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Abstract

We construct Maxwell and Yang-Mills theories in the rainbow space-time. We show that the time-
dependent Aharonov-Bohm phases for both Abelian and non-Abelian gauge fields are non-zero in the
rainbow space-time, unlike in Minkowski space-time, where they are zero. Starting from the Poisson
brackets between coordinates and velocities of a massive particle moving in rainbow space-time and
interacting with Abelian/non-Abelian gauge fields, we derive Maxwell’s/Yang-Mills equations in
rainbow space-time using a variant of Feynman’s approach. In this approach, one replaces kinetic
momentum with conjugate momentum and the gauge field to calculate the Poisson brackets. Finding
the time-derivative of these Poisson brackets and exploiting their anti-symmetry property, a second
rank anti-symmetric tensor is introduced which is the field strength associated with Maxwell/Yang-
Mills theory, respectively. We show the gauge invariance/covariance of these field strengths explicitly
and by demanding the gauge invariance, construct Maxwell’s/Yang-Mills Lagrangians. We derive the
Lorentz force equation for the particle moving in rainbow space-time in the presence of Abelian/non-
Abelian gauge fields. Using the gauge field strength in rainbow space-time, expressed in terms
of field strength in the Minkowski space-time and rainbow parameters, we explicitly evaluate the
Aharonov-Bohm phases for different choices of rainbow functions and also for different possible
gauge field configurations. We show that the time-dependent Aharonov-Bohm phases for Abelian as
well as non-Abelian fields are, in general, non-zero in the rainbow space-time. The non-vanishing of
time-dependent Aharonov-Bohm phase, which distinguishes rainbow space-time from Minkowski
space-time, is a clear signal to be measured to validate the rainbow space-time.

Keywords: rainbow space-time; abelian and non-abelian gauge theory; aharonov-bohm phase

1. Introduction

Reconciliation of quantum theory and general relativity is a mainstay of physics for many decades
now [1]. Efforts in this direction have led to the development of various approaches for the construction
of microscopic gravity. These studies have shown that a consistent quantum theory of gravity certainly
requires quantisation of space-time. This requires the introduction of a dimension-full parameter
and this fundamental invariant quantity to be a characteristic of quantum gravity. The existence
of this fundamental constant with dimensions (of length or energy) necessitates the revamping of
the principle of relativity. This led to the development of doubly special relativity (DSR), where the
transformations between inertial observers are energy scale dependent [2-5].

Further, the possibility that the global Lorentz invariance is only an approximate symmetry, seen
only for the low-energy effective theory of quantum gravity [6], also motivated the construction of
models where this symmetry is seen only at the leading order in [pE,, where Ip is the Planck length
and E, is the energy scale of observation. One of these approaches is the DSR, where the energy scale,
presumably Planck energy Ep, acts as a separation between classical and quantum regimes of gravity,
and the value of Ep is observer independent. Generalisation of this to include gravitation introduces a
parameter-dependent space-time metric known as the rainbow gravity (RG) model. Here the rainbow
functions (f and g) are functions of E—; where E, is the energy scale of observation. In the limit of these
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functions going to unity, i.e., f,g — 1, one recovers classical, that is, Minkowski space-time. In this
framework, based on the energy scale of the observations, different observers may assign different
metrics to the same region of space-time at a given instant of time; the same observer may also assign
different metrics to particles having different energies at the same instant in the same neighbourhood.

As the notions of distances and time intervals become energy dependent, this paradigm also
allows the possibility of energy-dependent velocity of light. This approach also necessitates a non-
linear energy-momentum dispersion relation. In the rainbow space-time (RST), coordinates as well as
4-momenta transform under non-linear realisation of the Lorentz group.

Rainbow space-time (RST) and physical models constructed on this space-time reduce to the
corresponding classical ones in the limit where the rainbow functions go to identity. RST also accom-
modate a generalised equivalence principle: All freely falling observers making measurements at the
energy scale E,, such that % << E, << Ep (e, % << % << %) agree on their results up to first
order in % Here R is the radius of curvature of the space-time [6].

Modified Einstein equations and their solutions were constructed and analysed in the rainbow
framework. Scalar field theory in RST was introduced in [7,8]. Insisting that plane waves be a solution
to the free field theory in the rainbow framework forces transformation between inertial coordinates
and the space-time metric to be energy dependent [8].

In [8] Klein-Gordon equations corresponding to different possible choices of the map U (see eq.(6))
were introduced. Investigations of Schrodinger equation, Klein-Gordon equation, Dirac equation,
and Duffin-Kemmer-Petiau equation, in different space-times modified by rainbow gravity functions
(see eq.(5) below) were carried out in [9-17]. These studies were motivated to see the implications
of gravity at high energy scales on particles whose dynamics are described by the above-mentioned
equations.

The choices of rainbow functions, inspired by physical considerations and studied in [7,18-20] are

_ _ 1
f(EO)g(ED)l—)\(E;>I (1)
BEo
_efr —1 _1
f(EO)_ﬁ<E;>/ g(E) 1 (2)
F(E) =1, g(B) = [1-n(52)" ®

Here A, B, and 7 are the rainbow parameters corresponding to each choice of the rainbow functions.
As the maximum energy of a particle cannot exceed Ep, we see E—; <L

Construction and analysis of gauge theories on RST is not much explored. Here, we try to bridge
this gap by constructing Abelian and non-Abelian gauge theories on RST. We also analyse these
theories and show the existence of signals that distinguish rainbow effects.

In this paper, we construct U(1) and SU(N) gauge invariant Lagrangians in the RST. We employ
a variant of Feynman’s approach in deriving the gauge field equations [21-24]. We start with the

definition of kinetic momentum p, = m de“ in the RST, where hat-variables are those defined in

the RST and 7 is the time parameter. Role of T has been studied in [25,26], and in particular the
reparametrisation invariance of the derivation of Maxwell’s theory in [22] has been examined in [26]
and shown that the Maxwell’s theory emerges in a specific limit. Two other ingredients used are the

Poisson brackets between the coordinates £, and four-velocities dde" (implied by the Poisson bracket

between £, and ) and covariant form of Newton’s law. For deriving Maxwell’s electrodynamics in
RST, we start with the above relations for a charged particle moving in an electromagnetic field. This
fact is thus used to introduce canonical momentum 7%}, for this particle by minimal prescription, i.e.,
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fty = pu +eAy, = mxy + eA, where over-dot represents derivative with respect to 7, and A, = A, (%)
is the gauge field in RST.

We then take the derivatives of the Poisson bracket between the coordinate and velocity of RST
with respect to 7. The resulting relation has two terms, one involving acceleration %, and the second
is anti-symmetric in indices. We re-express the first using Newton’s law, 15,4 = mZy, and identify the
second term with an arbitrary second rank anti-symmetric tensor 1:",“,. Explicit evaluation of this second
term, after rewriting velocities in terms of conjugate momentum and U(1) gauge field, shows that
this second rank tensor is the 4-curl of Ay in RST, that is, it is Maxwell’s field strength tensor in RST.
Next, we use the Jacobi identity of Poisson brackets involving three momenta, which are rewritten
in terms of 7, and All' leading to homogeneous Maxwell’s equations in RST. The remaining two
Maxwell’s equations are then derived starting from the nested Poisson brackets of four momentum,
ie., {pv, {pu, {p" p"}}}. Here again, we substitute kinetic momentum in terms of conjugate momenta
and Abelian gauge field, use the definition of FVV in terms of Poisson bracket between momenta, before
explicitly evaluating these Poisson brackets. This allows us to introduce a conserved four-vector j¥,
which is related to the divergence of Maxwell’s field strength, thus allowing us to identify it with the
conserved current associated with Maxwell’s theory in RST.

We show that the field strength tensor £y, is invariant under U(1) transformation of the four-
vector field in RST. Using this invariant field strength, we write down the Maxwell Lagrangian in RST
using gauge invariance and being quadratic in derivatives as guiding principles. We show that the
Maxwell equations constructed are exactly the same as the Euler-Lagrange equations following from
this Lagrangian. Next, using the relation between the Poisson bracket between Newton’s force £,
%y, and the field strength tensor, we derive the Lorentz force equation in RST. For different choices of
rainbow functions (see eq.(1), eq.(2), and eq.(3)), we obtain the field strength, Lagrangian, equations of
motion, and Lorentz force, explicitly. All our results, in the limit f, g — 1, reduce to the well-known
results in the Minkowski space-time.

We next consider an isospin carrying particle of mass m, moving in the presence of the non-
Abelian gauge field and derive the Yang-Mills equations in RST, following similar steps as used in
deriving Maxwell’s equations. Here, after deriving the Yang-Mills field strength tensor ﬁﬁv and two
homogeneous equations, we show the covariance of ﬁfw under SU(N) transformation of the non-
Abelian gauge field living in RST. This allows us to construct a SU(N) invariant Lagrangian in RST
from which the remaining Yang-Mills equations follow as Euler-Lagrange equations. Then, starting
from the definition of the non-Abelian field strength tensor and using Newton’s force equation for a
charged particle under SU(N) gauge group, we derive the corresponding Lorentz force equation. In
deriving this Lorentz force equation, one extra input is needed, in comparison to the derivation of the
corresponding equation in the electromagnetic case, which is Wong’s equation: an equation describing
the time evolution of su(N) generators. Using the condition that the Wong's equation in RST should
reduce to that in the Minkowski space-time in the appropriate limit, we generalise the Wong’s equation
to RST. Using this, we calculate the Poisson bracket between velocities in RST and su(N) Lie algebra
valued functions in RST. This allows us to define all the terms appearing in the non-Abelian Lorentz
equation. Here, again, we obtain expressions of non-Abelian field strength, Lagrangian, Yang-Mills
equations, and non-Abelian Lorentz force for specific choices of the rainbow functions. As in the
Abelian case, here too, all our results correctly reproduce the Minkowski results in the limit f, g — 1.

The field strength tensor for both Abelian and non-Abelian theories are modified, and in general,
the “electric” and “magnetic” components are modified differently. These differences show up vividly
in the Aharonov-Bohm (A-B) phase associated with Abelian and non-Abelian gauge fields in RST.
Since the time and space coordinates of RST are related to the Minkowski ones through scaling by
different factors (see eq.(11)), this also contributes to the extra terms in the A-B phases (compared to
those in the Minkowski space-time). This difference is more drastic in the case of the A-B effect for the
time-dependent gauge field configurations. Here, we show that the time-dependent A-B phase factor
is non-zero in RST, unlike in Minkowski space-time [27-30]. This can be a possible signal, amenable
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to experimental verification of RST. Note that the A-B phase for the time-independent case also gets
modified, both for Abelian and non-Abelian gauge fields. We explicitly evaluate these A-B phases for
different choices of gauge field configurations, for both Abelian and non-Abelian theories, and also for
different choices of rainbow functions f and g.

