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Abstract
We establish the estimation of solutions of two classes of weakly singular Wendroff-type integral 
inequalities of multiple variables with multiple nonlinear terms, apply them to fractional partial 
differential equations, and give the proof procedures for uniqueness, boundedness and continuous 
dependence.
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1. Introduction
The research significance of singular kernel integral inequality is that it provides a theoretical

framework for dealing with integral equations with singular kernels, which is widely used in mathe-
matical analysis, physics, engineering and other fields. Such inequalities can help to analyze and solve
systems with singular properties, especially in describing nonlinear and non-smooth problems. Its
practical value is reflected in several aspects: in signal processing, image reconstruction, quantum
mechanics, fluid dynamics and other fields, singular kernel integral inequalities can be used to describe
complex physical phenomena, such as electromagnetic fields, particle propagation, etc. In addition, it
also plays an important role in numerical analysis and optimization algorithms, helping to improve
the solution efficiency and accuracy. Through in-depth study of these inequalities, we can promote the
modeling, analysis and solution of practical problems. Singular integral inequality is a very important
part in the theory of differential equations, and a series of results have been obtained in this field.

For example, in 1981, Henry [1] proposed a linear integral inequality with a singular kernel,
shown as follows:

u(t) ≤ a + b
∫ t

0
(t − s)β−1u(s)ds.

The results can be used to study the qualitative property equations of parabolic differentials.
In 1997, Medveď [2] gave a new method to study linear and nonlinear singular integral Gronwall-

Bellman-Bihari-type inequality and Henry-type inequality, which is shown as follows:

u(t) ≤ a(t) +
∫ t

0
(x − s)β−1sγ−1F(s)u(s)ds,

u(t) ≤ a(t) +
∫ t

0
(x − s)β−1F(s)w(u(s))ds,
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and the estimates of the solutions are given separately.
In 2002, Ma and Yang [3] studied more generalized weakly singular Volterra-type integral in-

equalities using the improved Medveď method. It looks like this:

u(t) ≤ a(t) + b(t)
∫ t

0
(tα − sα)β−1sγ−1g(s)u(s)ds

+ c(t)
∫ t

0
(tα − sα)β−1sγ−1g(s)ω(u(s))ds.

In 2008, Wu [4] studied a class of weakly odd Volterra-type integral inequalities with n nonlinear
terms, which are shown as follows:

u(t) ≤ a(t) +
n

∑
i=1

∫ bi(t)

bi(0)
(tαi − sαi )βi−1sγi−1 fi(t, s)wi(u(s))ds.

Thereafter, in 2008, Cheung et al. [5] respectively studied the following binary weakly singular
Wendroff-type integral inequalities by applying the method in reference [3], which are shown as
follows:

up(x, y) ≤ a(x, y) + b(x, y)
∫ x

0

∫ y

0
(xα − sα)β−1sγ−1

× (yα − tα)β−1tγ−1 f (s, t)uq(s, t)dtds.

On this basis, in 2010, Wang and Zheng [6] discussed a more general form of nonlinear Wendroff-
type weakly singular integral inequality for a class of binary functions, which is shown as follows:

u(x, y) ≤ a(x, y) +
∫ x

0

∫ y

0
(xα − sα)β−1sγ−1

× (yα − tα)β−1tγ−1 f (x, y, s, t)w(u(s, t))dsdt.

In 2013, Wu et al. [7] studied a new class of weakly singular Wendroff-type integral inequalities,
which are shown as follows:

u(x, y) ≤ a(x, y)

+
∫ x

0

∫ y

0
(xα1 − sα1)β1−1sγ1−1(yα2 − tα2)β2−1

× tγ2−1 f1(x, y, s, t)w(u(s, t))dsdt

+
∫ x

0

∫ y

0
(xα3 − sα3)β3−1sγ3−1(yα4 − tα4)β4−1

× tγ4−1 f2(x, y, s, t)u(s, t)dsdt.

Subsequently, in 2014, the weakly singular Wendroff-type integral inequalities of two nonlinear terms
were studied in [8], which are shown as follows:

u(x, y) ≤ a(x, y) +
2

∑
i=1

∫ x

0

∫ y

0
(xαi − sαi )βi−1sγi−1(yσi − tσi )µi−1

× tτi−1 fi(x, y, s, t)wi(u(s, t))dsdt.

On the basis of Zheng [6] and Wu [8], in 2017, Liu [9] studied a class of weakly singular Wendroff-
type integral inequalities with n nonlinear terms, which are shown as follows:

u(x, y) ≤ a(x, y) +
n

∑
i=1

∫ x

0

∫ y

0
(xαi − sαi )βi−1sγi−1(yσi − tσi )µi−1

× tτi−1 fi(x, y, s, t)wi(u(s, t))dsdt.
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In 2024, Yang [10] studied a class of generalized Wendroff-type weakly singular integral inequali-
ties, which are shown as follows:

u(x, y) ≤ a(x, y) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(x)

ci(x0)
αi(x, y, s, t) fi(x, y, s, t)wi(u(s, t))dsdt.

More work on singular integral inequalities is emerging, see ref. [14–16]. It can be seen that
with the development of integral and differential equations, some new integral inequalities need to
be considered in order to meet the wider application of differential and integral equations. In this
paper we focus on Wendroff-type integral inequalities and their application to the study of well-posed
solutions of differential and integral equations.

On the basis of reference [3–10], this paper considers the weakly singular Wendroff-type integral
inequality of multiple variables with n nonlinear terms as follows.

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
(xαi − sαi )βi−1sγi−1

× (yαi − tαi )βi−1tγi−1(zαi − ταi )βi−1τγi−1 fi(x, y, z, s, t, τ)

× Wi(u(s, t, τ))dsdt,

u(x1, x2, ..., xn) ≤ a(x1, x2, ..., xn) +
n

∑
i=1

∫ b1,i(x1)

b1,i(x1,0)

∫ b2,i(x2)

b2,i(x2,0)
...
∫ bn,i(xn)

bn,i(xn,0)

×
(

xαi
1 − sαi

1
)βi−1sγi−1

1 (xαi
2 − sαi

2 )βi−1sγi−1
2 ...(xαi

n − sαi
n )βi−1sγi−1

n

× fi(x1, x2, ..., xn, s1, s2, ..., sn)Wi(u(s1, s2, ..., sn))ds1ds2...dsn.

Before this, we need to study the estimation of the solution of a class of Wendroff-type integral
inequalities as a theorem that can be used to refer to. Secondly, combined with the modified Medved
method, we can obtain the estimation of unknown functions of Wendroff-type weakly singular integral
inequalities. Finally, it is applied to study the boundedness, uniqueness and continuous dependence of
solutions of fractional partial differential equations.

2. Definitions and Lemmas
Definition 1 (see [10]). (Nondecreasing and expanding large monotonicity) For a given number of
functional f , such as fruit set and conformity on f of reduction function mon( f ) ≥ f is set up, says
mon( f ) is the reduction of f amplification drab.
Definition 2 The Riemann-Liouville integral of order α of a function f (t) with respect to t is defined
as

Iα
t f (t) =

1
Γ(α)

∫ t

0
(t − s)α−1 f (s)ds, t ≥ 0.

Definition 3 The derivative of a function f (t) with respect to t of order γ is defined as

Dγ
t f (t) =

1
Γ(1 − γ)

d
dt

∫ t

0
(t − s)−γ f (s)dt, t ≥ 0.

Lemma 1 (see [3]). Let α , β , γ and p be positive constants. Then,

∫ t

0
(tα − sα)p(β−1)sp(γ−1)ds =

tθ

α
B
[

p(γ − 1) + 1
α

, p(β − 1) + 1
]

, t ≥ 0.
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Where B[ξ, η] =
∫ 1

0 sξ−1(1 − s)η−1ds(Re ξ > 0, Re η > 0) is well-known B-function and
θ = p[α(β − 1) + γ − 1] + 1.

