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Abstract: The Ramsey theory based approach to the phase transitions of the second order is
suggested. The phase transitions of the second order are seen as switching of physical
interactions/chemical bonds between the entities forming the primitive cell of the material. Such a
switching is typical for a phase change materials. If the energy of the primitive cell is kept constant
under the change in the spatial order of the chemical bonds, the phase transition of the second order
takes place. The switching of interactions between the entities forming the primitive cell is
accompanied by the breaking of the initial symmetry of the cell. The order parameter/the degree of
ordering characterizing the ordering within the primitive cell is re-defined. The introduced degree
of ordering quantifies ordering of links/interactions/chemical bonds between entities constituting
the 2D lattice; whereas, the classical “Landau degree of order” quantifies the symmetry breaking
under variation in spatial locations of these entities. The suggested approach is generalized easily
for 3D primitive cells. Thermal capacity of the non-symmetrical phase is larger than that of the
symmetrical phase. For the primitive cells built of six interacting entities, the Ramsey Theory
predicts inevitable appearance of the unstable monochromatic triangles, when the links correspond
to attraction or repulsion interactions. The situation becomes different for the primitive cells built
of five interacting entities.

Keywords: phase transitions; breaking symmetry; degree of ordering; switching of chemical bonds;
phase change materials; graph theory; thermal capacity; complete graph; six fold symmetry

1. Introduction

The first classification of general types of transition between phases of matter, was suggested by
Paul Ehrenfest in 1933 [1,2] It is generally accepted that the first order phase transitions occur via
fluctuation mechanism accompanied by production and subsequent growth of the nuclei of the new
phase [3-5]. Spinodal decomposition is an alternative mechanism of the first-order transitions by
which a single thermodynamic phase spontaneously separates into two phases without nucleation
[6]. The first order phase transitions have a nonzero latent heat [7]. On contrast, the second-order
phase transformations the resultant equilibrium state can be attained by successive transitions
through a series of continuous intermediate states, each of which is thermodynamically more favored
than the preceding one. The latent heat in this case equals zero [7]. This indicates that there is no need
for the nucleation mechanism and that there should exist another mechanism for the kinetics of the
system reorganization. Second order phase transitions occur when a new state of reduced symmetry
develops continuously from the disordered (high temperature) phase [8-10]. Typical examples of the
second-order phase transitions are ferromagnetic and superconducting transitions [8-10]. Second
order transitions in biological system were addressed [11].

We demonstrate that the second order phase transitions may be described by means of the
Ramsey theory. Ramsey theory is a branch of discrete mathematics that deals with the appearance of
ordered substructures within a structure of a given size. Ramsey theory states that any structure will
necessarily contain an orderly substructure [11-13]. Thus, it is well expected. that the Ramsey theory
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is well-suited for the mathematical description of the phase transitions, which are accompanied by
the “ordered structure”-“disordered system” transition.

Ramsey’s theorem, in one of its most popular graph-theoretic forms, states that one will find
monochromatic cliques in any edge coloring of a sufficiently large complete graph [13-15]. Graph, in
discrete mathematics is a set of vertices and edges that join pairs of vertices. A complete graph, in
turn, is a simple undirected graph in which every pair of distinct vertices is connected by a unique
edge. Clique in the graph theory is a subset of vertices of an undirected graph such that every two
distinct vertices in the clique are adjacent (vertices are considered as adjacent when both endpoints
are connected by the same edge [13-17]. In the language of graph theory, the Ramsey number labeled
¢ is the minimum number of vertices R(m,n) = { such that all undirected simple graphs of order {
(order of a graph is the number of vertices in the graph) contain a clique of order m or an independent
set of order. It should be emphasized, that only restricted number of Ramsey numbers is known
today; calculation of the Ramsey numbers for large graphs represents essential difficulties.
Interrelation between the Ramsey theory and statistical physics was considered recently [18].
Applications of the Ramsey approach to thermodynamics was reported [19]. We implement the
Ramsey approach to the analysis of the continuous phase transitions. In a somewhat paradoxical
way, the discrete mathematics supplies tools for the analysis of the continuous phase transitions.

