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Abstract

The early turbulence phenomenon has been observed in pipe flow of very dilute polymer solutions
[1-4], and the full chord laminar flow can be achieved on various laminar suction wings at high
Reynolds numbers (Re) up to approximately 2 000 000 [5-7]. Their transition conditions deviate
significantly from the traditional criteria, critical Re about 2 000~2 300, which is quoted in most
contemporary textbooks for pipe flow [8-13]. In this paper, a new force model with a virtual fluid
layer, which is of a hemispherical shell shape and with a constant thickness inside a laminar pipe
flow is established, on the basis of the membrane force model of a spherical shell under uniformly
distributed load conditions in structural mechanics. In laminar flow state with a lower Re and a lower
pressure gradient, the curvature radius of the virtual spherical liquid layer is inversely proportional
to the pressure gradient. As Re increases, pressure gradient also increases, while the curvature radius
decreases. When the curvature radius decreases to be equal to and starting less than the pipe radius,
the stable liquid layer structure collapses, and the laminar flow becomes turbulent. This is a transition
state with a critical tensile force flow defined as twice the product of the viscosity of the fluid and the
maximum velocity in pipe, divided by the pipe radius. In laminar flow situation, the shear stress at
the pipe wall can be interpreted as a horizontal component of the critical tensile force flow, and the
direction is against the flow. Only when the flow achieving the transition condition, the shear stress
at the wall become the critical tensile force flow itself, which had already been observed in early
turbulence [1-4,14]. The second case, which can be explained by the concept of critical tensile force
flow, is high Re laminar pipe flow [5-7], for example, the pipe with surface suction can be considered
as a part of a virtual, larger pipe with a no slip wall at where the shear stress coincides with the critical
tensile force flow, the shear stress at the real pipe is smaller, with a weakening factor related to the
ratio of the average velocity in the real pipe to its maximum velocity.

Keywords: viscous fluid flow; Reynolds numbers; laminar-turbulent transition; early turbulence;
membrane force model; tensile force flow; pipe Poiseuille flow; shear stress; virtual spherical liquid
layer; shear stress; high Re laminar flow

1. Introduction

Pipe flow is one of the most important topics in turbulence research [8,9], as a representative of
a large category of wall-bounded flows, such as those in channels, ducts and boundary layers [13],
and furthermore, the physical mechanism of laminar turbulent transition in pipe Poiseuille flow is an
essential part of fluid mechanics [8,9,13]. The application of “Reynolds number” criteria has
penetrated into various branches of fluid mechanics, and for pipe flow without a streamlined inlet,
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the critical value quoted in most contemporary textbooks is about 2 000~2 300 [10]. Even all theoretical
and numerical investigations indicate that the flow is linearly stable, in practice, however, pipe flows
are usually turbulent even at modest flow rates, and it can be concluded that there is no any critical
flow rate for the onset of turbulent flow in a pipe [15]. There are two cases where their transition Re
numbers both significantly deviate from the critical value. One is early turbulence [1,14,16], which
was termed as “structural turbulence” initially [2], the criterion for the onset of turbulence was a
sharp increase of apparent viscosity, and critical Re were found in extreme cases to be as low as 1 [2].
This phenomenon was also observed in the flow of very dilute polymer solutions in tubes with larger
sizes than capillary onesl. The relationship between flow rate and wall shear stress for these solutions
corresponded to the Poiseuille’s Law below a certain well-defined onset wall shear stress, at which
Re was less than the transition value for Newtonian fluids. The low Re or ‘elastic’ turbulence
accompanied by significant stretching of the polymer molecules seems to belong to this casel?.
Polymeric drag reduction does not commence until the shear stress at the wall exceeds some critical
“onset” or threshold value [3]. In the polymeric regime with drag reduction [3], the onset wall shear
stress is essentially independent of pipe diameter, polymer concentration, and solvent viscosity
[4,18,19]. The other case is the full chord laminar flow as well as low wing profile drags achieved at
high Re on various laminar suction wings [5-7], where full-chord laminar flow was maintained by
application of area suction up to a Re of approximately 2 000 000 [6]. It shows that likely from the
results that attainment of full-chord laminar flow by means of continuous suction through a porous
surface will not be precluded by a further increase of Re provided that the airfoil surfaces are
maintained sufficiently smooth and fair and provided that outflow of air through the surface is
prevented. The existence of the two cases above indicate that Re alone cannot fully determine the
transition conditions from laminar to turbulent flow.

