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Abstract: The vibrational excitation cross section of a diatomic molecule by positron impact is
obtained using wavepacket propagation techniques. The dynamics was carried on a two-dimensional
potential energy surface which couples a hydrogen-like harmonic oscillator to a positron via a
spherically symmetric correlation polarization potential. The cross section for the excitation of the
first vibrational mode is in good agreement with previous reports. Our model suggests that a positron
couples to the target vibration by responding instantly to an interaction potential which depends on
the target vibrational coordinate.

Keywords: positron; model potential; wavepacket propagation; vibrational cross section

1. Introduction

A fundamental question in positron-matter interaction is how a positron couples to
the vibrational modes of molecules, after experimental measurements [1–3] and theoretical
models [4–11] agree appreciably for vibrational excitation cross sections for low energy
positron-molecule scattering. The observation of this phenomenon in great detail follows
the development of high-intensity, monoenergetic positron beams [12,13] which, in turn,
cools the source of positron via inelastic collisions, presumably involving vibrational
modes [11,14], with a buffer gas of molecules.

The prominent consequence of the strong coupling between the positron and the
nuclear degrees of freedom refers to the abnormally large positron annihilation rates ob-
served in polyatomic targets [15–17]. The resonant features of the annihilation spectra have
been described using a Breit-Wigner amplitude, which rely on the existence of a positron-
molecule bound state, or vibrational Feshbach resonance (VFR) [18], mainly populating
by the infrared active modes of the molecule [17,18]. The VFRs are further enhanced by
intramolecular vibrational energy redistribution [18]. On the other hand, the multimode
nature of positron annihilation on molecules was uncover within a projection operator ap-
proach [19,20]. This model suggests that resonances in the annihilation phenomenon arise
from the formation of a transient positron-molecule complex, with a lifetime long enough to
give rise to narrow vibrational resonances via constructive interference [19,20]. This model
attributes an important role to the correlation-polarization forces, as the mechanism which
triggers the positron-molecule attachment, not only involving bound states but virtual
states as well [19,20]. The coupling of the positron to molecular vibrations appeared to be
more intriguing after experimental measurements of annihilation rates reveled that the
positron can couple directly to a quasicontinuum of multimode vibrational states [21]. In
order to describe the observed data it was necessary to average the annihilation parameter
over all the energetically allowed multimode vibrational excitations, also assuming that
the positron couples to the quasicontinuum of states with the same strength [21].
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The richness of the positron-molecule physics is closely related to the ability of the
molecule to bind a positron. Being the positron a light positive particle, the formation of
a positron-molecule complex results from the compromise between a flexible attractive
electron cloud and a quasi-rigid repulsive nuclei structure. This picture is supported by a
collection of experimental [22,23] and theoretical results [24–28] which indicate an strong
correlation between positron-molecule binding energies and molecular properties as dipole
moment, polarizability, ionization potential and number of π-electrons. However for a
quantitative description of the bonding between a molecule and a positron, a subtle effect
should be taken into account, e.g., the non-zero probability amplitude that a target electron
tunnels to the positron attractive well. This effects which appears as a virtual positronium
formation in the many-body positron-molecule self energy, is responsible for a dramatic
increase of the positron-molecule attachment [29].

In this work the interaction of a positron with a diatomic molecule is studied using a
potential energy surface (PES) that couples a correlation-polarization potential curve, for
the positron-target interaction, with a hydrogen-like harmonic oscillator. On this PES a
time dependent wavepacket propagation is done and the cross section for the excitation of
the first vibrational mode of the oscillator is computed, a procedure somewhat similar to
that of reference [30]. In seeking for comparison, the mass and natural frequency of the
harmonic oscillator were chosen with values close to those known for a hydrogen molecule.
The coupling between the molecular vibrational and positron translational modes was
described using a linear representation of the H2 polarizabilities as a function of the H−H
internuclear separation, reported by Kołos and Wolniewicsz [31]. The computed 0 → 1
vibrational excitation cross section then displays good agreement with previously reported
experimental and theoretical results, suggesting that the oscillator embedded in the positron
continuum couples to it through a correlation polarization force, which depends on the
target oscillatory coordinate. Since the present model employs the harmonic approximation,
only the 0→ 1 vibrational excitation is accounted for. While more sophisticated positron-
vibration couplings could in principle be considered, the available experimental data for
H2 are limited to the fundamental vibrational transition.

In the next section, the model potential is described in detail. The wavepacket propa-
gation method is presented in section 3. The results and discussion are given in section 4
and some conclusions given in section 5. Atomic units are assumed throughout the text,
unless otherwise stated.