2. Results
2.1. Continuous Phase Transitions in 6-Fold Symmetry Systems: The Ramsey Approach

Consider the 2D physical system built of the 6-fold symmetric planar primitive cells, such as that
depicted in Figure 1. The vertices of the system may be atoms [20], molecules [21], electrical [22] or
magnetic dipoles [23], colloidal particles or other interacting physical entities [22,23]. The vertices are
numbered i = 1,2 ...6 in the scheme, shown in Figure 1. The edges of the cells, in turn, represent
interactions/chemical bonds between atoms, molecules, dipoles or colloidal particles [22-26]. Now
we make a suggestion enabling the use of the Ramsey approach, namely we adopt that two kinds of
interactions between the vertices are possible, labeled in the text a-interactions (colored in Figure 1
with red) and f-interactions (colored in Figure 1 with green). These interactions may be repulsions
(a-interactions) or attractions (f-interactions) [26], or it is also possible that differently colored links
represent various but distinct kinds of chemical interactions/bonds [27]. The Ramsey Theory is
insensitive to the physical nature of the interactions; it demands the clear distinction between them
only [11-14]. We also adopt the initial 6-fold rotational symmetry for the system of interacting
entities, depicted in Figure 1. The interacting entities (atoms, molecules, etc.) within our approach are
seen as the vertices of the graph, and interactions/chemical bonds between this entities are considered
as the edges/links of the graph. We adopt, that the vertices and edges/links of system presented in
Figure 1 form the complete graph. Thus, the Ramsey approach to the analysis of the graph becomes
possible. Let us address the situation, when g red links represent attractions, and a green links, in
turn, — repulsion; the total energy of the system, depicted in Figure 1 is given by:

Utor = 99U, — 6Uy, (1)
where U; and U, are the moduli of energies of the f-link and a — link correspondingly.
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Figure 1. 6-fold symmetrical system of interacting entities (atoms, molecules, dipoles or colloidal
particles is depicted). The entities are located in the vertices of the hexagon and numbered i = 1,2 ...6.
Two kinds of interactions act between the vertices are possible, namely f — interactions/attractions
(colored with green) and a — interactions/repulsions (colored with red). The interactions/chemical
bonds are represented by the edges/links of the graph.

The Ramsey Theory states that within the complete graph built of six vertices and two-colored
links, at least one monochromatic triangle should be necessarily present [11-14]. Let us take a close
look at Figure 1: indeed, the triangles “236”, “136”, “356”, “346” and “246” are red-colored. This
observation immediately follows from the fact that the Ramsey number R(3,3) =6. No
monochromatic green-colored triangle is present in Figure 1. From the pure physical point of view,
it is important that the monochromatic triangles representing repulsions or alternatively attractions
are unstable [24].

Now let us destroy continuously the six-fold initial symmetry of the primitive cell, shown in
Figure 1, under keeping the total energy of the primitive cell constant. The suggested procedure
corresponds to the second-order phase transition. We re-color a pair of the links in every step, as
shown in Figure 2, namely: at the first step we change the green link “12” into the red one, and
simultaneously we switch red link “13” into the green one, and afterwards, we change the green link
“56” into the red one, and red link “36” into the green one. The total energy of the system at every
step is conserved: U, = 9U, — 6U; = const; indeed the number of green and red links is kept
untouched at every step (the procedure may be continued). However, the six-fold symmetry of the
system is already destroyed at the first step. The procedure may be continued under continuous
breaking of the symmetry of the system, under conservation of its total energy. The initial 6-fold
symmetry of the graph will not be restored; thus, an inverse symmetrical complete graph in which
green links will be preplaced by red ones and vice versa never will be attained [28], due to the fact,
that the initial numbers of red and links are not equal. Thus, the suggested procedure of re-coloring
of the initial graph, leading to the continuous change in its symmetry occurs under the constant
energy, and corresponds to the necessary condition of the second order phase transition (the latent
heat of the transition is zero) [29,30].

When the links correspond to attraction/repulsion interactions, the Ramsey Theory predicts
inevitable appearance of the unstable triangles in the complete graph and they indeed are recognized
in Figures 2B,C. The green (f — type) monochromatic triangle is already recognized in Figure 2C.

