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Abstract

In this paper, we study the integrability and solution structure of the semi-discrete KP equation. We 
derive the bilinear Bäcklund transformation, Lax pair, and the nonlinear superposition formula of the 
semi-discrete KP equation. Periodic solutions are constructed by using Hirota’s method and Riemann 
theta functions. The asymptotic behavior of periodic solutions is analyzed and the connection between 
periodic solutions and soliton solutions is established.

Keywords: Bäcklund transformation; nonlinear superposition formula; Riemann theta function; 
periodic solution; soliton solution

1. Introduction
Discrete integrable systems play a fundamental role in modern mathematical physics, serving

as integrable discretizations of continuous soliton equations and providing exact lattice models for
nonlinear wave phenomena [1–7]. The well-known discrete equation called Hirota-Miwa equation [8,9]
reads as

a1(a2 − a3)T1(τ)T23(τ) + a2(a3 − a1)T2(τ)T31(τ) + a3(a1 − a2)T3(τ)T12(τ) = 0,

where τ is a function of discrete variables n1, n2 and n3, Ti is the shift operator defined by Ti(τ) =

τ(ni + 1), Tij = Ti(Tj(τ)) and ai are lattice parameters. A semi-discrete KP (sdKP) equation [8] was
obtained by taking a continuous limit from the Hirota-Miwa equation, and its bilinear form is

(a1 − a2)(T1(τ)T2(τ)− T12(τ)τ) + a1a2DxT1(τ) · T2(τ) = 0. (1)

The above equation can be expressed as the equivalent form

(a1a2Dxe
Dn1−Dn2

2 − (a1 − a2)e
Dn1+Dn2

2 + (a1 − a2)e
Dn1−Dn2

2 )τ · τ = 0, (2)

where Hirota’s bilinear operators are defined by [11]

Dm
x Dn

t f (x, t) · g(x, t) =
∂m

∂ym
∂n

∂sn f (x + y, t + s)g(x − y, t − s)|s=0,y=0

and
eδDn f (n) · g(n) = f (n + δ)g(n − δ).
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Through the dependent variable transformation G = −(ln τ)x, the bilinear sdKP Equation (2) is
rewritten in nonlinear form

a1a2(G1 − G2)(G12 − G1 − G2 + G) + (G1x − G2x) = (a1 − a2)(G12 − G1 − G2 + G). (3)

Determinant solutions, including soliton solutions of Equation (3) were obtained in [10], while pe-
riodic solutions are also an important part of integrable systems. Nakamura presented a direct
approach [12,13] to get multi-periodic wave solutions of nonlinear integrable equations, by using
Riemann theta functions [14,15]. This method has been applied to some continuous soliton equations
including (1+1) and (2+1) dimensions [16–20]. However, its application to discrete equations remains
relatively rare [21–23]. The purpose of this paper is to construct periodic solutions of the semi-discrete
KP equation and analyze their connection with soliton solutions. This paper is organized as follows.
In Section 2, Bäcklund transformations, Lax pair and the nonlinear superposition formula are derived.
In Sections 3 and 4, the one-periodic solution and the two-periodic solution are obtained, and the
asymptotic properties are discussed. Finally, conclusion and discussions are given in Section 5.

2. Bilinear Bäcklund Transformation and the Nonlinear Superposition Formula
The bilinear sdKP Equation (2) has the following bilinear Bäcklund transformation (BT) [24]

Dxτ · τ̃ = θτ · τ̃ +
1
λ
(a1 − a2)eDn2 τ · τ̃ (4)

e−
Dn1

2 τ · τ̃ = µe
Dn1

2 τ · τ̃ +
1
λ

a1a2eDn2−
Dn1

2 τ · τ̃. (5)

where θ, µ are arbitrary constants, and λ is a nonzero constant. If we take τ = 1, τ̃ = 1 + eξ ,
ξ = rx + pn1 + qn2 + ξ0, and substitute τ, τ̃ in BT (4)-(5), the relationship of parameters p, q and r can
be obtained

r =
(a2 − a1)(ep + eq − ep+q − 1)

a1a2(ep − eq)
.