This paper is organised as follows: In section 2, we give a summary of the RST. This is essential
for our later calculations. In section 3, we present the construction of Maxwell’s electrodynamics in
RST. Here, using the minimal coupling procedure described above, we derive homogeneous Maxwell’s
equations first and then the inhomogeneous equations. This is followed by the construction of the
Lagrangian for Abelian gauge theory in RST. We then show the derivation of the Lorentz force equation
in RST. We end this section with explicit calculations, for three different choices of rainbow functions,
of the field strength tensor, Maxwell’s equations, Lagrangian, and Lorentz force. Section 4 presents our
construction of Yang-Mills theory in RST. As for Abelian theory, we use the minimal coupling method,
but now with a non-Abelian gauge field. Here, we show the derivation of the Yang-Mills field strength
and two of the field equations. Next, we construct the SU(N) invariant Lagrangian and obtain the
remaining equations as Euler-Lagrange equations. This is followed by the construction of the force
equation for an isospin-carrying particle in the presence of a non-Abelian gauge field. We further show
explicit forms of field strength, Yang-Mills equations, Lagrangian, and Lorentz force equations for
three choices of the rainbow functions. In section 5, we investigate the time-dependent A-B phase
in RST and show that it is non-zero, unlike in the Minkowski case. First, we calculate the A-B phase
for the Abelian gauge field in RST. For different time-dependent Abelian potentials, we find the A-B
phases for different choices of rainbow functions. We repeat this for the non-Abelian gauge field also
and find the expression for the time-dependent A-B phase. Here, different time-dependent potentials
are considered, and we obtain the corresponding A-B phase for three choices of rainbow functions. For
both Abelian and non-Abelian gauge fields, the time-dependent A-B phase is, in general, non-zero and
thus a possibility of experimental verification of RST exists. We present the concluding remarks in
section 6.

2. Rainbow Space-Time

In the RST framework, one modifies the energy-momentum dispersion relation by introducing
functions that depend on the ratio of the energy of the observer/probe (E,) and Planck energy (Ep).
The modified dispersion relation of the test particle in RST is given by [6,7]

B (5) - re(5) =, @

with ¢ = 1. Here f (}ES—;) and g(g—;) are the rainbow functions, parametrised by the ratio of ob-
server’s/probe particle’s energy E, to the Planck energy Ep, m is the mass, and p is the 3-momentum
of the test particle. The fact that the usual energy-momentum dispersion relation should be recovered
in the Minkowski limit implies that the rainbow functions satisfy,

lim f(;i“) =1, lim g(i—;) ~1 5)

Eo Eo
£p 0 P £y =0

The modified dispersion relation is invariant under the action of a Lorentz group through a non-linear
representation in the momentum space, where the boost generators are now given by K’ = U~ 1LiU
while the rotation generators remain unaffected. Here, U, which maps the generator of Lorentz boost
onto the non-linear representation of momentum space, is given by[6,7]

Uy(p) = Uy (Ear ) = (Uo, 1) = (Euf (52) pig(52)- ©
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Dual of this non-linear momentum space is set up by demanding that U, (p) must contract with U¥(x)
[8], i.e.,
Uy (p)U*(x) = puxt, (7)

where y = 0,1,2,3. The non-linear map U (x) is given by [8]

) = (WU = (fres ) ®

The line element that is invariant under the corresponding, modified Lorentz transformation is [8]

N

2 = (U () = o~ &
B 2

©)

where 17, = diag(+1,—1, -1, —1), which is the same as that in the Minkowski space-time !, but note
the coordinates are £, rather than Minkowski coordinates x,. The coordinates in RST are related to the

Minkowski coordinates through
0
20 * oi
X = , X = . (11)

F(£2) 8(£2)

Note that in the limit where f (E—;) =1= g(E—;), the coordinates of the RST reduce to the Minkowski
space-time coordinates. This implies that an arbitrary function ¢(%£) in RST, in the limit where the

rainbow functions (f and g) go to 1, will reduce to ¢(x), the corresponding function in Minkowski
space-time.

3. Maxwell’s Electrodynamics in Rainbow Space-Time

For constructing Maxwell’s electrodynamics in RST, we consider the Poisson brackets between
coordinates and velocities of RST. By considering the anti-symmetry property of the Poisson brackets
between velocities in RST, we introduce an anti-symmetric tensor lfw. By applying minimal coupling
prescription, we introduce the Abelian gauge field AH (%) and replace the kinetic momentum (p, =
mg,) with 7, — EAH, where 71, is the canonically conjugate momentum in RST. Note that Ay(f) is
function of the RST coordinates. By calculating the Poisson brackets explicitly and equating them with
the anti-symmetric tensor £, introduced, we obtain the explicit form of this anti-symmetric tensor
in RST. Using the explicit form of this anti-symmetric tensor, we obtain Maxwell’s equations in RST.
The Lagrangian describing Maxwell’s field in RST is constructed using this field strength tensor, and
the corresponding Euler-Lagrange equations are derived. Using Newton's force equation in covariant
form in the Poisson brackets, we also derive the Lorentz force equation in RST.

3.1. Maxwell’s Equations

We assume that the RST coordinates given in eq.(11) and the corresponding velocities satisfy
m{zH, 2} = —ptv (12)

where 7" = (+1, =1, =1, —1) is the same as 17, given in eq.(9). Note that in the limit f — 1, ¢ — 1,
the above equation reduces to the corresponding relation in the Minkowski space-time. From this, it
follows

A ~

(4R} =0, m{#,¢(5)} = m{gr, v} 220 _ 99D 13)

axv %y

1 Ifin eq.(9), we express the RHS in terms of Minkowski coordinates, x,, then the metric will be [8],

p —diag( 1 1 1 1 )
v — T - - .
! ) () (&) ()

(10)
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where $(£) is a function of rainbow coordinates. Here, the over-dot stands for derivative with respect
to 7. We use minimal coupling procedure to introduce interaction between an electrically charged
particle and the electromagnetic field. Following this, we define conjugate momentum corresponding
to the coordinate %, as

R A mx
g = mig+eAg= f(EO) +eAy,
[
. ~ mx; ~
A — ¢ L eA. = ! A.. 14
7-[1 mxl +e 1 g(Eo) +e 1 ( )

and e is the coupling strength. Here Ay = (Ap(?), Aj(%)) and in

the limit f,¢ — 1, £ — xand A,
Poisson bracket, we find

The kinetic momentum is p, = m%,
(%

) = Au(x). Using the above equation and the definition of the

m{&y, 2} = {%, 7ty — eAy} = {2, 1} = - (15)

Here we have used the fact that as we are working with Abelian theory and hence {AH, Ay} =0and
A, is function only of £ where # is the position coordinates of RST. We next start with the relation

m{%o, xi} =0 (16)
and differentiating it with respect to T gives [22-25],
{9?0, ﬁl} = —m{fo, 92‘1} (17)

where F; = m#%;. By using the anti-symmetric property of the RHS of the above equation, we introduce
an anti-symmetric tensor as

€ A . .

—Fo; = —m{%Xo, %; }. 18

m 0i m{xo xl} (18)
Re-expressing velocities on the RHS using eq.(14), we find

1 . . 1 A S € (a A A A e
— A{mbo,mt;) = ——A—A,A-—A-:—(aA-—a-A):—F- 19
m{mx() mx;} m{no eAp, 7ti — eA;} i \004% i10 m o (19)
In the above éﬂ = a}%,. In obtaining the above equation, we have used {Ap, A;} = 0, as we are
considering Abelian field, Ay(£), A;(%) and they are functions only of £, and {#, #;} = 0, where
7ty is the canonical momentum in RST. Using dp = f % = fdp and 0; = g% = g0d; where 9, is the
derivative with respect to the Minkowski space-time coordinates x*, we re-express Fy; as

Foi = fooA; — 9, Ao, (20)

where f and g are the rainbow functions (see the choices of these functions given in eq.(1), eq.(2), and
eq.(3)). Next, we start with,

m{%;, %} = —7;j (21)

after differentiating with respect to T, we get
{fi,ﬁ]’} = —m{JACi,Qé]'}, (22)

where 15] = m%;. As the RHS of the above equation is anti-symmetric as earlier, we introduce the
anti-symmetric tensor,

A

e L
—Fi = —m{x;, x;}. 23
] m{xl,x]} (23)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Following similar steps used in deriving eq.(19), we find the explicit form of l:"ij, ie.,
1, . 1 . .
_%{mxi/ mx]'} = —%{ni —eA; Tt — eAj}
e aA] aAl e R . e
B E(aaei a a;ef) - ag@i“‘j - a]'Ai) = Fij- (24)

This gives the explicit form of spatial components of the second rank anti-symmetric tensor which is
Fij = g(alA] - a]AZ) (25)

Note that in the limit when the rainbow functions f and g go to 1, the field strength ﬁHV obtained above
(see eq.(19), eq.(24) and equivalently, eq.(20) and eq.(25)) reduce to the Maxwell’s field strength F;; in
the Minkowski space-time.

The Jacobi identity between the components of the kinetic momentum p, = mx, in the RST is

e puApv, prt} = 0. (26)
For & = 0, after using eq.(23), this gives,
—ee®*{p;, Fy} =0
Rewriting p; using eq.(14), in the above expression gives,
"k {7; — eA;, By} = 0. (27)

We next substitute m?{%,, £,} = {p., pv} = feﬁw, (see eq.(18) and eq.(23)) in the first term on the LHS
of the Jacobi identity {£,, {pv, Po}} + {Pv, {Po, 2u}} + {Pp, {£1, Pv}} = 0 and noting that the second
and third terms are identically zero (after using eq.(15)), we find {%,,, ﬁvp} = 0. This shows that ﬁw, is
function of £ alone and hence {A4;, ﬁjk} = 0. Thus the eq.(27) reduces to

éiﬁjk + 3jﬁki + ékpij =0, (28)
which is one of the Maxwell’s equations in RST. Since aaq. = ¢ = ¢0;, the above equation can be
be ox
rewritten as,
g (aiij + 3 + akFi]-) — 0. (29)

In the limit when g — 1, 1:",-]- — F; and the above equation reduces to the Maxwell’s equation in
Minkowski space-time. The second homogeneous Maxwell’s equation in RST is obtained by setting
« = 1 in the eq.(26), which gives,

{Po, APj, Py} +{Bj {Pr Po}} + {Pr {Po, pj}} = 0. (30)
Using eq.(18) and eq.(23), this becomes
{po, Ba} +{pj Fro} + {pr Foj} = 0. (31)
Replacing po with 7tg — eAq and p; with #; — eA; in the above expression and after simplifying, we get
doFj +20,Fk =0, (32)
which is the second homogeneous Maxwell’s equation in RST. This can also be written as,

faoﬁjk + Zga]-ﬁko =0 (33)
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where % is replaced with f % = fdp and % is replaced with g% = g0d;. Here also, Maxwell’s
equation in Minkowski space-time is obtained in the limit where f and g, the rainbow functions, go to
1. Note that the homogeneous Maxwell’s equations in RST derived in eq.(28) and eq.(32) are exact.

