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Abstract: The present work deals with the study of the gravitational collapsing phenomenon of spherically
symmetric massive stars with a A parameterization A collapsing model with a cosmological constant of the form
A=p (% + %2) has been considered. In this model, exact solutions of the Einstein field equations (EFEs) are
obtained using the A parametrization and the junction conditions. All the physical and geometrical quantities are
calculated in terms of the Schwarzschild mass M and areal radius R of spherically symmetric stars. Consequently,
we have approximated the masses and radii of different stars to estimate the value of the model parameter f.
We discuss the collapsing process and singularity formation for these stars and observe that all the physical and
geometrical parameters of the model heavily depend on the model parameter 8. We further discuss spacetime

singularity through the development of apparent horizons.
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1. Introduction

Gravitational collapse is a phenomenon in astrophysics where a massive object, such as a star,
undergoes a rapid and intense contraction due to the force of gravity overcoming internal pressure.
This phenomenon is a fundamental aspect of astrophysics and plays a crucial role in the formation
and evolution of celestial bodies. Gravitational collapse occurs when an astronomical object is unable
to counteract the pull of its own gravity. White dwarfs and neutron stars often develop as a result
of collapse processes. When the internal pressure of the star balances the pull of its own gravity
during thermonuclear burning, the star is in an equilibrium configuration. As a result, after the nuclear
burning is complete, the star may, depending on its mass, once again have an equilibrium configuration
as a neutron star or white dwarf. Also, in general relativistic gravitational collapse, one should match
the interior and exterior geometry of the collapsing object through the proper junction condition. The
problem of general relativistic gravitational collapse has attracted attention from researchers since the
development of Einstein’s theory of general relativity in the early 20th century. Gravitational collapse
has gained prominence as a natural extension of general relativity and its implications for extreme
astrophysical scenarios. The initial interest in the general relativistic gravitational collapse problem
was developed with the pioneering landmark paper by J. Robert Oppenheimer and Hartland Snyder
in 1939 [1]. They applied general relativity to the collapse of massive stars and predicted the formation
of black holes. The discovery of solutions like the Kerr metric (describing the rotating black holes) and
the formulation of black hole thermodynamics by Stephen Hawking and Roger Penrose increased
interest in the nature of black holes and their role in gravitational collapse. Roger Pnrose proposed the
cosmic censorship conjucture (CCC) in the 1970s, suggesting that naked singularities are not formed
through the gravitational collapse process, i.e., the space-time singularity formed by gravitational
collapse should be hidden behind the horizon; this means the end state of a collapsing star must be
a black hole (BH). This conjucture spurred further research into the nature of singularities and the
stability of black holes. However, there is no mathematical proof in support of CCC, and various
models have been published in the literature that depict the ultimate fate of the collapsing star as
a naked singularity (NS). This hypothesis led to extensive research and discussion in the field, and
its validity is still a topic of investigation and debate in theoretical physics. Later, Indian theoretical
physicist Pankaj Joshi contributed significantly to the study of gravitational singularities, including
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the concept of the naked singularity. He explored scenarios in which gravitational collapse may lead
to the formation of a naked singularity rather than a black hole. Thus, the final fate of the collapsing
star is still an unresolved problem and has attracted the attention of many researchers for many years,
starting with the seminal paper by Oppenheimer and Synder. Although many other gravitational
theories exist and are crucial to theoretical astrophysicists, the study primarily focuses on singularity
formation within the context of the general theory of relativity [2-10]. Astrophysical observations
suggest that about 71% of the universe is composed of dark energy and 24% is composed of dark
matter. The nature of dark energy as well as dark matter is unknown, and many different models, like
quintessence [11,12], DGP branes [13,14], Gauss-Bonnet [15,16], dark energy in brane worlds [17-22],
and cosmological constant [23] in Einstien’s field equation, are proposed to explain the nature of
dark energy. The cosmological constant (A) model is one of the most important among these. The
cosmological constant is the energy related to the vacuum, or empty space. Cosmology has a very
interesting and remarkable history with the cosmological constant problem. It has previously been
discussed many times why the non-zero cosmological constant should be included in the Einstein
field equations for both theoretical and observational reasons. The results of type la supernovashow
that the universe is accelerating rather than decelerating [20]. These findings suggest that a non-zero
cosmological constant may exist in our universe. Instead of the constant A, the dynamical character of
A is preferred to explain the expansion of an accelerating universe. In literature, gravitational collapse
in the expanding universe is studied [21]. In a collapsing configuration, the mass of the collapsing star
expands negatively, i.e., towards the core of the star. Several questions serve as the basis for our work:
In what way does the cosmological constant act as a repulsive force? How does it impact the motion of
a collapsing star? There are many different models that have been proposed in the literature to explain
A(t), in which natural dependence is A « H?,i.e., A « ®2 or A « 0 [23-27]. In the present work, we
have considered the model A = j (% + %2) , where B is a dimensionless constant parameter [27]. In
our work, the motion and ultimate fate of a collapsing star are influenced by cosmological constants,
and we explore whether the cosmological constant favours a collapsing model or prevents it under
certain conditions. The motive of our current work is to discuss the homogeneous collapse of perfect
fluid distribution and find the exact solution of Einstein’s field equation by making use of junction
conditions. The paper is organised as follows: In Section 2, we have discussed the basic formalism for
Einstein’s field equations and junction conditions. In Section 3, we have calculated the exact solution of
Einstein’s field equations with the use of A parametrization. In Section 4, we discussed the dynamics
of the collapsing model and estimated the model parameter B. In Section 5, we discussed the apparent
horizon and singularity analysis. Section 6 contains the concluding remarks of our work.

