) the maximum of this distribution
is shifted towards lower barrier heights and (iii) a significant number of very small barriers (close
to zero) appears. All these effects arise because the magnetodipolar interaction no longer merely
affects the barriers for individual particles, but leads to the formation of transitions involving several
particles (’quasi-clusters’). For such transitions, the barrier height is determined by the interplay of
the single-particle anisotropy of several particles and their magnetodipolar interaction. Due to the
’self-averaging’ of the anisotropy fields in such a quasi-cluster, barriers with much lower heights can
be formed.

Low single-particle anisotropy. Results for the clusters composed of 100 low-anisotropy nanoparticles
with β = 0.5 are presented in Figure 8. In this case the characteristics of energy barriers are qualitatively
different both from those for β = 50 and β = 5. As it can be seen from the phase diagram in the
panel (a), all transitions involve now many particles: the dense part of the cloud representing ’true’
transitions extends up to ∆mtot ≈ 40, so that more than 20 particles can be involved. The distribution
of energy barriers shown on the histogram in panel (b) (where ≈ 1000 ’true’ transitions are collected) is
also very different from previously discussed cases: for low anisotropy this distribution does not have
a peak at some finite barrier, but the majority of barriers are concentrated near ∆E = 0. Importantly,
the largest magnetization change is observed precisely for these transitions, as can be seen from the
contour plot in Figure 9.
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Figure 8. Plots analogous to Fig. 6, but for the low anisotropy β = 0.5.

Figure 9. Contour plot for the density of energy barriers shown as the phase diagram in coordinates
(∆mtot; ∆E/kT) for clusters made of particles with the smallest anisotropy β = 0.5 (see also Figure 8).

Before analyzing the obtained results, we point out that the distributions of barriers in reduced
units ∆E/KV shown in the figures above do not change when the particle size is changed. This follows
immediately from the definition of the reduced energy (3). However, the ratio of the energy barrier to
the thermal energy kT obviously changes: when the particle diameter increases, e.g., by the factor of 2,
energy barriers in absolute units (or in kT units) increase by the factor of 8 (V ∼ D3

p).
Our results clearly show the role of the magnetodipolar interaction in the formation of the energy

barrier distribution. For very high anisotropies, this interaction leads to a moderate broadening of this
distribution and its small shift toward lower barriers. (we remind the reader that for non-interacting
particles this distribution is the delta-function ρ(∆Ẽ) ∼ δ(∆Ẽ− 1), where Ẽ = ∆E/KV), as seen in
Figure 6. For intermediate anisotropies this broadening is much larger and a significant number of very
small barriers appears (see Figure 7). For low anisotropies the barrier distribution is entirely governed
by the magnetodipolar interaction: the majority of barriers is far above the non-interacting value
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∆E/KV = 1 and the shape of the barrier distribution changes qualitatively: ρ(∆Ẽ) monotonically
decreasing with the barrier height, as demonstrated in Figure 8.

These results are qualitatively similar to those reported in our earlier study [51], where we have
obtained (using the minimization of the Onsager-Machlup functional) distribution of energy barriers
in a disordered system of immobile magnetic particles with the volume concentrations in the region
c = 0.01÷ 0.16 using a cubic simulation cell and periodic boundary conditions. Although this system
was very different from that studied in the present paper, the qualitative trend was the same: with
increasing particle concentration - which leads to the strengthening of the magnetodipolar interaction
- the barrier distribution shifted towards smaller barriers and for the low single-particle anisotropy
β = 0.2 was qualitatively similar to the shape shown in Figure 8 already starting from c = 0.04. Hence
the formation of the energy barrier distribution with this characteristic shape seems to be a universal
feature of the magnetodipolar interaction in disordered magnetic systems.

Comparison of our findings with experimental results is difficult because measurements of
the energy barrier distribution are highly nontrivial. Three most direct methods for this purpose -
measurement of the temperature-dependent magnetization, magnetic relaxation and ac-susceptibility -
are described in detail in the Ref. [52], where the approximations made by the interpretation of results
are analyzed and the relation between these methods is discussed. Comparison of all methods on a
system of Co particles with the low volume concentration of c = 0.01 (so that the magnetodipolar
interaction can be negnected) is made. The barrier distribution obtained in [52] is qualitatively similar
to our results for the case of high anisotropy (Figure 6b); however, the broadening of this experimental
distribution was due to the dispersion of particle sizes used in [52].

5. Discussion

Knowledge of the energy barrier distribution is not only interesting from the fundamental point
of view, but is also required for the prediction of the equilibrium magnetic properties (magnetization
curve and dc-susceptibility) and magnetization dynamics (mainly as-susceptibility and magnetization
relaxation) of cluster-based ferrofluids in their numerous applications.