Lemma 2 (see [3]). (Discrete Jensen’s inequality) Let A1, A2, ..., An be nonnegative real numbers, r > 1
be real numbers and n be natural numbers, then

(A1, A1, ..., An)
r ≤ nr−1(Ar

1, Ar
2, ..., Ar

n).

Lemma 3 (see [12]). (Holder integral inequality) Suppose the function f (x) ∈ Lp ([t0,+∞],R), the
function g(x) ∈ Lq([t0,+∞],R), the constant p, q ≥ 1 and 1/p + 1/q = 1. Then

∫ t

t0

| f (s)g(s)|ds ≤
(∫ t

t0

| f (s)|pds
) 1

p
(∫ t

t0

|g(s)|qds
) 1

q
.

Lemma 4 (see [12]). Suppose the function f (x) ∈ Lp ([t0,+∞],R), the function g(x) ∈ Lq([t0,+∞],R),
the constant p, q ≥ 1 and 1/p + 1/q = 1, α(t) is a continuously differentiable nondecreasing function,
α(t) ≤ t, α(t0) = t0. Then

∫ α(t)

α(t0)
| f (s)g(s)|ds ≤

(∫ α(t)

α(t0)
| f (s)|pds

) 1
p
(∫ α(t)

α(t0)
|g(s)|qds

) 1
q

.

3. Main Results
In this section, we will prove estimates of solutions of weakly singular integral inequalities of

Wendroff-type for multiple variables with n nonlinear terms. In this chapter, let R denote the set
of real numbers, R+ denotes the set of nonnegative real numbers. x0, y0 is a constant real number,
I := (x0,+∞), J := (y0,+∞), T := (z0,+∞), Λ = I × J × T ⊂ R3, define the following set of
functions:

Ω(R+,R+) := {φ : R+ → R+|φ is a nondecreasing function },

C1(I, I) := {φ : I → I|φ is a continuously differentiable function },

C(Λ,R+) := {φ : Λ → R+|φ is a continuous function },

CΩ(Λ,R+) :=

{
φ : Λ → R+

∣∣∣∣∣ φ is continuous and nondecreasing
with respect to each variable

}
.

Assume that

(K1) αi ∈ (0, 1], βi ∈ (0, 1), p > 1 and satisfy p(βi − 1) + 1 > 0, γi > 1 − 1
p

and
1
p

+ αi(βi − 1) + γi − 1 ≥ 0 , where i = 1, 2, ..., n.

(K2) a ∈ CΩ(Λ,R+).

(K3) bi ∈ C1(I, I) ∩ Ω(I, I), ci ∈ C1(J, J) ∩ Ω(J, J), di ∈ C1(T, T) ∩ Ω(T, T) , and

for all x ∈ I, y ∈ J, z ∈ T there exists 0 ≤ bi (x) ≤ x, 0 ≤ ci (y) ≤ y, 0 ≤ di(z)

≤ z.
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(K4) fi(·, ·, ·, s, t, τ) ∈ CΩ(Λ,R+), fi(x, y, z, ·, ·, ·) ∈ C(Λ,R+).

(K5) Wi(η) ∈ Ω(R+,R+) is monotonically nondecreasing, when η > 0 has Wi(η) >

0, and
W2(η)

W1(η)
,

W3(η)

W2(η)
, · · · ,

Wn(η)

Wn−1(η)
is monotonically nondecreasing, where i

= 1, 2, ..., n.

(K6) Ii := (xi,+∞), Λ1 =
n

∏
i=1

Ii ⊂ Rn, a ∈ CΩ(Λ1,R+), bi ∈ C1(Ii, Ii) ∩ Ω(Ii, Ii),

and for all xi ∈ Ii, there exists 0 ≤ bi,j(xi) ≤ xi. fi(·, ·, ..., ·, s1, s2, ..., sn) ∈
CΩ(Λ1,R+), fi(x1, x2, ..., xn, ·, ·, ..., ·) ∈ C(Λ1,R+).

Theorem 1 Under the condition that Assumption (K2)-(K5) holds, if u ∈ C(Λ,R+), and u(x, y, z)
satisfies the weakly singular integral inequality

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× fi(x, y, z, s, t, τ)Wi(u(s, t, τ))dsdtdτ,

(1)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Then

u(x, y, z) ≤ G−1
n

[
Gn

(
G−1

n−1(an(x, y, z))
)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]
,

(2)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Where

a1(x, y, z) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

a(σ, µ, ζ), (3)

ai(x, y, z) = Gi−1

(
G−1

i−2(ai−1(x, y, z))
)

+
∫ bi−1(x)

bi−1(x0)

∫ ci−1(y)

ci−1(y0)

∫ di−1(z)

di−1(z0)
f̂i−1(x, y, z, s, t, τ)dsdtdτ,

(4)

for i = 2, 3, ..., n.

f̂i(x, y, z, s, t, τ) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

fi(σ, µ, ζ, s, t, τ), (5)

G−1
i (v) is the inverse function of Gi(v),

Gi(v) =
∫ v

vi

dξ

Wi(ξ)
, v ≥ vi > 0, i = 1, 2, ..., n. (6)

And X, Y, Z ∈ R+ are chosen such that

Gi

(
G−1

i−1(ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)

× f̂i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(G−1
i ).

(7)
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Remark From Definition 1, we know that, when assuming that Condition (K2), (K4), (K5) does not
hold, we can solve the auxiliary inequality of (1) as follows

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
fi(x, y, z, s, t, τ)

× Wi(u(s, t, τ))dsdtdτ

≤ mon(a)(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
mon( fi)(x, y, z, s, t, τ)

× Wi(u(s, t, τ))dsdtdτ.

The induction hypothesis will be used next to prove Theorem 1.
Proof. Mathematical induction is used.

Let the right-hand side of inequality (1) be the function v(x, y, z),

v(x, y, z) = a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× fi(x, y, z, s, t, τ)Wi(u(s, t, τ))dsdtdτ,

(8)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Which is

u(x, y, z) ≤ v(x, y, z). (9)

(i) When n = 1, for any definite x̃ ∈
[

x0, X
]
, ỹ ∈

[
y0, Y

]
, z̃ ∈

[
z0, Z

]
, and the definition of (3) and (5),

then follows from Equation (8)

v(x, y, z) = a(x̃, ỹ, z̃) +
∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)

× f1(x̃, ỹ, z̃, s, t, τ)W1(u(s, t, τ))dsdtdτ,
(10)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Take the partial derivative of the left and right sides of (10) with respect to x, using the function

Wi(v) > 0 (i = 1, 2, ..., n) and monotonically nondecreasing with respect to u can be obtained

dv(x, y, z)
dx

= b′1(x)
∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, x, t, τ)W1(u(x, t, τ))dtdτ

≤ b′1(x)W1(v(x, y, z))
∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, x, t, τ)dtdτ,

(11)

Equation (11) shows that,

dv(x, y, z)
W1(v(x, y, z))

≤
[

b′1(x)
∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, x, t, τ)dtdτ

]
dx, (12)

it follows from W1(v) > 0, ntegrating both sides of (12) from x0 to x, and having the definition of G1(v)
in Equation (6)

G1(v(x, y, z))− G1(v(x0, y, z))

≤
∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, s, t, τ)dsdtdτ,

(13)
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since v(x0, y, z) = a1(x̃, ỹ, z̃), the arrangement of Equation (13) can be obtained

v(x, y, z) ≤ G−1
1

[
G1(a1(x̃, ỹ, z̃)) +

∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Since x̃, ỹ, and z̃, are arbitrary, we replace x̃, ỹ, and z̃ by x, y, z, respectively. And it can be obtained

from Equation (9):

u(x, y, z) ≤ G−1
1

[
G1(a1(x, y, z)) +

∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x, y, z, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
So when n = 1, Equation (2) holds.

