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Abstract

Let n > 2 be a fixed integer. The main aim of this paper is to investigate the properties of n-derivations
within the framework of perfect Lie superalgebras over a commutative ring R. The main result shows
that, if the base ring contains %, and L is a perfect Lie superalgebra with a center equal to zero, then
any n-derivation of L is necessarily a derivation. Additionally, every n-derivation of the derivation
algebra Der (L) is an inner derivation. Finally, extend the concept of n-homomorphisms to mappings
between Lie superalgebras L and L', and prove that under specific assumptions, homomorphisms,

anti-homomorphisms, and their combinations are all #-homomorphisms.
Keywords: Lie algebra; perfect Lie superalgebra, n-derivation; n-homomorphism; enveloping Lie
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1. Introduction

In the context of associative algebras [1-3], the concept of derivation naturally extends into
several types of triple derivations, such as Jordan triple derivations, Lie triple derivations, etc. Each
of derivation plays a role in understanding the broader mathematical structures, with Lie triple
derivations being particularly significant. These derivations are not only important for associative
algebras and rings but have broader applications in the study of Lie groups [4] and operator algebras
[5-7]. The triple derivation in Lie algebras can be thought of as an extension of the more familiar
concept of a derivation, and it serves as an analogy to the corresponding triple derivations in both
associative and Jordan algebras. First introduced by Miiller [4] under the term "prederivation,” this
concept has gained importance in the field. A key property is that every derivation in a Lie algebra
automatically qualifies as a Lie triple derivation, but the converse does not necessarily hold [8].

The relationships among homomorphisms and their variants such as anti-
homomorphisms, Jordan homomorphisms, Lie homomorphisms, and Lie triple homomorphisms
have long attracted interest. In particular, Bresar [9] characterized Lie triple isomorphisms on certain
associative algebras. At the same time, Jacobson and Rickart’s study [10] established a theoretical
structure showing that any Jordan homomorphism of a ring must necessarily act as either a standard
homomorphism or an anti-homomorphism. These studies have inspired similar investigations in
operator algebras [11,12], and a comparable result has been established for perfect Lie algebras [13]
and Cohomology theory of Lie groups and Lie algebras [19], broadening the applicability of these
homomorphism relations.

Lie superalgebras, which are a natural extension of Lie algebras, have important applications
across various fields, including both mathematics and physics. Beyond their applications, they also
present intriguing mathematical properties. We are motivated to generalize key results from [8,13] of
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Lie superalgebras, with a particular emphasis on triple-derivations and triple-homomorphisms. Our
goal is to broaden the scope of these earlier findings and extend their applicability to the context of Lie
superalgebras.

By exploring these concepts, we seek to deepen our understanding of their properties and interac-
tions in Lie superalgebras, building upon existing theoretical frameworks and expanding their applica-
tions. Our investigation will provide insights into the role of n-derivations and n-homomorphisms in
the structure and behavior of Lie superalgebras, contributing to the broader field of algebraic research.

The notion of n-derivations has been studied in various algebraic settings, such as n-derivations for
finitely generated graded Lie algebras [14], n-derivations of Lie color algebras [15]. Our investigation
builds upon this body of work, aiming to extend n-derivations, n-automorphisms, and Lie n-systems
to the Lie algebra of a Lie group, thereby enhancing the understanding of their applications.

2. Preliminaries

Let n > 2 be a fixed integer. We use L to refer to a Lie superalgebra over a commutative ring R
with unity. A Lie superalgebra L is perfect if its derived subalgebra [L, L] equals L. For any subset
S C L, we denote Cf(S) the centralizer of S in L, while the center of L is represented by Z(L). A Lie
superalgebra is called centerless if Z(L) = {0}. The algebra of derivations of L is denoted by Der(L)
and algebra of Inner derivation of L denoted by ad(L). Definition 1 and Definitions such as, 2, 3, 4 and
Definition 5 below are taken from [15], [18] and [19].

Definition 1. Let L be a direct sum of two components, Ly and Ly, where L is a Z,-graded algebra over
a commutative ring R that contains a multiplicative identity. We say that L is a Lie superalgebra if the
multiplication operation, denoted by [ , 1, adheres to the following set of identities:

(@) [v1, 0] = —(=1)1l2l [0 0,]; (graded skew — symmetry)

(b) [v1, [v2, v3]] = [[01,02], 03] + (=D)IP11121 [0y, [01, 03]] (graded Jacobi identity).

Let v1,vp,v3 € hg(L), where hg(L) represents the set of all Zy-homogeneous elements of L. Throughout this
paper, whenever |v| appears, we interpret v as a Zy-homogeneous element, and |v| denotes the Z,-degree of v.

Definition 2. For a subset S of L, the enveloping Lie superalgebra of S is the Lie subalgebra of L generated by S.
A Lie superalgebra is said to be indecomposable if it cannot be written as a direct sum of two nontrivial ideals.

Definition 3. An endomorphism D of an R-module L is called a triple derivation of L if for all v1,v;,v3 € L,
D satisfies the following condition:

D([[v1, 2], v3])=[[D(v1),v2), vs] + (=1)PIPI[[v1, D()], v3] + (1) PIrlH2D [0y, 05], D(03)].

More generally, D is called an n-derivation of L, if it satisfies the following identity.