Hydrodynamic stability is studied based on the response to small disturbances [20], but there is
limited research on the possible essential factors that determine the ability of laminar flow to resist
from transition due to different disturbances. A possible essential factor for instance is that, a well-
defined critical wall shear stress must be exceeded before early turbulence can be observed [1,14],
which has not been thoroughly analyzed from a physical mechanism perspective. A membrane force
model for liquid layer under capillary meniscus in cylindrical tubes has been reported by the present
author group [21]. Experimental results showed that the capillary meniscus of a pure liquid inside a
cylindrical tube under gravity only is probably a part of a spherical surface with a single radius of
curvature, under cases of several different pipe diameters. In this paper, the membrane force model
in structural mechanics [22] was inspired to establish a new force model for a virtual fluid shell with
a hemispherical shell shape inside a laminar pipe flow. This new model leads to an introduction of
the concept of tensile force flow, and the critical tensile force flow at transition condition. Then, the
critical tensile force flow is used to explain the early turbulence phenomenon. Finally, some unique
insights are proposed.

2. Derivation of Critical Tensile Force Flow in Pipe Poiseuille Flow

In membrane theory in structural mechanics, a shell structure carries a given load by pure
membrane action, and no bending action occurs [22]. The bending and twisting stiffnesses of the shell
are considered to be negligible compared with the membrane stiffnesses. As a thin shell structure,
the plane stress components g,,, and ggg (with dimensions of force per unit area), where ¢ and 9
refer to the meridian and circumferential directions respectively, not only are the only active stresses
but also are constantly distributed over the thickness of the membrane. This perspective leads to the
concept of force flows, i.e., Ny, and Nyy, which are obtained by multiplying the plane stress
components by the shell thickness, h, namely N,,=0,,h, Ngy=0g9h. As a result, the dimension of
force flows is force per unit length, which is identical to the dimension of surface tension.

For a hemispherical shell under a load g uniformly distributed over the planform, as shown in
Figure 1(a), the surface load is expressed as [22] P, = qcosgsing, P; = —qcos?e, and the

qR

distributions of the membrane force flows N,, and Nyy are given as: Ny, = —--

5 Nog =
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—%choquw. The profiles of N,, and Nyy are given in Figure 1(a). Obviously, N,,, independent
from the angle ¢, is a constant value of —% along the meridian direction, but for Ny, the value

varies along the circumferential direction and a sign change occurs at ¢ = 45° [22].

In a recent work by the present author group?', a membrane force model for liquid layer under
capillary meniscus in cylindrical tubes has been reported. If the weight of the liquid layer with a
constant height beneath the capillary meniscus is considered as a load, the Young-Laplace surface
tension is exactly the same as the meridian membrane force flow inside a spherical shell with
uniformly distributed loads on the planform. Experimental results had shown that a complete
capillary meniscus of the pure liquid inside a cylindrical tube under the action of gravity is very close
to a part of a spherical surface with a single radius of curvature, regardless of the pipe diameter. So,
any virtual liquid layer in a capillary tube can be regarded as a membrane from the perspective of
structural mechanics, and the forces in the membrane are only axial forces (tension or compression),
with no bending moments, torques, or shear forces. In present paper, the membrane force model is
applied to analyze the fluid force in laminar flow.

