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Abstract

We establish the estimation of solutions of two classes of weakly singular Wendroff-type integral
inequalities of multiple variables with multiple nonlinear terms, apply them to fractional partial
differential equations, and give the proof procedures for uniqueness, boundedness and continuous

dependence.
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1. Introduction

The research significance of singular kernel integral inequality is that it provides a theoretical
framework for dealing with integral equations with singular kernels, which is widely used in mathe-
matical analysis, physics, engineering and other fields. Such inequalities can help to analyze and solve
systems with singular properties, especially in describing nonlinear and non-smooth problems. Its
practical value is reflected in several aspects: in signal processing, image reconstruction, quantum
mechanics, fluid dynamics and other fields, singular kernel integral inequalities can be used to describe
complex physical phenomena, such as electromagnetic fields, particle propagation, etc. In addition, it
also plays an important role in numerical analysis and optimization algorithms, helping to improve
the solution efficiency and accuracy. Through in-depth study of these inequalities, we can promote the
modeling, analysis and solution of practical problems. Singular integral inequality is a very important
part in the theory of differential equations, and a series of results have been obtained in this field.

For example, in 1981, Henry [1] proposed a linear integral inequality with a singular kernel,
shown as follows:

t
u(t) <a+b / (t — s)PLu(s)ds.
0
The results can be used to study the qualitative property equations of parabolic differentials.

In 1997, Medved [2] gave a new method to study linear and nonlinear singular integral Gronwall-
Bellman-Bihari-type inequality and Henry-type inequality, which is shown as follows:

u(t) < a(t) + /Ot(x )BT (s)u(s)ds,

u(t) <a(t)+ /Ot(x —5)P7LE(s)w(u(s))ds,
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and the estimates of the solutions are given separately.
In 2002, Ma and Yang [3] studied more generalized weakly singular Volterra-type integral in-
equalities using the improved Medved method. It looks like this:

u(t) <a(t)+b(t) /t(t”‘ — )P 157 o (s)u(s)ds

0

+c(t) /Ot(t”‘ — ") 17 o(s)w(u(s))ds.

In 2008, Wu [4] studied a class of weakly odd Volterra-type integral inequalities with n nonlinear
terms, which are shown as follows:

u(t) <a(t)+ Z/ (t% — %) Pl il £t 5wy (u(s))ds

Thereafter, in 2008, Cheung et al. [5] respectively studied the following binary weakly singular
Wendroff-type integral inequalities by applying the method in reference [3], which are shown as
follows:

ub(x,y) <a(x,y) +b(x,y) /Ox /Oy(x”‘ — s*)Plgr1
x (y* — )P (s, )l (s, t)dtds.

On this basis, in 2010, Wang and Zheng [6] discussed a more general form of nonlinear Wendroff-
type weakly singular integral inequality for a class of binary functions, which is shown as follows:

u(x,y) <a(x,y)+ /Ox /Oy(x"‘ — P11
X (y* — P (x,y, s, B w(u(s, t) )dsdt.

In 2013, Wu et al. [7] studied a new class of weakly singular Wendroff-type integral inequalities,
which are shown as follows:

u(x,y) <a(x,y)
+/ /(xﬂtl _ .31 Igm— 1(]/ t“z)ﬁz*l
x 27 (x,y, s, H)w(u(s, t))dsdt

/ / (xa3 ﬁ3 15’)/3 1(y tl’é4)ﬁ4—1
x 4L (x,y, 8, t)u(s, t)dsdt.

Subsequently, in 2014, the weakly singular Wendroff-type integral inequalities of two nonlinear terms
were studied in [8], which are shown as follows:

2 X
u(x,y) <a(x,y)+ Z/o /Oy(x“i — s“i)ﬁi—ls“ri—l(ym _ tUi)P‘i—l
i=1
X tTf—lfi(x,y, s, t)w;(u(s, t))dsdt.

On the basis of Zheng [6] and Wu [8], in 2017, Liu [9] studied a class of weakly singular Wendroff-
type integral inequalities with n nonlinear terms, which are shown as follows:

n X Y
u(x,y) Su(x,y)JrZ/ / (xzxi_Sﬂéi)ﬁifls%'*l(yﬂi_ttTi)Vi*l
i=170 J0

x t% L fi(x, y,8, H)w;(u(s, t))dsdt.
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In 2024, Yang [10] studied a class of generalized Wendroff-type weakly singular integral inequali-
ties, which are shown as follows:

u(x,y) <a(x,y)+ Z/ / (x,y,s,t)fi(x,y,s,t)w;(u(s,t))dsdt.

More work on singular integral inequalities is emerging, see ref. [14-16]. It can be seen that
with the development of integral and differential equations, some new integral inequalities need to
be considered in order to meet the wider application of differential and integral equations. In this
paper we focus on Wendroff-type integral inequalities and their application to the study of well-posed
solutions of differential and integral equations.

On the basis of reference [3-10], this paper considers the weakly singular Wendroff-type integral
inequality of multiple variables with n nonlinear terms as follows.

(xy,)<axy,z)+2/x0)/yo/ (x% — s%)Pi~1g7i—1

X (y i l)ﬁl t’h (Z i— T l)‘Bli T’hi fi(x/y/Z/S/tlT)
x Wi(u(s,t,t))dsdt,

bii(x1) rbyi(x2) i (Xn)
u(x1, %, ., Xn) < a(xq,x2, ..., Xy / / ) /
b1i(x1,0) Jbyi(x20)  /byi(xn0)

x (xf - )ﬂ' 7 I (6

X fi(x1, X2, ooy X, S1, 52, eves S ) Wi (1(51, S2, -, Sn ) )dS1dS0...dS ).

Before this, we need to study the estimation of the solution of a class of Wendroff-type integral
inequalities as a theorem that can be used to refer to. Secondly, combined with the modified Medved
method, we can obtain the estimation of unknown functions of Wendroff-type weakly singular integral
inequalities. Finally, it is applied to study the boundedness, uniqueness and continuous dependence of
solutions of fractional partial differential equations.

2. Definitions and Lemmas

Definition 1 (see [10]). (Nondecreasing and expanding large monotonicity) For a given number of
functional f, such as fruit set and conformity on f of reduction function mon(f) > f is set up, says
mon(f) is the reduction of f amplification drab.

Definition 2 The Riemann-Liouville integral of order a of a function f(t) with respect to ¢ is defined
as

IF(t) = r(lw)/ot(t—s)“lf(s)ds, £>0.

Definition 3 The derivative of a function f(t) with respect to t of order 7 is defined as

Dl f(t) = r(ll_ﬂy)i/ot(t—s)‘?f(s)dt, t>0.

Lemma1 (see[3]). Leta, B, ¥ and p be positive constants. Then,

t 6 —
/O (% —s*)P(B-Dspr-1gs = ’;B{pw;)“,r’(ﬁ —1)+1|, t>0
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Where B[, 7] = fol s¢71(1 — 5)7"1ds(Re¢ > O,Rey > 0) is well-known B-function and
0=pla(p-1)+y—-1+1

Lemma 2 (see [3]). (Discrete Jensen’s inequality) Let A1, Ay, ..., A, be nonnegative real numbers, r > 1
be real numbers and n be natural numbers, then

(A1, Ar, ., Ag) <AL AL, L AL).