2. The model potential

The model potential is written as the sum of an oscillator (OSC) and positron (POS)
components as follows

V(r, R) = Vosc(R) + Vpos(r, R) (1)

where r is the scattering coordinate for the projectile-target distance, relative to the center
of mass of the system, and R the internal coordinate of the target vibrational mode.

The OSC term in the above equation is the potential energy of a harmonic oscillator

Vosc(R) =
1
2

µω2R2 (2)

where the reduced mass was set to µ = 1000 which corresponds to a homonuclear diatom
with atomic mass M = 2000. The natural frequency ω = 0.02 (4389.5 cm−1), gives a
harmonic oscillator with parameters close to those of the hydrogen molecule.

The POS term includes the static (Vst) and the correlation-polarization (Vcp) potentials.
The former is represented in the form

Vst(r) =
( a1

r

)a2
exp (−a3ra4) (3)
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which reproduces the spherically symmetric static potential energy of H2, at the Hartee-
Fock level, where {ai} = {1.1973, 2.6633, 0.6179, 1.2003}.

The Vcp term in turn is written as

Vcp(r, R) = −α(R)
2r4 fρ(r) (4)

where
α(R) = aR + α0 (5)

with a = 4.35 and α0 = 5.18, is a linear approximation (referred to 1.4 a0) to the dipole
polarizability for H2 from Kołos and Wolniewitz [31].

In Eq. (4)

fρ(r) = 1− exp
(
− r6

ρ6

)
(6)

is the cut-off function proposed by Mitroy and Ivanov [32] in order to damp the −1/r4

term at short distances. The cut-off parameter ρ is chosen to reproduce the desirable
result [26,32]. In this case ρ = 5 lead to a cross section close to the experimental values.

Figure 1 shows one-dimensional cuts of the different components of the two-dimensional
PES in function of r, for R = 0 and ρ = 5. The inset shows the ab initio values of the H2
polarizabilty and the straight line from Eq. (5). We observed that with this simple repre-
sentation the cross section was almost indistinguishable from those of a model which fits
all the data to a higher degree polynomial. This is so because the average position of the
wave-packet in the R coordinate oscillates very close to the origin of the quadratic well.
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Figure 1. One-dimensional cuts of the different components of the model potential. The empty dots
in the inset are the data from ref. [30]. See text for details.

This model potential assumes a very simple anzatz for the coupling of a low-energy
positron to a harmonic vibrational mode. The coupling is included as a parametric de-
pendence of the positron-target correlation-polarization potential, Vcp, on the oscillator
coordinate, R. Note that here the target potential remains unchanged under the action of
the positron field, a plausible assumption for a small, weakly polarizable, molecule as H2.
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3. Wave-packet dynamics

The time propagation of the wavepacket (WP) was done using a split evolution
operator in the form

Ψ(r, R, t + ∆t) = e−iK ∆t
2 e−iV∆te−iK ∆t

2 Ψ(r, R, t) (7)

where V is the PES from Eq. (1) and

K =
p2

2m
+

P2

2µ
(8)

is the total kinetic energy operators involving the momenta p and P, conjugates of r and R,
respectively.

In Eq. (8) m is the reduced mass of the system defined as

m =
mp M

mp + M
(9)

where M = 2000 is the total mass of the oscillator and mp = 1 is the positron mass.
The initial WP was prepared as the normalized product

Ψi(r, R, t = 0) = g(r)χi(R) (10)

where χi(R) is the wavefunction of the i-th state of a harmonic oscillator with energy εi. In
the present study the oscillator is initially in its ground state, i = 0.

In Eq. (10) g(r) represents an incoming Gaussian wave packet

g(r) =

(
1

2πδr2
0

)1/4

e−(r−r0)
2/4δr2

0 eik0r (11)

with initial average position r0, initial average momentum k0 toward the interaction region,
and full width at half maximum (FWHM) ∆r0 = 2

√
ln 2δr0.

Eqs. (7) to (11) were represented in a discretized grid of the r× R space with Nr × NR
points. At every instant the WP was propagated using Eqs. (7) by doing a sequence
of forward-backward-forward fast Fourier transform (FFT) between the coordinate and
momentum spaces.