(@)

N4
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of tlow
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Figure 1. Laminar hemispherical fluid layers in pipe and the microelement for force analysis. (a) A hemispherical

shell under a load q uniformly distributed over the planform. The distributions of the membrane force flows

Ny, and Nyg are given as: Ny, = —?, Ngg = —@. (b) Steady laminar and incompressible flow through

pipe. [23] The velocity direction is set to be the z direction. The flow is laminar: u, = uy =0, u, = u, (1 — ;—2),

_ R%*0p op 5 _ du _ 28y . .
Uo =~ ar where 5, <0 The shear stressat r =R is 7, = e I (c) Hemispherical-shell-shaped

fluid layers with thickness of dz in flow direction. Rg is the single curvature radius of the virtual layer, Rg = R,
where the subscript S means ‘spherical’. (d) A differential element of a hemispherical shell in local x'y'z’
coordinates, where dz' = cospdz, dx' =rd9 = Rgsinpd9, dy' = Rgdep. The force flows in the x' and y’

coordinates correspond to ygy and ¥, and the pressure in the z'-directionis g,/ = p(2).
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The laminar, incompressible and steady flow through pipe, as shown in Figure 1(b), can be
completely analyzed by two Laws: (i) Newton’s Law of viscosity and (ii) Newton’s Second Law of
motion [23]. In this case, the force balance is achieved between the pressure difference force of the
two ends of the fluid element, and the shear forces acting on the side surface of the element opposing
the motion (acting from right to left), as shown in Figure 1(b). The velocity direction is set to be in the
z direction. The viscosity of fluid in this case is a constant, and the ﬂow islaminar: u, =uyg =0, u, =

2 2 a
u (1-1), ug = -2, where — < 0. The average velocity is u = —. The shear stress at r = R is
R2 T apoz
d
Ty = pfho = 2% The negatlve sign indicates the negative dlrectlon of z axis.
arly=p R

If the cylindrical object is rigid, it is easy to understand the balance between the force acting on
the side and the forces acting on the two ends. But in this case shown in Figure 1(b), the fluid element
is not a rigid body; even if we can apply the axioms of rigidization in theoretical mechanics to the
reformable body in Figure 1(b) in the steady state [24]. We need to find other analysis method for the
force equilibrium.

If we consider a hemispherical-shell-shaped fluid layer in the direction of flow in Figure 1(c)

. . . . . .9
with thickness of dz, the pressure difference force across the circular cross-sectional layer is B—Zdz,
o Lo . . d
and its dimension is force per unit surface area, which can be regarded as a load, namely q = — a—: dz.

Then, the hemispherical shell membrane force flow model is applicable in this case. The meridian

a
membrane force flow is Ny, q:S st ap dz, where Ry is the curvature radius of the virtual,
hemispherical liquid layer. Since u0 = _@_ then the membrane force flows are: Ny, = st z;p dz
Bs 2o g7 = 2RsHM0 7 and Ngg Su =20 cos2¢dz.

2 R? R? o9 ¢
We define
Nop _ 2Rspug
Vw=Yop =, =gz » ()
Then

Yoo = 22 = 258 00520 = 100529, (2)

where, , is the tensile force flow, a new kind of force flow with unit of N/m? for the fluid layer. Yoo
and ygy are the new force flows along the directions of ¢ and 9, respectively. The symbol, y, is
borrowed from the surface tension coefficient, and the subscript v corresponds to the dynamic
viscosity of fluid. The unit of y, isidentical with that of the shear stress, and we can see the difference
between these two later.

As shown in Figure 1(d), a liquid microelement in the local rectangular coordinate system with
dx' = Rgsingpd?, dy’ = Rgdg, and dz' = cosedz. Its volume is RZsingcos@pdddpdz. An important
issue needed to be explained here is that the local rectangular x'y’z’ coordinate system at any
microelement is uniquely fixed, which is only determined by local axial forces (presenting as pressure
or tension), in directions of meridian and ring, without effects from any bending moments, torques,
or shear forces. The stresses acting on a liquid microelement in dx’, dy’, and dz’ directions are o,,
oy, and a,/, and they are internal forces in material mechanics.

