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Article

There Exists a Subset of N Which Is Not Recursively
Enumerable and Has a Short Description in Terms
of Arithmetic

Apoloniusz Tyszka
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Abstract

We prove that the set
{neN:3pgeN((n=2V-37)A

V(xo,...,xp) € NP+ 3o, .- yp) € {0,...,q}P "1
(Vke{0,...,p} A=xr=1=y)) A
(Vi,j,k€{0,...,p} (xi+xj = xx = yi +yj = ¥i)) A
(Vi,j,k€{0,...,p} (xi-xj =% =Yi-yj =)}

is not recursively enumerable.
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problem; limit-computable function; recursively enumerable set; undecidable decision problem
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This article is a shortened version of the article [3]. For n € N, let
E,={1=x, Xi+Xj =X, Xj-xj =X i, j,k € {0,...,n}}

Theorem 1 ([1], p. 118). There exists a limit-computable function f : N — N which eventually dominates
every computable function g : N — N.

We present an alternative proof of Theorem 1. For n € N, f(n) denotes the smallest b € N such
that if a system of equations S C E,; has a solution in N"t1 then S has a solution in {0,..., b}"“. The
function f : N — N is computable in the limit and eventually dominates every computable function
g:N — N, see [2]. The term "dominated” in the title of [2] means "eventually dominated”. Flowchart 1
shows a semi-algorithm which computes f(#) in the limit, see [2].
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[ Input a non-negative integer n /

m:=0

&
<

A 4
Create a list L of all systems S C Ep
which have a solution in {0, ..., m}" +1

Print the smallest non-negative
integer b such that each element
of L has a solution in {0,...,»}" t1

m:=m+1I

Flowchart 1

A semi-algorithm which computes f(n) in the limit

Flowchart 2 shows a simpler semi-algorithm which computes f(#) in the limit.

ﬁnput a non-negative integer n7

m:=0

&
<

A

For (xq,-..,xn) € {0,...,m}" + 1,
0, if there exists (g, - -, yn) € (0,...,m}" +1
such that max(yg,...,yn) < max (x(,...,Xxn) and
tm(xgs-- s Xn) = | (V{c e {0,....n}A=xp . =21 =yp)A
Vi, j,k €{0,...,n} (x; +Xj=xp =>yi+yj = Yi)A
(Vl9.]’k € {07“""} (xi'xj =Xk =>yl°yj =J’k))
max(x,. .., Xn), otherwise

v
/ Print the greatest number of the set
}

(Em(xQs--+>Xn) : (Xgse-+rXn) € {0,...,my"+1

|m::m+ll

Flowchart 2

A simpler semi-algorithm which computes f(n) in the limit
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Lemma 1. For every n,m € N, the number printed by Flowchart 2 does not exceed the number printed by

Flowchart 1.
Proof. For every (ag,...,a,) € {0,...,m}"*1,
E;2{1=x: (ke{0,....n})N(1=uar)} U

{xitxj=xc: (i,j,ke€{0,...,n})A(a;+a;=ar)} U
{xi-xj=xx: (i,j,k€{0,...,n})A(a;-a; = ay)}

O

Lemma 2. For every n,m € N, the number printed by Flowchart 1 does not exceed the number printed by

Flowchart 2.

Proof. Let n,m € N. For every system of equations S C E,, if (ag,...,a,) € {0,...,m}"+1 and

(ao, ..., a,) solves S, then (ap, ..., a,) solves the following system of equations:
{1=x;: (ke{0,....n}) N1 =a,)} U

{xi—i-xj = Xj : (i,j,k S {O,...,?I}) A (ai—i—a]- = llk)} U

{xi-xj=x: (i,,k€{0,...,n})A(a;-a; =ay)}
O

Theorem 2. For every n,m € N, Flowcharts 1 and 2 print the same number.
Proof. It follows from Lemmas 1 and 2. O
Definition 1. An approximation of a tuple (xo, ..., xn) € N'""Lisa tuple (yo, ..., yn) € N"T! such that
(Vke{0,....n} I=x=1=y)) A
(Vi j,ke{0,...,n} (xi+xj =X = yi +yj = y)) A
(Vi,j k€ {0,...,n} (xi-xj = xx = yi "y = i)
Observation 1. For every n € N, there exists a set A(n) C N1 such that

card(A(n)) < scard(En) _ on+1+2-(n+ 1)3

and every tuple (xo, . .., xn) € N1 possesses an approximation in A(n).

Observation 2. For every n € N, f(n) equals the smallest b € N such that every tuple (xo, . .., x,) € N'*1

possesses an approximation in {0,...,b}" 1.

Observation 3. For every n,m € N, Flowcharts 1 and 2 print the smallest b € {0,...,m} such that every

tuple (xq, ..., xn) € {0,...,m}"+1 possesses an approximation in {0, ...,b}" 1.
Theorem 3. No algorithm takes as input non-negative integers n and m and decides whether or not
Y(xg,...,xn) € N"F1 3(yo, ..., yn) € {0,...,m}" !

(VkeA{0,....,.n} A=x=1=yx)) A

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.0363.v8
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2026 doi:10.20944/preprints202508.0363.v8

4 0of 5

(Vi,j, k€ {0,...,n} (xi+xj=x = yi +yj =) A
(Vi,j,k € {0,...,n} (xi-xj =%k = Yiyj = ¥k)))
Proof. Since the function f is not computable, it follows from Observation 2. [
Theorem 4. No algorithm takes as input a non-negative integer n and decides whether or not
Ip,ge N ((n=27-37) A
V(xg,...,xp) € NP+ (Yo, ... Yp) € {0,...,q}P"1
(Vke{0,...,p} A=x=1=yx)) A
(Vi,j,k€{0,...,p} (xi+xj = xx = yi +yj = y&)) A
(Vi,j,k€{0,...,p} (xi-xj =k = Yi-yj = Wx))))
Proof. It follows from Theorem 3. O

Let
T={neN:3pgeN(n=2F-3)A

V(xo,...,xp) € NP1 3(yo,...,yp) € {0,...,q}P "
(Vke{0,...,p} A=x=1=1y;)) A

(Vi ke {0,...,p} (xi+xj =X = yi +yj =) A

(Vi j k€ {0,...,p} (xi xj = xg = yi-y; = y))))}

Theorem 5. The set N\ T is recursively enumerable.

Proof. Fori € N, let pi denote the i-th prime number. Flowchart 3 shows a semi-algorithm which
takes as input n € N and terminates if and only if n € N\ T.

/ Input a non-negative integer n /

No
_iDoes there exist p, ¢ € N such that n = 27 . 3q?|

Yes

=1
—=——

o
Compute ¢, ¢y, Cy, ... € Nsuch that j = l—l pi €i
i=0

Does the tuple (cg, ..., cp) possess an | Yes

approximation in {0, ..., g}’ I
No

Flowchart 3
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A semi-algorithm which takes as input n € N and terminates if and only if n € N\ T
O

Theorem 6. The set T is not recursively enumerable.

Proof. It follows from Theorems 4 and 5. O

A more sophisticated proof shows that the set
{neN:3dpgeN((n=2V 31 A

V(x0,...,%p) € I\ I(Wo,---,yp) € {0,...,q}PH1
(Vi ke{0,....p} (xj+1=x=y; +1=y)) A

(Vi,j,ke{0,....p} (xi-xj=xx=Yyi-yj =)}

is not recursively enumerable, see [3].
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