2. Basic Formalism for the Collapsing Model

2.1. Metric and Einstien’s Field Equation

We consider the gravitational collapse of a spherically symmetric massive core of a star with finite
thickness. The spacetime is divided into three distinct regions, * and V*, where T denotes the surface
of the star and V~ (V™) the interior (exterior) of the star. We assume homogeneous and isotropic FLRW
spacetime inside the massive core, given as:

ds> = dt? —a(t)(dr* + r?dO?) 1)

where d0? = d6? + sin?0d¢ and the function a depends on time coordinate '’ only, a particular case
of the pioneering collapsing model of Oppenheimer and Synder.
The matter inside the collapsing system is assumed to be in the form of a perfect fluid, given as

Tij = (p+ p)uiuj — pgij (2)
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where p and p are pressure and energy density of the collapsing fluid, respectively, and the vector u; is
the four velocity comoving vector satisfying u' = 4.
Since for collapsing configuration, the £ < 0 and collapsing rate of the star is described by the
expansion scalar (®)
; a
where, dot (.) means the time derivative.
Let us consider Einstein’s field equations for interior space-time described by metric(1) as:

G = k(17 + 2] 4)

where (k = S?TG ), G is the Einstein tensor, T” is the energy momentum tensor, and A is a cosmological
constant describing the distribution of dark energy in the interior region. For systems (1) and (2), the
non-vanishing components of Einstein’s field equations are

@2
e 2.

The energy conservation equation (Bianchi’s identity) T]?';l. = 0 has one non-vanishing equation

32a+lro=0 )
PP

The mass function m(t,r) for a spherically symmetric collapsing system that describes the total
mass of the collapsing star at any instant (t,r) is given by [28]

m(t,r) = %R(l + R,aR,ﬁ;g”‘ﬁ) = %r3aa2 8)

Kretschmann curvature (K) is a quadratic scalar invariant derived by full contraction of the
Riemann curvature tensor and describes the geometry of a collapsing system given as: [33]

K = R;jR™ )

where R;j; denotes Riemann curvature tensor. For interior spacetime (1), we have the value of X

o) )

2.2. The Exterior Metric and the Junction Condition

Since the current work focuses on gravitational collapse in dark-energy backgrounds, the exterior
region of a spherical system is thought to be the Schwarzschild-de Sitter/anti-de Sitter metric [29,30]

ds% = a(R)dT? — a~}(R)dR? + R?dO)? (11)

where a(R) is given by

a(R)=1— "4+ "—- (12)
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where the =+ sign refers to the Schwarzschild de-Sitter and Schwarzschild anti de-Sitter metric, and M
represents the Newtonian mass of a star (also known as Schwarzschild mass), and A is a cosmological
constant describing the distribution of dark energy in the exterior region, where the coordinate is taken
as xi = (T,R,6,¢). In particular, the metric (11) reduces to the Schwarzschild spacetime for A = 0.
The boundary hypersurface T separates the interior (ds ) and the exterior (ds% ) spacetime metric.
The matching of the interior metric(1) to the exterior Schwarzschild metric(11) on the hyper-surface £
yields the junction conditions [31,34]
Al

m(t,r) L Mi?RS (13)

and
pPoE X —A (14)

Equation (13) shows that the mass of the collapsing system is equal to the generalised Schwarzschild
mass over X. A positive value of A has an additive contribution, and a negative value of A has a
deductive contribution to the collapsing mass.