2 2
) —
3 3
6 6 6
5 4 5 4 3 4

A B C

Figure 2. A. 6-fold symmetrical system of interacting entities is depicted. The entities are located in
the vertices of the hexagon and numbered i = 1,2...6. Two kinds of interactions act between the
vertices, repulsions are colored with green and attractions interactions are colored with red. B.
Breaking of symmetry of the system is depicted. Green link “12” is converted into the red one, and
red link “13” is converted into the green one. C. The symmetry is continuously broken: the green link
“56” is converted into the green one and red link “36” is converted into the green one. Arrow indicates
the temporal evolution of the system.
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Now let us quantify the suggested process of the symmetry breaking. It may be done with the
“order parameter” (i.e., degree of ordering), introduced in the Landau theory of the second order
phase transitions [29]. Let us re-define the order parameter 1 in a spirit of the Ramsey theory,
keeping the general Landau approach untouched. Parameter 7 is defined now in such a way that it
is zero in a disordered phase and takes various positive and negative values in patterns with various
degrees of ordering.

= @)

T PatPg
where F, and P; are probabilities of finding @ and f links at any given location link in the 2D cell.

The “order parameter” is zero in a completely disordered graph, and takes various positive or
negative values in the complete graphs with various degree of ordering [29]. Parameter 1 defined
according to Eq. 2 resembles that introduced in the classical works by Landau for quantification of
the second order transitions; however, this resemblance is superficial. The degree of ordering 7
introduced with Eq. 1 quantifies ordering of links/interactions between entities constituting the 2D
lattice; whereas, the “Landau degree of order” quantifies the symmetry breaking via variation of
spatial locations of these entities. And, it seems to the authors, that the definition of the degree of
ordering with Eq. 2 is more physically justified (at least for some of phase transitions, to be discussed
below). Indeed, physical interactions between physical entities, rather than their spatial locations
govern the phase transition. Consider the second order phase transition in the dipole-dipole system
[31]. In this case, the same location of the centers of mass of interacting electrical or magnetic dipoles
may correspond to both attraction and repulsion, which are switched one to another under rotation
of the dipoles [32]. Thus, it looks more reasonable to attribute the second order phase transitions to
the breaking of symmetry of interactions between particles and not to the spatial location of the
particles themselves.

Following Landau, the thermodynamic potential/Gibbs free energy ® may be seen as a function
of the order parameter ® = ®(P,T,n). The continuity of the second order phase transitions implies
that the degree of ordering 7 takes infinitesimal values in the vicinity of the transition point [29].
According to the Landau theory, the Taylor expansion of the free energy of the system is given by
Eq. 3:

G(P,T,n) = Gy(P, T) + AP, T)n* + (P, T)n* + -+, (3)
where ¢(P,T) >0, and A(P,T) >0 in the symmetrical phase and A(P,T) <0 in the non-
symmetrical phase, ¢ = {(T,) [29]. Let us emphasize that now 7 is supplied by Eq.2. We adopt Eq. 4
for the thermodynamic states in the vicinity of phase transitions:

A(T,P = const) = §(T —T,.), § = const, (4)

where T, is the temperature of the phase transition, § = (a—A

aT)T=TC = const [29]. This expansion

yields for the constant pressure thermal capacity of the non-symmetrical phase:

2
Cp = Cpo + 55° (5)
In the symmetrical phase we have C = C,,; due to the fact that {(P,T) > 0 ; hence, thermal
capacity grows under transition from the symmetrical phase, described by the symmetrical complete
graph to the non-symmetrical, described by the complete graph in which symmetry is broken, as

shown in Figure 2 [29].

2.2. Continuous Phase Transitions in the Four-Fold Symmetry Systems: The Ramsey Approach

Consider now the second order phase transition in the system built of primitive cells comprising
five interacting physical entities, as shown in Figure 4. Again, we adopt that two kinds of interactions
between the vertices are possible, labeled in the text a-interactions (colored in Figure 4 with red) and
p-interactions (colored in Figure 4 with green). Four-fold initial symmetry of the primitive 2D cell is
adopted. Entity “5” is located in the center of the primitive cell and it is displaced in Figures 4-6 from
its actual position, for the purposes of clarity of the drawings. Generally, complete, bi-colored graphs
containing five vertices may be colored in such a way, that no monochromatic triangle will be present
in the graph. Contrastingly, it should be emphasized that the bi-coloring procedure keeping the four-
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fold symmetry of the graph inevitably gives rise to appearance of the mono-colored triangles; indeed,
triangles “135” and “245” in inset A, and triangles “125” and “345” in inset B are monochromatic
(red).

a

4 3
A

1 2

5
B

a

4 3
B

Figure 4. Four-fold symmetrical systems of interacting physical entities, shown with blue circles; the
central body is displaced from its true location in the center of the cell for the sake of clarity. Red lines
depict attractive interactions ( f — interactions); green lines depict repulsive interactions
(a —interactions) between the entities. A. Triangles “135” and “245” are monochromatic (red). B.
Triangles “125” and “345” are monochromatic (red).