Lemma 3 (see [12]). (Holder integral inequality) Suppose the function f(x) € L? ([ty, +c0],R), the
function g(x) € L9([tg, +oo],R), the constant p, g > 1and 1/p+1/g = 1. Then

Lirestas < ([ 1)) % (/[ Istoras) '

Lemma4 (see [12]). Suppose the function f(x) € L? ([tp, +0],R), the function g(x) € L9([tg, +-00], R),
the constant p, g > 1and 1/p+1/q = 1, a(t) is a continuously differentiable nondecreasing function,
a(t) <t a(ty) = to. Then

[l < ([ e (f o) )

3. Main Results

In this section, we will prove estimates of solutions of weakly singular integral inequalities of
Wendroff-type for multiple variables with n nonlinear terms. In this chapter, let R denote the set
of real numbers, R denotes the set of nonnegative real numbers. x, o is a constant real number,
I := (x9,+00), ] := (yo,+), T := (z0,+), A = [ x ] x T C R3, define the following set of
functions:

Q(R4,Ry) :={¢: Ry — Ry|¢is anondecreasing function },
CY(I,I):={¢: I — I|gis a continuously differentiable function },

C(ARy) :={¢: A — Ry]|gisa continuous function },

CQ(A,R+) = {(p A — R+

@ is continuous and nondecreasing
with respect to each variable

Assume that
. 1 1
(Ky) a; €(0,1],8; € (0,1),p > 1and satisfy p(B; —1)+1>0,7; > 1— p and ’
+a;(Bi—1)+7—1>0,wherei =1,2,..,n.
(Kz) ac CQ(A,RJr)

(K3) by e CHI,I)NQ(LI),c; e CYJ,T)NQ(],]),di € CHT, T)NO(T, T), and
forallx € [,y € J,z € T thereexists 0 < b,(x) < x,0 < ¢,(y) <y,0 <d;(z)
<z
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(Ka)  fiCrro0s,t,7) € Ca(ARy), fix,y,2,-, 1) € C(ARy).

(Ks) Wi(n) € Q(R4, R, ) is monotonically nondecreasing, when > 0 has W;(7) >

Wa (1) Ws(n) Wa(y) . . . ,
0, and , L, is monotonically nondecreasing, where i
Wiln) Wal)' " Waa (i) Y &
=12,...,n
(Ko)  Ii := (xi, +00), A HI CR",a € Co(ARy),b; € CH (I, I;) NQ(L;, ),

i=1
and for all x; € I;, there exists 0 < bi,]‘(xi) <xj. fi(t, 551,52, 5n) €
Ca(ALRY), fi(x1, Xo, ey X,y o) € C(ALRS).

Theorem 1 Under the condition that Assumption (K3)-(Ks) holds, if u € C(A,R4), and u(x,y,z)
satisfies the weakly singular integral inequality

noorbi(x) pei(y)  pdi(z)
ulx,y,z) <alx,y,z)+
( Y ) ( Y ) Z:Z] bi(x0) Jci(yo) /di(zo) (1)
x fi(x,y,2,5,t, T)W;(u(s,t,7))dsdtdT,

forxg <x <X,y <y <Y,z90 <z <Z. Then

u(x,y,z) <G [Gn (Gn 1(an(x, y,Z)))

e @
+ / / A (x,y,2,5t, T)dsdtd'r}
bn xo Cn yO n Z0
forxg <x < X,yo <y <Y,zp <z <Z. Where
7 7 7 7 3
m (%, Y.z 2) = OSUSx,OIg?;(y,OSCSz alo K %) ®)
_ -1
a;(x,y,z) = Gi_1 (Gi H(ai_1(x, %Z)))
i— 1(X) Ci— 1 i—1 Z) A (4)
/ / / fic1(x,y,2,8,t,T)dsdtdT,
bi_1(x0) Jei—1(yo) Jdi—1(20)
fori=2,3,..,n
filx,y,2,5,t,T) = .0 S | filo, 1, g,s,t,7), 5)
G, 1(v) is the inverse function of G;(v),
v 4g .
= —— v>v;,>0, i=12,..,n 6

And X,Y,Z € R, are chosen such that

Gi(G (4% Y, 2)) /xo /C(]/o /Zo (7)

X fi(X, Y,Z,s,t,T)dsdtdt € Dom(G; 1

1
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Remark From Definition 1, we know that, when assuming that Condition (K3), (K4), (Ks5) does not
hold, we can solve the auxiliary inequality of (1) as follows

x,y,z) <a(x,y,z)+ (x,9,2,8,t T
u(x,y,z) Y,z Z/xo /c,yo/ y )
x Wi(u(s,t, t))dsdtdt
<mona x , + / / mon xX,Y,z,5,t,T
(@)(xy.2 Z/ bi(x0) Jei(yo) Jai(z0) i)y )

x Wi(u(s, t,t))dsdtdr.

The induction hypothesis will be used next to prove Theorem 1.
Proof. Mathematical induction is used.
Let the right-hand side of inequality (1) be the function v(x,y, z),

v(x,y,z) =a(x,y,z) +i/b(")/"l(y / (z0) (8)

X fi(x,y,z,5,t, T)W;(u(s,t,7))dsdtdr,
forxg <x<X,y0 <y <Y,zop <z <Z. Whichis
u(x,y,z) <o(x,y,2). ©
(i) When n = 1, for any definite X € {xo, X] NS {yo, Y} ,Z € [zo, Z} , and the definition of (3) and (5),

then follows from Equation (8)

o(vy) =aE@g D+ [ /C1 " /dl " w0
x f1(x,9,2,s,t, T)Wq (u(s, t, T) )dsdtdr,

forxg <x<x< X,y <y<y<Y,z<z<z<Z
Take the partial derivative of the left and right sides of (10) with respect to x, using the function
Wi(v) >0 (i =1,2,...,n) and monotonically nondecreasing with respect to u can be obtained

& — b (x / / f 9,2 %, t, T)Wi (u(x, t, 7)) dtdt
(yo) /d1(z0)

(11)
< b (x) (x,y,2) / / (X,9,2,x,t,7)dtdr,
c1(vo) Zo)
Equation (11) shows that,
du(x,y,z) { / /
—_— (X,9,2,x,t,T)dtdt | dx, (12)
Wi (v(x,y,2) (yo) Jd1(zo0) y )

it follows from Wy (v) > 0, ntegrating both sides of (12) from xg to x, and having the definition of G; (v)
in Equation (6)

G1(v(x,y,2)) — Gi(v(x0,¥,2))

bi(x) raly) pdi(z) 13
/1x /Cly /12 (X,9,2,s,t,T)dsdtdT, 13
b c d

1(x0) Ye1(yo) Ydi1(zo)

IN
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since v(xo,y,z) = a1(X,¥,Z), the arrangement of Equation (13) can be obtained

o(x,y,2) <G [Gl(ﬂl(x Y,2) b / o /d (%,9,2,5,t, T)dsdtdr]
1 xO 0 1 ZO

forxg <x < X< X,y <y<y<Y,z<z<z<Z
Since ¥, i, and z, are arbitrary, we replace X, i, and Z by x, y, z, respectively. And it can be obtained
from Equation (9):

u(x,y,z) <G [Gl(ﬂl(x Y,z) / / (x,y,2,5,t, T)dsdtdr]
1(x0) Je1(yo) /d1(z0)

forxg <x< X,y <y<Y,zp<z<Z

So when n = 1, Equation (2) holds.
(if) Suppose that when 1 = k, Equation (2) holds. The proof is that when n = k + 1, Equation (2) also
holds. For any definite ¥ € [xo, X] e [yo, y}, e [zo, z], and the definition of (3) and (5), then
follows from Equation (8)