Thus, the equations (13) and (14) are the required junction conditions. [37].

3. Exact Solution of Einstien’s Field Equations: A Parametrization

The non-vanishing components of Einstien’s field equations (5)-(6) in the current work consist of
only two independent equations, with four unknown physical parameters: a(t), p(t), p(t), and A(t).
Here we have considered the variable cosmological constant A(t). Therefore, to get the exact solution
of field equations, we require two more constraints. Usually, in the general theory of relativity, we
utilise the parametrization of physical and geometrical parameters to obtain the solution of EFEs. There
are a number of parametrizations that have been used by many authors in the literature [23-25,27].
In the collapsing process of any star, the internal thermal pressure, which acts outward to the core of
the star (arises due to a nuclear reaction at the core), decreases, and then the external pressure, which
acts inward to the core of the star (arises due to the gravitational mass of the star), prevails over it. In
collapsing configuration, 4 < 0, i.e., ® < 0. Since we are trying to study how A affects the final fate
of collapsing stars, we have considered the A-parametrization in terms of ® to study the collapsing
configuration.There are many models that propose A(t) decay law. In order to solve field equations,
we consider the A(t) term, given by [24,27]

A=p(24 %) -

where f is a model parameter to be determined for the masssive stars.
We assume that the matter component of a star satisfies the equation of state (EoS)

p=wp (16)

where w(# 0) is a constant parameter.
By using equs.(15) and (16) into field equations (5)-(6) we get

(14 3w)d?(t) = (=24 B + Bw)a(t)i(t) (17)

on integration it gives,

B+pw—2

a(t) = c2[t(f = 3)(1 + w) = (B+ pew — 2)ey] F-90) (18)
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where c; and ¢; are arbitrary constants of integration. by using junction conditions [37] given in
equs.(13) and (14) we evaluate the value of arbitrary constants ¢ and c; as

_ to(1+w)(B—3) 23 - B)w

O Tt pw-2) (kAo(ﬁ+ﬁw—2)> 1)
and
(2M)3
e ST : o)
(zu% A )) (B+ pw —2)3 <r3(/3 +Bw—2) - 4’0“15('“))

using the value of ¢; and ¢y in Equation (18) we have the value of scale factor

w—2

(2M)3{(W\W> +k(t—to)(B—3)(1 —I—w)}
a(t) = B+pw+bw 1 (21)
6(1+w)(Bp—3 3
(Resbep2ec=e) T g4 g — )} (3(p 4 2) - PR

0

by using Equation (21) in Equation (10) we have the value of expansion scalar © as

3kAo (B + pw —2)

0= T (22)
kAo (t = to) (B = 3)(1+ w) + {2k(3 — B) Agw(B + pw —2)}2
Also the value of energy density and pressure of collapsing star
. 2(B—3)A}(B + e —2) -
{kAo(t = to)(B = 3) (1 +w) + {2k(3 — B) Agw (B + fw —2)}2 }2
and
. 2k(B — 3)A3w(B + pw —2) 24)
{ko(t —t0) (B = 3)(1+ @) +{2K(3 = p) Aow(p + po — 2} }2
Kretschmann curvature is given as
- 12k*AG(B + Bw — 2)%(5 + 6w + 9w? — 4B(1 + w) + B2 (1 + w)?) 25)

{kAo(t — t0) (B —3)(1 +w) + {2k(3 — B) Agw (B + pw — 2)} 2 }4

Since, from equs.(18)-(25) it can be seen that all the physical and geometrical quantities are
obtained in terms of the mass of the star (M). Therefore, we obtain the solution of EFE for particular
masses and radii of stars. By estimating the model parameter 3, one can discuss the dynamics of a
collapsing system.