D([-++[[o1,02], 23] - 0a]) = [+ [[D(01), 22), 03] -+ 00]
+ (=1)/PIl[ ([0, D(02)), 03] - - - 0]
+ (_1)|D|(\v1\+\vz\)[. - [[v1,v2], D(v3)] - - - vn]
4.
+ (_1)|D|(‘01‘+‘7)2‘+|7}2|+"'|7’n—1|)[. - [[v1,v2),v3] - - - D(vy)]

forall v1,v3,v3---v, € L.

Denote by nDer(L) the set of all n-derivations of a Lie algebra L. It is straightforward to verify that nDer(L)
forms a Lie algebra under the usual commutator bracket of endomorphisms of the R-module. An n-derivation of
a Lie algebra generalizes the usual derivation by satisfying a Leibniz rule for the n-fold Lie bracket. This concept
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parallels similar generalizations in associative and Jordan algebras. It was introduced independently in [4] by
Miiller, where it was referred to as a prederivation in the specific case of triple derivations. Miiller [4] proved
that, if G is a Lie group equipped with a bi-invariant semi-Riemannian metric and g its Lie algebra, then the
Lie algebra of the group of isometries of G fixing the identity element is a subalgebra of nDer(g) when n = 3.
Therefore, the study of the Lie algebra of n-derivations is of interest not only from an algebraic perspective but
also due to its relevance in the geometric theory of Lie groups.

Definition 4. Let L and L' be two Lie superalgebras over R. An even R-linear mapping f : L — L' is called:
(a) a homomorphism if it satisfies

f([o1,02]) = [f(v1), f(v2)] forall 01,0, € L.

(b) an anti-homomorphism if it meets the condition

f([o1,22]) = (=)l [F(03), £ (o1)] for all v3,0 € hg(L).

(¢) a triple homomorphism if it meets the condition

f([v1, [v2,03]]) = [f(v1), [f(v2), f(v3)]] for all v1,v2,05 € L.

(d) a n-homomorphism if it meets the condition

f([01,02,03 - vn]) = [f(01), f(v2), f(v3) - - - f(0n)]
[ [[f(v1), f(©2)], f(v3)] - - - f(vn)]

forall vi,v3,v3---v, € L.

Definition 5. Let L and L' be Lie superalgebras. A map ¢ : L — L' is said to be the direct sum of maps
91,92 L — L"if g = g1 + g0 and there exist ideals I and I, of the enveloping Lie superalgebra of g(L) such
that L NI, = {0} with gl(L) C I and gz(L) C bL.

Proposition 1. If L is perfect, then ad(L) forms an ideal of the Lie superalgebra nDer(L).
Proof. Let D € nDer(L),v € hg(L) . Then, for any w € L, we have

(D, adv](w) = Dado(w) — (—=1)!PPlado(D(w)) = D[v,w] — (=1)!PIP[0, D(w)]
_D< Z[. < [[o14, v24], 03] - - 'U(nl)i}/w] >

icl
—(~1)IDI| [Z{ - [o1i, v2i], v31] - - 'U(n—l)i]/D(w)

icl
= ;D ( [ [ - [[01i,v21], 03] - - 'U(n—l)i]/w])
- Z‘;(_l)IDHvI {H - [[v1i,v21], 03] - - 'U(n—l)l}rw}rD(w)]
= Z;H -+ [[D(v1),v2i], 03] - - 'U(n—l)i]/w}
+ L[ ffow Do) val - ogay] )
+ (1) IPeub+leaD [ oy, ox], D(o3)] -+ 0001y ] ]
iel
e = DD PP [l w2, Dlosi)] 0] D)
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Hence,
(D, adv) (w) =ad(i§[' - [[D(v1i), v21], 03 - - v (1)i]
+ ; \DHv,ll -+ [[v1i, D(vi)], 3] - - 'U(n—l)i]
+Z;‘ DIPIealoaD ] - [vy;, 0], D(v3:)] - (il +
i€
+ Y (1) Pt +oal oD [ oy, 03], 03] - - D(gy_1)5)]) ().
i€l

Since w is arbitrary, it follows that [D,adv| is an inner derivation. Hence, ad(L) is an ideal of
nDer(L). O

3. The Proof of the Main Results

We state and prove our first main result of this paper.

Theorem 1. Let n > 2 be a fixed integer and let L be a Lie superalgebra over a commutative ring R. If 1 ER,
and L is perfect with a trivial center, then the following hold:
(a) nDer(L) = Der(L);
(b) nDer(Der(L)) = ad(Der(L)).
We begin the proof of our main result through the following lemmas.

Lemma 1. [17] For any Lie superalgebra L, if v € L and D € Der(L), then [D,adv] = ad(D(v)).

Lemma 2. For any Lie superalgebra L, the set nDer(L) is invariant under the standard Lie bracket operation.
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Proof. Let D1, D, € nDer(L),vq,v,v2 -+ - 0,1 € hg(L),v, € L.“By the definition of n-derivation, we
have

D1Dy([[ - - [[o1,v2], 03] - - - 1], 0n])
=Dy ([ [[D2(01), 02, 03] - - - 041, 0a] + (=1)IPW [ [[o1, Da (02)], 03] - - - 04 1], 0]
+ (1) Pl e[ [0y, 03], Da(v3)] -+ 04 1), 0]
4o (_1)‘DZ‘(|'Ul|+|02|+‘02‘+““0n—1‘)[[. -+ [[o1,02], 03] - - - vy_1], Da(vn)])
=[[--- [[D1Da(v1), v2], 03] - - - vy —1], 0]
+ (=1) PR [ [[Dy (v1), Dy (v2)], 03] -+ - 1], D]
+ (=1) PRt o2 ([ [[Dy (01), 02], Dy (03)] - - 05—1], 0a)
4ot (—1 )\Dl\(IDz|+|v1I+\vz\+\vz\+~-\vHI)[[ [[D2(v1),v2], 03] - - - vu_1], D1(v4)]
—1)Pallrl[[ - [[Dy(01), Da(v2)], 03] - - - Du—1], ]
—1)/Pallesl (1) IPalleil [ [[oy, Dy D (3)], 03] - - 1], 0]
-1 IDszl\( )\Dl\ |D2|+Iv1|+\vz\)[[ [[1, D2(v2)], D1(v3)] - - - Vp_1], 0n] + - - -
1) [