k+1

v(xyIZ)—ﬂlx%y)*Z/xo / /zO

ci( (14)
X fl-(x, ¥,2,5,t, T)W;(u(s, t, 7))dsdtdr,
forxg <x<x<X,y<y<y<Y,zg<z<z<Z

Take the partial derivative of the left and right sides of (14) with respect to x, using the function
Wi(v) >0 (i =1,2,..., n) and monotonically nondecreasing with respect to v can be obtained

k+1
do(x, y, Zb’ / / fi(% 7,2, x,t, T)W;i(v(x, t,T))dtdt
(vo) (z0)
< Wy (v(x,y,z))by(x / /d (X,9,2,x,t,T)dtdt
yo
k+1
+ Zb’ / ﬁ(x v,2,x,t, T)Wi(v(x, t,T))dtdr,
(yo) Ydi(z0)
we have
du(x,y,z) { / /
— (X,9,Z,x,t,T)dtdt | dx
Wi(o(x,y,2)) — (vo) Jd1(z0) y )
cit1(y ir1(z) e
[ i (x / / f,+1 X,,2,x,t7) (15)
civ1(vo) Ydiy1(z0)
Wi+l (v(x,t,7))
—Wl(v(x, L) dtdt|dx.
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Let M 1(u) = Wit (0) (i =1,2,..,k), it follows from the definition of W (v) that M;,1(v) is

Wi (v)
. . Ms(v) My(v) Myiq(9)
a monotone and nonnegative function, and My(0)” Ms(0)’ My(0)

integrating from xg to x on both sides of Equation (15), and it follows from the definition of G;(v) that:

is monotone and nondecreasing,

G1(v(x,y,2)) = G1(v(x0,,2))

bi(x) pei(y) pda(2) A
/h / /d (X,9,2,s,t,T)dsdtdt

1(x0) 1(20)

1
z+1(x) cit1(y dit1(2) A ( 6)
—|— / / / fir1(%,7,2,8,t,T)
biy(x ciy1(vo) Ydiy1(20)
X Mi+1 [v(s, t,T)]dsdtdT,
since v(xo,y,z) = a1(X,¥,2), the arrangement of Equation (16) can be obtained
by (x)
Gi(v(x,y,2)) < Gi(a1(X,7,2) / /
by (xo) Je1(yo) e (z0)
x f1(X,7,2,s,t,T)dsdtdt
i1(x)  peina(y i1(z 17
+z/ / / faE@ 5580
bita(x0) Jeir1(yo) Jdita(z0)
X Mjiq [v(s, t,T)|dsdtdr.
According to Equation (4), the definition of a5 (x, y, z) is as follows.
1 (X,Y,2) = G1(a1(X,7,2) +/ / / (X,9,2,s,t,T)dsdtdt.
by (x0) Jer(yo) Jdi(z0)
Then Equation (17) can be reduced to
i+1(x) peiva(y i+1(z
v(x, 1, <a)(x,v,Z) + / / /
Gi(v(xy.2)) 2(%.9.2) Z biv1(x0) Jeiv1(yo) Jdiv1(z0) (18)
X fi1(X,7,%,5,t, T)Miy1[v(s, t, T)]dsdtdT,
forxg <x<X<X,yy<y<y<Y,zg<z<z<Z
Let
Gi(v(x,y,2)) = g(xy,2), (19)
then
v(x,y,2) = Gy (8(x,v,2)). (20)

Using Equations (19) and (20), Equation (18) can be transformed into

biy1(x) peivi(y di1(2)
gu%><@u%v+2/ L /

biy1(xo0) Jeiv1(yo) /dir1(z0) (21)

x fis1(%,7,2,5,t, T)Mi11[Gy H(g(s, t, T))]dsdtdT,

forxg <x<x<X,y<y<y<Y,zg<z<z<Z
Equation (21) has the same form as Equation (1). From functions a(X, i, z) and M;,1(v) satisfying

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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the conditions of functions a(x,y,z) and W;(v) in Equation (1) respectively, and from the result of
induction hypothesis n = k, we obtain

g(x,y,2) < ‘D;;:l [¢k+1 (q’{l(akﬂ(x, y/Z)))

ber1(¥) e (y)  pdiia(z (22)
/ / Ak+1 (x,y,2,5,t, T)dsdtdr]
b1 (x0) Jexy1(yo) Jdiia(zo)
forxg <x < X,yo <y <Y,zp <z <Z. Where
v d
Dpi1(v) = / —{1
%t My (Gr1(9)
Equation (19) shows that
Ok+1 = G1(0k41)-
(Dk_J:l (v) is the inverse function of ¥y 1 (v), and notice that
-1
Dpy1(v) = /U e /v —Wl (Gl (C)) ¢
Okt My q (Gfl (6)) G1(0k41) Wiyq <Gfl (@)
Gi'(o)  dg
= =G (G (0)).
s W@ — O (G70)
So
O (0) =G (Gk+1( )> (23)
Dy (0) = Gk(Gfl(U)). (24)
Then Equation (22) can be arranged by Equation (23) and Equation (24) as follows.
§(x,2) < cl{c,;l [Gkﬂ(ckl(akH(x,y,z)))
(25)

b C d R
/b k) ety /dkH fra1(x,y,2,5,t, T)dsdtd"c]}

k+1(x0) Ycxr1(v0) Jdiy1(z0)

forxo <x<X,yo<y<Y,zp<z<Z
Furthermore, Equation (25) can be transformed from Equation (19) and (9) to

u(x,y,2) < Gy [Gk+l(c,:1(ak+1<x,y,z>))

beyr (%) peea(y) i (2)
/h /d ferr(x,y,2,5,t, T)dsdtdt |,

k+1(xX0) Jerr1(yo) Y dis1(20)

forxg <x <X, yo<y<Y,zg<z<Z
Thus when n = k + 1, the proposition also holds.
Finally, Theorem 1 is proved by (i) and (ii).

Judging the boundedness of the solutions of integral inequalities leads to the boundedness
of the solutions of the corresponding integral or differential equations. Next we can discuss the bound-
edness of Equation (1). Judging the boundedness of Equation (1) with recursive form requires the
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following assumption:
(K7) a € Cq(A,Ry) isbounded.
(Kg) Forall f;, b;, c;, d; such that:

ci(y) pdi(z)
11m / / / (x,y,2,s,t,T)dsdtdT < +o0.
(x,,2) = (400,+00,400) Jb;(xp)

From the assumption condition (K7), we know that function a1 (x, y, z) is bounded, and combin-
ing with Equations (4) and (6) in Theorem 1, we can show that function a;(x,y,z) (i=1,2,..,n)is
bounded. It is also known from the assumption condition (Kg) that the function u(x, y, z) is bounded
with respect to (x,y,z) € A in Inequality (1).

Corollary 1 Under the condition that Assumption (K3)-(K4) holds, if u € C(A,Ry), and u(x,y,z)
satisfies the weakly singular integral inequality

u(x,y,z) < a(x,y,z) +Z/xO /C y/d(zo (26)

X fi(x,y,2,5,t,T)(u(s,t, T))kdsdtdr,

forxg <x <X,y <y <Y,z90 <z <Z. Then
H)Ifk=1,

by (x dn(z)
u(x,y,z) <G 1 (an(x,y,2))exp [/ “ /C / . (x,v,2,5,t,7T)dsdtdT |,
n 0 n n 0

forxg <x <X, yo<y<Y,zg<z<Z
Where G; ! (v) is the inverse function of G;(0v),

. v

Gi(v) = dg lnv—, v>v;>0, i=1,2,.,n (27)
(% 1

éfl(v) = v;e’, Dom(éi_l) =[0,00), i=12,..,n (28)

And X,Y,Z € R, are chosen such that

Gi(G(@i(x, Y, 7)) / / /
bi(xo) Je; yo) d;i(z0)

x fi(X,Y,Z,s,t,T)dsdtdt € Dom(G ; -1y,

) Ifo< k<1,

u(xy,2) < [(@El(an(x,y,z)))l‘k Fa-K
1/(1-k)

by (x dn(z)
/ / / (x,y,z,s,t,T)dsdtdt ,
n xO Cn yO n ZO

forxg <x <X, yo<y<Y,zg<z< Z.
Where G; ! (v) is the inverse function of G;(v),

= vdg o1k 1k '
(o) — [ 85 _ _ ol >, =1,2,..,1n.
Gi(v) M (v v; ), v>0v;>0, i=1,2,.,n (29)
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G (o) = (v}—k +(1-k)o

Dom(G; ') = [0,00), i=1,2,..,n.