Now, for deriving the inhomogeneous Maxwell’s equation in RST, consider

{pw{f)y/{ﬁ”,ﬁv}}} = _e{ﬁ]/l {pﬂrﬁyv}}
= —e{fty —eA,, {fty —eA,, F"}}
= —e{fy —eAy, {f F}} = —e{ A, {4, F}} =0 (34)

where we have used the minimal coupling rule, the relations {AH, Em} =0and {4, {A,, Py} =
{A,, aa%v = 0. Also by using the anti-symmetry property of F, we get {#,, {71y, [#V}} = EA)VEA)VI:“ s
0. From these results, we define

{PuAP", 9"} = —¢f* (35)
where jV satisfy {py, /,} = 9,], = 0. In the above equation, by taking v = 0, we get

{pi P91} = —ef” (36)
The LHS of the above equation can be written using eq.(18) as,

{pi P, P°}} = —e{p;, P} (37)

Substituting for the kinetic momentum p; = 7; — eA j in the LHS of the above equation gives,

- . N L a QF/0
{pj (P 071} = —e{Aj — oAy PO} = —e{ ), P} = —e= . (38)
Comparing eq.(36) and eq.(38) gives,
off®
5 = (39)
which can be written as
g0, F0 = (40)
In eq.(35), taking v = i we get,
{Po " P'}} +{pj, (P, 'Y} = —¢f (41)

Here, using the definition of the field strength tensor for Maxwell’s field in RST (see eq.(18) and eq.(23))
and the minimal coupling rule given in eq.(14), we get the second inhomogeneous Maxwell’s equation
as

Fr=7 (42)

which can be rewritten as
faoﬁOZ + gajﬁ” = ]Al (43)

These Maxwell’s equations, eq.(39) and eq.(42), are also exact. The above equations (eq.(39), eq.(40),
eq.(42), and eq.(43)) reduce to the corresponding Minkowski ones when the value of the rainbow
functions f and g becomes 1, as required.

Under the transformation

N A Jdu A
A0—>Ao+ﬁ=/10+faolx, (44)
and
Ao A+ 25 2 A+ g0, 45
i z+$— i +89dix, (45)
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we see that the Abelian field strength in RST, that is, Fi = faofli — gaiAo and 1:"1']' =g (81»/1]' — ain)
derived in eq.(20) and eq.(25) respectively, are invariant. Note here that f and g are rainbow functions
and not gauge couplings. Note that in the limit f, g — 1, the above gauge transformation becomes
exactly the same as the U(1) gauge transformation, which is the symmetry of Maxwell’s theory in the
Minkowski space-time.

Next, using the explicit form of the gauge invariant field strength in RST, we construct Maxwell’s
Lagrangian in the RST. We demanded that the Lagrangian is (i) invariant under the U(1) transforma-
tion given in eq.(44) and eq.(45), (ii) quadratic in derivatives, and these requirements uniquely fix the

Lagrangian to be

s 1a a0 la s
L: —EFOiFl_ZFijFl]/ (46)

which is clearly invariant under the U(1) transformation of Ag and A; given in eq.(44) and eq.(45). The
Euler-Lagrange equations of motion following from eq.(46) are

;% =0 or go;F% =0 (47)

9P + ;P =0 or foF" + go;F/' =0 (48)

Eq.(47) and eq.(48) reproduce eq.(39) (eq.(40)) and eq.(42) (eq.(43)) for the source free region. The
Maxwell’s equations in RST, which we obtained above as the Euler-Lagrange equations and also the
corresponding Lagrangian (eq.(46)), go to the Maxwell’s equations and the Lagrangian in Minkowski
space-time, when the rainbow functions f and g go to one.

3.2. Lorentz Equations in RST

Next, we derive the Lorentz force equation in the RST: For this, we explicitly evaluate the LHS of
{0, £} = JFoi

oty 9F, oL aaeo) 3R

~ oAd

e (E Ay 9%, 07ty )

Noting Fy; = ﬁOi(fy), and all the modifications coming from RST are functions of E—; alone, we can
integrate the above equation with respect to #” to get (note that F; is a function only of Ry, see
discussion after eq.(27))
£ = —Fo® +Gi(2) (50)
m
2

In the above expression, 7y = m%g + eAg. Taking G;(£) = G;(#) — & FpA® allows us to re-express

RHS of the above equation as

Eg (A% — eA%) 4 Gi(%) = eFpx° + Gi(%). (51)

=_ZF; (52)

which on integrating with respect to /' gives (note ﬁij is a function only of %),

B = —FA + Gi(%). (53)

SR

%ﬁi]ﬁj in the above gives,

which is similar in form of Lorentz force equation involving velocities in the Minkowski space-time.
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By combining the eq.(51) and eq.(54), we get the i*" component of the Lorentz force experienced
by a charged particle moving in Maxwell’s field in RST as

Fi = eFipf° + eFi# + Gi(%), (55)
which can also be written as, . .
E:?%ﬁ+§@ﬂ+©@) (56)

Note that in the limit f and g go to one (and F, — F,,), the expression for the spatial component
of the Lorentz force equation given above reduces to the corresponding expression in Minkowski
space-time. For finding the zeroth component of the Lorentz force experienced by the charged particle
in the presence of Maxwell’s field in RST, consider

oA e A
{2, R} = %Fio- (57)

Using the definition of Poisson bracket in the LHS of the above expression gives,

of, e A
a;:_%%‘ (58)

On integrating the above expression with respect to 7t’, we get

R_%mﬁ+Q@y (59)
As earlier substituting Go (%) = Go (%) — % Foi Al gives,
F = %ﬁol'(ﬁi —eA") + Go(%) = eFyit + Go(%) (60)
which can also be written as
Rzg%f+Q@) 61)

This is the zeroth component of the Lorentz force acting on a charged particle moving in Maxwell’s
field in RST. Note that F; and Fj in the eq.(55), eq.(60) (equivalently in eq.(56) and eq.(61)) reduce to
the familiar expressions in the Minkowski limit obtained by sending f — 1 and ¢ — 1. Note that the
Lorentz force equations in RST derived in eq.(55) and eq.(60) are exact. Expressing GO(J?) and GZ(J?) by
inverting eq.(55) and eq.(60), we find

m{%o, Gi(2)} —m{#%;, Go(%)} =0,
m{%;, Gj(2)} —m{%;, Gi(2)} =0, (62)

where we have used the definition of field strength tensor given in eq.(18) and eq.(23) and Maxwell’s
equations that we have obtained earlier. This implies,

Gi(%) = 0. (63)

3.3. Choices of Rainbow Functions

We have constructed the field strength tensor in RST (eq.(20) and eq.(25)), the Maxwell’s equations
(eq.(29), eq.(33), eq.(47) and eq.(48)), corresponding Lagrangian in RST (eq.(46)) and, Lorentz force
equation of a particle moving in the presence of this Maxwell’s field in RST (eq.(55) and eq.(60)). Here,
all these quantities are written in terms of rainbow functions, f (E—;) and g(E—;) We now obtain these
explicitly for 3-different choices of rainbow functions given in eq.(1), eq.(2), and eq.(3), respectively,
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keeping terms up to first order in the rainbow parameters.

Choice 1: For the first choice of rainbow function given in eq.(1), using Taylor expansion, we see
that a general function of RST coordinates will take the form, ¢, (£) = ¢, (x) — %:f (200" ) + O(A?).
Using this we expand Apand A; in £y = faoAl- — gaiAo and ﬁi]- = g(&ifl]- — ain> and keeping terms
up to first order in A, we find, the components of field strength tensor in RST as,

)\Eo

Pu = Fu — E (x00"Fuy), (64)

which is same as the Taylor expansion of Fy,, (%) to first order in A, and thus the Lagrangian valid up to

first order in A is ; AE
'3 [
L= _ZFVVFW + E»

Fuy (40" F'). (65)
The corresponding Maxwell’s equations in RST are

AE, N AE,
e JouFip =0; (1 i

P (1 - xVaV)ayW —0. (66)

The Lorentz force equation for the choice of rainbow function given in eq.(1) is,

. AE
Fu=F— " (Fu+ e(xd"Fua)d*) + Gu(2). 67)

Here F;, = e(Pl-OxO + Fi]-xf )and Fy = eFy;x'. In the limit when the rainbow parameter A — 0, ﬁiﬂ/' L
Maxwell’s equations and £}, reduce to the Minkowski expressions as expected.