According to Equation (1), the curvature radius Rs of the liquid layer is proportional to y,, and
. . a
inversely proportional to a_:’

_ Ry _ 2Yv
Rs = o = - (3)
5 a Bz
Since uy = — f 5, + When the flow velocity is low, the pressure difference force is small, and the

virtual spherical shell radius is larger than the geometric pipe radius. This corresponds to the virtual,
hemispherical shell on the left in Figure 1(c), Ry = R. In an extreme situation when flow velocity is
zero and pressure difference force is zero, the radius of the virtual hemispherical shell is infinitely
large. As the pressure difference force increases, Re increases, while the curvature radius Rg of the
liquid layer of the virtual spherical shell decreases. When R; decreases to being equal to or less than
the geometric pipe radius, the stable liquid layer in laminar flow collapses, and the laminar flow

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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becomes turbulent. This situation may be illustrated by the smaller virtual hemispherical shell on the

right in Figure 1(c), where R = Rs. In this case,
2R*yy _ R*ny @)

R=Rs=- T 2uu,
24
We have
_ 2pug __ 2puq
W= =z ©
The value of y,, is equal to that of the critical shear stress when R = Rg, as 1, = — 2‘;”‘). It means

that for a certain fluid, the maximum radius, R, of a pipe in which the fluid motion remains laminar
is proportional to the velocity of the fluid, u,. This is a conclusion drawn out from the shell-shaped,
membrane force flow model, surprisingly inconsistent with the trend predicted by Reynolds number,
R, = pRuto, According to Reynolds number criterion, it is clear that for a very large velocity u, and a

very small radius R, the flow state can remain similar and laminar. However, from the perspective
of the membrane force model, this is impossible. With a very large velocity uy and a very small
diameter, D = 2R, i.e,, to keep Re number the same, the flow state can not remain laminar, and it is
easy for the thin liquid layer to be torn by the excessive load, under which it cannot withstand.
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Figure 2. The relationship between the transition velocity of lamina flow and the radius of pipe. (a) The two
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possible relationships between transition velocity and pipe radius. One is that the transition velocity is
proportional to the pipe radius, deviated from the present work, while the other one is deduced by the critical
Reynolds number. Two lines cut the whole domains into four zones, L, II, IlIl and IV. In zone I, the flow is laminar.
In zone II, the flow is turbulent. In zone III, the flow should be laminar according to the Re number, while it was
observed as early turbulence from experiments [2]. In zone IV, the flow should be turbulent by Re number
criterion, while it may be laminar through experiments [5] with high Re number, by surface suction for example.
(b) Four zones in (a) illustrated in logarithmic coordinates. (c) The relationship between critical transition
velocity and pipe radius of the various polymer solutions, which was called as structural turbulence, or early
turbulence, was plotted in Figure 7 of literature, and reproduced here with permission [2]. Structural turbulence
is characterized by a critical shear stress, resulting in the critical velocity versus the capillary radius described
by a straight line extrapolated to the origin. It was stated that this critical shear stress indicates a collapse of the
structure of the fluid [2].

Until now, we get that for a certain fluid, the maximum radius of the pipe in which the fluid

motion remain laminar is proportional to the velocity of the fluid, as given by Equation (5), and the

critical Reynolds number gives R, = piu". The relationship between the transition velocity of

laminar flow and the radius of pipe is demonstrated in Figure 2a,b. In this figure, four zones can be
identified. If we use the critical Reynolds number to distinguish between laminar and turbulent flows,
zones I and Il belong to laminar flow, and zones III and IV belong to turbulent flow. If we use a critical
tensile force flow by Equation (5) to distinguish between laminar and turbulent flows, zones II and
III belong to laminar flow, and zones I and IV belong to turbulent flow. Regions II and IV are
identified as laminar and turbulent flows, respectively, by both the two methods. However, zones I

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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and III are identified as two domains with completely opposite properties by the two methods, the
critical tensile force flow method to distinguish between laminar and turbulent flows is obviously
more consistent with the two types of flow phenomena introduced at the beginning of the present
paper, and will be explained later in detail.