Therefore the function τ̃ satisfying the above dispersion relation gives one-soliton solution of the sdKP
Equation (3), that is

G = −(ln(1 + eξ))x. (6)

In addition, a nonlinear superposition formula is derived using the BT as well, and the formula is as
follows.

Proposition 1. Let τ0 be a solution of Equation (2). Suppose that τ1, τ2 are solutions of Equation (2) given by
BT (4)-(5) with a starting solution τ0 and Bäcklund parameters (λ1, µ1, θ1) and (λ2, µ2, θ2) respectively, where
(λ1, µ1, θ1) ̸= (λ2, µ2, θ2), τj ̸= 0, j = 0, 1, 2. Then τ12 defined by

e
Dn2

2 τ0 · τ12 = C(λ1e−
Dn2

2 − λ2e
Dn2

2 )τ1 · τ2 (7)

is a new solution of Equation (2), where C is a non-zero constant.

Starting from the bilinear BT (4)-(5), and using the transformation φ = τ̃
τ , we can also get the Lax

pair of the sdKP Equation (3) according to the compatibility condition (φx)n1+1 = (φn1+1)x. The Lax
pair is written as follows

φx = −θφ − 1
λ
(a1 − a2)

τn2+1
n1 τn2−1

n1

(τ)2 φn2−1, (8)

φn1+1 = µφ +
1
λ

a1a2
τn2+1

n1 τn2−1
n1+1

τn2
n1+1τ

φn2−1
n1+1. (9)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 October 2025 doi:10.20944/preprints202510.1487.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1487.v1
http://creativecommons.org/licenses/by/4.0/


3 of 12

3. One-Periodic Wave Solution of the sdKP Equation and Its Asymptotic Property
In this part, a one-periodic wave solution of the sdKP Equation (3) is given by Hirota’s method

and Riemann theta functions. In this case, the theta function takes the form

f = θ(η, b) =
+∞

∑
n=−∞

e2πinη−πn2b (10)

in which η = kx + ln1 + wn2 + η0, η ∈ C, and b is a positive real constant.

3.1. One-Periodic Wave Solution

In order to get periodic wave solutions, the sdKP Equation (3) needs to be rewritten as another
bilinear form

(a1a2Dxe
Dn1−Dn2

2 − (a1 − a2)e
Dn1+Dn2

2 + (a1 − a2)e
Dn1−Dn2

2 + ce
Dn1+Dn2

2 )τ · τ = 0, (11)

where c is a non-zero constant. If the constant c is zero, the above equation degenerates to the original
Equation (2). In what follows, we use the notation Di = Dni , i = 1, 2, 3, the Equation (11) can be
expressed as the equivalent form[

a1a2Dx sinh
D1 − D2

2
+ (a1 − a2)(cosh

D1 − D2

2
− cosh

D1 + D2

2
)

+c cosh
D1 + D2

2
)

]
τ · τ = 0

(12)

Now we take the notation

F = F
(

Dx sinh
D1 − D2

2
, cosh

D1 − D2

2
, cosh

D1 + D2

2
, c
)

= a1a2Dx sinh
D1 − D2

2
+ (a1 − a2)

(
cosh

D1 − D2

2
− cosh

D1 + D2

2

)
(13)

+c cosh
D1 + D2

2
,

and Equation (12) is in the simple form Fτ · τ = 0. Then substituting the theta function (10) into the
LHS of Equation (12), we get

F f · f =
+∞

∑
m=−∞

F̃(m)e2πimη , (14)

where F̃(m) has the following definition

F̃(m) =
+∞

∑
n=−∞

F(2πi(2n − m)k sinh πi(2n − m)(l − w), cosh πi(2n − m)(l − w),

cosh πi(2n − m)(l + w), c)× eπi(n2+(m−n)2)b.