Breaking symmetry of the graph enables bi-coloring for which no monochromatic triangle is
recognized in the graph, as shown in Figure 5.

a

Figure 5. System built of five interacting bodies is depicted. Red lines depict attractive interactions
(B — interactions); green lines depict repulsive interactions (@ —interactions) between the bodies.
Four-fold symmetry of the system is broken. No monochromatic triangle is recognized in the graph.

In this case, no monochromatic (unstable) triangle is recognized in the cell; consider R(3,3) =
6 > 5. Perhaps, this Ramsey Theory based argument explains, prevalence of FCC crystal structures
on HCP ones; indeed, for the dipole-dipole interactions (electric or magnetic) based crystals only FCC
primitive cells were observed [31-37].
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Now consider phase transitions of the second order in the system built of five interacting entities,
shown in Figure 6. Initial primitive cell is symmetrical; after the transitions the cell becomes non-
symmetrical, as shown in Figure 6.

Again, breaking symmetry of the links conserving the total energy of the system is suggested,

Uior = 6U, — 4U, = const (6)
and the order parameter 7 introduced with Eq. 2 is suggested. Now consider phase transitions of
the second order in the system built of five interacting entities, shown in Figure 6. In this case, two
scenarios of breaking symmetry is possible. Within the first scenario, breaking symmetry does not
give rise to the formation of monochromatic interaction triangle, as shown in inset A of Figure 6. This
is possible due to the fact that R(3,3) = 6 > 5. However, breaking symmetry may give rise to the
formation of monochromatic interaction triangles, as illustrated with inset B of Figure 6. Triangles
“125” and “135” are monochromatic (red), unstable ones.

The jump in the thermal capacity given by Eq. 5 is foreseen, and the thermal capacity quite
expectably C,, grows under transition from the symmetrical phase to non-symmetrical [29]. Thermal
capacity C, grows under transition from the symmetrical phase, described by the initial symmetrical
complete graph to the final state, which is non-symmetrical, described by the complete graph in
which symmetry is broken. This is true for the both types of the final states, namely those which do
not exhibit monochromatic triangles (shown in inset A of Figure 6) and those, which contain
monochromatic interaction triangles (depicted in insert B of Figure 6).

The graphs, shown in Figures 4-6 should not be necessarily planar they may describe 3D spatial
locations of interacting physical entities. Such a 3D graph is depicted in Figure 7, in which green
quadrangle “1234” is located in the plane XOY, whereas, entity “5” is located out of this plane. Four-
fold symmetry is inherent for the graph, shown in Figure 7. Phase transition analogous to the
aforementioned ones, illustrated with Figures 4-6 are possible for the 3D structure shown in Figure
7.
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Figure 6. Breaking symmetry of the elementary cell is depicted. A. No monochromatic triangle is
recognized before and after the phase transition. B. Red monochromatic triangles is recognized.
Triangles “125” and “135” are monochromatic (red) ones.

X

Figure 7. Complete graph, depicting 3D symmetrical elementary cell containing five interacting
entities is shown. Red lines depict attractive interactions (B — interactions); green lines depict
repulsive interactions (& —interactions) between the entities.

The phase transitions, breaking the symmetry of the initial 3D graph, result in the growth of the
thermal capacity in the non-symmetrical phase.

3. Discussion

The Ramsey approach to the phase transitions of the second order is presented. The phase
transition of the second order is seen as a switch between interactions/chemical bonds between the
entities comprising the primitive cell. The transition occurs when the symmetrical primitive cell is
converted into a non-symmetrical one takes place, under switching of chemical bonds. If the energy
is kept constant under such a switch we have the phase transition of the second order. Why this kind
of the phase transitions, occurring under switch of the chemical bonds is important? It is important
in a context of rapid development of the phase-change materials used for the optical and electronic
storage of information [40-43]. The phase switching material/chalcogenide glass Ge,Sb,Tes
(abbreviated GST) demonstrates phase transitions accompanied by switching of chemical bonds.
Laser pulse focused onto the area corresponding to the bit size heats up the GST making it locally
changing between the amorphous and the crystalline phase [43]. The different diffraction index of
the two phases makes possible the optical read out [43]. Development of optical storage based on
GST progressed rapidly in the last decade [41-43]. Ferroelectric phase transitions driven by
switchable covalent bonds were reported recently [44,45]. Thus, the suggested Ramsey approach is
highly relevant for the analysis of the phase transitions driven by switching of chemical bonds.