3. Two Types of Flow Phenomena Explained by the Critical Tensile Force Flow

3.1. Early Turbulence

Zone III in Figure 2a,b belongs to the so-called early turbulence, or structural turbulence region
introduced initially [2], and a conclusion was drawn out that structural turbulence is characterized
by a critical shear stress, which has a certain value for each substance, and this critical shear stress (in
this article, it is actually the critical tensile force flow) indicates a collapse of the structure of the fluid.
In Figure 2(c), which is the Figure 7 of [2] reproduced here after permission, the difference between
critical-Reynolds-number and structural turbulence criteria is clearly visualized. On plotting the
transition velocity versus the pipe radius, structural turbulence is described by a straight line
extrapolated to the origin, as shown in Figure 2(c), being obviously predicted in Figure 2a,b. The
turbulence characterized by Re, on the other hand, is characterized by a hyperbolic curve. It was
further concluded that the critical Reynolds number loses its significance as a criterion for structural
turbulence?, and that structural turbulence is generally detected only in pipes of small diameter
where the high shear stresses needed to produce the effect can be reached below the transition
Reynolds number for Reynolds turbulence [25]. It was suggested that the wall shear stress which
characterizes the onset of structural turbulence is roughly independent of tube diameter [2,25]. This
statement confirms that the tensile force flow ¥, is a property parameter of a fluid.

3.2. High-Reynolds-Number Laminar Flow

The phenomenon of the so-called full chord laminar flow maintained up to a Re of
approximately 20x10¢ [5-7] corresponds to zone IV in Figure 2ab, and can be explained by a
conceptual model shown in Figure 3.

R
W >
r3 /\&[
r2 ¢4 L 93~ )
P< »\ ufr)
Irl 1 o
/ N——
Spherical fluid layer 4/ Panabolic vclocity

/ distribution
5

(a)
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T=1Y,Sing

(©

Figure 3. The conceptual model for high-Reynolds-number laminar flow. (a) The flow inside a pipe with no slip
at the wall in a transition state, and its hemispherical shell fluid layer has a spherical shell radius of Rs equal to
the pipe radius R. Supposing that a high Reynolds number laminar pipe flow with a smaller radius r can be
considered as a partial flow inside this pipe. (b) The shear stress 7 is a component of the tensile force flow ¥,
along the flow direction. The shear stress within the smaller pipe becomes 7 =y, sing. If ¢ = 90°, the shear
stress at wall (r = R = Rs) becomes 17,, . = ¥,. (¢) A microelement in the local x'y’'z" system as shown in Figure

3C, where o,/,0, are related to y,, respectively, and o, = p(2).

y

It is show in Figure 3a that the flow inside a pipe with no slip at the wall in a transition state,
and its spherical shell fluid layer has a spherical shell radius equal to the pipe radius, R = Rs.
Supposing that a high-Reynolds-number laminar flow can be considered as a partial flow with a small

2
radius r < R = Rs. For the velocity profile u, = u, (1 - ;—2), the fluid velocity near to the tube wall at

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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7 < Rs, U,, can be expressed as u, = uycos?@. The shear stress near to the tube wall at r < R, as
shown in Figure 3(b), becomes
T = y,sing. (6)

By surface suction, the shear stress near to the wall decreases by a factor of sing, indicating a
drag-reduction effect. The significance of the equation above is reflected in the fact that for the same
fluid, under the same pipe radius, the higher the fluid velocity near to the wall through any means
such as surface suction, the lower the wall shear stress near to the pipe wall as the laminar flow state
is maintained.