(15)

By shifting the summation index by n = n′ + 1, we have

F̃(m) = F̃(m − 2)e−2π(m−1)b = · · ·

=

{
F̃(0)e−2πn2b/2, m is even
F̃(1)e−2π(n2−1)b/2, m is odd,

which implies that if the following equations are satisfied,

F̃(0) = F̃(1) = 0 (16)
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then it shows that F̃(m) = 0 for all m ∈ Z, and thus the theta function (10) satisfies the bilinear sdKP
Equation (12). According to Equations (15) and (16), we have

+∞
∑

n=−∞
(4πa1a2ink sinh 2πin(l − w) + (a1 − a2) cosh 2πin(l − w)

−(a1 − a2) cosh 2πin(l + w) + c · cosh 2πin(l + w))e−2πn2b = 0,
(17)

+∞
∑

n=−∞
(a1a2(πi(2n − 1)k) sinh πi(2n − 1)(l − w)

+(a1 − a2) cosh πi(2n − 1)(l − w)− (a1 − a2) cosh πi(2n − 1)(l − w)

+c · cosh πi(2n − 1)(l + w))e−π(2n2−2n+1)b = 0

(18)

We introduce the notation

ϕ = e−πb, a11 =
+∞

∑
n=−∞

(a1a24πink sinh 2πin(l − w))ϕ2n2
,

a12 =
+∞

∑
n=−∞

(cosh 2πin(l + w)ϕ2n2
,

a21 =
+∞

∑
n=−∞

(2a1a2πi(2n − 1) sinh 2πi(2n − 1)(l − w))ϕ2n2−2n+1,

a22 =
+∞

∑
n=−∞

(cosh πi(2n − 1)(l + w)ϕ2n2−2n+1,

d1 =
+∞

∑
n=−∞

(a2 − a1)[cosh 2πin(l − w)− cosh 2πin(l + w)]ϕ2n2
,

d2 =
+∞

∑
n=−∞

(a2 − a1)[cosh πi(2n − 1)(l − w)− cosh 2πi(2n − 1)(l + w)]ϕ2n2−2n+1,

(19)

Equations (17) and (18) can be written as a system of linear equations about the parameters k and c, i.e.(
a11 a12

a21 a22

)(
k
c

)
=

(
d1

d2

)
. (20)

Hence we get a one-periodic wave solution of the sdKP Equation (3)

G = −(ln θ(η, b))x, (21)

where the theta function θ(η, b) is given by Equation (10), and the parameters k and c are solved by
Equation (20), other parameters l, w, η0 and b are free, in which l, w and b play a major rule in one
periodic wave solution. Here we present the graph of the one-periodic wave solution (21) with the
parameter values chosen as k = 1, l = 0.5, w = 0.5 and n2 = 1.

(a) (b)

Figure 1. (a) One-periodic wave solution, (b) Density plot of the one-periodic wave solution.
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3.2. Asymptotic Properties of the One-Periodic Wave Solution

Next, we consider the asymptotic properties of the one-periodic wave solution and establish the
relationship of soliton solutions and periodic solutions by taking a limit condition. For this purpose,
we give the expansions of the matrix A = (aij)2×2, the vectors (d1, d2)

T and (k, c)T

(
a11 a12

a21 a22

)
= A0 + A1 + A2ϕ2 + · · · ,(

d1

d2

)
= D0 + D1 + D2ϕ2 + · · · ,(

k
c

)
= X0 + X1ϕ + X2ϕ2 + · · · ,

According to the expression of aij, dj (i, j = 1, 2) in (19) and expanding these elements to be the sum of
ϕ, we have

A0 =

(
0 1
0 0

)
, A1 =

(
0 0

4a1a2πi sinh πi(l − w) 2 cosh πi(l + w)

)
,

A2 =

(
8a1a2πi sinh 2πi(l − w) 2 cosh 2πi(l + w)

0 0

)
, A3 = A4 =

(
0 0
0 0

)
,

A5 =

(
0 0

12a1a2πi sinh 3πi(l − w) 2 cosh 3πi(l + w)

)
, · · ·

D0 =

(
0
0

)
, D1 =

(
0

2(a2 − a1)(cosh πi(l − w)− cosh πi(l + w))