)
)
)
1)|D2Hvl\ Dy |(IDz|+[o1]+[v2]+ 02|+ [05-1]) [-- - [[01, D2(v2)], 03] - - - v4_1], D1 (vn)]
)
)
)
)

—1)ID2[([o1|+]o2] [+ [[D1(v1),v2], D2(v3)] - - - vy—1], )
1)|D1|(\01\ [[- - - [[v1, D1(v2)], D2(v3)] - - - vy—1], Un]

[
—1)/P2(erl+le2l) (—
(— 1)|D1I(\vl\+\vz\)[[ [[v1,v2], D1D2(3)] - - - vy_1]), 0] + - - -
(=
-

-1

)
)
D2 (Jo1|+]o2])
—1)ID2[([o1|+]o21])

1)|Dl|(\Dz\+\01\+|Uz|+|1'2|+ lon-1l)

[+ - [[o1,02], D2(w3)] - - - vy—1], D1(wn)]

oo (=1)IP2lerlHloal ool lonaD [ [[Dy (1), 2], 03] - - - Up—1], D2 (vn)]

(=) Palerltloealteal oD (1) Pl [0y, Dy (02)], 03] - - - 01, Da(0n)]

(— 1)|Dzl(|vl|+\02\+|02|+'“\0n—1|)(_1)\D1\(|1’1|+|1'2|)[[. - [[01,v2], D1(v3)] - - - vy_1], Da(v)]

c4(—1 )‘DZ‘(|v1|+|02|+‘v2‘+""vn71‘)(_1)|D1|(‘Ul‘+|U2|+|v2|+'"|vn—l‘)

[ [[v1,02], 03] - - - v 1], D1D2(0n)]-

Also, we have

Dy Dy ([[- - - [[o1,v2], 03] - - - 0 —1], vn])
=Da([[--- [[D1(01), 02), 03] - - 0 1], 0a) + (= 1) PIH[[- - [[og, D1 (02)], 03] - - 01, 0]
+ (=1)IPlerl+ 2D 11 ([0, 03], Dy (03)] - - - p—1], ©a]
4ot (_1)|D1‘(|vl|+‘02‘+‘02‘+““vn—1|)[[. - [[o1,v2], 03] - - - vy_1], D1 (vn)])
=[[--- [[D2D1(v1),v2],03] - - - Oy_1], 0] + (_1)\Dz\(|D1I+|v1I)
[+ [[D1(v1), Da(v2)], 03] - - - v —1], 0]
+ (=1)/PalPi oD [ [y (01), 02], Da(03)] -+ O], 24]
+ oo+ (= 1) Pl (D1l o]+ ool oo+ louaD [[. . [[Dy (07), 03], v3] - - - V1], Da(vn)]
+ (=1) /Pl [[Da(v1), Da(02)], 03] - - 04 1), 0]
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+ (=1)/Prllerl(—1) P2l [ oy, Do Dy (02)], 03] - - 041, 0]
(=1)IPrllerl (1) IDA (D1l o+ 2D [ [0, Dy (03)], Da(03)] - - - 0n—1], vn]
o (=1)IPalleal (—q)IP2l(PaHerl+oal ool lona D[ . . [0y, Dy (v2)], 03] - - - Up—1], D2 (vn)]
+ (= 1)|D1‘(|U1|+‘Uz‘ [+ [[D2(v1),v2], D1(v3)] - - - Up—1], 0n]
+ (=)Dl () Pl . [0y, Dy (02)], Dy (v3)] - - - 01, 0n]
(- 1)|D1\ [01]+lv2]) (— 1)|D2| |1’1|+\02\)[[ [[01,02], DaD1(v3)] - - - Vy_1],vn] - - -
)

(=1)IPr(orl+[e2]) (— 1)|D2|(‘D1|+‘”1H'UZ'H”Z'*""”"*”)[[~~~[[vl,vz],Dl(v3)]---vn,l],Dz(vn)]

+

+ o+ 4

+(—1 ID11([o1 [+ w2 |+ w2 |4+ [0n-1]) [- - [Da(v1),02]),03] - - - v4_1], D1(vn)]
+ (=1)IPulorl ozl o2l +Jonal) (1) IP2lsl[[. . [0y, Do (02)], 03] - - - Vp_1], D1 (vn)]

) |
) (=1)
(- 1)|D1\ [v1]+o2|+[02|+++[0n-1]) (— 1)/Pal( Ivll+|vz|)[[ (o1, v2], D2(03)] - - - 01, D1 ()] - - -
) (=1)
(vn)].