It is easy to estimate the average flow velocity within r < R = Rg, which is

2
T=3(R-5) 0

So, if the average velocity u of the full chord laminar flow is known, the angle ¢ can be

calculated out as
sing = |2 (1 —Z—O) (8)
The Reynolds number of up to approximately 20x10¢ [5-7] for the so-called full chord laminar

flow is calculated from R, = 20 ;ﬁ . The data with completely laminar flow through the entire pipe

for Runs 1, 2 and 3 of the first series of experiments [5] are adopted to proceed, and the results are

given in Table 1, together with data from the second and third series of experiments. The length Re
has not been considered here. We can get u, from % and ?
L
R2
then ¢ is obtained. It can be seen that most of ¢ are around 45°, which approaches the angle from

. . —
in reference5, and since u /u, =

2 !
(R2 — %), we can get the virtual radius R = Rs, as given in Table 1. As sin¢ is got from u /u,,

where the change of sign for Nyy occurs as shown in Figure 1(a) [22]. We guess that it is related to
the localization of onset of the transition, and will be treated in the next paper in near future. We can
get a virtual Re for the whole flow within R = Rg, which is R, yirtyai = pRUg/ 1, as shown in Table 1.
It can be seen that R, ,;r¢uq approaches R, ., since the virtual radius is larger than the original radius,
and the average speed is of opposite trend. The critical tensile force flow ¥, is given in Table 1. From
the five lines of data [5], except for the fourth line of data, y, varies slightly around 0.040, showing a
certain stability as a characteristic parameter. The shear stress at the real wall 7, is less than y, by
Equation (6). As shown in Figure 3(b), T is a component of y,, and only as ¢ =90°, they become the
same. The concept of viscous shear vector proposed by the corresponding author of present paper
will be beneficial for further analysis on the force balance in fluids [26].

Table 1. Calculation of flow parameters for virtual pipe from the original data [5].

! o U, . . bl
r (m) u uTr E_? Re Uy sing ¢(°) R(m) virtualRe U Yo T

0.0254 30.5 50050 1.3 100100.0 39.8 0.68 43 0.037 95580 19.9 0.041  0.028
0.0254  26.66 44200 1.3 88400.0 359 0.72 46 0.035 82919 18.0 0.039  0.028
0.0254  25.04 41470 1.4 82940.0 35.0 0.75 49 0.034 76845 17.5 0.040  0.030
0.0128 51.3 44000 1.5 88000.0 77.2 0.82 55 0.016 80834  38.6 0.184  0.151
0.0254 30 49600 1.4 99200.0 42.3 0.76 50 0.033 91707  21.2 0.049  0.037

4. Conclusions

This article discusses the force structure of laminar flow in a pipe and proposes a flow transition
mechanism from laminar to turbulent. The research conclusions are as follows:

(1) Considering that the pressure difference force acting as the driving force for fluid motion in
a circular tube is uniformly distributed at the cross-section of the tube, the force model of a fluid layer
with a certain thickness and spherical shell shape inside the tube is established by the membrane
force model of a spherical shell under uniformly distributed load conditions in structural mechanics.
The radial force flow can be quantitatively expressed from the product of the pressure difference load
and the spherical shell radius Rs.
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(2) As Re increases, the pressure difference force also increases, while the curvature radius Rs
of the liquid layer of the virtual, spherical shell decreases. When Rs decreases to be equal to or less
than the geometric radius of the circular tube R, the stable liquid layer in laminar flow collapses and
the laminar flow becomes turbulent. Under this condition, a critical tensile force flow is deduced as

_ 2pug

W="pn

(3) The critical tensile force flow is a constant, and is a property for the fluid. Shear stress is a
component of the critical tensile force flow against the flow direction. Only when the flow achieves
the transition condition, the shear stress at the wall is equal to the critical tensile force flow, which
has been observed in early turbulence as in literature [1-4,14].

(4) The physical mechanism for the so-called full chord laminar flow [5-7] by surface suction for
example, which is maintained up to a Re of approximately 20x10¢ can be explained by the concept of
critical tensile force flow. The shear stress near to the tube wall decreases by a factor of sing, while
this tube is considered as part of a virtual, larger tube which has a non-slip wall condition, and the
shear stress at the virtual wall is equal to the critical tensile force flow.

The next step of the work is to establish a new viscous fluid motion equation based on the
stresses and their distribution inside a general fluid motion.
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