7

) 1/(1—k)
(30)

And X,Y,Z € R, are chosen such that
— bi(X) di(Z)
Gi(Gih (X, Y, 2)) / / /
Ci yO
x fi(X,Y,Z,s,t,T)dsdtdt € Dom(G )
The functions a;(x, y,z), fi(x,y,z,5,t,T) are all defined in Theorem 1.
Proof. It is not difficult to see that inequality (26) is a special case of the inequality (1) in Theo-

rem 1, and taking W[y] = 7 yields inequality (26). When applying Theorem 1 to inequality (26), since
(i) If k = 1, from Equation (2) combined with Equation (27) , we can obtain the following.

In (Ul_n (6;31 (ﬂn(x' Y Z)) ) )

u(x,y,z) < Cvn_l

b @31)
/ . / / fulx,y,2,5,t,T)dsdtdr |,
n xO Cn yo n ZO
forxg <x <X, yo<y<Y,zg<z<Z
The Equation (31) is combined with Equation (28) to obtain
1 b (x cn(y) dn(z)
u(x,y,z) < G “y(an(x,y,2))exp / / fn(x,y,2,5,t,T)dsdtdt |,
n xO Cn yO n ZO
forxg <x <X, yo<y<Y,zg<z<Z
(ii) If 0 < k < 1, from inequality (2) combined with Equations (29), we can obtain the following.
——1 1 ——1 1-k 1—k
u(xy,2) <Gy |1 ((Gnl(w,y,z))) ~ )
(32)

Cn A
/ / (x,y,z,5,t,T)dsdtdt |,
xO Cn yO n Z0

forxg <x <X, yo<y<Y,zg<z<Z
The inequality (32) is combined with equation (30) to obtain

u(xy,2) < [(6;11<an<x,y,z>>)1"‘ +a-K)

bn(x) 1/(1-k)
/ / f)’l(x; ]//Z/ S, t, T)dsdth ,
n(x0) Jen(yo) Jdn(zo)

forxg <x<X,yp<y<Y,zg<z<Z
It follows from (i) and (ii) that Corollary 1 is proved.
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Theorem 2 Under the condition that Assumption (Kj)-(Ks) holds, if u € C(A,Ry), and u(x,y,z)
satisfies the weakly singular integral inequality

u(x,y,z) <a(x,y,z) +Z/ / / Bi—1g7i—1
(x0) Jei(yo) Jdi(zo)

33
X (y i 1)/51 t'}'t (Z i ).Bl T'Yz ( )
X fi(x,y,2,5,t, T)W;(u(s,t,7))dsdtdr,
forxg <x <X,y <y <Y,z9g <z <Z. Then
u(x,y,z) < {énl [Gn (G;_ll (An(x, y,z)))
inl2) 1/4 (34)
+ / / fu(x,y,2,5,t, T)dsdtdr]} ,
bn xo Cn yo n ZO
forxg <x < X,y0 <y <Y,zp <z < Z. Where
11,
p 4
a(xy,z) = . S a(o, 1, ¢), (35)
Ar(x,y,2) = (n+ 1)1 (x,y,2), (36)
. — . A—1 .
Ai(x,y,2) = Gi 4 (Gl- (A (x, y,z)))
Ci_ 1 i— 1 Z ~ (37)
/ / / (x,y,2,5,t 7)dsdtdT,
1 1(X()) Ci— 1(]/0) z 1 ZO
fori=1,2,..,n
i rrr/t/ /rr/t/ ’ 38
filx,y,z,5,t,7) = ogggx,o?,?é‘y,oggng(” W s tT) (38)
ﬁ(x,y, z,8,t,T) = (n+ 1)q_1H?fiq(x,y, z,8,t,T), (39)
fori=1,2,..,n
3/ p(ri—1) +1 3y
H =« P(xyz)<1/p)+ai<ﬁi—1>+<w—1>3[IT,W;I. _y41]
1
fori=1,2,..,n
G, 1(v) is the inverse function of G;(v),
R vo4dg )
Gi(v) = / ——, v>v;>0, i=1,2,.,n (40)
v Wi(Q)
Where
Wi(u) = W] (u'/9). (41)
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And X, Y, Z € R are chosen such that
GG (a:(X,Y,2)) / / /
l( (il bi(xo) Jei yo (20)
X fi(X,Y,Z,s,t,T)dsdtdt € Dom(G;”
fori=1,2,..,n
Proof. Let % + % =1,and p > 1,9 > 0, apply Lemma 4 to Equation (33), and it follows
(xy,)<axy,z)+2(/ / / (x — )BT gp(ri—1
(x0) Yci(yo) (20)
1/p
x (yi — o )PBi= D gp(ri=1) (5 i)P(ﬁi—l)Tp(’Yi_l))
bi(x) ei(y) Vg
(/ / / fq (x,y,2,5t, T)W/ (u(s, t, T))dsdtdr) ,
(z0)
forxg <x <X, yo<y<Y,zg<z<Z
Since 0 < b;(x) < x,0 < ¢;(y) <y, 0<d;(z) <z can be obtained
(x Y,z ) < a X, ylz) + Z(/ / / p(/ﬂ,—l)sp(% )
1/p
x (y — 2 )PB= D gp(ri=1) (5 i)P(/Sz‘—l)Tp(Vi_l)) (42)
bi(x) reily) pdiz) a
X </ / / fl.q(x,y,z,s,t,T)W?(u(s,t,T))dsdth) ,
bi(xo) Jei(yo) Jdi(zo0)
forxg <x <X, yo<y<Y,zg<z<Z
Defining the function Nj, N», N3, and using Lemma 1 can be obtained
x 0; A
Ny = / (x% — 5% PB~Dgp(ri=1) gg — x—B[M,p(ﬁi 1)+ 1],
0 & &
y 6; L
N, = / (S — )P p(ri=1) gg — Y's [M,p(ﬁi 1)+ 1],
0 & &
2 % p(Bi=1)p(7i—1) 2o [plyi—1)+1
N3:/ (2% — PP Pri T ds = — Bl —————— p(B; — 1) + 1/,
0 o o
where 6; = p(a;(Bi —1)+7i—1)+1,i=12,..,n
Define the function H; as
H; = (N1 NoN3)'/?
_ —1)+1 3/p (43)
=a 3/P(xyz)(1/P)+lxi(lgi*1)+(7i*1)B [W’p(ﬁi -1)+ 1] ,
1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202601.0218.v1


https://doi.org/10.20944/preprints202601.0218.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 January 2026 d0i:10.20944/preprints202601.0218.v1

14 of 26
fori=1,2,..,n
From Equation (43), Equation (42) is changed to
n bi(x) pei(y)  pdi(2) q
u(x,y,z) <a(x,yz)+ ZHl(/ / / 1 (x,y,2,5,t7)
i=1 bi(x0) Jei(yo) Jdi(z0) )

1/q
x Wi (u(s, t, T))deth) ,

forxg <x <X, yp<y<Y,zg<z<Z.
Taking a constant g to the second power on both sides of Equation (44) and applying Lemma 2,
we obtain the following result.

n bi(x) reily) pdi(z)
ul(x,y,z) < (n+1 q‘l[a‘f xX,y,z) + H?/ /
Coyz) < ( ) (ry.2) z; bi(xo0) /Ci(yo) d;(zo)

(45)
X fiq (x,v,2,5,t, T)Wiq (u(s, t, T))dsdth] ,

forxg <x<X,yo<y<Y,zg<z<Z.