(ii) Suppose that when n = k, Equation (2) holds. The proof is that when n = k + 1, Equation (2) also
holds. For any definite x̃ ∈

[
x0, X

]
, ỹ ∈

[
y0, Y

]
, z̃ ∈

[
z0, Z

]
, and the definition of (3) and (5), then

follows from Equation (8)

v(x, y, z) = a1(x̃, ỹ, z̃) +
k+1

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× f̂i(x̃, ỹ, z̃, s, t, τ)Wi(u(s, t, τ))dsdtdτ,

(14)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Take the partial derivative of the left and right sides of (14) with respect to x, using the function

Wi(v) > 0 (i = 1, 2, ..., n) and monotonically nondecreasing with respect to v can be obtained

dv(x, y, z)
dx

=
k+1

∑
i=1

b′i(x)
∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̂i(x̃, ỹ, z̃, x, t, τ)Wi(v(x, t, τ))dtdτ

≤ W1(v(x, y, z))b′1(x)
∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, x, t, τ)dtdτ

+
k+1

∑
i=2

b′i(x)
∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̂i(x̃, ỹ, z̃, x, t, τ)Wi(v(x, t, τ))dtdτ,

we have

dv(x, y, z)
W1(v(x, y, z))

≤
[

b′1(x)
∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, x, t, τ)dtdτ

]
dx

+
k

∑
i=1

[
b′i+1(x)

∫ ci+1(y)

ci+1(y0)

∫ di+1(z)

di+1(z0)
f̂i+1(x̃, ỹ, z̃, x, t, τ)

× Wi+1(v(x, t, τ))

W1(v(x, t, τ))
dtdτ

]
dx.

(15)
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Let Mi+1(u) =
Wi+1(v)
W1(v)

(i = 1, 2, ..., k), it follows from the definition of W1(v) that Mi+1(v) is

a monotone and nonnegative function, and M3(v)
M2(v)

, M4(v)
M3(v)

, Mk+1(v)
Mk(v)

is monotone and nondecreasing,
integrating from x0 to x on both sides of Equation (15), and it follows from the definition of G1(v) that:

G1(v(x, y, z))− G1(v(x0, y, z))

≤
∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, s, t, τ)dsdtdτ

+
k

∑
i=1

∫ bi+1(x)

bi+1(x0)

∫ ci+1(y)

ci+1(y0)

∫ di+1(z)

di+1(z0)
f̂i+1(x̃, ỹ, z̃, s, t, τ)

× Mi+1[v(s, t, τ)]dsdtdτ,

(16)

since v(x0, y, z) = a1(x̃, ỹ, z̃), the arrangement of Equation (16) can be obtained

G1(v(x, y, z)) ≤ G1(a1(x̃, ỹ, z̃)) +
∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)

× f̂1(x̃, ỹ, z̃, s, t, τ)dsdtdτ

+
k

∑
i=1

∫ bi+1(x)

bi+1(x0)

∫ ci+1(y)

ci+1(y0)

∫ di+1(z)

di+1(z0)
f̂i+1(x̃, ỹ, z̃, s, t, τ)

× Mi+1[v(s, t, τ)]dsdtdτ.

(17)

According to Equation (4), the definition of a2(x, y, z) is as follows.

a2(x̃, ỹ, z̃) = G1(a1(x̃, ỹ, z̃)) +
∫ b1(x)

b1(x0)

∫ c1(y)

c1(y0)

∫ d1(z)

d1(z0)
f̂1(x̃, ỹ, z̃, s, t, τ)dsdtdτ.

Then Equation (17) can be reduced to

G1(v(x, y, z)) ≤ a2(x̃, ỹ, z̃) +
k

∑
i=1

∫ bi+1(x)

bi+1(x0)

∫ ci+1(y)

ci+1(y0)

∫ di+1(z)

di+1(z0)

× f̂i+1(x̃, ỹ, z̃, s, t, τ)Mi+1[v(s, t, τ)]dsdtdτ,

(18)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Let

G1(v(x, y, z)) = g(x, y, z), (19)

then

v(x, y, z) = G−1
1 (g(x, y, z)). (20)

Using Equations (19) and (20), Equation (18) can be transformed into

g(x, y, z) ≤ a2(x̃, ỹ, z̃) +
k

∑
i=1

∫ bi+1(x)

bi+1(x0)

∫ ci+1(y)

ci+1(y0)

∫ di+1(z)

di+1(z0)

× f̂i+1(x̃, ỹ, z̃, s, t, τ)Mi+1[G−1
1 (g(s, t, τ))]dsdtdτ,

(21)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Equation (21) has the same form as Equation (1). From functions a2(x̃, ỹ, z̃) and Mi+1(v) satisfying
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the conditions of functions a(x, y, z) and Wi(v) in Equation (1) respectively, and from the result of
induction hypothesis n = k, we obtain

g(x, y, z) ≤ Φ−1
k+1

[
Φk+1

(
Φ−1

k (ak+1(x, y, z))
)

+
∫ bk+1(x)

bk+1(x0)

∫ ck+1(y)

ck+1(y0)

∫ dk+1(z)

dk+1(z0)
f̂k+1(x, y, z, s, t, τ)dsdtdτ

]
,

(22)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Where

Φk+1(v) =
∫ v

ṽk+1

dξ

Mk+1

(
G−1

1 (ξ)
) ,

Equation (19) shows that

ṽk+1 = G1(vk+1).

Φ−1
k+1(v) is the inverse function of Φk+1(v), and notice that

Φk+1(v) =
∫ v

ṽk+1

dξ

Mk+1

(
G−1

1 (ξ)
) =

∫ v

G1(vk+1)

W1

(
G−1

1 (ξ)
)

Wk+1

(
G−1

1 (ξ)
)dξ

=
∫ G−1

1 (v)

vk+1

dξ

Wk+1(ξ)
= Gk+1

(
G−1

1 (v)
)

.

So

Φ−1
k+1(v) = G1

(
G−1

k+1(v)
)

, (23)

Φk(v) = Gk

(
G−1

1 (v)
)

. (24)

Then Equation (22) can be arranged by Equation (23) and Equation (24) as follows.

g(x, y, z) ≤ G1

{
G−1

k+1

[
Gk+1

(
G−1

k (ak+1(x, y, z))
)

+
∫ bk+1(x)

bk+1(x0)

∫ ck+1(y)

ck+1(y0)

∫ dk+1(z)

dk+1(z0)
f̂k+1(x, y, z, s, t, τ)dsdtdτ

]}
,

(25)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Furthermore, Equation (25) can be transformed from Equation (19) and (9) to

u(x, y, z) ≤ G−1
k+1

[
Gk+1

(
G−1

k

(
ak+1(x, y, z)

))
+
∫ bk+1(x)

bk+1(x0)

∫ ck+1(y)

ck+1(y0)

∫ dk+1(z)

dk+1(z0)
f̂k+1(x, y, z, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Thus when n = k + 1, the proposition also holds.
Finally, Theorem 1 is proved by (i) and (ii).

Judging the boundedness of the solutions of integral inequalities leads to the boundedness
of the solutions of the corresponding integral or differential equations. Next we can discuss the bound-
edness of Equation (1). Judging the boundedness of Equation (1) with recursive form requires the
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following assumption:
(K7) a ∈ CΩ(Λ,R+) is bounded.
(K8) For all f̂i, bi, ci, di such that:

lim
(x,y,z)→(+∞,+∞,+∞)

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̂i(x, y, z, s, t, τ)dsdtdτ < +∞.

From the assumption condition (K7), we know that function a1(x, y, z) is bounded, and combin-
ing with Equations (4) and (6) in Theorem 1, we can show that function ai(x, y, z) (i = 1, 2, ..., n) is
bounded. It is also known from the assumption condition (K8) that the function u(x, y, z) is bounded
with respect to (x, y, z) ∈ Λ in Inequality (1).