4. Dynamics of Collapsing Model: Blackhole Formation

4.1. w = 1 (Stiff Matter)

In general theory of relativity ‘Stiff matter’ is described by the relation p = p where p is fluid’s
pressure and p is its total energy density. It can also be described by a massless scalar field. For
understanding of this perfect fluid one has to examine the variation of energy density with scale factor

a(t). In this case energy density is propotional to alé whereas, in the case of radiative perfect fluid
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the energy density is propotional to %4 These findings suggest that our universe may have gone
through a period where stiff matter dominated instead of radiation fluid. Due to that importance
many researchers had considered the presence of stiff matter in FRW cosmological models and its
importance is first recognized by Zeldovich [35]. Now in our model we consider the case of stiff
matter (w=1) [24,36] and get the value of scale factor, energy density and other physical /geometrical
parameters as:

p-1
1 (=)
<2M>%{(Z“EA’?“) +2k(f—to)(/3—3)}
a(t) = . 1 6)
= 3
(3100 ) Pt p 1 (a1 - 53

6 6kAg(B —1) : 27)
2kAg(t —to)(B—3) + {4k(3 — B)Ao(B —1)}2
p=p= Zk(,B — 3)/\%(,3 B 1) - (28)
{kAo(t —to)(B—3) +{k(3—B)Ao(B—1)}2}2
3k*AG(B —1)%(20 — 8B + 4p?) 29)

K =
{o(t = 10) (B —3) + {K(3 = B) Ao (B — 1)} }*
In Figure 1, we display the behaviour of scale factor a(f) with time coordinate t and observe
that scale factor is monotonically decreasing in nature with time coordinate (t). In the same way, we
display the behaviour of the expansion scalar (®), energy density (p), and Kretschmann curvature (K)
with time coordinate ¢ for some estimated values of the model parameter j in Figure 2, Figure 3 and
Figure 4 respectively.

1.0 - E

Scale factor a(t)

0.4 B
0.2 - R

0.0 - B

1.0 1.5 2.0 2.5 3.0

t

Figure 1. Collapsing configuration: The scale factor a(t) given in Equation (26) is plotted with respect
to time coordinate ¢ for four values of model parameter 8 and for w = 1 with initial coordinate

(to,r0) = (1,1).
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Figure 2. Collapsing configuration: The expansion scalar (©) given in Equation (27) is plotted with
respect to time coordinate f for four values of model parameter  and w = 1 with initial coordinate
(to,r0) = (L,1).
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Figure 3. The energy density (p) given in Equation (28) is plotted with time coordinate ¢ for four values
of model parameter § and w = 1 with initial coordinate (tg,79) = (1,1).
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Figure 4. The Kretschmann curvature (K) given in Equation (29) is plotted with time coordinate ¢ for
four values of model parameter § and w = 1, with initial coordinate (o, 7o) = (1,1).

4.2. w = Y (Radiation Fluid)

The Eos for ultra-relativistic ‘radiation” is w = % In this case spacetime is dominated by radiation-
induced pressure. In the case of radiative perfect fluid the energy density is propotional to %4 In
cosmology, for expnding universe the energy density of radiation decreases more quickly than the
volume expansion, because its wavelength is red-shifted, whereas in collapsing scenerio expansion
scalar decreses with time and energy density becomes divergent. Now in our model we consider
the case of radiation fluid (w = 1) [23] and get the value of scale factor, energy density and other
physical/geometrical parameters as:

B-1

% 2(p-3)
2 (2m)} { (Mij”) - 2k(t— to) (B — 3)}
alt) = @0)

2(,B+3) % %
12(B—-3 3(B—
<2<2ﬁ5&3—ﬁ)> : <2<2@—1>> <73(25_1)_2r0(£ 3)>

3kAg(28 — 1)

Q= 1 @31)
2kNo(t —to)(B—3) + {k(3—B)Ao(28 —1)}2

0= 3k(B —3)A5(28 — 1) : (32)

{2kAo(t —to)(B—3) +{k(3—B)Ao(2B—1)}2}?
p— k(B—3)Aj(2p—1) i (33)

{2kAo(t —to) (B —3) +{k(3 — B)Ao(2p —1)}2}2

and

36k*AG(2B — 1)%(9 — 68 —2B?) (34)