It follows from Equations (35) and (38) thata(x,y,z) < a(x,y,z), fi(x,y,z,5,t,7) < fi(x, v,2,5,1,T),
and @(x, y, z) are monotonically nondecreasing with respect to x, y, z, and f;(x,v, z,s,t,T) is continuous
and monotonically nondecreasing with respect to x, y, z. Equation (45) can then be transformed into

ul(x,y,z) < (n+1)7" 1 al(x,y,z) ZHq/ / /
(x0) Jei(yo) (z0)

(46)
X fl.”’(x,y,z,s, t,T)Wi”’(u(s, £, T))dsdtdr],

forxg<x<X,yy<y<Y,zg<z< Z,
For any fixed value of X € [x9, X], ¥ € [yo,Y], Z € [z0, Z], and Equation (36) and Equation (39)
make Equation (46) become

i(z)
(xy,)<A1xy,~)+Z/ / / f(x,y,2,5t7)
(x0) Jei(yo)
x W (u(s, t,7))dsdtd,

forxg <x<x<X,yy<y<y<Y,zg<z<z<Z
Let the function V;(x,y, z) be

Vi( )= A (~~j+i/bi(x) /Ci(y) /di(z)fq( L)

i x/ /Z == x/ /Z ; x/ /Z/S/ /T

v ey =3 Jbixo) Jei(yo) Jdi(zo) ! Y (47)
X Wf(u(s, t,T))dsdtdT,

forxg <x<X¥<Xy<y<y<Y,z<z<z<Z
And from Equation (47) we can get

‘/i(x()/y/z) - Al (f/g/ 2/)/ (48)

ul(x,y,z) < Vi(x,y,z) = u(x,y,z) < Vil/q(x,y,Z), (49)
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from Equation (49), Equation (48) can be changed into
Vitx,y,2) = Alxy,wz/ T ez
(x0) Jei(yo) /di(z0) (50)
X Wﬁ (Vil/q (s,t, T))deth,
forxg <x<x<X,yo<y<y<Y,zg<z<z<Z
Define G;(u) in Equation (40), using Equation (41) can make Equation (50) become
o n d; (z
Vi(x,y,Z)ZAl(x,y,E)JrZ/ / / 1(%,9,2,5,1,7)
i=1 bi( ci(yo) (51)

x W;(V (s, t,7))dsdtdr,

forxg <x<xX<X,yo<y<y<Y,zg<z<z<Z

From the definitions of A1 (%, 7,Z), fi(%,7,%,s,t,7), and W;(V (s, t, 7)), we know that A; (%, 7,2),
ﬁ(f, v,z,5,t1), and Wi(V(s, t, 7)) satisfy the conditions of functions a(x,y,z), fi(x,y,z,s,t,7), and
Wi(v) in Theorem 1, respectively, then Equation (51) can be obtained by applying Theorem 1 as follows.

Vilry,2) < Gy [Gn(c (An<f,y:a>)

dn(z) -
+ / / fn(X,Y,2,5,t, T)dsdtdr]
bn(xg) Jen yo n(20)

forxg <x<X¥<Xy<y<y<Y,z<z<z<Z
Since X, y and z are arbitrary, we replace X, ¥ and z by x, y and z, respectively.

Vil yz) < G [Gn(é;11<An<x,y,z>>)

dn(z) ~
/ / / fu(x,y,2,5,t, T)dsdtd'c]
n(x0) Jen(yo) Jdn(zo)

forxg <x <X, yo<y<Y,zg<z<Z.
Finally, Equation (49) makes Equation (52) become

(52)

Vi(x,y,2) S{Gnl |:Gn (Gn*_ll(An(x, %Z)))

du(z) - 1/q
/ / fu(x,y,2,5,t, T)dsdtd'r} } ,
bu(xg) Y yg n(

forxg <x <X, yo<y<Y,zg<z<Z
Thus Theorem 2 is proved.

Corollary 2 Under the condition that Assumption (K;)-(Ky) holds, if u € C(A,R4), and u(x,y,z)
satisfies the weakly singular integral inequality

bi(x)  prei(y)
u(x,y,z) <a(x,y,z) / /C ) / - Pizlgmi—1
i\J0 O

x (y% — tﬂcz)ﬁz L=tz — Ttxz)ﬁﬁ Vi1
X fi(x,y,2,5,t,T)(u(s,t, T))kdsdtdr,

(53)
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forxg <x <X,y <y <Y,zg <z <Z. Then
O)Ifk=1,

hn dn Z) ~
u(x,y,z) < (G 1 (An(x, y,z) exp[ / : / ’ / fn(x,y,2,5,t,T)dsdtdt |,
n(x0) Jen(yo) Jdn(z

0

forxg <x< X,y <y<Y,zp<z<Z

Where Gl_l (u) is the inverse function of G;(u), G;(1) is defined in Equation (27), A;(x,y,z) in
Equation (37), and fi(x, ¥,2,5,t,7) in Equation (39).

And X,Y,Z € R, are chosen such that

o 4(2)
Gi(Gh(Aix,Y,2))) / / . / F(X,Y, Z,5,t, T)dsdtdr € Dom(G:Y),
xO 0

fori=1,2,..,n
() Ifo<k<1l,

() < [ (6 1Aty z >>)”‘+<1—k>

1/[g(1=k)]

by (x
/ / / fn X,Y,2,5,t,T)dsdtdt ,
n(x0) Jen(yo) 7 dn(zo)

forxg <x <X, yp<y<Y,zg<z<Z

Where G; ! (u) is the inverse function of G;(u), G;(u) is defined in Equation (29), A;(x,y,z) in
Equation (37), and ﬁ-(x, ¥,2,5,t,7) in Equation (39).

And X,Y,Z € R, are chosen such that

Gi(G XY, 2)) / / / FAX,Y, Z,s,t,7)dsdtdt € Dom(G; "),
bi(x) ei(yo)
fori=1,2,..,n

Proof. It is not difficult to see that inequality (53) is a special case of the inequality (33) in Theo-
rem 2, and taking W([y] = ;¥ yields inequality (53). When applying Theorem 2 to inequality (53), since
(i) If k = 1, by replacing G;(u) by G;(u) in Equation (34) according to the change of proposition, it can

be obtained
u(x,y,2) g{c:;l G4 (61 (Antr2)))

bu(x) ren(y) pdn(z) ~ 1/q (54)
/ (x,¥,2,5,t, T)dsdtd’f]} ,
C

n(x0) Jen(yo) Jdn(z0)
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forxg <x <X, yp<y<Y,zg<z<Z
Using Equations (27) and (28) in Corollary 1, Equation (54) can be obtained

(w2 {61 [6(6,1 (antx. )
/n(xo /cn(y:)) /jnzo) ﬁ (%,y,25,, T)dsdtd”f} }1/q

{ { (o (G4 (An)))
L L)

~ 1/ by (x
= (G anty ) x| / .
n xO Cn yO n Z0

X ﬁ(x, ¥,2,5,t, T)dsdtdr] .