To compute any equilibrium and dynamical properties of a system with many local minima, we
have to distinguish between two regimes. If the energy barrier between the states i and j is much
larger than the thermal energy (∆Eij ≫ kT), one can use the extended Arrhenius approximation

Γsw
ij = Γ(0)

ij exp(−∆E/kT) for the prediction of the magnetization switching rate between these states.

The prefactor Γ(0)
ij depends on several parameters of the studied system, including the energy landscape

around the saddle point, so that its evaluation is a highly non-trivial task (see, e.g., [19]). In many
cases, however, relatively simple expressions for this prefactor can be derived [19,53]. Besides, recently
we have presented the concept of the so-called ’energy-dependent temperature’ [54], which allows
to evaluate the switching rate numerically without any approximations by an advanced single-stage
Langevin dynamics method.

In this high-barriers regime, the knowledge of Γ(0)
ij allows to evaluate all dynamic properties of

the cluster-based systems using well-known approaches. Namely, for the total ac-susceptibility the
textbook result for the susceptibility χij(ω) corresponding to the transition i↔ j can be used, with the
subsequent averaging over all such pairs. For prediction of the magnetic relaxation after a sudden
change of the external field, the system of differential equations describing the time evolution of the
population of system states should be solved; the matrix elements of this system are equal to switching
rates Γ(0)

ij .
If the condition ∆E≫ kT is not met, the approximation Γsw ∼ exp(−∆E/kT) becomes invalid,

because the two corresponding states are not well defined: thermal fluctuations ’smear them out’ and
it is not possible to compute their populations separately. In this case Langevin dynamics simulations
should be employed.
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As an example, for magnetic particles with the size Dp = 10 nm the ratio ∆E/kT at room
temperature T = 300 K is shown on panels (b) in figures 6 - 8. It varies from ∆E/kT = 50 for the
particles with the highest anisotropy to ∆E/kT = 0.5 for the smallest anisotropy case. This means
that the Arrhenius law and its refinements [19] can be used in this example, strictly speaking, only for
particles with K = 4× 106 erg/cm3 (β = 50). Already for the intermediate anisotropy the Arrhenius
approximation is not valid, so that both for this anisotropy and for K = 4× 104 erg/cm3 full-scale
Langevin dynamics simulations are clearly necessary. This is especially true in the latter case, because
at K = 4× 104 erg/cm3 the majority of transitions has energy barriers close to zero, and magnetization
changes for these transitions are not small, as shown in Figure 9.

When the particle diameter is increased, all histograms of energy barriers presented in figures 6, 7
and 8 remain the same, because the reduced energy (3) used in all our methods is already in units of KV.
However, the ratio KV/kT - displayed in panels (b) of these figures - changes, following the change of
the particle volume. For example, for particles with the diameter twice as much (Dp = 20 nm) this
ratio increases by 8x, so that also for the moderate anisotropy β = 5 the energy barriers will fulfill the
condition ∆E/kT ≫ kT for the majority of the interstate transitions (see Figure 7b).

However, for clusters consisting of particle with the small anisotropy (β = 0.5) the Arrhenius
approximation remains invalid, because the main contribution to the density of energy barriers comes
from barriers close to zero (ρ(∆E/KV) seems even to diverge at ∆E = 0). For this reason dynamical
system properties must be studied using Langevin dynamics simulations.

6. Conclusions

Results of our simulations of local energy minima and energy barriers between them in dense
clusters of magnetic particles can be summarized as follows.

Analyzing the structure of the landscape of energy minima, we have not found any features
expected for the spin-glass state in such clusters. In particular, using our highly efficient algorithms for
minimizing the system energy, we could obtain a large number of local minima (at T = 0), starting
from arbitrary orientations of magnetic moments. This way we have computed the distribution density
of overlaps between these minima with a very high statistical accuracy. This density was found to be
Gaussian, and its width unambiguously tends to zero in the macroscopic limit of the particle number
within a cluster (Np → ∞), analogously to the system of non-interacting particles with randomly
oriented anisotropy axes.

Further, we have developed a fast and reliable method for finding the ’true’ optimal transition
path between two given energy minima and to evaluate the corresponding energy barrier. This method
has allowed us to compute a large number of these barriers and to determine their distribution density
for clusters made of particle with various anisotropies. We have shown, that these distributions are
qualitatively different for systems of particles with low, intermediate and high anisotropies. Whereas
for particles with the high anisotropy the distribution of barriers has a well defined peak at the single-
particle energy barrier, for the case of the low anisotropy the distribution is concentrated near very
small barriers, and even seems to diverge at ∆E→ 0. We also point out, that for dense particle clusters
the single-particle behavior is observed only for reduced anisotropy values obeying the condition
βNnn ≫ 1 (Nnn being the number of nearest neighbors), which is stronger than the ’standard’ condition
β≫ 1.

Both groups of results summarized above have important implications for the analysis of the
dynamic behavior of magnetic systems containing dense particle clusters, in particular for aggregated
ferrofluids with their numerous potential applications in medicine.
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