Corollary 1 Under the condition that Assumption (K2)-(K4) holds, if u ∈ C(Λ,R+), and u(x, y, z)
satisfies the weakly singular integral inequality

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× fi(x, y, z, s, t, τ)(u(s, t, τ))kdsdtdτ,

(26)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Then
(i) If k = 1,

u(x, y, z) ≤ G̃−1
n−1(an(x, y, z))exp

[∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Where G̃−1

i (v) is the inverse function of G̃i(v),

G̃i(v) =
∫ v

vi

dξ

ξ
= ln

v
vi

, v ≥ vi > 0, i = 1, 2, ..., n. (27)

G̃−1
i (v) = viev, Dom(G̃−1

i ) = [0, ∞), i = 1, 2, ..., n. (28)

And X, Y, Z ∈ R+ are chosen such that

G̃i

(
G̃−1

i−1(ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)

× f̂i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(G̃−1
i ).

(ii) If 0 < k < 1,

u(x, y, z) ≤
[(

G−1
n−1(an(x, y, z))

)1−k
+ (1 − k)

×
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]1/(1−k)

,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Where G−1

i (v) is the inverse function of Gi(v),

Gi(v) =
∫ v

vi

dξ

ξk =
1

1 − k

(
v1−k − v1−k

i

)
, v ≥ vi > 0, i = 1, 2, ..., n. (29)
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G−1
i (v) =

(
v1−k

i + (1 − k)v
)1/(1−k)

,

Dom(G−1
i ) = [0, ∞), i = 1, 2, ..., n.

(30)

And X, Y, Z ∈ R+ are chosen such that

Gi

(
G−1

i−1(ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)

× f̂i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(G−1
i ).

The functions ai(x, y, z), f̂i(x, y, z, s, t, τ) are all defined in Theorem 1.

Proof. It is not difficult to see that inequality (26) is a special case of the inequality (1) in Theo-
rem 1, and taking W[η] = ηk yields inequality (26). When applying Theorem 1 to inequality (26), since
(i) If k = 1, from Equation (2) combined with Equation (27) , we can obtain the following.

u(x, y, z) ≤ G̃−1
n

[
ln

(
1
vn

(
G̃−1

n−1
(
an(x, y, z)

)))

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]
,

(31)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
The Equation (31) is combined with Equation (28) to obtain

u(x, y, z) ≤ G̃−1
n−1(an(x, y, z))exp

[∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
(ii) If 0 < k < 1, from inequality (2) combined with Equations (29), we can obtain the following.

u(x, y, z) ≤ G−1
n

[
1

1 − k

((
G−1

n−1
(
an(x, y, z)

))1−k
− v1−k

n

)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]
,

(32)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
The inequality (32) is combined with equation (30) to obtain

u(x, y, z) ≤
[(

G−1
n−1(an(x, y, z))

)1−k
+ (1 − k)

×
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̂n(x, y, z, s, t, τ)dsdtdτ

]1/(1−k)

,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
It follows from (i) and (ii) that Corollary 1 is proved.
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Theorem 2 Under the condition that Assumption (K1)-(K5) holds, if u ∈ C(Λ,R+), and u(x, y, z)
satisfies the weakly singular integral inequality

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
(xαi − sαi )βi−1sγi−1

× (yαi − tαi )βi−1tγi−1(zαi − ταi )βi−1τγi−1

× fi(x, y, z, s, t, τ)Wi(u(s, t, τ))dsdtdτ,

(33)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Then

u(x, y, z) ≤
{

Ĝ−1
n

[
Ĝn

(
Ĝ−1

n−1

(
An(x, y, z)

))
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

,

(34)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Where

1
p
+

1
q
= 1,

ã(x, y, z) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

a(σ, µ, ζ), (35)

A1(x, y, z) = (n + 1)q−1 ãq(x, y, z), (36)

Ai(x, y, z) = Ĝi−1

(
Ĝ−1

i−2(Ai−1(x, y, z))
)

+
∫ bi−1(x)

bi−1(x0)

∫ ci−1(y)

ci−1(y0)

∫ di−1(z)

di−1(z0)
f̃i−1(x, y, z, s, t, τ)dsdtdτ,

(37)

for i = 1, 2, ..., n.

f̂i(x, y, z, s, t, τ) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

fi(σ, µ, ζ, s, t, τ), (38)

f̃i(x, y, z, s, t, τ) = (n + 1)q−1Hq
i f̂ q

i (x, y, z, s, t, τ), (39)

for i = 1, 2, ..., n.

Hi = α
−3/p
i (xyz)(1/p)+αi(βi−1)+(γi−1)B

[
p(γi − 1) + 1

αi
, p(βi − 1) + 1

]3/p
,

for i = 1, 2, ..., n.
Ĝ−1

i (v) is the inverse function of Ĝi(v),

Ĝi(v) =
∫ v

vi

dξ

W̃i(ξ)
, v ≥ vi > 0, i = 1, 2, ..., n. (40)

Where

W̃i(u) = Wq
i (u

1/q). (41)
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And X, Y, Z ∈ R+ are chosen such that

Ĝi

(
Ĝ−1

i−1(ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)

× f̃i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(Ĝ−1
i ),

for i = 1, 2, ..., n.

Proof. Let 1
p + 1

q = 1, and p > 1, q > 0, apply Lemma 4 to Equation (33), and it follows

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

( ∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
(xαi − sαi )p(βi−1)sp(γi−1)

× (yαi − tαi )p(βi−1)tp(γi−1)(zαi − ταi )p(βi−1)τp(γi−1)
)1/p

×
(∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f q
i (x, y, z, s, t, τ)Wq

i (u(s, t, τ))dsdtdτ

)1/q

,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Since 0 ≤ bi(x) ≤ x, 0 ≤ ci(y) ≤ y, 0 ≤ di(z) ≤ z can be obtained

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

( ∫ x

0

∫ y

0

∫ z

0
(xαi − sαi )p(βi−1)sp(γi−1)

× (yαi − tαi )p(βi−1)tp(γi−1)(zαi − ταi )p(βi−1)τp(γi−1)
)1/p

×
(∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f q
i (x, y, z, s, t, τ)Wq

i (u(s, t, τ))dsdtdτ

)1/q

,

(42)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Defining the function N1, N2, N3, and using Lemma 1 can be obtained

N1 =
∫ x

0
(xαi − sαi )p(βi−1)sp(γi−1)ds =

xθi

αi
B
[

p(γi − 1) + 1
αi

, p(βi − 1) + 1
]

,

N2 =
∫ y

0
(yαi − tαi )p(βi−1)tp(γi−1)ds =

yθi

αi
B
[

p(γi − 1) + 1
αi

, p(βi − 1) + 1
]

,

N3 =
∫ z

0
(zαi − ταi )p(βi−1)τp(γi−1)ds =

zθi

αi
B
[

p(γi − 1) + 1
αi

, p(βi − 1) + 1
]

,

where θi = p(αi(βi − 1) + γi − 1) + 1, i = 1, 2, ..., n.
Define the function Hi as

Hi = (N1N2N3)
1/p

= α
−3/p
i (xyz)(1/p)+αi(βi−1)+(γi−1)B

[
p(γi − 1) + 1

αi
, p(βi − 1) + 1

]3/p
,

(43)
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for i = 1, 2, ..., n.
From Equation (43), Equation (42) is changed to

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

Hi

(∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f q
i
(
x, y, z, s, t, τ

)
× Wq

i
(
u(s, t, τ)

)
dsdtdτ

)1/q

,

(44)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Taking a constant q to the second power on both sides of Equation (44) and applying Lemma 2,

we obtain the following result.