(ii) If 0 < k < 1, by replacing G;(u) by G;(u) in Equation (34) according to the change of proposition, it
can be obtained

utwa) <{c,'[c, (é,:ilmn(x,y,z»)

by (x 1/q
/ / / fu(x,y,2,5,t, T)dsdtd‘[']} ,
n(x0) Jen(yo) Jdu(z0)

forxg<x <X, yg<y<Y,zg<z< Z,
Using Equations (29) and (30) in Corollary 1, Equation (55) can be obtained

—1|= [(=-1
u(x,y,z) §{Gn {Gn (Gn_l (An(x,y,z)>>
hn dy Z) — 1/‘7
/ / / fn(x,y,2,5,t,T dsdtd‘r]}
n XO Cn yo n ZO

:{5;1 LlTk (Cali(An(xy.2) "}

bu(x) ren(y) pdn(z) ~

(55)

1/q
(x,y,2,5t7T dsdtd‘r}

n(x0) Jen(yo) Jdn(zo)

N Ragll (An(x,y,z)) 1_ =0 /n (x0) /Cn ) /n(ZO

_ 1/[g(1—k)]
X fu(x,Y,2,5,t, T)dsdtdr]

Thus by (i) and (ii), Corollary 2 is proved.

Theorem 3 Under the condition that Assumption (K1), (Ks) and (K¢) holds, if u € C(A!,R), and
u(x1,xp,..., X, ) satisfies the weakly singular integral inequality

hl] xl b2] x2 n,i xn)
u(x1, %, Xn) < a(xq,x2, ..., Xp / / /
i=1 /b1,i(x10) Jba (x20) bu,i(xn0)

% (xli‘i _S‘i‘i)ﬁl 152/1 1(x2z _ “z)ﬁl 1 '71 . (xnl _ “1),31 1 'Yz

X fi(x1, X2, o0y X, 51,52, s Sn) Wi (14 (sl,sz,...,sn))dsldsz...dsn,
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for x10 < x1 < X3, x20 < x2 < X,y X0 < Xy < X Then
(X1, X, e Xnt) S{énl {Cn (G;_ll (An(xl, X2, ..., xn)))

hln X1 b2n x2 bnn(x,,) _
/ / / fu(x1, %2, s X11,51,52, -0 Sn)
b1,n(x1,0) bzn(xzo) bu,n (X4,0)

1/q
X dsldsz...dsn] } ,

for x10 < x1 < Xy, 420 < X2 < Xp,en, X0 < Xy < Xy Where

+-=1,

< |
) | =

(X1, X0, .00, Xp) = max a(oy, 02, ..., 0n),
X1,0<01<X1,X2, 0 S0 <X 0 Xy 0 SO <X

Al(xl,xz,..., xy) = (n+ 1)‘7_15‘7(x1,x2,..., Xn),

Ai(x1,x2, . xn) < Gi_ 1(Gl - <gi—1(xlrx2/---r xn)))

+/b11 1(x1) /bz,H(Xz) “‘/bn,i—l(xn) (56)
bri—1(x10) Jboi—1(x20)  Jbyio1(xn0)

X fi1(x1,X2, ooy X, 1,52, ., Sn )dS1dS...dSy,

fori=1,2,..,n

fi(x1,X2, 00y X, 81,52, o0, Sn) = Ogagx,o?fgy,ogggzﬂ(al'02' e T, 81,52, s Sn),

fi(x1, X2, ey X, 81,82, ooy S) = (1 + 1)1 H]

20 (57)
X f (%1, X2, 40 X1, 81,52, s 50),
fori=1,2,..,n
n
By = a7 ([ Tor) /P +oBiD+(ri1)
i=1
(58)
-1)+1 n/p
1

fori=1,2,..,n
G L(u) is the inverse function of G;(u), G;(u) is defined in Equation (40) of Theorem 2.

And Xq, X5, ..., X;; € R, are chosen such that

~ A bln Xl bZn XZ bn,n(Xﬂ)
Gi(67 (Ai(X0, Xa, / / /
b b2, (x20) b (%n,0)

1n xlO

X fi(X1, X2, ey X, 81,82, -y Sn )ds1ds...dsy € Dom(Gi_l),
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fori=1,2,..,n

Corollary 3 Under the condition that Assumption (K;) and (Kg) holds, if u € C(Al,R;), and
u(xq,x2, ..., X, ) satisfies the weakly singular integral inequality

hl/ x1) b2] x2) i (Xn)
u(x1, %, .0 X)) < a(xq,x2, ..., Xy / / . /
b1i(x10) Ybai(x20)  Vbpi(xu0)
. A\ Bi—1 yi—1
< —s‘i“)ﬂ’ T (s P

X fi(x1,X2, o0y X, S1, 52, ey S ) (U (sl,sz,..., n)) dsydss...ds,,

for x10 < x1 < Xq, 20 < x2 < Xo,0, X0 < Xy < Xy Then
()Ifk=1,

~ ~ 1/q
u(x1, %2, . %) < (anl (An(x1,x2,..., xn)>>
bin(x1) pbon(x2) by (xn)
xexp |~ / / /
b1u(x10) Jb2u(x2,0)  Jbuu(xnp)
X f_n(xl,xz,...,xn,sl,sz,...,sn)dsldsz...dsn},

for x10 < x1 < Xy, 220 < x2 < Xp,e, X0 < X < Xy Where G (u) is the inverse function of éi(u),
G; (u) is defined in Equation (27), A; i(x1,x2, ..., X ) in Equation (56), and f;(x1, X2, ..., Xn, 81,82, -, S ) iN
Equation (57).

And Xq, X5, ..., X;; € R, are chosen such that

~ ~ bln Xl bZn XZ bnn(xn)
G,-(G L (Ai(X1, X, - / / . /
b b b

1n(x1,0) Y2, (x2,0) o (Xn0)

X fi(X1, X2, oy X, 81,82, -y Sn)ds1dsy..dsy € Dom(Gi b,

fori=1,2,..,n
() Ifo<k<l,

u(xq,x2, ., xn) < {(Cnil (gn(xllxzf---,xn)»lik

1 /bln X1 /bZn /bn n(xn)
bin(x1,0) Jb2u(x20)  bun(x40)

X fu(X1,X2, ey X, S1,52, oy Sp )dS1dSy...dSy

7

]1/['1(1—7‘)]

for x19 < x1 < Xq, %00 < x2 < X, X0 < X < X

Where G, 1( ) is the inverse function of G;(ut), G;(u) is defined in Equation (29), A;(x1, X2, ..., X»)
in Equation (56), and f;(x1, x2, ..., Xy, 81,82, ..., Sn) in Equation (57).

And Xq, X5, ..., X;; € R, are chosen such that

— bin(X1) [bon(X2) by (Xn)
Gi (Gl (A%, Xa, - / / . /
b b b

1n(%10) b2, (x2,0) o (Xn,0)

X fi(X1, Xa, .., Xn, 81,82, ..., S )ds1dsy...ds, € Dom(G; 1),

fori=1,2,..,n
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4. Application

[i] In this section, we consider the following boundary value problem (BVP) for delayed fractional
partial differential equations:

(CDgo”)(x/yrZ) = U(x,y,z,u(x,y,z),u(b(x),c(y),d(z))),
u(x,y0,z0) = @(x),u(x0,y,20) = P(v), u(xo,y0,2) = $(2),

~

for x,y,z € A. Where xo = (xo0,Y0,20), U = C(A x R3,R), the functions ¢ = Cq(I,R), ¢ = Cq(J,R
¢ = Cq(T,R) and satisty the condition ¢(x9) = ¥(yo) = ¢(z0), b = CL(L 1), c = C4(],]), d =
CL(T,T), 0<b(x) <x,0<c(y) <y,0<d(z) <z

The operator CD§0 denotes the Caputo fractional function and B := (B1,B2,83) € (0,1]? is its
order. With Definitions 2 and 3, we know that

Db — pPulxy2)
( DXOu) (xy,2) = I dxdydz '

b u)(x,y,z2) = ! xyzx_sﬁlfl
(o) 2) = g o o Lo
x (y — )P~z — 1)~ Lu(s, t, T)dsdtdr.