Choice 2: For the second choice of rainbow function given in eq.(2), applying Taylor expansion
of a general function, ¢, (%) = ¢ (x) — % (x00%y) + O(B?) to A, appearing in Fy,, (see eq.(20) and
eq.(25)) we get the field strength tensor in RST as

ﬁyv = Fyv EEO (XOaOFw/) (68)

up to the first order in B. The Lagrangian to the first order in § is

i:—ZFWF’W EE" Fuy (" F1). (69)

Maxwell’s equations are now given by

E BE

aupvp (1 _ & 0 —0- _ 0 0 ap

e (1 o 00 )ouFip =0; (1 o 0d JouF =o. (70)
And the components of the Lorentz force are

ﬁo Fy — ﬁie(anoFol ) + Go(x) ; i =F - &E(E‘oxo + anOmea) + CZ(J?) (71)

2Ep 2Ep
Note that comparing to Fy, here F; have extra terms because when g(E,) = 1, the rainbow parameter de-
pendent term in eq.(61) is coming only from Fy; part whereas F; has f(E,) dependence which contribute
extra rainbow parameter dependent terms. Note that § — 0 is the Minkowski limit, and we get back
the corresponding expressions in Minkowski space-time in the limit f, g — 1 from the above equations.
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Choice 3: For the third choice of rainbow function (eq.(3)), Taylor series expansion of a general
function of RST ¢, () = ¢, (x) + % (xmamch) + O(n?), applied to eq.(20) and eq.(25) gives field
strength tensor to be

1Eo

By =Fu+ E(xmampw), (72)

up to the first order in #. Thus, the Lagrangian is
—PFW(xmamF’“’) (73)

up to the first order in 5. The corresponding Maxwell’s equations in RST are

E

n . nE _
e (14 ﬁxmam)ayap =0 (14 220" )0, = 0. (74)

2Ep

The components of Lorentz force experienced by a particle moving in the presence of Maxwell’s field
in RST for the choice of rainbow function given in eq.(3) are,

Ao 1Eo i . A o
F,=F, + Ee(FW-x] + xmamme“) + Gu(%). (75)

Note that in the Minkowski limit, i.e., when the rainbow parameter 7 goes to zero, all the above
expressions in RST reduce to the corresponding expressions in Minkowski space-time.

4. Yang-Mills theory in Rainbow Space-Time

For constructing the modified Yang-Mills field theory in RST, we follow the same procedure used
in constructing Maxwell’s electrodynamics in RST. Here the non-Abelian gauge field is introduced
through minimal coupling prescription, by replacing the kinetic momentum py, (m#,) with 7, — eA,,
where 7, is the canonical momentum in RST and A4, (%) = A‘;, (£)I% is the non-Abelian gauge field in
RST.

4.1. Yang-Mills Equations
We start the derivation of the Yang-Mills equations in RST with the following assumptions,

1. the canonical momentum (71;) obtained using the minimal coupling rule is
fto = mfg + eALI", #; = mE; + eAI” (76)

where m%, = py, is the kinetic momentum of the particle, AS I* and A? I* are the components of
the SU(N) gauge field in RST, e is the gauge coupling strength.
2. the generators of su(N) algebra, I°,a = 1,2, WNZ-1 satisfy the relation

{1°, 1"} = foere. (77)
As in section 3, we start with
m{%o, %} = {%0, i — eA;} = {0, 7;} = 0. (78)

where the non-Abelian gauge field Ay depends only on the space-time coordinates in RST, that is
A, = Aft (%)I°. Differentiating the LHS of the above equation with respect to 7, we find

m{%o, %;} +m{%o, %} =0 (79)
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where the ‘over-dot’ stands for derivative with respect to 7. As for Maxwell’s theory, here also, we
define an anti-symmetric tensor as

A A e 2
m{xo, %;} = _aFOi- (80)

where now Fy; = ﬁgi 1. To derive the explicit form of Fy;, we evaluate the LHS of the above equation
using the minimal coupling prescription given in eq.(76),

A A 1 A n A n
—m{%o, &} = — {fto—edo, i —eA;}
:%@ﬁp@%ﬁwmmma (81)
Here we have used eq.(77), the fact that {£,, [’} = 0 and {7, I} = 0[22]. Using this in eq.(80), we
find
BL — oAt — 9,48 — efote AL Ac 52)

We can also write Pgi as,
B§; = f0A] — g0 Af — ef " AGAS. (83)

Here f and g are the rainbow functions and e is the gauge coupling strength. Similarly, for deriving
the explicit form of l:"i‘;-, consider,

m{%;, %} = {%;, 7 —eAj} = 1y (84)
where we used {%;, A j} = 0. Differentiating above equation with respect to the parameter 7 leads to
{%;, ﬁj} + m{%;,%;} = 0. Now we introduce an anti-symmetric tensor through

—m{)?l,f]} = ﬁl‘]‘, (85)

e
m
where ﬁi]' = ﬁi‘; I?. From the above equation, we get

P 1 N A A € [a A a A be Ab A [N
7711{3(,',3(]'} = 7E{7Ti —eA;, T — eA]'} = (aiA? — a]‘A? —ef? CAi A]C) " = Epij. (86)
As for ﬁgi, we rewrite l:"lf} as

Ff = g(0;A7 — 9, A7) — ef ™ AL AS. (87)

In the above, g is the rainbow function and ¢ is the gauge coupling strength. Note that both Fy; and 151-]-
reduce to the corresponding expressions in Minkowski space-time when the rainbow functions f and
¢ go to one. Now we use this explicit form of Fy; and ﬁij given in eq.(82) and eq.(86), respectively, for
deriving the Yang-Mills field equations in RST. The Yang-Mills field strength tensor derived here in
eq.(82) and eq.(86) is exact.

We now show that the components of £, obtained in eq.(82) and eq.(86) obey the Yang-Mills
field equations in RST. Using the explicit forms of £, and 151»’} obtained above, we obtain one of the
homogeneous Yang-Mills field equations

oft  aft  ofe
] jo 0 __ abc Ab Ac ( Ab Ac ( Ab Ac
920 " oxi aﬁjl = —ef (faO(Ai A7) + 80i(A7 Ap) +ga](AoAi)) (88)
which becomes
(‘%ﬁij +edo{A;, Aj}) + (éz‘ﬁjo +ed;{4;, Ao}) + (éj For + ed;{ Ao, Ai}) =0. (89)
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After simplification, this can be written as,
(30 i +e{ 1]/A0}) + (31'15]'0 +e{E, Ai}) + <3jﬁ0i + e{Fo;, Aj}> =0. (90)
which suggests that the time and space components of the covariant derivative in RST are of the form,
(D)™ = 679y — ef*c Al (91)

and

(D;)™ = 50; — efc AL (92)
Here AS and Aﬁ’ are the components of the Yang-Mills field in RST. Using eq.(91) and eq.(92), we
re-express the Yang-Mills equation in eq.(90) as,

N

(DoFij)* + (DiFj)" 4 (DjFyi)* = 0. (93)

Using the explicit form of the field strength tensor in RST obtained in eq.(86), we find

81:’?}( ofa 8” o A VN
S et ot = —ef™ (AT AD) + 9 (ALAS) + 0 (ALA)), 1)
which on simplification gives,
(31'1:"]-”}( — ef“hcA?ﬁfk) + (éjﬁ,fi — ef”bCA?ﬁ,fi) + (3;(15{; — ef”bCAZﬁfj) =0. (95)

Using the eq.(92), we rewrite eq.(95) in a familiar form as
(DiFi)" + (DjE)" + (DiFyj)" = 0. (96)

Using dg = fdp and d; = g9;, we re-express eq.(93) and eq.(96) as

(f6°00 — ef ™ AD)Ef; + (g6°0; — ef ™ A}) Efy + (g0"0; — ef ™ A}) E; = 0, ©7)
and
(807°9; — ef ™ AY)E + (96°9; — ef AN, + (850 — ef " ADE = 0, (98)

respectively. The Yang-Mills equations in RST derived in (eq.(93) and eq.(96) ( equivalently in eq.(97)
and eq.(98))) are exact. Note that in [22], where the non-Abelian gauge theory in Minkowski space-time
is constructed using Feynman’s approach, one shows the second rank field strength tensor satisfies
homogeneous Yang-Mills equations and then derives its explicit form using Wongs equation [31]. Here,
first we derive the explicit form of the field strength F,,, and then we use this explicit form to show
that the field strength satisfies homogeneous Yang-Mills equations. Also note that the form of the field
strength tensor obtained in eq.(82) and eq.(86) is compatible with the gauge covariant derivative given
in eq.(91) and eq.(92), that is,

({Do, Di}¢)" = —ef"“E59%; ({Di, Dj})" = —ef" Fig* (99)
Next, we take up the construction of the Yang-Mills Lagrangian in RST. Under the transformations
= A§+ (Doa)" = Af + (f5"don® — ef ™ Afac), (100)

A? — AT = A7 4 (Dja)" = A7 4 (g0°0,0° — ef"° Ala®), (101)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0749.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 February 2026 d0i:10.20944/preprints202602.0749.v1

15 of 31

The components of the field strength tensor in the RST background given in eq.(82) and eq.(86) are
covariant. The above SU(N) gauge transformations in RST reduce to the well-known symmetry
transformations of SU(N) theory in the Minkowski space-time, in the limit f, ¢ — 1, as expected.

Using the above gauge covariant field strength in RST, we construct the Lagrangian corresponding
to the Yang-Mills field in RST. Here, in constructing the Lagrangian, we insist that the Lagrangian is (i)
invariant under the SU(N) transformations given in eq.(100) and eq.(101); (ii) quadratic in derivatives.
The Lagrangian satisfying these requirements is

1agrai 1 paraii
L= - FGF — JEE. (102)

Here £§. and 151.‘;. are the components of the Yang-Mills field strength tensor in RST given in eq.(82) and
€q.(86). Using this Lagrangian of Yang-Mills field theory in RST, we find the remaining two Yang-Mills
field equations as the Euler-Lagrangian equations following from eq.(102), and they are

(DiF) =0; (DoF%)" + (D;F')* = 0. (103)

Here Dy and D; are the components of the gauge covariant derivative in RST, which we have obtained
in eq.(91) and eq.(92). In the limit when the rainbow functions f and g become 1, eq.(102) and eq.(103)
reduce to the corresponding equations in the Minkowski space-time.