_|_

(
+ (=1)Pulerl+ ozl ozl fonl) (1) IP2l(for[+le2l + o2 |+ [oa-1])

[ [[v1,02],03] - - - vy 1], D2 D1 ()

By simple calculation, we obtain

[D1,D2)([[ - - [[v1,v2], 03] - - - V1], vn])
=D1Dy([[- - - [[01,02), 03] - - - vy—1],0a]) = (=1)PIPADL Dy [[- - [0y, 03], 03] - - 04 -1], 0]
=[[--- [[[D1, D2 (v1), 03], 03] - - - 0y 1], 0] + (—1)I1(IP21HIPA])
[[- - [[v1, [D1, Da](v2)], v3] - - - 0y 1], 0]
+ (_1)(Iv1|+\v1\)(\Dz\HDl\)[[. - [[v1,v2], [D1, D2) (v3)] - - - O], 0n] + - - -

+ (_1)(|D1|+‘D2D(‘vl‘+‘UZ‘+|U2|+"'|U71—1|)[[. - [[v1,02], 03] - - - vu_1], [D1, D2] (vn)].

Hence, [D1, Dy] € nDer(L), completing the proof of the lemma. [

It is evident that both ad(L) and Der(L) are subalgebras of nDer(L)." Since L is perfect, every
element v € (ho g)(L) can be written as a finite sum of Lie brackets, that is, there exist a finite index
set I such that

0= 2 [ - [[v11, 021, v31] - - 'U(n—l)l} ,
|ZI11‘+|ZJ21‘+|UI3| +|vn 1)i ‘ ‘Ul
for some v;1, Ui, V;3 - U(n—1)i € L. In this article, we always put }_ in place of
Z for convenience.

i€l
[vin |+ [vail + i3 |-+ [0 (—1)i| =]

Lemma 3. If L is a perfect Lie superalgebra with a trivial center, then there exists an R-module homomorphism
0 :nDer(L) — End(L), defined by 6(D) = 6p such that for all v € L and D € nDer(L), the following holds:

[D, adv] = addp(v).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. In view of Lemma 1, if L is perfect and L has zero center, D € nDer(L), then we can construct a

module endomorphism dp on L such that for any v = Y [ < [[v14, v2i], v3i] - - -v(n_l)l} € hg(L),
el

1S

op(v) = X;, ([‘ -~ [[D(v1i), 2], 03] - - 1)) + (—1)IPleall - [[oy;, D(vy:)], 03] - - “V(n-1)i]
+(=1)/Pleal+o2l) [ ([0, v51], D(v37)] - - V()] + o

(1) Pl sttt 02D (foy, 09, 037 - D<v<n_1>i>1)'

In fact, the definition does not depend on the specific expression of v. To prove this, let

s=Y ( D(v1;), 021, 03] -+ 0(_1yi) + (=D)IPIPAI[ - [[o1;, D(021)], 03]+ 00 1))
iel
+(=1)IPlPal+ P2 [ (104, 05:], D (v3;)] - - V(i)

+(=1)Pl(Ral+lal+losl++Riuw2)D[. . ([0, 0], v51] - - - D(U(n—l)i)])
Next, let

M= ([' - ([D(up), upl ujs) -+ i) + (=) Pl (g, D(upp)], ] < - 1)

+(—1)IPI(ua[+ul). . Nlujr, up], D(ua)] -+ jgp)] + -+

+(_1)|D|(‘ui1‘+|ui2|+‘ui3|+'“+|ui(”*2)|)[- .. [[ujll sz],u]‘g,] e D(”i(n—l))]) .
Since D € nDer(L), forall w € L, we have
S,] =
Y <[[ -+ [[D(v1),v2i], 03] - - - U(n—l)i]rw] + (—1)/Plleal [[' -+ [[01i, D(21)], 03] - - 'v(n—l)i]/w]
i€l
+(—1)IDIoal+leai) [[. o1, v2i], D(v3)] - - .v(n_l)i],w} NI

(=)Dl ol - . [[vu,vzi],vsz-]-~~D(v(n_1)i)],wD

= ((D [+ [foni 02, 8 -+ 01yl 0] ) = (=1) PPl [ [y, 0], 0] -+ 001, D(w)]
iel
=D([o,w]) - (=1)°*I[o, D(w)

= LO([[ -l al ] | ] ) = (<D
H e luj,upl up] - uj(n—l)}rD(w)b
=Z_GEI <[[ (D (ujn), upl, gl - - uj(n—l)]rw}
+(—1)/Pllual {[. ([, D(up)], ujs) - - uj(n—l)]/w]
() P 9D [ i, ], Do) 5 1)) 0] 4
(1) Pl bl 0D [ g, ), ) D(ui(n_l))],wD

=[M, w].
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Thus, [S — M, w] = 0, which implies that S — M € Z(L). Since “Z(L) = {0}, it follows that S = M.
Therefore, dp is well-defined. The remainder of the lemma is a consequence of the proof of Proposition
1. O

Lemma 4. If L is a perfect Lie superalgebra with a trivial center, then for every
D € nDer(L), dp belongs to Der(L).