In the following, we will discuss the boundedness, uniqueness and continuity of the solution of
Equation (1) in turn. To obtain the conditions for boundedness, we first present the estimated solution
of Equation (1).

Considering that the functions ¢, ¢ and ¢ in equation BVP (59) are all bounded, suppose that

U (x,y, 2, u(x,y,2),u(b(x),c(y),d(2))]

60
< (e, 2) W,y 2)]) + o,y 2)Wa (), (), 42D, ©0

where h; € C(A, Ry), W; satisfies assumption condition (Ks5) (i = 1,2). The estimation of u(x,y,z) in
equation BVP(59) can be obtained as follows.

u(xy2)| < G {Gz(Gll(axx,y,z»)

(61)
b(x) pey) pd(z)
+ F(x,v,z,s,tT dsdtd‘r},
/b<xo> /C(]/o) /d<zO> 2(vy )
where
Gi(v) == /” wt.i(g)' v>0v; >0, i=1,2 (62)
a1(x,y,z) = @(x) + ¢(y) + ¢(z) — ¢(x0), (63)
ay(x,y,z) := Gy(a1(x,y,2)) + ' /y /Z Fi(x,y,z,5,t, 7)dsdtdT, (64)
X0 “Yo “/zo
Fi(x,y,2,5t7) :=a(x,y,z5s,t1)hi(x,y,2), (65)
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Rz ) = oy ) llb/ (]Z{(lb@;;i') (cc—ll ((:)))'5/(;@()7)), : (66)
a(x,y,2,5,t,7) = (x — S)ﬂlr(lﬁ(i/);(gj;r(lgz)— T)ﬁrll 7

() 4o0,40) / x /yy / Fi(x,y,2,8,t, T)dsdtdT < +oo, (68)
9o oo / - / v / " Byt st < oo (69)

Proof. According to the definition of Caputo fractional partial derivative in reference [13], equation
BVP (59) can be transformed into the following equivalent integral equation.

u(x,y,z) <m xy,z)—l—/ /yo/ZO (x,¥,2,5,t,7)
x U(s, t,t,u(s,t,t),u(b(s),c(t),d(t)))dsdtdr,

(70)

for x,y,z € A. Where Where function a1 (x, y, z) is defined in Equation (63) and function a(x,y,z,s,t,T)
is defined in Equation (67). Substituting Equation (60) into Equation (70) and setting s; = b(s),
t; = c(t), n = d(t), we can deduce

u(ry2) < oy 2+ [ sty zstomsn
x Wy (Ju(s, t,7)| dsdtd'r—i—/ / / X,Y,2,5,t,T)
Yo Y20
< I, T W[ (0(5), (1), d(x) dsdra

X ry rz
<|ai(x,y,z)|+ / / a(x,y,z,5,t,T)h(s,t,T) (71)
X0 Yo /zo

X Wa(fu(s,t, T>|)d5dtd”{+/ /C(y)/
ez B, )

hy(b=1(s1),c Y1), d (T
X |b/(b2_(1 (Sl)()i‘?( 1 ((tll)))d’(d( 1(),2 NI Wa ([u(sy, t1, T)|)dsidtidTy.

Clearly, Inequality (71) satisfies the form of Equation (1) in Theorem 1, and the conditions (Kj)-
(Ks) are all assumed to hold. Therefore, the estimated equation (61) for u(x,y,z) can be obtained
from Theorem 1. Note that since the functions ¢, ¥, ¢ are all bounded functions, the holding of
equations (68) and (69) implies that the conditions (K7), (Kg) are assumed to be satisfied, thus reusing
the boundedness proof of the estimated solution u(x, y,z) in Theorem 1, we can show that u(x,y,z) is
bounded.

Next, we will discuss the uniqueness of the solution of Equation BVP (59). For all (x,y,z) € A,
suppose

U, y,2,0(x,9,2),u(b(x), e(y), d(2))) — U(x,y,2,1(x,,2), i(b(x), c(y),d(2)))|
< ha(x,y,2)Wi(lu(x,,2) - i(x,y,2))) 72)
T ha(x,y,2)Wa(Ju(b(x), (y), d(2)) — T(b(x), c(y), d(2))]),
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where h; € C(A, Ry), W; satisfies assumption condition (Ks) (i = 1,2). Suppose that both u(x, v, z)
and i(x,y, z) are solutions of Equation BVP (59), then there is at most one solution of equation BVP
(59) on A.

Proof. By equivalent integral equation (70) and setting s; = b(s), 1 = c(t), 1 = d(7), we can
deduce

lu(x,y,z) —i(x,y,z)|
X ry rz

g/ / / a(x,y,z,5,t,T)hi(s,t, T)Wi(|u(s, t,T) — (s, t, T)|)dsdtdt
X0 JYo 720

X ry [z
+ / / / a(x,y,2,5,t,T)ha(s,t,T)
X0 “Yo 720

x Wo(lu(b(s),c(t),d(t)) —u(b(s),c(t),d(T))|)dsdtdt
/ / / X,Y,2,5,t,T)hi(s, t, T)Wyr(|u(s, t,t) — (s, t,7)|)dsdtdt

/ /y / a(x,y,2,b7 (s1), e (), d 7 (1))

Tt (), e k), d M ()
P& 0 (e (E)d @ ()]

Clearly, Inequality (73) satisfies the form of equation (1) in Theorem 1, similar to the proof of the
boundedness of solutions, it can be verified that the discovery hypothesis conditions (K;)-(Ks) are all
true.

(73)

W2(|M(51,t1,1'1) — LNI(S1,t1,T1)|)d51dt1dTl.

Using Theorem 1 for Equation (70), it can be obtained
ula,,2) = (,2)| < G |GG aalx,9,2)))

b(x) re(y) pd(z)
+ / / / FE(x,y,z,5,t, T)dsdtd*r} ,
b(xo) Je(yo) Jd(zo)

where G;, F; (i = 1,2), ax(x,y, z) are respectively defined in Equation (62), Equation (65), Equation
(66), and Equation (67). It can be found that a(x,y,z) = 0, such that a;(x,y,z) = 0. Combining the
definition of G; and the properties of W;, can be obtained

(74)

lim Gj(v) = —c0, lim G; lwy=0, i=1,2 (75)

v—0 U——00

Since Equations (67) and (68) both hold, then we have

X oy [z
ar(x,y,z) := Gi(a1(x,y,2)) —|—/ / Fi(x,y,2,5,t 7)dsdtdT = —o0
X0 JYo 720

Gy H(aa(x,y,2)) =0,
Gy (Gl Yay(x,y,2) / / / (x,y,2,8,t T)dsdtdT = —
b(xo) Je(yo) Jd(z0)

b(x) pely) pd(z)
G, {GZ(G (az(x,y,2 >+/b(xo) /c(yo) /d(zo) Fy(x,y,2,5,t,T)dsdtdT| = 0.
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Therefore, the conclusion |u(x,y,z) — #i(x,y,z)| < 0is obtained from Equation (74), that is, there
isu(x,y,z) =1u(x,y,z) on (x,y,z) € A. Therefore, the uniqueness of the solution to equation BVP (59)
is proved.