)
,

D2 =

(
2(a2 − a1)(cosh 2πi(l − w)− cosh 2πi(l + w))

0

)
, D3 = D4 =

(
0
0

)
,

D5 =

(
0

2(a2 − a1)(cosh 3πi(l − w)− cosh 3πi(l + w))

)
, · · ·

Therefore, we obtain the following result

X0 =

(
k0

0

)
, X1 =

(
0
0

)
, X2 =

(
k2

c2,

)
, (22)

where k0 and c2 have the following expression

k0 =
(a2 − a1)(cosh πi(l − w)− cosh πi(l + w))

2a1a2πi sinh πi(l − w)
,

c2 = 2(a2 − a1)[cosh 2πi(l − w)− cosh 2πi(l + w)

− 4(cosh πi(l − w)− cosh πi(l + w)) sinh 2πi(l − w)

sinh πi(l − w)
].

(23)

The relation between the periodic wave solution and the one-soliton solution is given by Theorem 1.

Theorem 1. If the one-periodic solution of Equation 3 satisfies the following condition

k =
r

2πi
, l =

p
2πi

, w =
q

2πi
, η0 =

ξ0 + πb
2πi

, (24)
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where r, p, q and ξ0 are the same as those in expression (6), we have the following asymptotic properties

c → 0, η → ξ + πb
2πi

, θ(η, b) → 1 + eξ , ϕ → 0.

Proof. Firstly, by using the formula in (22), parameters k and c are written as

k = k0 + k2ϕ2 + · · · = o(ϕ), c = 0 + c2ϕ2 + · · · = o(ϕ), (25)

which implies that c → 0. Now we expand the periodic wave function θ(η, b) in (10) as the form

θ(η, b) = 1 + (e2πiη + e−2πiη)ϕ + (e4πiη + e−4πiη)ϕ4 + (e6πiη + e−6πiη)ϕ9 + · · ·

= 1 + eη′ + (e−η′ + e2η′)ϕ2 + (e−2η′ + e3η′)ϕ6 + · · · ,

and accordingly, η′ has the following form

η′ = 2πiη − πb = 2πikx + 2πiln1 + 2πiwn2 + 2πiη0 − πb = rx + pn1 + qn2 + ξ0.

According to the expression of k in (25), we have

η′ → k0x + pn1 + qn2 + ξ0, ϕ → 0,

where the expression of k0 is the same as the expression of r in the one-soliton solution (6). Thus we
obtain

θ(η, b) → 1 + eξ , ϕ → 0.

which shows that one periodic wave solution tends to the one soliton solution (6) under the condition
ϕ → 0.

4. Two-Periodic Wave Solution of the sdKP Equation and Its Asymptotic Property
In this section, the two-periodic wave solution is considered and in the case N = 2, the Riemann

theta function is defined as the following series

θ(η, B) = θ(η1, η2, B) =
+∞

∑
s=−∞

e2πi<η,s>−π<Bs,s>, (26)

where s = (s1, s2)
T ∈ Z2, η = (η1, η2)

T ∈ C2, ηj = k jx + ljn1 + wjn2 + η0j, j = 1, 2, the symbols <,>
denote the inner product of vectors, and B is a positive-definite and real-valued symmetric matrix,
which can take the form

B =

(
b11 b12

b21 b22

)
, b11 > 0, b22 > 0, b11b22 − b12b21 > 0.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 20 October 2025 doi:10.20944/preprints202510.1487.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202510.1487.v1
http://creativecommons.org/licenses/by/4.0/


7 of 12

4.1. Two-Periodic Wave Solution

In order to obtain the two-periodic solution, the theta function is substituted into the LHS of
Equation (12) and the following result is derived

Fθ(η, B) · θ(η, B) =
+∞

∑
s=−∞

+∞

∑
s′=−∞

e2πi<η,s′>−π<Bs,s′>

=
+∞

∑
s=−∞

+∞

∑
s′=−∞

[a1a22πi < s − s′, k > sinh πi < s − s′, l − w >

+ (a1 − a2) cosh πi < s − s′, l − w > +(c + a2 − a1) cosh πi < s − s′, l + w >]