Proof. Suppose D € nDer(L), from Proposition 1, we have

v= Z[ - [[v1i, 021, 03i] - - - U(n,l)l} € hg(L), w € L.

iel
Then
/d irO2i],93i] """ V(n-1)ils
D,a ([21[ o102, 081 -0y wm
= ads oo [[o15, 021, 031] -+ - 0w 11i), ]
a D(LGZI[ [[01i, v2:], v3i] ( 1)]4)
Alternatively,
D, ad( [ZL +[[ori, 2], 03] - ~v<n_1>i],w] )] = |D, | XL+ [[ovi,oail vsi] - -vm_l)i],wH
icl icl
=L [ |-+ (1D, ad (0], ad (w2l ad (05)] - ad (w1511 o)
+ Z}(‘UIDHU“‘ H -+ [ad(v1;), [D, ad(vy;)], ad(v3;)] - - 'ad(v(n—l)i)}rad(w)}
+ (el [ ad (o), nd (02), (D, ad 5] - ad (00017 ] ad ()]
+ (=) Pl [[--- [ad(01;), ad (02:)], ad (037)] - - 01|, D, ad ()]
icl
=Y ([ lladép (v17), ad (03] ad(v5,)] - - - ad (01 17) ], ad ()]
iel
+ ()Pl [ [[ad(0r:), adp (v2:)], ad(03:)] - - - ad (01 | ad ()
iel
+ Y () PeulexD [ (ad(oy;), [ad (v3y), adp (03] - - - ad (0, 1)) ad ()
iel
+ (-1 [+ [lad(o1s), ad(0:)), ad(05)] - - [0 1), 40D ()] .
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Hence,

— ad ( ([ 6o (1), 02, 03]+~ 001y ] ]

iel
+ Z} 1) Pl H ++ [[011, 0D (2], v3i] - - 'U(n—1)i}/w}
+ Z% 1)/DI(sil+foxl) H - [o1s, [02i, 6D (v31)]] - - - U(n—l)i:|/w:|
oot TP s 03 a1 500 )
= ad5D< Z}[' -+ [[o1i, v2], 03] - - 'U(n—l)i]/w‘|)

= ad(EH- -~ [[0p(v1i), vail, 3] - - - U(n—l)i}'w}

iel
+ Z% 1) Pl H -+ [[011, 0D (2], v3i] - - 'U(n—1)i}/w}
e
+Y7(—1)/Pllenl+fezi) H - [o1s, [02i, 6D (v31)]] - - - U(n—l)i:|/w:|
iel

+ Z \DHU| [ [[v1i, v2i], 03] - - - [U(nfl)ir(sD(w)]} )

iel

Since Z(L) = {0}, it follows that

op ( lZ[ < [[v11,02i], v3i] - 'v(nl)i]/w] )

ict
=( L[+ (oot oal ol -+-o ]
+ ;(—1)\D||vm H - [[v1i, 6 (v2:)], v3i] - - - v(n—l)z}rw}
+ lezl 1)/PI(lewl+lezi) H - [014, [021,6p (v3)]] - - ‘v<n_1)z},w]
b
+ iEZI(—U\DHvl [ - N[1i, v2i], v3i] - - - [U(nl)i,JD(w)]]).

By the arbitrariness of v = } ;¢; { - [[v15,v21], v31] - - - v(n_l),},w, dp € Der(L). O

Lemma 5. If the base ring R includes .~ and L is perfect, then the centralizer of ad(L) in nDer (L) is trivial,
ie., Cyper(r)(ad(L)) = {0}. Consequently, the center of nDer (L) is also trivial.
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Proof. Let D € Cyperp(ad(L)). Thus, forall v € L,[D,adv] = 0. Then, forall v,u €
hg(L), D([v,u]) — (=1)/Pll?l[o, D(u)] = [D,adv](u) = 0. Therefore, D([v,u]) = [D(v),u] =
(—1)IPllel[o, D(u)]. For v1,v2,05 - - - v,_1, v, € hg(L), we always have that

D([[- - - [[o1,v2], v3] - - - vp—1], 0u])

= (—1)/Plerl+loal sl loual (1. . . [[01, 03], 03] - - - V4_1], D ()]
= (—1)/Plerl+loal sl lon2D 1. . . [[01, 0], 03] - - - D(v—1)], Vn]
= (—1)Pllerl+le2D 1. ([0, 2], D(03)] - - - 0u—1], Vn]

— (_1)ID||01|[[. - [[o1, D(v2)], 03] - - - Vp_1], Vn]

[ - [[D(v1),v2], 03] - - - 0 1], O]

Therefore,
D({[ - - [[v1,v2), 03] - - - vy 1], vn])
=[[---[[D(v1),02], 03] - - - 04 1], 0]
+ (=1)/Pll[[- - [[o1, D(v2)], 03] - - 041, 0]
+ (_1)\D\(|v1|+lvz|)[[. - [[v1,v2], D(v3)] - - - V1], 0]
+.
+ (_1)\D\(|v1|+Ivz|+\vs\+~--\vn_z|)H. - [[01,02), 03] - - - D(v—1)], 0]
+ (,1)\D\(|Ul|+|02|+\U3\+“'\Un71|)[[. - [lo1,v2],03] - - - vu_1], D(v4)]
=nD([[- - [[v1,02], v3] - - - Vn—1],0n])
=0.
Hence,

(n =1)D([[- - - [[v1,v2], 03] - - - vy 1], vn]) = 0.

Because nlj € R, the above rebellious gives

D([[ . [[’01102]/’03] e 'Unfl]/vn]) =0.

Since L is perfect, every element of L can be written as a linear combination of elements of the form
[[- - - [[v1,v2],03] - - - vy—1], vn]. Therefore, we conclude that D = 0, thus completing the proof. [J

Lemma 6. If the base ring R includes ﬁ, and L is a perfect Lie superalgebra with a trivial center, then
nDer(L) = Der(L).