uq(x, y, z) ≤ (n + 1)q−1
[

aq(x, y, z) +
n

∑
i=1

Hq
i

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× f q
i (x, y, z, s, t, τ)Wq

i (u(s, t, τ))dsdtdτ

]
,

(45)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
It follows from Equations (35) and (38) that a(x, y, z) ≤ ã(x, y, z), fi(x, y, z, s, t, τ) ≤ f̂i(x, y, z, s, t, τ),

and ã(x, y, z) are monotonically nondecreasing with respect to x, y, z, and f̂i(x, y, z, s, t, τ) is continuous
and monotonically nondecreasing with respect to x, y, z. Equation (45) can then be transformed into

uq(x, y, z) ≤ (n + 1)q−1
[

ãq(x, y, z) +
n

∑
i=1

Hq
i

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)

× f̂ q
i (x, y, z, s, t, τ)Wq

i (u(s, t, τ))dsdtdτ

]
,

(46)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
For any fixed value of x̃ ∈ [x0, X], ỹ ∈ [y0, Y], z̃ ∈ [z0, Z], and Equation (36) and Equation (39)

make Equation (46) become

uq(x, y, z) ≤ A1(x̃, ỹ, z̃) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̃ q
i (x, y, z, s, t, τ)

× Wq
i (u(s, t, τ))dsdtdτ,

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Let the function Vi(x, y, z) be

Vi(x, y, z) = A1(x̃, ỹ, z̃) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̃ q
i (x, y, z, s, t, τ)

× Wq
i (u(s, t, τ))dsdtdτ,

(47)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
And from Equation (47) we can get

Vi(x0, y, z) = A1(x̃, ỹ, z̃), (48)

uq(x, y, z) ≤ Vi(x, y, z) ⇒ u(x, y, z) ≤ V1/q
i (x, y, z), (49)
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from Equation (49), Equation (48) can be changed into

Vi(x, y, z) = A1(x̃, ỹ, z̃) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̃ q
i (x̃, ỹ, z̃, s, t, τ)

× Wq
i

(
V1/q

i (s, t, τ)
)

dsdtdτ,

(50)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Define G̃i(u) in Equation (40), using Equation (41) can make Equation (50) become

Vi(x, y, z) = A1(x̃, ỹ, z̃) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
f̃ q
i (x̃, ỹ, z̃, s, t, τ)

× W̃i(V(s, t, τ))dsdtdτ,

(51)

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
From the definitions of A1(x̃, ỹ, z̃), f̃i(x̃, ỹ, z̃, s, t, τ), and W̃i(V(s, t, τ)), we know that A1(x̃, ỹ, z̃),

f̃i(x̃, ỹ, z̃, s, t, τ), and W̃i(V(s, t, τ)) satisfy the conditions of functions a(x, y, z), fi(x, y, z, s, t, τ), and
Wi(v) in Theorem 1, respectively, then Equation (51) can be obtained by applying Theorem 1 as follows.

Vi(x, y, z) ≤ Ĝ−1
n

[
Ĝn

(
Ĝ−1

n−1(An(x̃, ỹ, z̃))
)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x̃, ỹ, z̃, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ x̃ ≤ X, y0 ≤ y ≤ ỹ ≤ Y, z0 ≤ z ≤ z̃ ≤ Z.
Since x̃, ỹ and z̃ are arbitrary, we replace x̃, ỹ and z̃ by x, y and z, respectively.

Vi(x, y, z) ≤ Ĝ−1
n

[
Ĝn

(
Ĝ−1

n−1(An(x, y, z))
)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]
,

(52)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Finally, Equation (49) makes Equation (52) become

Vi(x, y, z) ≤
{

Ĝ−1
n

[
Ĝn

(
Ĝ−1

n−1(An(x, y, z))
)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Thus Theorem 2 is proved.

Corollary 2 Under the condition that Assumption (K1)-(K4) holds, if u ∈ C(Λ,R+), and u(x, y, z)
satisfies the weakly singular integral inequality

u(x, y, z) ≤ a(x, y, z) +
n

∑
i=1

∫ bi(x)

bi(x0)

∫ ci(y)

ci(y0)

∫ di(z)

di(z0)
(xαi − sαi )βi−1sγi−1

× (yαi − tαi )βi−1tγi−1(zαi − ταi )βi−1τγi−1

× fi(x, y, z, s, t, τ)(u(s, t, τ))kdsdtdτ,

(53)
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for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z. Then
(i) If k = 1,

u(x, y, z) ≤
(

G̃−1
n−1(An(x, y, z))

)1/q
exp

[
1
q

∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]
,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Where G̃−1

i (u) is the inverse function of G̃i(u), G̃i(u) is defined in Equation (27), Ai(x, y, z) in
Equation (37), and f̃i(x, y, z, s, t, τ) in Equation (39).

And X, Y, Z ∈ R+ are chosen such that

G̃i

(
G̃−1

i−1(Ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)
f̃i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(G̃−1

i ),

for i = 1, 2, ..., n.
(ii) If 0 < k < 1,

u(x, y, z) ≤
[(

G−1
n−1(An(x, y, z))

)1−k
+ (1 − k)

×
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]1/[q(1−k)]

,

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Where G−1

i (u) is the inverse function of Gi(u), Gi(u) is defined in Equation (29), Ai(x, y, z) in
Equation (37), and f̃i(x, y, z, s, t, τ) in Equation (39).

And X, Y, Z ∈ R+ are chosen such that

Gi

(
G−1

i−1(Ai(X, Y, Z))
)
+
∫ bi(X)

bi(x0)

∫ ci(Y)

ci(y0)

∫ di(Z)

di(z0)
f̃i(X, Y, Z, s, t, τ)dsdtdτ ∈ Dom(G−1

i ),

for i = 1, 2, ..., n.

Proof. It is not difficult to see that inequality (53) is a special case of the inequality (33) in Theo-
rem 2, and taking W[η] = ηk yields inequality (53). When applying Theorem 2 to inequality (53), since
(i) If k = 1, by replacing Ĝi(u) by G̃i(u) in Equation (34) according to the change of proposition, it can
be obtained

u(x, y, z) ≤
{

G̃−1
n

[
G̃n

(
G̃−1

n−1

(
An(x, y, z)

))
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

,

(54)
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for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Using Equations (27) and (28) in Corollary 1, Equation (54) can be obtained

u(x, y, z) ≤
{

G̃−1
n

[
G̃n

(
G̃−1

n−1

(
An(x, y, z)

))
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

=

{
G̃−1

n

[
ln
( 1

un

(
G̃−1

n−1

(
An(x, y, z)

)))
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

=
(

G̃−1
n−1(An(x, y, z))

)1/q
exp

[
1
q

∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)

× f̃n(x, y, z, s, t, τ)dsdtdτ

]
.

(ii) If 0 < k < 1, by replacing Ĝi(u) by Gi(u) in Equation (34) according to the change of proposition, it
can be obtained

u(x, y, z) ≤
{

G−1
n

[
Gn

(
G−1

n−1(An(x, y, z))
)

+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

,

(55)

for x0 ≤ x ≤ X, y0 ≤ y ≤ Y, z0 ≤ z ≤ Z.
Using Equations (29) and (30) in Corollary 1, Equation (55) can be obtained

u(x, y, z) ≤
{

G−1
n

[
Gn

(
G−1

n−1

(
An(x, y, z)

))
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

]}1/q

=

{
G−1

n

[
1

1 − k

(
G−1

n−1

(
An(x, y, z)

))1−k
− u1−k

n

]
+
∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)
f̃n(x, y, z, s, t, τ)dsdtdτ

}1/q

=

[(
G−1

n−1

(
An(x, y, z)

))1−k
+ (1 − k)

∫ bn(x)

bn(x0)

∫ cn(y)

cn(y0)

∫ dn(z)

dn(z0)

× f̃n(x, y, z, s, t, τ)dsdtdτ

]1/[q(1−k)]

.

Thus by (i) and (ii), Corollary 2 is proved.