4.2. Force Equation in Presence of Non-Abelian Gauge Field in RST

We now derive the force experienced by an isospin-carrying particle in the presence of a Yang-Mills
field in RST. To obtain the expression for the spatial component F; of this force, we start from

s s €n
m{%o, Xi} = - For. (104)

Since £; = m#%;, the LHS of the above equation can be written as,

A

JF,

to, Fi} = ——*.
{xOr l} 874«(0

(105)

Comparing this with the RHS of eq.(104), gives 5)71;’0

integrate this equation with respect to 77p and obtain

= —%1:"01-. Since Fy; is function only of £#, we

B = —Eon® +Gi(2), (106)

E A
m
where G; is a function of £ alone. Now for writing the Lorentz force in terms of the velocity £, we take
Gi(%) = Gi(2) — % Fi0A?, and eq.(106) becomes,

E = —FEg(AY—eA%) + Gi(%) = eFipso + Gi(%). (107)

Next consider

p - i_ Cp.
{xir ]} - = A %Pz]r (108)
which, on integration, gives
P
b= il + Gi(%), (109)

ﬁijAf , for expressing the Lorentz force in

%+ Gi(%). (110)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.0749.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 10 February 2026 d0i:10.20944/preprints202602.0749.v1

16 of 31

Combining eq.(107) and eq.(110) gives,
ﬁi =e iofo + el + GZ(J?) (111)

This gives the i"-component of the Lorentz force acting on a particle carrying isospin in the RST
background. To get the zeroth component of the Lorentz force in the RST, we start with

A

A A BFO € A
{&i b} = —5=5 = _Fo-
which leads to .
£ = %15“01'7%1 + Go(%). (112)
On substituting Go(£) = Go(%) — % Foi Al, the zeroth component of Lorentz force becomes,

By = efpit 4 Go(%). (113)

Note that in eq.(111) and eq.(113), CA;PL (%) = Gﬁ 1°. Further £y and E; derived here are exact.
Next we obtain the condition of Go(#) and G;(£). To this end, we start with the Wong’s equation
in RST, which is given by
[ = ef " OAFIC + ef TR AT (114)
which reduces to the corresponding equation in the Minkowski space-time, in the limit f, g — 1 [31].
Considering an arbitrary function ¢(%) in the RST, we find,

m{%o, " (£)I"} = m{xo, (%) }" + m¢" (£){%o, I}, (115)

Assuming [22]
{%o,I°} =0,

and differentiating this equation with respect to T will introduce a term containing [?. Rewriting this
" using the Wong’s equation in RST given in eq.(114) gives

m{%o, I°y = —m{%o, [}
= —m{go,ef " RALIC + ef R AT}
= —ef™ 2y, mOYALIC = —ef® (g, A0 — e AV} ALIC = ef e AbIC, (116)

Using eq.(116) in eq.(115) gives,

m{do, §"(R)I"} = (Ao — Ao, §" (%)} + ef "¢ (£) AGI°
AHC
— 5ac%1a o efabcqucha _ ((Sacéo o efabcA(b))qA)cIu — (Doé)ula_ (117)

Note that the expression for the zeroth component of the covariant derivative DZ° obtained above
using Wong’s equation in RST matches with one in eq.(91), which was derived by using the explicit
form of the Yang-Mills field strength tensor in RST. Similarly, we consider,

~

m{, " (£) 1"} = m{x;, §°(2) }* + m* (£){x;, I"}. (118)

We start with
{%;,I}=0. (119)
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and differentiating this equation with respect to T and using Wong's equation (eq.(114)), we calculate
the second term on the RHS of eq.(118), i.e.,

m{fl-, Ia} = —Tl’l{fl', ja}
= —m{;, ef" AL + ef A ANIY
= —ef %, mi YA = —ef{%;, Atj — e A} AP IS = ef P ALIC. (120)

Using eq.(120) in eq.(118) gives,

{7 — eAy, " ()17 + ef" ¢ (2) AL I
(8%9; — ef™c ALY¢I* = (D) I (121)

m{%;, ¢ (2)I"}

Here DZ‘.‘C is the i component of the covariant derivative in the RST background, which matches with
the expression obtained in eq.(92). In particular, taking the function ¢ to be éﬂ = GZ 1%, we find

m{zo, G} ()"} = (DoGy)"I%,
m{%;, A;?(J?)I”} = (DG (122)
Using eq.(122) and the results from the Lorentz force equation shows that,
DoGi —DiGy = 0,
DG, — DG = 0. (123)

4.3. Choices of Rainbow Functions

In the previous section, we have obtained the general expressions for components of Yang-
Mills field strength tensor in RST (eq.(82) and eq.(86)), the Yang-Mills equations (eq.(93), eq.(96) and
eq.(103)), corresponding Lagrangian (eq.102) and also the expression for components of the Lorentz
force experienced by a SU(N) charged particle moving in the Yang-Mills field in rainbow framework
(eq.(111) and eq.(113)). These expressions are written in terms of rainbow functions f (E—;), g(g—;) and
the fields AH (%). Next, we construct these explicitly for the three choices of rainbow functions, keeping
terms up to first order in the rainbow parameters.

For choice 1: We find the non-Abelian field strength to be

AE,

Be, =Fi, - E (x20"Fyy), (124)
and the Lagrangian to be
. 1 AE
L= —ZF;VFW + 215; iy (xa0“F™). (125)

The corresponding Yang-Mills equations are

AE,

AE
auvp _ 0
€ (1 Ep

Ep

xga“) (DuFyp)* =0 ; (1 — xva”) (DyF¥)" = 0. (126)

The components of the Lorentz force equation for the choice of rainbow function given in eq.(1) are,

. AE A
By = Fo— 250, + e(xUBVFM;)xﬁ) + Gu(2). (127)
Ep
Here F; = e(Fx® + Fl-]-xf ) and Fy = eFyx!, where Fuw = Fj, 1. In the limit A — 0, all the above
equations reduce to the corresponding equation in the Minkowski space-time.
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For choice 2: For choice given in eq.(2), we have
. E,
o, =Fo, - ZﬁE (x0d"Ff,), (128)
and the Lagrangian is
7 1 a rapv ng 0 papv
L= 4FWF + iEp Fjiy (x0 " F™). (129)
The Yang-Mills equations following from the above Lagrangian are
E BE
XUVP _ & 0 a_ 0. _ 0 apNa
e (1 o 100 )(DuFp) =0; (1 el ) (DyFe)? =0, (130)

The components of the Lorentz force equation for the choice of rainbow function given in eq.(2) are

E, A ) ) A
Fy=F— %e(xoaol-})z )+G0(x) B=F— fE" (Fi0x0+x080Fiax”‘)+Gi(x). (131)

The corresponding expressions in Minkowski space-time are obtained in the limit 8 — 0, as expected.
For choice 3:

Bl = FI, ’275 (xmd" L), (132)
We have the Lagrangian is
A E
f= —EF;‘VF”W ZE" L (xmdM ETHY). (133)

The corresponding Yang-Mills equations are

nE,
2Ep

ee (141 ’7E° xnd") (DuFp)” = 0; ( 9" ) (DyF*)" = 0. (134)

The components of the Lorentz force equation for this choice of rainbow function are

A 17E
Fy=F,+ =

" (F 0 4 20" F o 2 )+G;,(9?). (135)

As the rainbow parameter # goes to zero, all the above expressions go to the corresponding expressions
in Minkowski space-time.

5. Aharonov-Bohm Effect in Rainbow Space-Time

In this section, we investigate the Aharonov-Bohm (A-B) phase for a particle moving in an energy-
dependent space-time, the RST. We show that the time-dependent A-B phase is, in general, non-zero in
RST, unlike in Minkowski space-time, where it is zero identically. This gives a possible, experimentally
measurable signal to validate the RST proposal. Here, we first present a brief description of the
Aharonov-Bohm phase in Minkowski space-time and then generalise this to RST. In [27], it was shown
that the wave function of a quantum mechanical particle interacting with a magnetic potential would
pick up an extra phase factor. This phase factor depends only on the vector potential and not on the
magnetic field. Thus, the wave function of a charged particle moving through a region where the
magnetic field B(= V x A) is absent but the vector potential A is present, picks up this extra phase.
For a charged particle interacting with a gauge field, the wave function is given by,

= e A o (136)

where 1y is the wave function when the interaction is absent. i.e, comparing to the case when the
interaction is absent, the wave function has an extra phase factor.
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Since a long solenoid carrying a steady current generates a magnetic field only in its inner region,
and no magnetic field is present outside the solenoid, while the vector potential A is non-zero even
outside provides the possibility to verify this prediction of extra phase due to the interaction of a
charged particle with vector potential, experimentally. This effect was experimentally confirmed in
[30]. Here, the vector potential was time-independent. A time-dependent potential generates an
electric field (E = —9; A), which leads to the wave function picking up another phase factor. The sign
of this phase factor is such that it cancels the phase factor generated by the magnetic flux present in
the region, thus leading to the absence of net A-B phase [30].

In a region where Ag = 0, the A-B phase in the presence of an Abelian field is given by

fAidxi:/(ﬁxA' d5 = /B ds (137)

For studying the time-dependent A-B effect, one uses the covariant generalisation of A-B phase, i.e.,
$ Aydxt = % J Fuvdx? AdxV. The cancellation of the A-B phase for the time-dependent vector potential
has been experimentally verified in [32].

We first consider the Abelian case and construct the general expression for the time-dependent
A-B phase in RST by replacing the quantities in Minkowski space-time with the corresponding ones
in RST. Here, the explicit form of the components of the field strength tensor, which are obtained in
the previous section, is used. Then, by considering various time-dependent potentials, we explicitly
calculate the corresponding A-B phases. We repeat this for the non-Abelian case also. For each of these
potentials, we consider three choices of rainbow functions and find the corresponding A-B phase.

5.1. Abelian Aharonov-Bohm phase in RST

The expression for covariant A-B phase in Minkowski space-time is given by [27,29]
e e
aan =7 7( dA = / Fudx A dx (138)

where dA = %Fw,dx?‘ Adx". Here F,, is the anti-symmetric field strength, dx" and dx" are the
differential four vectors, and A is the wedge product, which is anti-symmetric. dA = %Fwdx” AdxV in
terms of the components is

dA = Fodx Ndt+ Fydy A dt + Fdz A dt + Fipdx A dy + Fozdy A dz + F3pdz A dx
= (Exdx + Eydy + E.dz) A dt + (B.dx A dy + Bydy A dz + Bydz A dx), (139)

where E;,i = 1,2,3 are the components of electric field and B; are the components of magnetic field.
Note that our metric is 17, = (+1, -1, —1,—1).