Proof. Suppose v € L,D € nDer(L). By Proposition 1, [D,adv] = addp(v). By Lemmas 4 and 1,
adép(v) = [6p,adv]. Hence, D — ép € Cyper(r)(ad(L)). By Lemma 5, D —dp =0,ie, D =Jp €
Der(L). Hence, nDer(L) C Der(L). The lemma follows from Lemma 4. [

Observe that Lemma 3.7 proves the first first of Theorem 1. Now Next, our aims to prove the
second part of Theorem 1.

Lemma 7. If L is a perfect Lie superalgebra and D € nDer(Der(L)), then D(ad(L)) is contained within
ad(L).
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Proof. Since L is perfect, we have

D(adv) =Y D([- - [[01i,v2i], v3i] - - - Uui])

=§D [[ad(v1;), 03], ad(v37)] - - - ad(0,)])
—2 D(ad(o17)), ad(v3;)), ad (03,)] - - - ad(0,)]
ljz )Pl [ [[ad (o), D(ad (v31))], ad (05:)] - - - ad(0,)]
+2 1)IPleut+eab [ (ad(oy;), [ad(02:), D(ad (03))]] - - - ad(01)]
- +Z ID\ [o1]+|v2 |+ w3 |+ +[on-1])
=

[~ -+ [[ad (011), ad(03)], ad(03)] - [0 1), D (@ (01))]]
Hence, D(adv) € ad(L). The lemma holds thanks to Proposition 1. [J

Lemma 8. Assume that R is the base ring containing 1, L is a perfect Lie superalgebra with a trivial center,
and D € nDer(Der(L)). If D(ad(L)) = 0, then it follows that D = 0.

Proof. Foralld € Der(L),v € hg(L), since L is perfect,

v= Z[ - [[01i,v2], v3i] - - 'U("—l)i]'

iel
We have that
ladv, D(d)] = ;{- -+ [lad (o), ad(021)], ad(03;)] - - - ad (0, _1)7) |, D()
= Z} ((=1)Plelp ( [[' -+ [lad (v1i), ad(v2)], ad (v3;)] - - - ad (v, 1;)], d} )

1)/PIEN [ - [[D(ad(017)), ad (v2)], ad (v3;)] - - 'ad(v(n—l)i)]rd}

—(=1)IPlel(- 1>'D"“ﬂ‘[[ [lad(0r,), D(ad(v:))], ad(037)] - - ad (0 1)) d]
—(=1)IPlel () PICeal<lea [[... [ad(or;), ad (o)), D(ad(03)] - - ad (0 1)) ] ]
)

1)/Dll| (_1)\D|(\vil|+|v2i\+|vis\+"'+|Uf(N_z>|

(=
[[‘ -+ [[ad(v1;), ad(vo;)], ad(v3;)] - - - D(ad(v(n—l)i))]/d])'

By Proposition 1, [adv,d] € ad(L), so D([adv,d]) = 0. Hence, [adv, D(d)] = 0. Therefore, D(d) €
Chper(z)(ad(L)). Hence by Lemma 5, D(d) = 0. Hence, D = 0. The lemma holds. [

Lemma 9. Let L be a Lie superalgebra over a commutative ring R. Suppose that =5 € R, and that L is
petfect with a trivial center. If D € nDer(Der(L)), then there exists an element d E Der(L) such that
D(adv) = ad(d(v)) forallv € L.
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Proof. For all D € nDer(Der(L)),v € L, by Lemma 7, D(adv) € ad(L). Let u € L and D(adv) = adu.
Since the center Z(L) is trivial, such u is unique. Clearly, the map d : L — L given by d(v) = u is an
R-module endomorphism of L. Let vy, v, - - - v,_1 € hg(L), v, € L. We have

ad([- - - [[o1,v2], 03] - - - vn]) = D(ad([- - - [[v1, 0], 03] - - - v]))
=D([-- - [[ad(01), ad(v2)], ad(v3)] - - - ad(vn)])
=[---[[D(ad(01)), ad(v2)], ad(v3)] - - - ad(vy)]

+ (=1)/Pleall.. - [[ad(01), D(ad (02))), ad (v3)] - - - ad (on)]

+ (=) Pealteal ... [ad(01), ad (02)], D(ad(03))] - - - ad(on)]

+ (=1)Plal+ail sl 4w ... [[ad(v,), ad(v2)], ad(v3)] - - - D(ad(vy))]
=ad([- - [[d(v1),v2],03] - - - 0] + (_1)|D\Ivnl[. - [[o1, d(v2)], 03] - - - U4

+ (_1)ID\(|vn\+\vzi| [+ [[o1,02],d(v3)] - - - vx]

+ (=1)Pllenltloail s+ +ow1i) ... [0y, 0], 03] - - -d(v)]).

Since Z(L) = {0},

([ [for, 2l o] - oal) =[- - [[d(0), 2], 03] - o) (=1) P10 [fon, d 02)], 3] -+ 00]
+ (_1)|D|(\vn|+lvzil[. - [[o1,v2], d(v3)] - - - v4]

+ (=1)Pleal+oail s+ +owni) .. [0y, 0], 03] - - - d(v5)]-

That is, to say, d € nDer(L). By Lemma 6,d € Der(L).
Proof of Theorem 1 By Lemma 6, it remains only to prove the second assertion. By Lemma 9, forall D €

(Der(L)),v € L" there exists d € Der(L) such that for all
v € L,D(adv) = ad(d(v)). Using Lemma 1, ad(d(v)) = [d, adv].
Hence,

D(adv) = ad(d(v)) = [d, adv] = ad(d)(adv).

Thus,
(D —ad(d))(adv) = 0.