Theorem 3 Under the condition that Assumption (K1), (K5) and (K6) holds, if u ∈ C(Λ1,R+), and
u(x1, x2, ..., xn) satisfies the weakly singular integral inequality

u(x1, x2, ..., xn) ≤ a(x1, x2, ..., xn) +
n

∑
i=1

∫ b1,j(x1)

b1,i(x1,0)

∫ b2,j(x2)

b2,i(x2,0)
...
∫ bn,i(xn)

bn,i(xn,0)

×
(

xαi
1 − sαi

1
)βi−1sγi−1

1 (xαi
2 − sαi

2 )βi−1sγi−1
2 ...(xαi

n − sαi
n )βi−1sγi−1

n

× fi(x1, x2, ..., xn, s1, s2, ..., sn)Wi(u(s1, s2, ..., sn))ds1ds2...dsn,
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for x1,0 ≤ x1 ≤ X1, x2,0 ≤ x2 ≤ X2,..., xn,0 ≤ xn ≤ Xn. Then

u(x1, x2, ..., xn) ≤
{

Ĝ−1
n

[
Ĝn

(
Ĝ−1

n−1

(
Ãn(x1, x2, ..., xn)

))
+
∫ b1,n(x1)

b1,n(x1,0)

∫ b2,n(x2)

b2,n(x2,0)
...
∫ bn,n(xn)

bn,n(xn,0)
f̄n(x1, x2, ..., xn, s1, s2, ..., sn)

× ds1ds2...dsn

]}1/q

,

for x1,0 ≤ x1 ≤ X1, x2,0 ≤ x2 ≤ X2,..., xn,0 ≤ xn ≤ Xn. Where

1
p
+

1
q
= 1,

a(x1, x2, ..., xn) = max
x1,0≤σ1≤x1,x2,0≤σ2≤x2,...,xn,0≤σn≤xn

a(σ1, σ2, ..., σn),

Ã1(x1, x2, ..., xn) = (n + 1)q−1aq(x1, x2, ..., xn),

Ãi(x1, x2, ..., xn) ≤ Ĝi−1

(
Ĝ−1

i−2

(
Ãi−1(x1, x2, ..., xn)

))
+
∫ b1,i−1(x1)

b1,i−1(x1,0)

∫ b2,i−1(x2)

b2,i−1(x2,0)
...
∫ bn,i−1(xn)

bn,i−1(xn,0)

× f̃i−1(x1, x2, ..., xn, s1, s2, ..., sn)ds1ds2...dsn,

(56)

for i = 1, 2, ..., n.

f̂i(x1, x2, ..., xn, s1, s2, ..., sn) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

fi(σ1, σ2, ..., σn, s1, s2, ..., sn),

f̄i(x1, x2, ..., xn, s1, s2, ..., sn) = (n + 1)q−1H̃q
i

× f̂ q
i (x1, x2, ..., xn, s1, s2, ..., sn),

(57)

for i = 1, 2, ..., n.

H̃i = α
−n/p
i (

n

∏
i=1

xi)
(1/p)+αi(βi−1)+(γi−1)

× B
[

p(γi − 1) + 1
αi

, pi(βi − 1) + 1
]n/p

,

(58)

for i = 1, 2, ..., n.
Ĝ−1

i (u) is the inverse function of Ĝi(u), Ĝi(u) is defined in Equation (40) of Theorem 2.
And X1, X2, ..., Xn ∈ R+ are chosen such that

Ĝi

(
Ĝ−1

i−1(Ai(X1, X2, ..., Xn))
)
+
∫ b1,n(X1)

b1,n(x1,0)

∫ b2,n(X2)

b2,n(x2,0)
...
∫ bn,n(Xn)

bn,n(xn,0)

× f̄i(X1, X2, ..., Xn, s1, s2, ..., sn)ds1ds2...dsn ∈ Dom(Ĝ−1
i ),
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for i = 1, 2, ..., n.

Corollary 3 Under the condition that Assumption (K1) and (K6) holds, if u ∈ C(Λ1,R+), and
u(x1, x2, ..., xn) satisfies the weakly singular integral inequality

u(x1, x2, ..., xn) ≤ a(x1, x2, ..., xn) +
n

∑
i=1

∫ b1,j(x1)

b1,i(x1,0)

∫ b2,j(x2)

b2,i(x2,0)
...
∫ bn,i(xn)

bn,i(xn,0)

×
(

xαi
1 − sαi

1
)βi−1sγi−1

1 (xαi
2 − sαi

2 )βi−1sγi−1
2 ...(xαi

n − sαi
n )βi−1sγi−1

n

× fi(x1, x2, ..., xn, s1, s2, ..., sn)(u(s1, s2, ..., sn))
kds1ds2...dsn,

for x1,0 ≤ x1 ≤ X1, x2,0 ≤ x2 ≤ X2,..., xn,0 ≤ xn ≤ Xn. Then
(i) If k = 1,

u(x1, x2, ..., xn) ≤
(

G̃−1
n−1

(
Ãn(x1, x2, ..., xn)

))1/q

× exp
[

1
q

∫ b1,n(x1)

b1,n(x1,0)

∫ b2,n(x2)

b2,n(x2,0)
...
∫ bn,n(xn)

bn,n(xn,0)

× f̄n(x1, x2, ..., xn, s1, s2, ..., sn)ds1ds2...dsn

]
,

for x1,0 ≤ x1 ≤ X1, x2,0 ≤ x2 ≤ X2,..., xn,0 ≤ xn ≤ Xn. Where G̃−1
i (u) is the inverse function of G̃i(u),

G̃i(u) is defined in Equation (27), Ãi(x1, x2, ..., xn) in Equation (56), and f̄i(x1, x2, ..., xn, s1, s2, ..., sn) in
Equation (57).

And X1, X2, ..., Xn ∈ R+ are chosen such that

G̃i

(
G̃−1

i−1(Ai(X1, X2, ..., Xn))
)
+
∫ b1,n(X1)

b1,n(x1,0)

∫ b2,n(X2)

b2,n(x2,0)
...
∫ bn,n(Xn)

bn,n(xn,0)

× f̄i(X1, X2, ..., Xn, s1, s2, ..., sn)ds1ds2...dsn ∈ Dom(G̃−1
i ),

for i = 1, 2, ..., n.
(ii) If 0 < k < 1,

u(x1, x2, ..., xn) ≤
[(

G−1
n−1

(
Ãn(x1, x2, ..., xn)

))1−k

+ (1 − k)
∫ b1,n(x1)

b1,n(x1,0)

∫ b2,n(x2)

b2,n(x2,0)
...
∫ bn,n(xn)

bn,n(xn,0)

× f̄n(x1, x2, ..., xn, s1, s2, ..., sn)ds1ds2...dsn

]1/[q(1−k)]

,

for x1,0 ≤ x1 ≤ X1, x2,0 ≤ x2 ≤ X2,..., xn,0 ≤ xn ≤ Xn.

Where G−1
i (u) is the inverse function of Gi(u), Gi(u) is defined in Equation (29), Ãi(x1, x2, ..., xn)

in Equation (56), and f̄i(x1, x2, ..., xn, s1, s2, ..., sn) in Equation (57).
And X1, X2, ..., Xn ∈ R+ are chosen such that

Gi

(
G−1

i−1(Ai(X1, X2, ..., Xn))
)
+
∫ b1,n(X1)

b1,n(x1,0)

∫ b2,n(X2)

b2,n(x2,0)
...
∫ bn,n(Xn)

bn,n(xn,0)

× f̄i(X1, X2, ..., Xn, s1, s2, ..., sn)ds1ds2...dsn ∈ Dom(G−1
i ),

for i = 1, 2, ..., n.
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4. Application
[i] In this section, we consider the following boundary value problem (BVP) for delayed fractional

partial differential equations:
(

cDβ
χ0 u
)
(x, y, z) = U(x, y, z, u(x, y, z), u(b(x), c(y), d(z))),

u(x, y0, z0) = φ(x), u(x0, y, z0) = ψ(y), u(x0, y0, z) = ϕ(z),
(59)

for x, y, z ∈ Λ. Where χ0 = (x0, y0, z0), U = C(Λ ×R3,R), the functions φ = CΩ(I,R), ψ = CΩ(J,R),
ϕ = CΩ(T,R) and satisfy the condition φ(x0) = ψ(y0) = ϕ(z0), b = C1

Ω(I, I), c = C1
Ω(J, J), d =

C1
Ω(T, T), 0 ≤ b(x) ≤ x, 0 ≤ c(y) ≤ y, 0 ≤ d(z) ≤ z.