The cross section (CS) for the vibrational excitation from the state i to the state j is
obtained by applying a method commonly used for reactive and non-reactive scattering [33,
34]. The method consists in expanding the outgoing wavefunction Ψ(r∞, R, t), evaluated
at large separations r = r∞, in the eigenstates of the oscillator,

Ψi(r = r∞, R, t) = ∑
f

Ci f (t)χ f (R) (12)

such that the coefficients of the expansion, computed as

Ci f (t) =
∫ Rmax

Rmin

χ∗f (R)Ψi(r∞, R, t)dR (13)

represent the flux of the initial WP into the f -th vibrational channel after the scattering
event.

Hence, the probability of a transition from the vibrational state i to the state j of the
oscillator will be proportional to the squared modulus of the Fourier transform of the
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coefficient Ci f (t). The i→ f vibrational excitation CS as a function of the initial positron
momentum k is computed as

σi f (k) =
π

m
k f

ki

∣∣∣∣ C̃i f (E)
g̃(k)

∣∣∣∣2 (14)

where C̃i f (E) and g̃(k) are the FFTs of Eq. (13) and (11), respectively. In Eq. (14), ki(j) =√
2m
[

E− εi(j))
]
, E being the total energy, which is conserved during the propagation.

The total propagation time was 131072 atomic units (3.17 ps), large enough for |C(t)|2
to fell below 10−7, thus guaranteeing that the initial WP is completely dissociated. At this
point a problem arises if the WP is partly reflected back into the interation region, at the
edged of the grid. Considering that it is impractical to prevent the WP from reaching the
grid edged during the whole time propagation, by using sufficiently large grids, the usual
solutions involve the use of a complex absorbing potential in the dissociation regions [35].
In the present case we choose a more straightforward solution [36], which consists in
multiplying the WP, in the last ∆rdamp dissociation region of the grid, by a damping
function

exp
(
−bdamp∆r3

damp

)
(15)

which smoothly decreases from 1 to zero near the grid edge. Due to the quadratic increase
of the potential with the R coordinate, it was not necessary to apply a similar damping
along the R-edged of the rectangular grid. Note further, that the damping should be
apply at time intervals ∆tdamp larger than the propagation time step, to avoid unphysical
reflections of the WP.

Table 1 collects the parameters employed in the propagation. The center of the WP
was initially placed at r0 = 100 a.u., with an initial kinetic energy of 0.82 eV. To ensure that
only the outgoing WP is involved in the computation of the coefficient from Eq. (13), r∞
was set to 200 a.u.. This point is twice as far as the initial WP, which has an initial FWHM of
20 a.u.. After going through r∞, the WP was damped with Eq. (15) over the region ∆rdamp,
which represents almost 80 % of the total size of the grid along the r coordinate. Such a
large damping region was necessary to counteract the rapid spreading of the WP, due to
the small mass of the projectile. In turn, the values for ∆tdamp and bdamp were chosen by
trial and error, until it was verified that a negligible amount of the dissociated WP reached
the edged of the grid.

Note that we used a FFT power-of-two algorithm, implying that the number of
grid points must be a power of two along the r and R coordinates. Hence, considering
that the the cost of a propagation is very sensitive to the grid size, we first performed a
convergence test. Thus, we found that for Nr = 210 and NR = 25, the computed cross
section was indistinguishable from those obtained if the grid size was twice as large for
either coordinate. Also, as a simple test it was verified that by representing the quadratic
well of Eq. (2) with a grid of 32 points, in the interval form −1 to 1, the energy spectra
of the oscillator was accurately reproduced by applying a screening technique on the
time-dependent propagation [37].

The initial WP was chosen narrow enough in position so that an energy interval wide
enough around 0.54 eV, the threshold for the first vibrational mode of the oscillator, is well
covered. However, note that the narrower the WP in position the faster it will spread, then
a good compromise was found by setting the FWHM ∆r0 = 20 a.u.. The bandwidth in
energy of the initial WP can be estimated as

∆E =
(k0 + ∆k0/2)2

2m
− (k0 − ∆k0/2)2

2m
(16)

where ∆k0 is the FWHM of the initial WP in the momentum space.
From Eq. (16), ∆E ≈ 1 eV, such that around the average initial incident energy
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k2
0/2m = 0.82 eV, the cross section can be reliably described. This can be seen in the

red curve of Figure 2, which represents the 0→ 1 vibrational excitation CS, computed with
the present method. Notice that the curve is smooth between the threshold energy and
2 eV, after which it begins to show a slightly oscillatory behavior, increasing in amplitude
with energy. For a good description of the CS for energies above 2 eV, The WP should
have a FWHM less than 20 a.u., but it would be necessary to choose a new set of damping
parameters, in order to remove WP reflections at the edge of the grid.