By Lemma 8, D = ad(d). Therefore, (Der(L)) = ad(Der(L)). The theorem holds. [

Remark 1. [8] The condition =5 € R is necessary. For example, if the base ring is field F of characteristic 2
and L is not abelian, then the zdentzty map is a n-derivation but not a derivation.

Consider the Lie superalgebras L and L’ over the commutative ring R. Assume that M is the
enveloping Lie superalgebra of f(L) and that f is a n-homomorphism from L to L. It may be
represented as a direct sum of indecomposable ideals and is assumed that L is perfect and M is
centerless.

The second main result of this paper the following theorem.

Theorem 2. Let R be a commutative ring with unity, and assume that 2 is invertible in R. Let L and L' be Lie
superalgebras over R, with f being an n-homomorphism from L to L', and let M represent the enveloping Lie
superalgebra of f(L). Then, the following hold:

(a) L is perfect;
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(b) M is centerless and can be decomposed into a direct sum of indecomposable ideals. In this case, f is either a
homomorphism, an anti-homomorphism, or a direct sum of both a homomorphism and an anti-homomorphism.

Now, we prove the above mentioned result through sequence of lemmas.

Lemma 10. There exists an even R-linear mapping ¢ : L — L' such that for all v € hg(L) with

v= Z [ - [[v1i,v21], 03] - - 'U(n_1)i]/ (Uli/ 2, 03i " " U(n-1)i € L>,

icl
o1 +o2:[+|03: ]+ o _1yi =[]

and
5¢(0) = )y [+ [ 1), f(20)], f(030)] -+ F (00130

i€l
o1+ 02| +[03i] -+ 0 (1) |=10

forallv € hg(L).

Proof. It is sufficient to prove that Y[f(v;1), f(v;2)] is independent of the expression of v. Suppose

that | £(o11), [f (021), [f (031) - [ @ignv—3) [ @12 f@uny) 1] -+ .

Assume that

T 21[ (o 02l vsi] - '%—1)1] €L,
1€

and

op(@) = Y- ([ [[F(ons), flo20)], f(@30)] -+ F (@) )

i€l
In actuality, the definition is unaffected by how v is expressed. To demonstrate it,
let

=Y ([ [0, fe)l, foa)] - fop )] ).

i€l

Letv = Ziel({' - [[uin, win], wia] - - '“z‘(n—l)D and let

M= X([ ) £ )], fC)] - Flin)] )
Then, for all w € L, we have

), =) = | F(w), Z[-- [Flon). Floa)) £ea)] £ (000

iel

~ L[, - ), flu) S]]
= L[fw) [+ ), fea) f 03] (000
= L[t [ [Fwa) flu)) f)] - Flsr)]
= f< lw: 21[ - [[v11,v2:),v3i] - '%11)1’]]

- [wzg[ < ([win, unl, wia] - '”i(nl)H>

= f(lw, 0] — [w,0]) = 0.

It follows S — M € Z(M) and hence S = M, since M is centerless. This completes the proof. [
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Lemma 11. Let o¢ be the mapping in Lemma 10. Then, for all v € L, we have that fadv = adés(v)f.

Proof. Letv =) ;g { - [[014, v2i], v3i] - - -v(n_l)l} € L. Then, we have

fado(w) = Zf(H [[017,v2i], vsi] - - 'U(n—l)z}rw}>
—ZH @), f(@2)], f(@30)] -+ F(000-1y0) | f ()]
= (X[ @), foa)], f@3i)) -+ fo1yi) | f(@)]
= [85(0), f(w)| = adés(v) f(a).
Thus fadv = add;(v)f forall v € L and the lemma holds. [

Lemma 12. The mapping 6y is a homomorphism of Lie superalgebras.

Proof. Forall v,u € hg(L), w € L, it follows from Lemmas 10 and 11 that

[0 ([o,u]) = [5(0), 85(w) |, f ()]

= [5p(oul), f@)] = [3p(2), [35(0), f@)] ] + (=) P11 [o5(w), [3(0), f(w) ]
=quwnﬂm1[<>w@wﬂm}< 1) 3 (), adés (o) f(w) |
= [[f(0), f)), f )] = [3p(0)f ([, ]) | + (=) 1 35w, £([o, )]
= /@), f(u)]f(a»]——adaf< )fﬂy w]) + (=1)1ads () f ([0, )

f(llo,u)w]) = £ ([0, [y wl]) + (=) £ (ly, [o, w]])
= £ (e, ul, w] = [o, Iy, w]] + (~1) [y, [o,w]))
0.

By the Jacobi identity, for arbitrary w € L, we have [6¢([0,u]) — [6¢(0),d7(u)], f(w)] = 0. Since M is
the enveloping Lie superalgebra of f(L), it follows that é¢([o, u]) — [6¢(v),df(u)] € Z(M). Because M
is centerless, 8¢ ([0, u]) = [07(v),8¢(u)]. As v,u € L were arbitrary, the lemma follows. [J

Lemma 13. Denote Z* = Im(f + 0¢), Z~ = Imt(f — &¢). Then, Z*and 7~ are both ideals of M.