Using eq.(139) in eq.(138), we see that the A-B phase is identically zero when E = —9;A and
B=V x A, (dx Ady = dSk, dy A dz = dSi, dz A dx = dS)) i.e.,

Aap = %(/@*.Jz)m B-d)
_ f( /(aA’&’dtJr/B s )
- /A dl+/B s) —/E~d@+/§~d§>:0. (140)

In this section, we derive the expression for the A-B phase of a charged particle moving in an energy-
dependent space-time, i.e., in the RST. As mentioned earlier, the RST coordinates are given in eq.(11).
Note that the RST metric 7, is same as the Minkowski space-time metric 77, which together with the
anti-commutation relation of Dirac matrices 4# given by

(Y, 4" = 20" =291 (141)
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implies that the Dirac matrices are not modified in RST. Thus,
p
(i’y"éy - e'y”Ay —m)p =0, (142)

is the Dirac equation of a spin 5 particle in RST, where 7* is the Dirac matrices, which are not modified.
Note that here, éy = (90,9;) = (f9y,g9;) are the partial derivatives and A, = A,(%) is the gauge
potential in RST. The Schrédinger equation in RST is given by

1

¥ _ ((_mai A+ er)q} s (143)

of 2m
The solution of the above equation is ) = e% $ Ai‘d’w o, where 1y is the wave function, when the

interaction is absent. Note that here d%/ = (

) This implies that, when the charged, spin 1
particle is interacting with a gauge field in RST 1t plcks up a phase, and this A-B phase is given by

fap = ]{Aydﬂ‘ - %/Pﬂvdﬂ‘/\dﬁ” /Fodx A d0 +/ £ ndg) (144)

where £, is the Maxwell field strength in RST and d#" = (J%, g‘(%)

Using Maxwell’s field strength in RST obtained ( see eq.(20) and eq.(25)), we now evaluate & 4,
valid up to first order in the rainbow parameters. Note that F;y = E; and Fij = €;jB. This lf",w is
written in terms of A, (%) and the rainbow functions (f ( ) and g( )) By using the Taylor expansion
of Ay (%) for different choices of the rainbow functions, we derive the expression for the field strength
tensor £y, in RST. This £, is written in terms of the field strength F,, in Minkowski space-time and
the rainbow parameters. The choice of rainbow functions and the corresponding expression for the

field strength tensor in RST is given below,

AE . AE
f(Eo) = g(E) =1+ E, °+0(A%); Eu=Fu-— T;xaa“Fyv +0(A?%) (145)
. E
f(Eo) =1+ 2E; +0(B%), 8(E0)=1;  Fu=Fu— %xoaopw +0(p%) (146)
nE A nE
f(Eo) =1, g(Eo) =1— ZE; +0(?); Fuw=Fu+ ﬁxmamaw +0(5?). (147)

Note that in the above expressions A, B, and 7 are the rainbow parameters, and throughout this study,
we are considering terms only up to first order in the rainbow parameters. From the above expressions,
it is clear that the general form of Maxwell’s field strength tensor in RST is of the form,

ﬁyy - F‘uy + kx,xaaFw/ (148)

where k and «a take values —)‘—E" ,00,1,2,3), — 2E , (0) and ZE; , (1,2, 3) for the choices given in eq.(145),
eq.(146) and eq.(147), respectlvely.
Using eq.(148) in eq.(144), we now evaluate the A-B phase for the above choices of rainbow

functions, keeping terms up to first order in the rainbow parameters. For Ay = 0, E = —9;A and
B=V xg#o,wefind

1, .. . dxi Adx® 1 dxt A dxl
dxt A dx® dxt A dx/ wr dxi A dx0
= FiO fg + FI] 282 + k(xaa FiOT
dx' A dxl
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As earlier, we use Fyo = E;, Fij = €;By, ei]-k% = dSk and obtain the corresponding A-B phase as
e rE-dldt  B-dS - dldt - dS
hap = & +/ Lk /xa“E~—+ L i (150)
P ( fg & (Jx fg RS )

which gives

-

. e O A - dldt B-ds vm dldt T
XA — h(/_ fg +/ gz ‘I‘k(/x“a EE“' x,xa Bg2>>
V x A-dS B-ds ~ dldt o
- +/ +k /x a”‘E-—+/x d*B- —
< / f8 g2 (/= f8 ' gZ)

11 1. (= = L dldt . dS
2 [B-ds+k / P e *B. 151
(g(g f)/ A 8 +/x”‘ gz)) teb

This is the general expression for the A-B phase due to the interaction with a time-dependent Abelian

S

St

potential in RST when Ay = 0. We now explicitly calculate the above A-B phase in RST for the

time-dependent potential

- KIycos(wot alry .
Ay =0, A= (Kocoslenl) | wlry, (152)

Here Iy and I are steady currents, K and a are constants. Note that here wy = %%, T is the time period.
The corresponding electric field is

»  Kwolpsin(wot) P

E=—-9;A , (153)
and the magnetic field is
B =alz. (154)
Using the electric field and magnetic field given in eq.(153) and eq.(154) in eq.(151), we get
for f(Eo) = g(Eo) = 1+ 42
&ap =0, (155)
_ BEo _
for f(Eo) =14 55, 8(E,) =1
ion — CPEo g o ePE
ias = o [B-dS=100e, (156)
and for f(E,) =1, g(E,)=1- 4
N e 77Eo / = e 17E0
“AB n2Es ) B4 = n2E, (157)

In the above, ® = [ B - dS is the magnetic flux.

Note that in obtaining the above results, we have used the fact that the k-dependent terms in
eq.(151) go to zero as B is constant (see eq.(154)) and the integration in the first k-dependent term of
eq.(151) is carried over the period T. It is clear that for the choice of potential given in eq.(152), the A-B
phase is zero for the first choice of rainbow function (see eq.(155)), whereas for the other two choices of
rainbow functions, we get a non-zero value for the A-B phase (see eq.(156) and eq.(157)), both of which
are modified due to RST. Here in the limit where the rainbow parameters go to zero, the A-B phases
become zero, as expected.
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Next consider N
Ag=A3=0, A =K(t—3), A =K(t+3) (158)
Here we get a non-zero electric field and magnetic field, E = —K(i + ) and B = Kk. Using this in
eq.(151), we find
el, 1 1 - o
&AB:f—(———)/B-dS (159)
hg'gs f
which is zero for the choice where f(E,) = g(E,) =1+ ’\E—i", whereas for the other two choices, we get

%gg‘; @ and %gg‘; D, respectively. Here, the A-B phases have rainbow parameter dependence, and it is

non-zero for two choices of rainbow functions.
For the case when the time-dependent Abelian potential is given by [33]

A = (0,0, B;trqs 0),r <R
= (0,0, BOtR 202 6,0),r > R, (160)
the electric field in the outside region (r > R) is E = — —4) and magnetic field is B = 0. For finding

the corresponding A-B phase, we use (see eq.(150))

e [E-didt B-ds “E dldt ws dS
ucAB—h< i +/ = +k(/ wd'E- Tt [ B~g2)>.

For the potential given in eq.(160), as B = 0, the second and fourth terms of the above equation go to

zero. For the first choice of rainbow function, the A-B phase is

A 2\E ByR? AE BRqu
Rap = h((l— 0)/ 0 qbdldt—EPo 0 ¢ )

e AE,
ﬁ(l ~ Ep

)BoR?mt  (161)

BOR

where we have used k = — -2 , X O“E = $. While for the second choice, (as x0d°E = 0), the only

non-zero term of eq.(150) is the first term and

e BE, BoR>, - . e BE, 9
dan =7 ((1- ZEP)/— - -dldt = —£(1- ) BoRat (162)

For the third choice of rainbow function (see eq.(3)), we find

2 2
fap = %((1 + ’275;)/—3025 ¢ - didt + Z;‘i Bozf §-didt) —%BoRznt. (163)
Note that, in the above equations (eq.(161), eq.(162) and eq.(163)), the dt integration is over the range 0
to a finite ¢ because, normally, the potential is generated in the solenoid by applying current for a finite
time. Note that here the A-B phase is non-zero for all three cases, but for the third choice of rainbow
functions, the A-B phase is the same as that in the Minkowski space-time, without any modification
coming from RST. This is due to the fact that the contribution to the A-B phase due to RST coming
from the electric field and magnetic field (first and third terms of eq.(150)) exactly cancel each other.

5.2. Non-Abelian Aharonov-Bohm phase in RST

In this section, we consider the interaction of a charged particle with the non-Abelian gauge field
and analyse the A-B phase acquired by its wave function. Note that in the presence of a non-Abelian
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field, the wave function of the particle is ) = o § Apltash 0[34,35]. The expression for the Yang-Mills
field strength in Minkowski space-time is given by

Fuy = Fi, 1" = (3, A7 — 9, Al — ef " AL AT (164)

where the magnetic field is

=

B=Br = ((ﬁ x A)T — gf“hcAb X AC)I“. (165)
Assuming A} = 0 and E? = —9,A%, the A-B phase in non-Abelian case becomes [36],
1
]{ Aydxh = / (5 Fuw -+ ef U0 AL ASI)dxt 1 dx* (166)

Using [ 1Fudx Adx' = — [9;A -dldt + [ B -dS and substituting eq.(165) for the second term gives,
[ 3Ewdxt Adx? = —§ £ [ (AP x A°)I® - dS. On substituting this, the RHS of eq.(166) reduces to zero.
That is, in the Minkowski space-time,

74 Audxt =0, (167)

which implies that the A-B phase due to a time-dependent, non-Abelian gauge field vanishes in the
Minkowski space-time.

Now we consider the particle moving in the energy-dependent space-time, the RST. The Aharonov-
Bohm phase for a non-Abelian field in RST is thus given by

§Aae [ %ﬁwdﬁ‘ N2 eft [ ALASIaH N d, (168)

where £, = I:%, I* = (3;4145 - EA)VA‘; —e f“bCA]ﬁAﬁ) I? is the Yang-Mills field strength in RST and d£# =

(%, ﬁl’i)) As in the Abelian case, here also we consider different choices for the rainbow functions,
given in eq.(1), eq.(2), and eq.(3). Using minimal coupling prescription and by considering the anti-
symmetric property of the Poisson bracket between velocities, the expression for the components of the
Yang-Mills field strength in RST is obtained in eq.(82) and eq.(86). Using the Taylor series expansion
of field Az (%) for different choices of rainbow functions (f( E—;) and g(g—; )), we write the Yang-Mills
field strength (ﬁﬁv) in terms of the non-Abelian field strength Fj, in the Minkowski space-time and
the rainbow parameters. For the choices of rainbow functions given in eq.(1), eq.(2), and eq.(3), the

non-Abelian field strength valid up to first order in the rainbow parameter is given, respectively,

A,

By = B} 17 = (Fj, — L X" Fj, ) I°, (169)

. . E

By = Ei, 1" = (Fl, — 515; x0d°Fj,) 1%, (170)
and E

By = E2,17 = (F%, + ZE; Xmd" Fl, ) I°. (171)

Here A, B, and # are the rainbow parameters, and we are considering terms valid only up to the first
order in these rainbow parameters. From the above equations, the general form of the non-Abelian
strength tensor in RST up to the first order in the rainbow parameters can be written as,