× e2πi<η,s+s′>−π<BS,s>−π<Bs′ ,s′>

s′=m−s
=

+∞

∑
m=−∞

+∞

∑
s=−∞

[a1a22πi < 2s − m, k > sinh πi < 2s − m, l − w >

+ (a1 − a2) cosh πi < 2s − m, l − w >

+ (c + a2 − a1) cosh πi < 2s − m, l + w >]e2πi<η,m>−π<BS,s>−π<B(m−s),(m−s)>

=
+∞

∑
m=−∞

F̄(m1, m2)× e2πi<η,m>

(27)

where s′ = (s′1, s′2)
T , k = (k1, k2)

T , l = (l1, l2)T , w = (w1, w2)
T . In the above formula, the notation

F̄(m1, m2) is defined by

F̄(m1, m2) =
+∞

∑
s=−∞

[a1a22πi < 2s − m, k > sinh πi < 2s − m, l − w >

+ (a1 − a2) cosh πi < 2s − m, l − w >

+ (c + a2 − a1) cosh πi < 2s − m, l + w >]

× e−π<Bs,s>−π<B(m−s),(m−s)>.

(28)

Letting the summation index sj = s′j + δjl where δjl is the Kronecker delta, formula (28) then has
the form

F̄(m1, m2) =
+∞

∑
s=−∞

F(2πi(
2

∑
j=1

(2s′j − (mj − 2δjl))) sinh(πi
2

∑
j=1

(2s′j − (mj − 2δjl))),

cosh(πi
2

∑
j=1

(2s′j − (mj − 2δjl))(lj − wj)), cosh(πi
2

∑
j=1

(2s′j − (mj − 2δjl))(lj + wj)), c)

× e−π<Bs,s>−π<B(m−s),(m−s)>.

=

{
F̄(m1 − 2, m2)e−π[2(b11m1+b12m2)−2b11], l = 1
F̄(m1, m2 − 2)e−π[2(b12m1+b22m2)−2b22], l = 2

.

The above result indicates that F̄(m1, m2), (m1, m2) ∈ Z2 is entirely determined by F̄(0, 0), F̄(0, 1),
F̄(1, 0) and F̄(1, 1). Hence, if the following four equations are satisfied

F̄(0, 0) = F̄(0, 1) = F̄(1, 0) = F̄(1, 1) = 0, (29)
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then F̄(m1, m2) = 0, (m1, m2) ∈ Z2, so Fθ(η, B) · θ(η, B) = 0. That is, θ(η, B) is an exact solution of
Equation (12). Next by adopting the following notations

M = (aj1, aj2, aj3), j = 1, 2, 3, 4, d = (d1, d2, d3, d4)
T

aj1 = 2πia1a2 ∑
s1,s2∈Z2

(2s1 − rj
1) sinh πi < 2s − rj, l − w > ϵj(s1, s2)

aj2 = 2πia1a2 ∑
s1,s2∈Z2

(2s2 − rj
2) sinh πi < 2s − rj, l − w > ϵj(s1, s2)

aj3 = ∑
s1,s2∈Z2

(2s1 − rj
1) cosh πi < 2s − rj, l − w > ϵj(s1, s2)

dj = (a2 − a1) ∑
s1,s2∈Z2

[cosh πi < 2s − rj, l − w > − cosh πi < 2s − rj, l + w >]ϵj(s1, s2)

ϕ1 = e−πb11 , ϕ2 = e−πb22 , ϕ3 = e−2πb12 ,

ϵj(s1, s2) = ϕ
s2

1+(s1−rj
i )

2

1 ϕ
s2

2+(s2−rj
2)

2

2 ϕ
s1s2+(s1−rj

1)(s2−rj
2)

3 ,

r1 = (0, 0), r2 = (0, 1) r3 = (1, 0) r4 = (1, 1), rj = (rj
1, rj

2), j = 1, 2, 3, 4,

Equation (29) can be written as the following system

M(k1, k2, c)T = d. (30)