K= i
{2kAo(t = t) (B —3) + {k(3 = p)Ao(2 — 1)} 2 }*
In Figure 5, we display the behaviour of scale factor a(t) with time coordinate t and observe that
scale factor is monotonically decreasing in nature with time coordinate (t). In the same way, we display
the behaviour of the expansion scalar (®), energy density (p), and Kretschmann curvature (K) with
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time coordinate f for some estimated values of model parameter § in Figure 6, Figure 7 and Figure 8
respectively.
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0.4

Scale factor a(t)

0.2 -

e ——————T

0.0 -

1.0 1.2 1.4 1.6 1.8 2.0
t

Figure 5. Collapsing configuration: The scale factor a(t) given in Equation (30) is plotted with respect
to time coordinate t for four values of model parameter § and for w = % with initial coordinate
(to,r0) = (1,1).
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Figure 6. Collapsing configuration: The expansion scalar (©) given in Equation (31) is plotted with
respect to time coordinate ¢ for four values of model parameter g and for w = % with initial coordinate
(to,r0) = (1,1).
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Figure 7. The energy density (p) given in Equation (32) is plotted with time coordinate t for four values

of model parameter f and for w = %, with initial coordinate (to,r9) = (1,1).
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Figure 8. The Kretschmann curvature (K) given in Equation (34) is plotted with time coordinate ¢ for

four values of model parameter § and for w = } with initial coordinate (to,r9) = (1,1).

4.3. Interpretation of the Graph and Estimation of the Model Parameter

We observe from Figures 1-4, 5-8 that in both cases for w = 1 and w = %, the nature of all
physical and geometrical parameters (o, C, a(t), #) depends heavily on model parameter . Singularity
formation (black hole) is observed when 0 < § < 1.
By assuming initial coordinates (ty,79) = (1,1), k = 1, and r = 1, and with the use of the above
Equation (26), we have the areal radius (R) of the collapsing star as:
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%
(ZM)% (%) , forw =1.
R(t,r) =rxa(t) = 1 (35)
1 9-9ps2p? \°
(2M)3 (273gﬂ+gﬁz> 7 fOr(U - %
by simplyfing Equation (35) we have
7(R3) -
(M) 6, forw=1
3(%)-2
B= 3 32 3 (36)
6(10%—6)i\/(%) — (28817 ) +144 . .
16(25; 1) ;T =3

As we observed from Equation (36), the model parameter  depends on the areal radius R and
mass M of the collapsing star.

In the case of w =1 for RHS € (5,1) ~ (0.85,1), the model parameter B takes the value in (0, 1) for
which we observed the singularity formation.

whereas in the case of w = 1 for %3 € (%, %) ~ (0.66,0.8) the model parameter 8 takes the value
in (0,1) for which we observed the singularity formation.

Although we will get the feasible solution of EFE’s for negative values of 8, due to the dependency
of 5 on the mass (M) and radius (R) of the star, it will be more realistic to consider only positive values.

5. Apparent Horizon and Singularity Analysis

A spacetime singularity is a disruption in spacetime caused by a breakdown in its geometry
or in another fundamental physical component.When one or both of the geometrical and physical
parameters, such as the energy density (p) and Kretschmann scalar curvature (), begin to diverge, a
spacetime singularity arises during the gravitational collapse process. The development of trapped
surfaces in spacetime as a result of the gravitational collapse process will determine whether the
singularity is a black hole (BH) or a naked singularity (NS). A naked singularity is a singularity
without a boundary, while the formation of BH is identified by the development of an apparent
horizon. Black holes are regions of spacetime from which nothing can escape, not even light rays. The
gravitational attraction of a typical black hole is so strong that one would have to travel faster than
light to escape its pull. When a star starts to collapse due to its own gravity, no portion of spacetime is
trapped at first; however, as the collapse proceeds, density (o) becomes divergent and trapped surfaces
begin to appear. In the BH scenerio, an apparent horizon is formed before the formation of a spacetime
singularity. On the development of apparent horizons, we have

RuRpg" = (ra)* —1=0 (37)
If we assume that the collapsing star is not initially trapped at (o, 7p), then we should have
RaR 58" |(try) = (roi(t0))* =1 < 0 (38)

by using the value of a(t) from Equation (21) in above Equation (37) we have the equation on the
development of apparent horizon

+6

@M)3 -+ poo — 23 { (BEZDEBOZIN iy mp-nar @} =

B+Bwt6w

— — 3(T+w)(p-3) 2 3 —
(2(ﬁ+ﬁka20)w(3 ﬁ))( (B )(ﬁ+[5w—2)3(YZH(ﬁJrﬁw—z)—%w(,f 3)) (39)