5. Conclusions

Rapid development of the phase-change materials used for the optical and electronic storage of
information has drawn attention to the materials in which the phase transition occurs under
switching of chemical bonds between physical entities, constituting these materials. For example, the
phase switching material/chalcogenide glass Ge,Sb,Te; demonstrates phase transitions
accompanied by switching of chemical bonds. Switching of chemical bonds also governs the phase
transitions in silica glasses. We propose the Ramsey Theory based approach to the analysis of the
phase transitions, which take place under switching of interactions between atoms/molecules/dipoles
forming the materials. Ramsey theory, is a branch of the discrete mathematics, which predicts the
inevitable appearance of order in a substructure given a structure of a prescribed size. It is well
expected, that the Ramsey theory will be useful for the treatment of the phase transitions, resulting
in the switch from the ordered to the disordered state of the matter. We propose the Ramsey theory
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based approach for the analysis of the phase transitions of the second order emerging from the change
in the interactions between the physical entities forming the primitive cells of a given material. These
entities may be atoms, molecules, electrical or magnetic dipoles. We adopt that two kinds of
distnguishable interactions are possible between these entities. These interactions may be attractions
or repulsions, or alternatively, they may represent two kinds of chemical bonds. Thus, the entities
forming the primitive cell are seen as the vertices of the graph, and the interactions between these
entities are considered as the links/edges of the graph. We assume that the vertices and the links form
the bi-colored, complete graph; thus, the application of the Ramsey theory for the analysis of these
graphs becomes possible. We started from the analysis of the 2D six-fold symmetrical primitive cell
built of the physical entities interacting via two different kinds of physical/chemical interactions. We
introduced the procedure of breaking of the initial symmetry of the initial cell, which keeps the total
energy of the cell untouched. This symmetry breaking corresponds to the phase transition of the
second order (the latent heat of the transition is zero). For the quantification of the transition
(following Landau) we defined the order parameter/degree of ordering (denoted 7) in such a way
that it is zero in a disordered phase and takes various positive and negative values in the cells/graphs
with various degrees of ordering. The degree of ordering 7 quantifies ordering of links/interactions
between entities constituting the 2D lattice. Such a definition of the degree of ordering is more
physically justified for the addressed transitions, when compared to the original “Landau degree of
order”, which quantifies the symmetry breaking occurring via variation of spatial locations of the
atoms. Actually, physical interactions between basic entities, and not their spatial locations govern
the phase transition (this is true at least for phase change materials). This also becomes clear when
dipole-dipole interactions are considered. In this case, the same location of the centers of mass of
interacting electrical or magnetic dipoles may correspond to both attractions and repulsions, which
are switched one to another under rotation of the dipoles.

According to the Landau theory, thermal capacity of the non-symmetrical phase is larger than
that of the symmetrical phase. For the primitive cells built of six interacting entities, the Ramsey
Theory predicts inevitable appearance of the unstable monochromatic triangles, when the links
correspond to attraction or repulsion interactions.

We also addressed the phase transitions of the second order in the system built of five interacting
entities, demonstrating initial five-fold symmetry. Initial primitive cell is symmetrical; after the
transitions the cell becomes non-symmetrical. Again, thermal capacity of the non-symmetrical phase
is larger than that of the symmetrical phase. According to the Ramsey theorem, complete, bi-colored
graphs containing five vertices may be colored in such a way, that no monochromatic triangle will
be present in the graph. However, bi-coloring procedure keeping the four-fold symmetry of the graph
inevitably gives rise to appearance of the mono-colored triangles. In this case, two scenarios of
breaking symmetry is possible. Within the first scenario, breaking symmetry does not give rise to the
formation of monochromatic interaction triangles. This is possible due to the fact that R(3,3) =6 >
5. However, breaking symmetry also may give rise to the formation of monochromatic interaction
triangles, as demonstrated in the paper. The approach is easily generalized for 3D graphs. We
conclude, that the Ramsey Theory supplies an elegant mathematical framework, enabling analysis of
the phase transitions of the second order. Synthesis of the Landau and Ramsey approaches as
possible. The approach demonstrates a potential for the analysis of the phase transitions in the phase-
change materials and silica glasses.
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