Fu = B 1" = (Fj, + kxo 0" Fj, ) I, (172)
AE, ﬁEa 77E0

where k takes values — T~ and 2, and « takes values (0,1, 2,3), (0) and (1,2, 3) for the choices
given in eq.(169), eq.(170) and eq.(171), respectively.
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Let us take the case where Aj = 0, E" = —9;A% and B* # 0. Then,
Lewdst Ade" = Fod#i Ad2® + LEide A dg
wa/\x = Z-Ox/\x—i—iljx X
dx Adx® 1 dxt A dx
= (Fo+ kxaa“Fio)ifg +5 (B + kxaa“Fij)4g2
dxt A dx® dxt A dx/ dx! A dx®
= F F;; k( x40%Fg————
i0 g +F;j 24 + (xtx i0 g
dx' A dx/
+ xaa“PijT) (173)
and thus, with Fig = E;, F;j = €;xBy, € dxi/z\dxj = dSk, we find
E .- dldt B-dS £ dldt ~ de
/ F,wdx"/\d = 7 +/ e +k(/xaa"‘ fg + x‘xa“B-?)
#A-didt [ B-dS dldt =~
= [- ?E P
/ i +/ g +k( [xE +/a 7)
A-dl B-ds . dldt ds
- E- == *B. — 174
I N
Using eq.(165) in the second term of the RHS, we rewrite the above equation as,
L odst nds’ = LAy A-dl— —f"e [ AY x AT - d§
5wt ANdE = — 73 f X )
. Ezdt ds
X - —_— X JE—
+ k([ 7o [xB- g2>
- 1(1—1)/121’ - -2 ”bC/AbeCI“ a5
g8 f 28
_ dldt . dS
‘x - —_— a [p—
+ k(/x,,@ Bt [ 1B g2>' (175)
Using the above expression, we get,
fﬁydﬁ‘ = / %Fwdﬁ" Ad2¥ + ef“bC/A;;AﬁI“dﬁf‘ Adz"
1.1 1 P e -
= o) [A-dl— — % [ AP x A°I% .45
s5 7 )/ 2 / .
dldt 5 dS A 2 ;

+ K( / X, O*E e / %' )+5% fabe / AL ATl A dxt (176)
where in writing the last term, we have used A2 = 0 and eq.(11). Using the Taylor expansion of 4, (%)
in RST, i.e, Ai = A;j + kx,0*A;, where A; is the vector potential in Minkowski space-time, k = — AE%’ ,
«=0,1,2,3k = — gg" ,oe=0and k = ZE” , o =1,2,3, respectively for the three choices of rainbow

functions, we get,

£ Fe(AY + kxg 0t AY) (A + k9 Af) 1) A dxc*

e Ab A ' k
Z freAYALIdx] A dx e

= g% Foe (Aj? P+ kx,xa“(A?A,i)) I"dx/ A dx* 4+ O(k?) (177)

Substituting this in eq.(176) and keeping terms up to first order in k gives,

7C abc .
1 A-dl+k( [ x,0“E x,0“B ’i f x4 (AY x AV - dS
2
(178)
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This is the general expression for the non-Abelian A-B phase factor in RST, valid up to first order in the
rainbow parameter. Now we use this result for different choices of the time-dependent potentials and
find the corresponding time-dependent, non-Abelian A-B phase.

For example, consider the time-dependent non-Abelian potential of the form

K Iycos(wot) n oc”lr) .

Ay =0; Aa:( 4 2

(179)
where wy = 2%, T is the time period, Iy and I are constant currents. The corresponding electric and

magnetic fields are

Kwqylysin ((Uot) o

E* = —9,A° = ; $; B" =a"I2. (180)

Using this in eq.(178), the corresponding A-B phase is obtained as,

R 1 1 [ - ~ dldt = d
Adst = ———/B-d5+k /xaa"‘E'—Jr/xaa"‘B-*
ﬁ[” s F) ( f8 gz>
_ (1_1)/3*.,;5 (181)

Here, as the potential given in eq.(179) has only one non-zero spatial component, the last term of
eq.(178) goes to zero and also (V x A)* = B Here, the first k-dependent term of eq.(181) vanishes
because the integration range is over the period T and the second k-dependent term becomes zero as B
is constant. Now we consider different choices for the rainbow functions given in eq.(1), eq.(2), and
eq.(3), and the corresponding A-B phases obtained from eq.(181) explicitly as

f Adgt = 0, (182)
N E
N — ,B o0
fAydx Ep D, (183)
N E
o = Moo
fAydx T D, (184)

where [ B- dS = @ is the magnetic flux. Thus, it is clear that for the non-Abelian potential given in
eq.(179), the time-dependent A-B phase is non-zero for two choices of rainbow functions.
Consider another potential,

4= A8 =0, A‘f:K“(t—%), AgzK”(t—i—%) (185)

Here, E = —K%(i + j) and B = Kk, but note that x,0*E = 0 = x,0"B, and the anti-symmetric property
of ¢ makes the last term of eq.(178) zero. Thus, only the first term in the RHS of eq.(178) is non-zero.

Therefore, we see that the A-B phase is zero for the first choice of rainbow function, while it is zﬁEE; )]

and £ 5; ® for the other two choices of rainbow functions, respectively.

Next, consider a time-dependent potential that produces a non-zero electric field but zero magnetic
field. i.e., for the potential [33],

B%tr .
AP = (0,0, OTrgb,O),r <R, (186)
BAtR? |
(0/ 0/ 0271’4)/ O)Ir 2 R/ (187)
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- aR2 . -
for the region r > R, the electric field is E* = — B%f ¢ and magnetic field is B* = 0. For finding the
corresponding A-B phase, consider,
A 1. D A
FAder = [CFadthnd teptc [ ALASIaR A a2 (188)

Note that the last term on the RHS is identically zero for the above choice of potential as there is only
one non-zero component. Thus we find

. 1. E.dldt B.dS L dldt . ds
A,dzt = /fF dgh A dfY = +/ +k/xa“E-—+/xa”‘B-—
7{ : " fg g2 ( (xud"E) fg ¢ gz)
_ E. dldt+k/ 23 E) dldt 189

For the first choice of rainbow function, the A-B phase is

ZAEO) / BER? . 2 _AE B“RZA 7

Adzt = (1-—
f{ K ( Ep ;o Ep
AE
= (-5 O)BSRznt, (190)
P
where we have used k = — @ , xg0“E = BZr <p For the second choice of the rainbow function,
A gon BEo 2
f Ayl = (1~ D) BiR e (191)
and for the third choice,
7( Aud2t = —BiR?nt. (192)

Here, the dt integration is over the range 0 to a finite ¢. It is interesting to see that for all three choices
the A-B phase is non-zero, but there is no rainbow parameter dependent modification for the third
choice (see eq.(192)), as the 77 dependent terms coming from the two terms of eq.(189) cancel each other.

6. Conclusion

We have constructed both Maxwell’s theory and Yang-Mills theory in an energy-dependent
space-time, the RST. Here, the space-time coordinates are modified by rainbow functions, which are
functions parametrized by the ratio of the energy of the observer/probe (E,) to Planck energy (Ep).
Using the expression for the field-strength tensors derived for Maxwell’s and Yang-Mills theory, we
have studied the Aharonov-Bohm phase in RST, for both Abelian and non-Abelian fields.

Here, we have followed the minimal coupling prescription to construct the Abelian and non-
Abelian field theories in RST. We start with a massive, charged particle interacting with an Abelian
gauge field. Considering the Poisson bracket between coordinate and velocity in RST, we differentiate
it with respect to the time parameter T and obtain the Poisson bracket between velocities . By
considering the anti-symmetric property of the Poisson bracket between velocities, we introduce

2 In[22], it has been pointed out that the Poisson bracket in eq.(12) breaks the reparametrisation invariance and hence T

cannot be interpreted as proper-time. In [26], the role of T in Feynman’s approach was investigated, and it was shown that T
has to be taken as an extra coordinate, thereby increasing the space-time dimension by one. The extra degrees of freedom
introduced by this enlargement of the space-time dimension to 4 + 1 is compensated by the field G,, 4 = 0, 1,2, 3 appearing
in the Lorentz force equation (see for example, eq.(55) and eq.(61)). It was shown that the Poisson bracket in eq.(12) led to
a Lagrangian describing the dynamics of the massive particle interacting with external gauge fields in 4 + 1 dimensional
space-time. The Euler-Lagrange equation following from this Lagrangian is exactly the same as the Lorentz force equation
one derives using Feynman’s approach in 3 + 1 dimensional space-time [22]. The dynamics of these external fields, when
restricted to 3 4- 1 dimensions, is described by the gauge field equations-Maxwell’s / Yang-Mills equations-derived using
Feynman’s approach in [22]. Thus, even though the parameter T used in the Feynman approach is not the proper-time, the
gauge field equations derived describes Maxwell’s/Yang-Mills theory in 3 + 1 dimensions.
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an anti-symmetric tensor in RST. We have then shown that this anti-symmetric tensor is the field
strength tensor associated with Maxwell’s electrodynamics. We have evaluated the Poisson brackets
between velocities explicitly by re-expressing m%, = p, = 7, — eAy, where we have used the minimal
coupling prescription to introduce the Abelian gauge field. We then equated this with the definition of
a second-rank anti-symmetric tensor, mentioned earlier, and obtained the explicit form of the Abelian
field strength tensor in RST. Using the definition of the field strength tensor, we have shown that it
satisfies two of Maxwell’s equations in RST. The remaining two equations are obtained using nested
Poisson brackets. The Maxwell field strength tensor in RST is shown to be invariant under the U(1)
transformations in RST, explicitly. By demanding the Lagrangian to be U(1) invariant and quadratic
in derivatives, we constructed Maxwell’s Lagrangian in RST. This Lagrangian is invariant under
the gauge transformations Ay = Ag+ don and A; — A; + 0;a, where 9y = fdp and 0; = g9;. The
Euler-Lagrange equations that follow are exactly the same as the ones constructed by the minimal
coupling variant of Feynman’s approach. This shows that the gauge-invariant Lagrangian constructed
is consistent with Maxwell’s theory derived using Feynman’s approach.