The operator cDβ
χ0 denotes the Caputo fractional function and β := (β1, β2, β3) ∈ (0, 1]3 is its

order. With Definitions 2 and 3, we know that

(
cDβ

χ0 u
)
(x, y, z) := I1−β

χ0

∂3u(x, y, z)
∂x∂y∂z

,

(
Iβ
χ0 u
)
(x, y, z) :=

1
Γ(β1)Γ(β2)Γ(β3)

∫ x

x0

∫ y

y0

∫ z

z0

(x − s)β1−1

× (y − t)β2−1(z − τ)β3−1u(s, t, τ)dsdtdτ.

In the following, we will discuss the boundedness, uniqueness and continuity of the solution of
Equation (1) in turn. To obtain the conditions for boundedness, we first present the estimated solution
of Equation (1).

Considering that the functions φ, ψ and ϕ in equation BVP (59) are all bounded, suppose that

|U(x, y, z, u(x, y, z), u(b(x), c(y), d(z))|
≤ h1(x, y, z)W1(|u(x, y, z)|) + h2(x, y, z)W2(|u(b(x), c(y), d(z))|),

(60)

where hi ∈ C(Λ, R+), Wi satisfies assumption condition (K5) (i = 1, 2). The estimation of u(x, y, z) in
equation BVP(59) can be obtained as follows.

|u(x, y, z)| ≤ G−1
2

[
G2

(
G−1

1 (a2(x, y, z))
)

+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ

]
,

(61)

where

Gi(v) :=
∫ v

vi

dξ

Wi(ξ)
, v > vi > 0, i = 1, 2. (62)

a1(x, y, z) := φ(x) + ψ(y) + ϕ(z)− φ(x0), (63)

a2(x, y, z) := G1(a1(x, y, z)) +
∫ x

x0

∫ y

y0

∫ z

z0

F1(x, y, z, s, t, τ)dsdtdτ, (64)

F1(x, y, z, s, t, τ) := α(x, y, z, s, t, τ)h1(x, y, z), (65)
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F2(x, y, z, s, t, τ) := α(x, y, z, s, t, τ)

[
h2
(
b−1(s), c−1(t), d−1(τ)

)
|b′(b−1(s))c′(c−1(t))d′(d−1(τ))|

]
, (66)

α(x, y, z, s, t, τ) :=
(x − s)β1−1(y − t)β2−1(z − τ)β3−1

Γ(β1)Γ(β2)Γ(β3)
, (67)

lim
(x,y,z)→(+∞,+∞,+∞)

∫ x

x0

∫ y

y0

∫ z

z0

F1(x, y, z, s, t, τ)dsdtdτ < +∞, (68)

lim
(x,y,z)→(+∞,+∞,+∞)

∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ < +∞. (69)

Proof. According to the definition of Caputo fractional partial derivative in reference [13], equation
BVP (59) can be transformed into the following equivalent integral equation.

u(x, y, z) ≤ a1(x, y, z) +
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)

× U(s, t, τ, u(s, t, τ), u(b(s), c(t), d(τ)))dsdtdτ,
(70)

for x, y, z ∈ Λ. Where Where function a1(x, y, z) is defined in Equation (63) and function α(x, y, z, s, t, τ)

is defined in Equation (67). Substituting Equation (60) into Equation (70) and setting s1 = b(s),
t1 = c(t), τ1 = d(τ), we can deduce

|u(x, y, z)| ≤ |a1(x, y, z)|+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h1(s, t, τ)

× W1(|u(s, t, τ)|)dsdtdτ +
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)

× h2(s, t, τ)W2(|u(b(s), c(t), d(τ))|)dsdtdτ

≤ |a1(x, y, z)|+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h1(s, t, τ)

× W1(|u(s, t, τ)|)dsdtdτ +
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)

× α(x, y, z, b−1(s1), c−1(t1), d−1(τ1))

× h2(b−1(s1), c−1(t1), d−1(τ1))

|b′(b−1(s1))c′(c−1(t1))d′(d−1(τ1))|
W2(|u(s1, t1, τ1)|)ds1dt1dτ1.

(71)

Clearly, Inequality (71) satisfies the form of Equation (1) in Theorem 1, and the conditions (K2)-
(K5) are all assumed to hold. Therefore, the estimated equation (61) for u(x, y, z) can be obtained
from Theorem 1. Note that since the functions φ, ψ, ϕ are all bounded functions, the holding of
equations (68) and (69) implies that the conditions (K7), (K8) are assumed to be satisfied, thus reusing
the boundedness proof of the estimated solution u(x, y, z) in Theorem 1, we can show that u(x, y, z) is
bounded.

Next, we will discuss the uniqueness of the solution of Equation BVP (59). For all (x, y, z) ∈ Λ,
suppose

|U(x, y, z, u(x, y, z), u(b(x), c(y), d(z)))− U(x, y, z, ũ(x, y, z), ũ(b(x), c(y), d(z)))|
≤ h1(x, y, z)W1(|u(x, y, z)− ũ(x, y, z)|)
+ h2(x, y, z)W2(|u(b(x), c(y), d(z))− ũ(b(x), c(y), d(z))|),

(72)
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where hi ∈ C(Λ, R+), Wi satisfies assumption condition (K5) (i = 1, 2). Suppose that both u(x, y, z)
and ũ(x, y, z) are solutions of Equation BVP (59), then there is at most one solution of equation BVP
(59) on Λ.

Proof. By equivalent integral equation (70) and setting s1 = b(s), t1 = c(t), τ1 = d(τ), we can
deduce

|u(x, y, z)− ũ(x, y, z)|

≤
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h1(s, t, τ)W1(|u(s, t, τ)− ũ(s, t, τ)|)dsdtdτ

+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h2(s, t, τ)

× W2(|u(b(s), c(t), d(τ))− ũ(b(s), c(t), d(τ))|)dsdtdτ

≤
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h1(s, t, τ)W1(|u(s, t, τ)− ũ(s, t, τ)|)dsdtdτ

+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
α(x, y, z, b−1(s1), c−1(t1), d−1(τ1))

× h2(b−1(s1), c−1(t1), d−1(τ1))

|b′(b−1(s1))c′(c−1(t1))d′(d−1(τ1))|
W2(|u(s1, t1, τ1)− ũ(s1, t1, τ1)|)ds1dt1dτ1.

(73)

Clearly, Inequality (73) satisfies the form of equation (1) in Theorem 1, similar to the proof of the
boundedness of solutions, it can be verified that the discovery hypothesis conditions (K2)-(K5) are all
true.

Using Theorem 1 for Equation (70), it can be obtained

|u(x, y, z)− ũ(x, y, z)| ≤ G−1
2

[
G2

(
G−1

1 (a2(x, y, z))
)

+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ

]
,

(74)

where Gi, Fi (i = 1, 2), a2(x, y, z) are respectively defined in Equation (62), Equation (65), Equation
(66), and Equation (67). It can be found that a(x, y, z) = 0, such that a1(x, y, z) = 0. Combining the
definition of Gi and the properties of Wi, can be obtained

lim
v→0

Gi(v) = −∞, lim
v→−∞

G−1
i (v) = 0, i = 1, 2. (75)

Since Equations (67) and (68) both hold, then we have

a2(x, y, z) := G1(a1(x, y, z)) +
∫ x

x0

∫ y

y0

∫ z

z0

F1(x, y, z, s, t, τ)dsdtdτ = −∞,

G−1
1 (a2(x, y, z)) = 0,

G2

(
G−1

1 (a2(x, y, z))
)
+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ = −∞,

G−1
2

[
G2

(
G−1

1 (a2(x, y, z))
)
+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ

]
= 0.
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Therefore, the conclusion |u(x, y, z)− ũ(x, y, z)| ≤ 0 is obtained from Equation (74), that is, there
is u(x, y, z) = ũ(x, y, z) on (x, y, z) ∈ Λ. Therefore, the uniqueness of the solution to equation BVP (59)
is proved.