Therefore, we obtain a two-periodic wave solution of Equation (3)

u = −(ln θ(η, B))x, (31)

where the parameters θ(η, B), k1, k2, c and b12 are determined by (26) and (30), while other parameters
l1, l2, w1, w2, b11 and b22 are free, which play an important role in the two-periodic wave solution.
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4.2. Asymptotic Properties of the Two-Periodic Wave Solution

In what follows, we further analyze the asymptotic properties of the two-periodic wave
solution (31), and establish the relation between the two-periodic wave and the two-soliton wave [23].
In much the same way as in Theorem 1, we first give the expansions of the matrix M and d in (30)

M =


0 0 1
0 0 0
0 0 0
0 0 0

+


0 0 1
0 0 0

4πia1a2 sinh πi(l1 − w1) 0 2 cosh πi(l1 − w1)

0 0 0

ϕ1

+


0 0 0
0 4πia1a2 sinh πi(l2 − w2) 2 cosh πi(l2 − w2)

0 0 0
0 0 0

ϕ2

+


8πia1a2 sinh 2πi(l1 − w1) 0 2 cosh 2πi(l1 − w1)

0 0 0
0 0 0
0 0 0

ϕ2
1

+


0 8πia1a2 sinh 2πi(l2 − w2) 2 cosh 2πi(l2 − w2)

0 0 0
0 0 0
0 0 0

ϕ2
2

+


0 0 0
0 0 0
0 0 0

m1 m2 m3

ϕ1ϕ2 + o(ϕm
1 ϕ

j
2), m + j ≥ 2,

(32)

in which
m1 = 4πia1a2[ϕ3 sinh πi(l1 − w1 + l2 − w2) + sinh πi(l1 − w1 − l2 + w2)],

m2 = 4πia1a2[ϕ3 sinh πi(l1 − w1 + l2 − w2) + sinh πi(l2 − w2 − l1 + w1)],

m3 = 2[ϕ3 cosh πi(l1 − w1 + l2 − w2) + cosh πi(l1 − w1 − l2 + w2)],

and

d =


0
0
0
0

+


0
0
d1

0

ϕ1 +


0
d2

0
0

ϕ2

+


d3

0
0
0

ϕ2
1 +


d4

0
0
0

ϕ2
2 +


0
0
0
d5

ϕ1ϕ2 + o(ϕm
1 ϕ

j
2),

(33)

d1 = 2(a2 − a1)[cosh πi(l1 − w1)− cosh πi(l1 + w1)],

d2 = 2(a2 − a1)[cosh πi(l2 − w2)− cosh πi(l2 + w2)],

d3 = 2(a2 − a1)[cosh 2πi(l1 − w1)− cosh 2πi(l1 + w1)],

d4 = 2(a2 − a1)[cosh 2πi(l2 − w2)− cosh 2πi(l2 + w2)],

d5 = 2(a2 − a1)[ϕ3 cosh πi(l1 − w1 + l2 − w2) + cosh πi(l1 − w1 − l2 + w2)

− ϕ3 cosh πi(l1 + w1 + l2 + w2)− cosh πi(l1 + w1 − l2 − w2)].
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We assume that the solution of system (30) has the following form k1

k2

c

 =

 k10

k20

c0

+

 k11

k21

c1

ϕ1 +

 k12

k22

c2

ϕ2 +

 k13

k23

c3

ϕ2
1 +

 k14

k24

c4

ϕ2
2

+

 k15

k25

c5

ϕ1ϕ2 + o(ϕmϕj), m + j ≥ 2,

(34)

then the relation of the two-periodic solution and the two-soliton solution is given as follows.

Theorem 2. If the two-periodic solution in the formula (31) satisfies the following condition

k j =
rj

2πi
, lj =

pj

2πi
, wj =

qj

2πi
, η0j =

ξ0j + πbjj

2πi
, j = 1, 2, (35)

where rj, pj, qj and ξ0j are the same as those in the two-soliton solution, we have the following
asymptotic properties

c → 0, ηj →
ξ j + πbjj

2πi
, θ(η1, η2, B) → 1 + eξ1 + eξ2 + A12eξ1+ξ2, ϕ1, ϕ2 → 0,

where A12 = e−2πb12 .