Table 1. Parameters of the dynamics (in a.u.).

Parameter Value

Grid parameters
rmin 0.0
rmax 1200
Nr 1024
Rmin −1.0
Rmax 1.0
NR 32
r∞ 200
∆t 0.01
∆rdamp 950
∆tdamp 1000
bdamp 10−6

Initial WP parameters
r0 100
∆r0 20
k0 −0.245
∆k0 0.14

4. Results and discussion
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Figure 2. Comparison of the 0 → 1 vibrational excitation CS in function of the incident positron
energy. The solid red line is the present result.

Figure 2 shows a comparison of the presently computed 0→ 1 vibrational excitation
CS, as a function of the initial positron energy, with previous results obtained with other
methods [4–6,10]. Our results show the typical behavior of the cross section with a sharp
onset at threshold, followed by a peak with maximum around 0.5 a.u. height, falling down
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to zero as the energy increases. The good agreement with reported theories [4–6,10] and
experiment [1] suggests that the present model potential is appropriate to describe the
0→ 1 excitation CS of the oscillator. In this sense, it becomes arguable that the coupling
between the positron and the first vibrational mode of the target can be accounted for
by the instantaneous response of the molecule to the positron through the R-dependent
attractive correlation polarization potential.
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Figure 3. 0→ 1 vibrational excitation CSs in function of the incident energy for different values of
the ρ and a parameters in Eqs. (6) and (5), respectively.

Figure 3 shows the 0→ 1 vibrational excitation CSs from different PESs obtained by
changing, one at a time, the values of the cut-off parameter ρ and the slope a of the α(R)
function, given by Eq. (5). From the figure it is clear that a decrease (increase) in the value
of a leads to a decrease (increase) in the cross section as a whole, as expected from the
fact that a is a measure of the coupling strength between the translational and vibrational
degrees of freedom. In turn, an increase (decrease) of ρ around 5, gives rise to an decrease
(increase) in the cross section, leaving its characteristic shape unchanged.

The influence of the parameter α0 on the cross section was also investigated. Figure 4
shows cuts of the PES along the r coordinate for R = 0, with increasing values of the target
polarizability at equilibrium, α0. The other parameters of the Vcp terms, ρ and a, were fixed
at 5 and 4.35, respectively. This trend describes the situation for a positron which couples
with the same strength (a =const.) to an increasingly polarizable target. The deepest well
corresponds to a target eight times more polarizable than that of the hydrogen molecule.
Using this family of PESs, propagations were carried out with the same parameters of
Table 1. The resulting 0 → 1 vibrational excitation CSs are shown in Figure 5. From the
figure it is clear that the cross section tends to depict a threshold resonance as the target
polarizability increases, presumably due to the emergence of a bound state as the potential
well becomes deeper.
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Figure 5. 0→ 1 vibrational excitation CSs obtained with the different PESs from the FIG. 4.

The above discussion suggests that for the hydrogen molecule, the typical behavior
of the 0→ 1 vibrational excitation CS arises from a weak coupling between the positron
and the molecular vibration, mainly dominated by the dependence of the positron-target
correlation polarization potential on the vibrational coordinate. In the present model, this
is represented by the dependence of the polarizability on the R coordinate. Moreover, as
the target becomes more polarizable, the coupling between the positron and the vibrational
modes may be enhanced by the emergence of resonances or even bound states. In this
scenario, commonly observed in large polyatomics, the nucleus skeleton of the molecule
would be appreciably perturbed by the presence of the positron field, thus increasing the
coupling between the positron and the molecular vibration.

5. Conclusions

In this work we show that a simple model which couples a harmonic oscillator to a
positron through a correlation-polarization potential can capture the main physics involved
in a single mode vibrational excitation by positron impact. Here this phenomenon was
studied using a time dependent wavepacket propagation. The 0→ 1 vibrational excitation

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 September 2021                   



Atoms 2021, 1, 0 9 of 10

cross section was computed by projecting, at every time step, the dissociated wavepacket
with the first excited state of the oscillator. The cross section shows good agreement with
reported values and suggests that the target vibration can be coupled to the positron
continuum by the dependence of the target polarizability on the vibrational coordinate. On
the other hand, the 0→ 1 vibrational excitation cross section tends to depict a threshold
resonance for an increasingly polarizable target. Future work will be devoted to studying
positron coupling with higher vibrational modes, in which case a more realistic description
of the oscillator, beyond the harmonic approximation, would be required.
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