Proof. It is clear that Z*,Z~ C M. For any v,u € L, by Lemma 11, we have

Hence, Z~is an ideal of M. Similarly, Z"is an ideal of M. O

Lemma 14. Prove that (27,77 ] = {0}.
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Proof. Take v, u, w € hg(L), by Lemmas 10, 11, 12 and 13, we have that

Hﬂ)+%( —o¢(w)|. £( }

= [[f(0), £( |- [[fe)é }4(@

+I[5f<v>f } (@)] - [[¢r(e).¢w)] fw)]

= f(llo,u],w]) + (-1 ”““‘[adaf f(v) (w)] + [addp(0) (), f ()]

)

—{@w»{ wﬂ]( )l (1) add (0) f (a0)]

= f(llo,u),w]) + (=D £ ([y, o)), f )] + [f([o,u]), f(w)]

— [8¢(0), adéy () f(w) ] + (=11 65 (w), f ([0, w])

:ﬂH 1])( 0PIy, ), £ ()] + [F([o,u), £ ()

_ } 1)lellul (1) lul(lol-+Fw] [f([v, w])/g;f(u)}

- [@ )] = (=) [f([o, w]), 67()]
:fm,1 D f([o Ly, 1n+< 1) e (=)D £ [y, [o, 0] )
= f(llo,ul,w) = [o, [y, w]] + (1)1 [y, [o, ] ) =o.

Therefore, [f(v)+5f(v), f(u)—éf(u)] € Z(M). Since Z(M) = {0}, we have that [f(v)+
5¢(v), f(u) — (5f(u)} = 0. The lemma follows. O

Lemma 15. Prove that Z™ NZ~ = {0}.

Proof. Letz € ZT NZ~. By Lemma 14, [Z",w] = [Z~,w] = 0. Hence, forany w € L,
[£(0) +6¢(0), 0] = [f(2) = 0¢(0), ] =0

Under the assumption —1+ € R, we have [f(v), w] = 0. Since M is the enveloping Lie algebra of f(L)
and v is arbitrary, it follows that w € Z(M). As Z(M) = {0}, we conclude that w = 0. Hence, the
lemma follows. [

Lemma 16. If M cannot be decomposed into a direct sum of two nontrivial ideals, then f is either a homomor-
phism or an anti-homomorphism of Lie superalgebras.

Proof. For every v € L, define Z" = ;1;(f(v) + 6¢(v)) and Z~ = ;15(f(v) — 6¢(0)). It follows
that Z* € Z" and Z~ € Z~, and that f(v) = Z* + Z~. This implies that f(L) C Z" +Z~, and
consequently, M C Z" + Z~. By Lemma 15, we know that M = Z" @& Z~. Since M cannot be written
as a direct sum of two nontrivial ideals, exactly one of Z* or Z~ must be trivial. If Z" is trivial
(thatis, (f + ) ([o,u]) = 0), then f([o,u]) = —5;([o,u]) = ~[f(0), Fw)] = (~1)FM[F(w), £(0)],
so f is an anti-homomorphism. Conversely, if Z~ is trivial (that is, (f — df)([v,u]) = 0), then
f(lo,u]) = 6¢([v,u]) = [f(v), f(u)], and thus f is a homomorphism. This completes the proof of
the lemma.

Proof of Theorem 2. According to Lemma 16, it is sufficient to prove the theorem when M is
decomposable. Given the assumptions, we can express M as the sum

M=MSMSB...H M;s.
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Each M; is an indecomposable ideal of M. Since Z(M) = {0}, so Lemma 10 in [18] implies that
every M; is also centerless. Let p; : M — M; denote the canonical projection. Then, f = Y, p;f,
and each p;f : L — M; is a triple homomorphism, with M; the enveloping Lie superalgebra of
pif(L) fori =1,2,...,s. Because each M; is indecomposable, Lemma 3.7 yields that p;f is either a
homomorphism or an anti-homomorphism from L to M;. Let P = {i | p;f is a homomorphism}, and
let Q be the complementary set of P within {1,2,...,s}. Define My = Y;cp M;, My = Yjcq M;. Let
fi = Lieppif and fo = Y cq pif. By direct verification, we can check that M = M; & M, and that
[M;, M) = 0. Moreover, f = f; + f,, where f; is a homomorphism and f; is an anti-homomorphism
of Lie superalgebras. This completes the proof. [

4. Conclusions

These findings significantly enhance our understanding of n-derivations and #-homomorphisms
on perfect Lie superalgebras over a commutative ring R. The results demonstrate that under specific
conditions, such as the base ring containing ﬁ and the center of L being zero, n-derivations of
L coincide with standard derivations, and every n-derivation of the derivation algebra Der(L) is
shown to be inner. Furthermore, the extension of the concept of n-homomorphisms to mappings
between Lie superalgebras L and L' reveals that, under certain assumptions, homomorphisms, anti-
homomorphisms, and their combinations all qualify as n-homomorphisms. These results contribute to
the advancement of the theory of derivations and homomorphisms in non-associative algebras, paving
the way for further exploration of their applications in broader algebraic structures.

5. Future Research Problem

The results of this study are established under specific structural and algebraic assumptions-
namely, that the Lie superalgebra L is perfect with a trivial center, and that the base ring R contains
—L-. A natural future direction is to extend the analysis of n-derivations to more general classes of
Lie superalgebras, such as those that are not perfect or that have a nontrivial center. Additionally,

investigating the behavior of n-derivations over rings that do not contain 1+ could reveal whether

n—1
this condition is essential or if the main results can be generalized. Another promising direction lies in
studying n-homomorphisms between non-isomorphic or structurally different Lie superalgebras, or
in exploring their categorical or cohomological interpretations. Expanding the framework to include
color Lie superalgebras, graded Lie algebras, or infinite-dimensional cases may also offer deeper

insights and broader applicability.
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