Proof. Substituting formulae (32)-(34) into the system (30), we get the following equalities

k j = k j0 + o(ϕiϕ2), j = 1, 2, c = c3ϕ2
1 + c3ϕ2

2 + o(ϕ2
1ϕ2

2),

e−2πb12 =
4πa1a2(k20 − k10) sinh π(l̂1 − l̂2) + 2(a2 − a1)(cosh πi(l̂1 − l̂2)− cosh πi(ŵ1 − ŵ2)

4πa1a2(k20 + k10) sinh π(l̂1 + l̂2) + 2(a2 − a1)(cosh πi(l̂1 + l̂2)− cosh πi(ŵ1 + ŵ2))
,

where

k j0 =
(a2 − a1)(cosh πil̂j − cosh πiŵj)

2a1a2πi sinh πil̂j
, c3 =

sinh πil̂1
2 sinh 2πil̂1

, c4 =
sinh πil̂2

2 sinh 2πil̂2
,

and l̂j = lj − wj, ŵj = lj + wj, then we have c → 0 as ϕ1, ϕ2 → 0. Also, as in the Theorem 1, we expand
the theta function θ(η1, η2, B) in (26) as the form

θ(η1, η2, B) = 1 + (e2πiη1 + e−2πiη1)ϕ1 + (e2πiη2 + e−2πiη2)ϕ2 + · · ·

+ (e2πi(η1+η2) + e−2πi(η1+η2))e−2πb12 ϕ1ϕ2 + · · ·
= 1 + eη̂1 + eη̂2 + eη̂1+η̂2−2πb12 + e−η̂1 ϕ2

1 + e−η̂2 ϕ2
2 + e−η̂1−η̂2−2πb12 ϕ2

1ϕ2
2 + · · · ,

in which η̂j = 2πiηj − πbjj, j = 1, 2. In this case,

η̂j = 2πik jx + 2πiljn1 + 2πiwjn2 + 2πiη0j − πbjj = rjx + pjn1 + qjn2 + ξ0j.

According to expressions of k j and ϕ3 as mentioned above, we obtain

η̂j → ξ j, θ(η1, η2, B) → 1 + eξ1 + eξ2 + A12eξ1+ξ2 , ϕ1, ϕ2 → 0, where A12 = e−2πb12 .

Therefore, the two-periodic solution tends to a two-soliton solution as ϕ1, ϕ2 → 0.
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5. Conclusions and Discussions
In this paper, we focus on a semi-disceret KP Equation (3) generated by the Hirota-Miwa equa-

tion. Its bilinear Bäcklund transformation, Lax pair and nonlinear superposition formula are given.
More importantly, using this superposition principle we successfully constructed one-periodic wave
solution (21) and two-periodic wave solution (31) which are expressed in terms of Riemann theta
functions. Then, one-soliton and two-soliton solutions emerge as natural degenerations by taking
appropriate limits of the parameters in the periodic solutions. However, for higher-order periodic
solutions, such as the three-periodic wave solution, the associated system of equations for the pa-
rameters becomes overdetermined, making it difficult to find exact analytical solutions. Therefore,
alternative approaches are needed to obtain such higher-order solutions. For instance, numerical
algorithms have been employed in the literature (e.g., in Refs. [19] and [25]) to compute three-periodic
solutions for KdV-type and Toda-type equations. In our future work, we will explore the application
of numerical methods to simulate three-periodic wave solutions of the semi-discrete KP equation,
aiming to gain further insight into its complex nonlinear dynamics. Furthermore, beyond solitons
and periodic solutions, integrable systems admit a variety of other important exact solution types
including lump solutions and rogue waves. Therefore, another promising direction is to investigate
the structure and dynamics of such novel exact solutions for this equation.
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