The Maxwell’s equations in RST for the three different choices of rainbow functions valid up to
first order in the rainbow parameters are obtained as

AE AE
Xpvp — ol o = U, — 70 v ap -
e (1 £ D JouFp =0 (1 poxd JouFt =0, (193)
E BE
xpuvp o .B 0 0 —0- _ 0 0 ap
e (1 o 00 JouFip =0; (1 o 09 )auFe = 0. (194)
e"‘WP(l + 1o xmam)a E,, =0; (1 + LE"xmam)a F* =0 (195)
2Ep prvp — 2Ep # ’

respectively. Note that all these equations reduce to the corresponding Maxwell’s equations in
Minkowski space-time when the rainbow parameters go to zero. From the form of the above equa-
tions, which are written in terms of Maxwell’s equations in Minkowski space-time and the rainbow
parameters, it is clear that the solutions to Maxwell’s equations in Minkowski space-time will also be
solutions in RST.

The components of the Lorentz force acting on a particle interacting with the Maxwell field in
RST are derived. The components of field strength tensor (eq.(20) and eq.(25)), Maxwell’s equations
(eq.(28), eq.(32), eq.(47) and eq.(48)), Lagrangian (eq.(46)), and the Lorentz force equations (eq.(56)
and eq.(61)) that have obtained are written in terms of rainbow functions f (E—;) and g(E—;) and A, ().
Here, we have considered three different choices of rainbow functions f(E,) and g(E,), and using
the Taylor expansion of Ay(f), we have expressed these quantities in terms of the corresponding
quantities in Minkowski space-time and the rainbow parameters. Note that throughout our study, we
have considered terms which are valid only up to first order in the rainbow parameters (A, §,#). In the
limit when these rainbow parameters go to zero, or equivalently when the rainbow functions (f, g) go
to one, all the results in RST reduce to the corresponding ones in Minkowski space-time.

Following a similar procedure, we then constructed the Yang-Mills theory in RST using minimal
coupling. Here we have followed the same steps as in the construction of Maxwell’s equation in
RST, but the kinetic momentum (p,) is now replaced by 7, — eAy, where Ay = A; I* is the non-
Abelian gauge potential with I* representing the generators of su(N) algebra. We have obtained
the expressions for the Yang-Mills field strength ﬁﬁv (see eq.(82) and eq.(86)) and, using its explicit
form, derived the Yang-Mills field equations (eq.(93), eq.(96) and eq.(103)) in RST. We have explicitly
shown the covariance of field strength tensor l:";jv under the gauge transformations Ag — AS + (Doa)*
and A? — A? + (D;a)?, where lA)H is the covariant derivative in RST. We have calculated the Poisson
brackets between different components of the covariant derivative D, in RST and showed that they
are related to the components of the field strength tensor as

({Do, Di}9)" = —ef"™E¢%;  ({Di, Dj}¢)" = —ef " Flg°. (196)
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Here Fj; and Fi‘; are exactly same as the ones we construct using the Feynman’s approach in eq.(83)
and eq.(87).

We have derived the Yang-Mills equations for three choices of rainbow functions valid up to first
order in the rainbow parameters, given by

AE AE
XUV _ 0 o a_n. _ 0 v apNa
€ (1 L Xg0 )(DVFVP) 0; (1 L X, )(DHF )* =0, (197)
E BE
XUV _ ﬁ 0 0 a_ 0. _ 0 0 apNa
€ (1 5 proa )(DVFVP) 0; (1 ZEPan )(DHF ) =0, (198)
E E
apvp Eo m a_ . MTEo m apNa
€ (1+2prma )(DHFVP) 0; (1+2prma )(DVP )* =0, (199)

respectively. As in Maxwell’s theory, here also the solutions to Yang-Mills equations in the Minkowski
space-time will be solutions in RST as well, as the above equations are written in terms of Yang-Mills
equations in Minkowski space-time.

We then derived the components of the Lorentz force equation for an isospin-carrying particle
moving in the presence of a Yang-Mills field in RST. Here we have generalised Wong's equation, the
equation describing the time evaluation of su(N) generators, to RST and obtained the Poisson bracket
between velocities and Lie algebra valued functions in RST. This is used for defining all the quantities
appearing in the Lorentz force equation in RST. We derived the non-Abelian field strength tensor,
Yang-Mills equations, Lagrangian, and the components of Lorentz force in RST for different choices
of rainbow functions. In the limit f, ¢ — 1, all these expressions, as expected, go to the well-known
Minkowski space-time form.

Next, we have investigated the time-dependent A-B effect in RST for both Abelian and non-
Abelian gauge fields. For this, we have used the explicit form of the Abelian/non-Abelian field
strength tensors we have constructed in section 5. We generalise the expression for the A-B phase factor
in Minkowski space-time and obtain the corresponding RST expression. Then we use the field strength
tensor for each choice of rainbow functions, which we derived earlier, and obtain the A-B phase. We
have explicitly calculated the A-B phase for different time-dependent gauge field configurations. For
both Abelian and non-Abelian cases, we showed that the time-dependent A-B phase is, in general,
non-zero. This non-vanishing A-B phase is a drastic deviation from the Minkowski space-time, where
the A-B phase is identically zero. Thus, the time-dependent A-B phase provides a clear, experimentally
measurable signal to validate the rainbow gravity proposal.

In the Minkowski space-time, for a charged particle interacting with an Abelian field, when
E=—-9;Aand B =V x A, where we have assumed Ap = 0, it was shown that the time-dependent
A-B phase due to electric and magnetic field cancels each other [29]. We have derived the A-B phase
in the energy-dependent space-time and shown that the time-dependent A-B phase is non-zero. For
the Abelian case, we have considered different choices of time-dependent potentials given in eq.(152),
eq.(158), and eq.(160). In the case of the time-dependent potential given in eq.(152), the electric field
(E = —9;A) and magnetic field (B = V x A) are non-zero, and we showed that for two choices
of rainbow functions, we get a non-zero value for the A-B phase, which depends on the rainbow
parameters. Note that here, taking the Minkowski limit, i.e., when the rainbow parameters (3 and #)
go to zero, we get the well-known Minkowski space-time result, where the A-B phase is zero. For the
potential given in eq.(158), the electric field and magnetic field are non-zero, but constants. Here, we
have shown that for two choices of rainbow functions, the A-B phase is non-zero and is modified due
to the RST. For the third choice of Abelian potential (see eq.(160)), for which E=—-9,A # 0, but B=0,
we get a non-zero A-B phase for all three choices of rainbow functions. We have also shown that for
this choice of Abelian potential, the A-B phase is getting modified for two choices of rainbow functions
(see eq.(161) and eq.(162)), whereas it is non-zero but not modified [29] for the third choice of rainbow
function (see eq.(163)), as the contribution to the A-B phase due to RST coming from first and third
terms of eq.(150) cancels each other.
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We find the A-B phase for a time-independent Abelian potential of the form,
Ag=As=0, Ay =22, 4= 2%, (200)
2 2
for which electric field is E = —atA = 0 and magnetic field is B= BlAc, to be
. e [B-dS e

This takes the value £ (1 — 2’\5” )@, £®and £ (1+ '715}:;” )®, respectively for the three choices of rainbow
functions. Note that, here for the second choice of rainbow function, the A-B phase is non-zero but not
modified, whereas for the other two choices, the A-B phase has the well-known Minkowski part and a
rainbow-dependent part.

We have also analysed the A-B phase for non-Abelian potentials and obtained the A-B phase
for three different choices of rainbow functions. We choose Ajj = 0, which gives 7 = —GtA” and
B* = (Vx A — £ fabe Ab x A°, and showed that the A-B phase for a non-Abelian time-dependent
potential is non-zero in the RST (see eq.(178)). For illustration, we considered the time-dependent
potential given in eq.(179), where the electric field and magnetic field are non-zero. We have shown
that for this potential, for two choices of rainbow functions, the A-B phase is non-zero. Note that here
in the limit when rainbow parameters (8, #7) go to zero, we get the Minkowski result, i.e., zero A-B
phase. We have also studied the potential in eq.(185), where both the electric field and magnetic field
are non-zero, and we get a non-zero value for the A-B phase for two choices of rainbow functions.
For the third choice of potential, eq.(186), which produces zero magnetic field and E* = —9; A% # 0,
the A-B phase is non-zero for all three choices of rainbow functions, but for the third choice, the
modification due to rainbow parameters is zero. Note that in all these cases, the Minkowski limit
(where the rainbow parameters go to zero, equivalently f,g — 1), we showed that the A-B phase
matches with the corresponding results in Minkowski space-time.

The non-Abelian A-B effect in RST can also be studied for a time-independent potential of the

form [37],
a a __ a __ a __ ue(l_cose). < E <
(A" = (A" =(A9)" =0,(A9)" = K"E—22,0 <r,0 <0< T +p0< p <27
(A" = (A)"=(Ag)"=0,(Ag)" = 4@’%;0 < r,g —p<O<TO<P<2m (202

Note that here for both the regions, 0 < 6 < J +pand 7 — p < 6 < 7, the electric field is zero and
the magnetic field is given as, B = -27. The corresponding A-B phase is,

§ Aaz — / S nds + e [ ALAS It p dg
_ /B gds 40" B ZS (203)

Here we have used the fact that the potential has only one non-zero component. For the choice of
rainbow function (eq.(1)) we get from the above equation

2AE . AE -
= (1-=L2) [ e g P 4
fAd (1 Ep)/ﬂr ds + Ep/rzr ds = @, (204)

where we have used B = -2#. For the other two choices of rainbow functions also, the time-independent

A-B phase is obtained as § A,dz" = ®, where ® = [ B.dS = 4"‘3R is the magnetic flux. Note that, for
all three choices of rainbow functions, we obtain a non-zero A- B phase, however, this A-B phase is not
modified by RST.
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Let us consider another time-independent potential.
K* K*
f=a5=0, A= =Y ag= == (205)

Here the electric field is E* = —9;A” = 0 and magnetic field is B = K°k, which makes the general
expression for A-B phase to be § A,di# = [ Bé—zs, where other terms are zero as we have used the

facts that the magnetic field is constant and £’ is anti-symmetric. Here the A-B phase is obtained as
(1- %)QJ, ®and (1+ %)@ respectively, for the three choices of rainbow functions.

In this paper, we have derived Maxwell’s equations and Yang-Mills field equations in RST. The
expression for the field strength tensor in RST shows that the “electric” and “magnetic” fields get
modified in RST and were written in terms of the corresponding Minkowski ones and the rainbow
parameters. Using this, we have studied the A-B effect and showed that compared to Minkowski space-
time, where the time-dependent A-B phase is zero, in the energy-dependent RST, the time-dependent
A-B phase is non-zero. This is interesting as it paves the way for experimental verification of the RST
proposal.
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