Finally, we will discuss the continuous dependence of the solution of equation BVP (59) on
the given functions U, ¢, 1, ¢. Consider another delayed fractional partial differential equation BVP:

(D) (5,9,2) = Tx,,2, (5,9, 2), W(b(x), (1), (),

i(x,y0,20) = ¢(x), (%0, y,20) = P(y), #(x0,Y0,2) = §(2), (76)

(x0) = P (y0) = §(20),
for x,y,z € A. Where U = C(A x R3,R), ¢ = Cq(I,R), ¥ = Cq(J,R), ¢ = Cq(T,R). Suppose that
the function U satisfies Equation (68) on a finite interval [ := |x, xl} T = o, yl} ,T = {zo, zl} , and
A—ixfxTcRr, (‘ﬁ—u G-l l5—v
(72) is sulfficiently close to the solution u(x,y,z) in BVP (59).

7 7 7

¢ — c])D — 0. Then the solution #(x,y,z) in BVP

Proof. Using the uniqueness of the estimated solution u(x,y,z), for arbitrarily small constant xo,
assume

max ?P'—(P‘ < Xo, max ﬁ—w' < Xo, max Eﬁ—qb‘ < Xo,
xel yeJ zeT
max |U— U‘ < Xo-

(xy,z,8,tT)EN

By the equivalent integral equation (70) as well as Equations (63) and (67), and setting s; = b(s),
t1 = ¢(t), m = d(t), we can deduce

’ﬁ(x,y,z) - u(x,y,z)‘
< [5(x) = p(x) + F(y) — $(y) + $(z) — (2) + 9(x0) — §(x0)]
X oy gz B
*/x /y / a(x,y,2,5,,T)|U(s b, T, 11(s,1,7), 1(b(s), (1), d(7)))

—U(s, t,t,u(s,t,t),u(b(s),ct),d(t)))

X ry rz
<4xo +/ / / a(x,y,2,5,t,7)
X0 Yo “zo

—U(s,t,7,1(s,t,7),1(b(s),c(t),d(T)))

X ry [z
+/ / / a(x,y,2,5,t7T)
X0 JYo 720

—U(s,t, 7, u(s,t,7),u(b(s),c(t),d(t)))

dsdtdt

U(s,t,7,u(s,t,T),i(b(s),c(t),d(T)))

dsdtdt

U(s, t,T,i(s,t,T),04(b(s),c(t),d(T)))

dsdtdt
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(.X'l — XO)ﬁl (yl _yo)ﬁZ(Zl _Zo)ﬁ3
= [ T OB+ T (Bs + 1)
+/x/y/Za(x,y,z,s,t,T)hl(s,t,T)Wl(W(S,t,T)—u(s,t,r)|)dsdtd1-
*o “Yo 7 zo -

b(x) re(y) pd(z) ) » B
+/x0 /C(yo /ZO w(x,y,2,b" (s1),¢(t1),d (1))

ha (b~ (s1),c M (t), 4~ (7)) ~
X (0 2 (sl))i’( Tt 1))d’(d 11( ))|W2(|”(51,f1,T1)—”(51,f1,T1)|)d51dt1dT1-

Clearly, Inequality (77) satisfies the form of equation (1) in Theorem 1, applying Equation (77), we
can obtain that

i, w,2) ~ 2] < G [Gal(61 (2w, 2)

b(x) pely) rd(z)
+ / / / FE(x,y,z,5,t, T)dsdtd"r} ,
b(xo) Je(yo) Jd(zo)

(78)

where

s 50— w0 2P
a(x,y,z) = {4 + LB +1)T(B2+1)T(B3+1)

} X0,

Gi, Fi (i=1,2), ay(x,y, z) are respectively defined in Equation (62), Equation (65), Equation (66), and
Equation (67). It can be concluded that when xo — 0, a;(x,y,z) — 0 (i = 1,2). Finally, through
equations (75) and (78), we can obtain:

lim [7(x,y,2) — u(x,y,2)| = 0.

Xo—0

Thus, the continuity of the solution of the equation has been proven.

[ii] Consider the following inequality

1/5 1/2
”(x’y’z)—x+y+z+1 / //

( —t) 1/5f_1/2( o ) 1/5 xyZE_S_Zt_3T

Ju(s, t, T dsdtdr+/ / / ~1/54-1/2

x (y— )" VO 12 (7 — )~ V3¢= V2, Ju(s, t, T)dsdtdr,

(79)

forx>0,y>0z20 Leta; =1(i=12),p1=27=3p=37=35 Fomy >1—
and p > 1, we get 1 < p < 2; And then from % +a;(Bi —1)+7;—1 > 0, we can take p = 4. It’s
easy to compute g = 4 from % + % = 1. Leta(x,y,z) = m, fi(x,y,2,5,t,7) = xyze 2737,
fo(x,y,2,8,t,7) =1, Wi (u) = /u, Wo(u) = \/u again, it follows that WZ(”) 1/6

: Wi ~
nondecreasing.
Obviously, Equation (75) satisfies the conditions in Theorem 2, so it is easy to calculate from

Theorem 2 as follows.

is monotonically

a(x,y,z) = max a(o,u,0) =1,

A(x,y,2z) =2+ 1)47154(x,y,z) =27,
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_ 3/p
= P (aye) VP B PO DL gy 1) 41

&1
— (xyz)/2B B, %} 9/4’
Hy = a7 (x Z)(l/P)+az(ﬁz—1)+(72—1)B{P(’Yz DALy 1]3/”
2= 0 Yy 0 +Pp2
— (xyz)l/zBBrng,
fl(x,y, z,5,t,T) = filo,u,g,s,t,7) = xyze_S_Zt_3T,

max
0<or<x,0<p<y0<i<z

fZ(xryrZ/S/t/T) = fZ(O'/]’lrgrS/t/T) :]-r

j?l(x, v,z,5t7T)=(2+ 1)4*1H%ff(x, Y,2,5,t,T)
1 117°
_ 21/5p |~ 1| ,—4s—8t—121
= 27(xyz) 3[3, 15] e ,

fz(x, ¥,2,5t7T)=(2+ 1)4_1H§f§(x, Y,2,5,t,T)
5 5}9

= 27(xyz)/°B [9, 3

A v 1 3
Gl(v) - /v %d(’;’ — E ('02/3 - ’U%/B), (% Z Ul > 0
1

G}(v):/vv 1 d¢ =2(vo— /1), v>0v;>0.

N
Nat] |

2

6, '(0) = (5 +vo2)

A VE [V pVE
Aa(xy2) = Gl 2) + [ [V [ filryz st vdsdtar

9 1 117°

_2/3\ 7 21/5 -
(9-4") 128 (*¥2) 3{3’15]
e

1) (eI 1) (eT12VE 1),

3
2

X
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Since fvolo %Cd@' = 00 dZ = 00,80 X = 00, Y = o0, Z = oo. Therefore, Theorem 2 of this

paper can be obtained

’fllzf

{Gzl {GZ T (Az(x,y,2) / / / falx,y,2,5,t, T)dsdtdr] }1/4
:{ 9 (2 )21/513[; m (e —1) (e 1) (612\/2_1)]3/4

1/2
27
LI
forx >0,y >0,z > 0. Which implies that u(x, y, z) in Equation (79) is bounded.
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