WIN
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The time at which spacetime singularity forms is the time when energy density and kretschmann
curvature diverges (p — 00, K — c0) at a finite time given by the use of Equation (24) as

B 1 (2B+Pw—2w)\?
=0t () 4

The geometrical radius of apparent horizon surface is

Rap =ryya(t,y) =
B+pw—2

1 (1+w)(B-3)
2
[(mﬁ{(WW) +k<tAH—to><ﬁ—3><1+w>}]
AH ﬁ+f3w+6w

(2eeg2e0=8 ) ™ (6 1o - )3 (1 (Bt o —2) - Y’

from Equation (39) one can obtain the time (t457) at which apparent horizon is developed given

r

(41)

Q=

as

w )<2w(ﬁ+ﬁw—2)>%_2W((3 B <ﬁ+ﬁw_z>)“ﬁ@*f"

fan =t T\ kAo B = B) Aok

1 (14w)(B-3)
(1+3w)

7’3
(1= B+ )~ peo1 = p— o) ~ Folp-3)(p + po=2)) |

1
{M%rAH(ﬁ + Bw —2)

(42)

with the use of Equation (40) and Equation (42) we obtain

S O (ﬁ+ﬁw—z>>"“’ff31ﬁ“’

T AT\ kG- B) Aok

1 (1+w0)(p=3)
3

) r3 (T+30)
(1= p+ )~ polt = p— po) = Bolp=3)(p+ po-2)) '}

15 -1
1 2(,B—|—ﬁw—2)w>2}
t 43
{or m (s @
For w = 1 the development of apparent horizon is given as by assuming initial coordintes
(to,70) = (1,1), w =1,k =1, Ag = —1 and with the use of Equation (43) we obtain

1
{M%T’AH([%-F Bw —2)

tan _ (3+B)(-1+B) [H 6 _ o 2=1+p)?
e 2B+ /(-3+B)(-1+p)°—4p+p?) V(=3+B)(~ 1+ﬁ) \/( 3+ﬁ)(ﬁ*1)
(B-B)1-B)TF+2F M (B-1)" 7 (6—-3)'7

{{(3—;3)(1 CB 1 2{(3 - )1 - B} +2B{3 - B)(1- B} + B P —ﬁ)}ﬁ%}} (44)

whereas For w = % the development of apparent horizon is given as by assuming initial coordintes
(to,70) = (1,1), w =1,k =1, Ag = —1 and with the use of Equation (43) we obtain
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ban (=3+ B)(=6+4p) ). 23-2p)
te 2{18 - 188 +4p2+ (-3 +2B)\/(-3+B)(—3+2p)} (3—-pB)(3—-2p)
VB34 28) + 2 T G- P -29) T 27 - 20p4 8893 a)
The mass of the collapsing star on the apparent horizon region is
M ({22222 g — ) 1+ ) (B~ 3) )
Man = (46)

B+Bwt6w

— — 2(1+w)(p-3) 4r3(B—3
(B+Pw—2) (2(ﬁ+ﬁka20)w(3 ﬁ)) <r‘j’4H(,B +Bw —2) — 7%(/3;( )w>

Gravitational collapse phenomenon: Blackhole formation

We are assuming that the star starts to collapse at time t = ), where Equation (38) holds, i.e.,
the collapsing star is not trapped at the initial moment ¢y. From Figures 3, 4, 7 and 8, we can see that
p — 00, K — oo att =t given in Equation (40). This time £, takes the finite values for w =1, % and for
all the B lies in (0, 1). It means the energy density and Kretschmann curvature diverge at a finite time
tc, and hence a collapsing star forms a spacetime singularity at a finite time ¢.. Further, from Equations
(44) and (45), we observe that the quantity t’;‘—CH < 1 and takes finite values for all the  lies in (0,1), i.e.,
apparent horizons form at finite time ¢ 4 ;7 and much earlier than collapse time t.. Thus, the spacetime
singularity is not naked; it is covered by apparent horizons, i.e., the singularity will be a black hole.

6. Concluding Remarks

The aim of this work is to discuss singularity formation (BH) during the homogeneous gravita-
tional collapsing phase of stellar systems and the final fate of the collapsing star. In this work, we have
studied the gravitational collapse of a spherically symmetric star with a finite thickness filled with
homogeneous and isotropic perfect fluid with EoS p = wp in the context of classical general relativity.
In general relativity, the exact solution of Einstien’s field equations (EFE) and studies of singularity
formation are very essential, and very few models yield physically meaningful results in an astro-
physical scenario. For our purposes, the exterior region of the star is assumed to be Schwartzchild-de
Sitter/anti-de Sitter, while the interior of the star is assumed to be the FLRW metric. We have used A
parameterization to obtain the exact solution of field equations because the dynamical character of the
cosmological constant is preferred in the recent cosmological model rather than the constant behaviour
of the cosmological onstant. The dynamical A(#) model is assumed to be in the form A = B (% + %2).
By using this parametrization, we were able to solve the field equation and, as a result, ascertain the
dynamical evolution of the collapse process. We use this parametrization and junction conditions to
obtain the exact solution of EFE’s in terms of the mass of the star (M) and radius (R). We have obtained
a relation between the mass (M) and radius (R) of a star for which this model forms a spacetime
singularity (BH). The two cases of gravitational collapse have been discussed: the first is for w =1,
which is the case of stiff matter, and the second is for w = %, i.e., the case of radiation fluid. We
have calculated all the physical and geometrical quantities (p, p, 0, K) for our model in terms of M
and R. We observed that the nature and final fate of collapsing stars heavily depend on the model
parameter 3, which has been evaluated in terms of M and R, i.e., the collapse ultimately depends on
the masses and radii of collapsing stars. In the case of w = 1 for %3 € (%, 1) ~ (0.85,1),and w = % for
RH?’ € (%, %) ~ (0.66,0.8), and for these ranges, model parameter p takes the value in (0, 1) for which
we observed the singularity formation. We will get the feasible solution of EFE'’s for negative values of
B; due to the dependency of  on the mass (M) and radius (R) of the star, it will be more realistic to
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consider only positive values. Using the graphical representation of the model, we have examined the
collapsing configuration as follows:

e Thescale factor a(t) takes the finite value for given masses of considered stars and is monotonically
decreasing in nature Figures 1 and 5.

¢ The expansion scalar @ is negatively increasing with time coordinate ¢, which shows that collaps-
ing phenomena occur and the motion of collapsing fluid towards the core of the star (Figure 2)
and (Figure 6).

* The graphical representation of energy density (o) Figures 3 and 7, and Kretschmann curvature
(K) Figures 4 and 8 shows that both take positive and finite values for given masses of stars. Both
are increasing in nature, and at a finite time t., both become divergent, which shows singularity
formation.

* The graph of the mass function shows that it is regular, finite, and decreasing with time t and
radial coordinate r Figures 9 and 10. In classical mechanics, an absolute ground state is defined by
E = 0, which means if a star truly becomes BH, then E = Mc? =0, ie., M — 0. The mathematical
"black hole" solution accurately predicts that a black hole (BH) may have an infinitesimally small
mass [38]. In general theory of relativity,a M — 0 event doesn’t demonstrate the absence of matter,
as gravitational mass comprises all sources of energy, including negative self-gravitational energy.
Therefore, this phenomenon could be a sign of extreme self-gravitation, counteracting internal
energies like heat and pressure as well as external energy sources like protons and neutrons.

m(mass)

1.0

Figure 9. The mass function (M4 ) given is plotted with time coordinate ¢ radial coordinate r and for
B = 0.9 (corresponding to w = 1) with initial coordinate (to, r9)= (1,1).

The development of an apparent horizon for a collapsing star has been studied in Equation (39).
Also, the mass (Mp) of a collapsing star in the apparent horizon region has been calculated in
Equation (46). To predict whether a black hole is formed or not, we have calculated the quantity t/t*—cH
and observed that for the estimated value of model parameter §, the value t';‘—CH < 1 suggested that the
apparent horizon developed before the collapse time ¢, and as blackholes must be hidden behind the
apparent horizon, both cases (stiff matter and radiation fluid) lead to the formation of Blackholes.
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Figure 10. The mass function (M4 ) given is plotted with time coordinate f radial coordinate r and for
B = 0.9 (corresponding to w = %) with initial coordinate (tg, ro)= (1,1).
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