Finally, we will discuss the continuous dependence of the solution of equation BVP (59) on
the given functions U, φ, ψ, ϕ. Consider another delayed fractional partial differential equation BVP:

(
cDβ

χ0 u
)
(x, y, z) = Ũ(x, y, z, ũ(x, y, z), ũ(b(x), c(y), d(z))),

ũ(x, y0, z0) = φ̃(x), ũ(x0, y, z0) = ψ̃(y), ũ(x0, y0, z) = ϕ̃(z),

φ̃(x0) = ψ̃(y0) = ϕ̃(z0),

(76)

for x, y, z ∈ Λ. Where U = C(Λ ×R3,R), φ = CΩ(I,R), ψ = CΩ(J,R), ϕ = CΩ(T,R). Suppose that
the function U satisfies Equation (68) on a finite interval Î :=

[
x0, x1

]
, Ĵ :=

[
y0, y1

]
, T̂ :=

[
z0, z1

]
, and

Λ̃ = Î × Ĵ × T̂ ⊂ R3,
(∣∣∣∣Ũ − U

∣∣∣∣, ∣∣∣∣φ̃ − φ

∣∣∣∣, ∣∣∣∣ψ̃ − ψ

∣∣∣∣, ∣∣∣∣ϕ̃ − ϕ

∣∣∣∣) → 0. Then the solution ũ(x, y, z) in BVP

(72) is sufficiently close to the solution u(x, y, z) in BVP (59).

Proof. Using the uniqueness of the estimated solution u(x, y, z), for arbitrarily small constant χ0,
assume

max
x∈ Î

∣∣∣∣φ̃ − φ

∣∣∣∣ ≤ χ0, max
y∈ Ĵ

∣∣∣∣ψ̃ − ψ

∣∣∣∣ ≤ χ0, max
z∈T̂

∣∣∣∣ϕ̃ − ϕ

∣∣∣∣ ≤ χ0,

max
(x,y,z,s,t,τ)∈Λ̃

∣∣∣∣Ũ − U
∣∣∣∣ ≤ χ0.

By the equivalent integral equation (70) as well as Equations (63) and (67), and setting s1 = b(s),
t1 = c(t), τ1 = d(τ), we can deduce∣∣∣ũ(x, y, z)− u(x, y, z)

∣∣∣
≤
∣∣φ̃(x)− φ(x) + ψ̃(y)− ψ(y) + ϕ̃(z)− ϕ(z) + φ(x0)− φ̃(x0)

∣∣
+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)

∣∣∣∣Ũ(s, t, τ, ũ(s, t, τ), ũ(b(s), c(t), d(τ)))

− U(s, t, τ, u(s, t, τ), u(b(s), c(t), d(τ)))
∣∣∣∣dsdtdτ

≤ 4χ0 +
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)

∣∣∣∣Ũ(s, t, τ, ũ(s, t, τ), ũ(b(s), c(t), d(τ)))

− U(s, t, τ, ũ(s, t, τ), ũ(b(s), c(t), d(τ)))
∣∣∣∣dsdtdτ

+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)

∣∣∣∣U(s, t, τ, ũ(s, t, τ), ũ(b(s), c(t), d(τ)))

− U(s, t, τ, u(s, t, τ), u(b(s), c(t), d(τ)))
∣∣∣∣dsdtdτ
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≤
[

4 +
(x1 − x0)

β1(y1 − y0)
β2(z1 − z0)

β3

Γ(β1 + 1)Γ(β2 + 1)Γ(β3 + 1)

]
χ0

+
∫ x

x0

∫ y

y0

∫ z

z0

α(x, y, z, s, t, τ)h1(s, t, τ)W1(|ũ(s, t, τ)− u(s, t, τ)|)dsdtdτ

+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
α(x, y, z, b−1(s1), c−1(t1), d−1(τ1))

× h2(b−1(s1), c−1(t1), d−1(τ1))

|b′(b−1(s1))c′(c−1(t1))d′(d−1(τ1))|
W2(|ũ(s1, t1, τ1)− u(s1, t1, τ1)|)ds1dt1dτ1.

(77)

Clearly, Inequality (77) satisfies the form of equation (1) in Theorem 1, applying Equation (77), we
can obtain that

|ũ(x, y, z)− u(x, y, z)| ≤ G−1
2

[
G2

(
G−1

1 (a2(x, y, z))
)

+
∫ b(x)

b(x0)

∫ c(y)

c(y0)

∫ d(z)

d(z0)
F2(x, y, z, s, t, τ)dsdtdτ

]
,

(78)

where

a1(x, y, z) =
[

4 +
(x1 − x0)

β1(y1 − y0)
β2(z1 − z0)

β3

Γ(β1 + 1)Γ(β2 + 1)Γ(β3 + 1)

]
χ0,

Gi, Fi (i = 1, 2), a2(x, y, z) are respectively defined in Equation (62), Equation (65), Equation (66), and
Equation (67). It can be concluded that when χ0 → 0, ai(x, y, z) → 0 (i = 1, 2). Finally, through
equations (75) and (78), we can obtain:

lim
χ0→0

|ũ(x, y, z)− u(x, y, z)| = 0.

Thus, the continuity of the solution of the equation has been proven.

[ii] Consider the following inequality

u(x, y, z) ≤ 1
x + y + z + 1

+
∫ √

x

0

∫ √
y

0

∫ √
z

0
(x − s)−1/5s−1/2

× (y − t)−1/5t−1/2(z − τ)−1/5τ−1/2xyze−s−2t−3τ

× 3
√

u(s, t, τ)dsdtdτ +
∫ x

0

∫ y

0

∫ z

0
(x − s)−1/5s−1/2

× (y − t)−1/5t−1/2(z − τ)−1/5τ−1/2
√

u(s, t, τ)dsdtdτ,

(79)

for x ≥ 0, y ≥ 0, z ≥ 0. Let αi = 1 (i = 1, 2), β1 = 4
5 , γ1 = 1

2 , β2 = 2
3 , γ2 = 2

3 . From γi > 1 − 1
p

and p > 1, we get 1 < p < 2; And then from 1
p + αi(βi − 1) + γi − 1 ≥ 0, we can take p = 4

3 . It’s

easy to compute q = 4 from 1
p + 1

q = 1. Let a(x, y, z) = 1
x+y+z+1 , f1(x, y, z, s, t, τ) = xyze−s−2t−3τ ,

f2(x, y, z, s, t, τ) = 1, W1(u) = 3
√

u, W2(u) =
√

u again, it follows that W2(u)
W1(u)

= u1/6 is monotonically
nondecreasing.

Obviously, Equation (75) satisfies the conditions in Theorem 2, so it is easy to calculate from
Theorem 2 as follows.

ã(x, y, z) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

a(σ, µ, ζ) = 1,

A1(x, y, z) = (2 + 1)4−1 ã4(x, y, z) = 27,
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H1 = α
−3/p
1 (xyz)(1/p)+α1(β1−1)+(γ1−1)B

[
p(γ1 − 1) + 1

α1
, p(β1 − 1) + 1

]3/p

= (xyz)1/20B
[

1
3

,
11
15

]9/4
,

H2 = α
−3/p
2 (xyz)(1/p)+α2(β2−1)+(γ2−1)B

[
p(γ2 − 1) + 1

α2
, p(β2 − 1) + 1

]3/p

= (xyz)1/2B
[

5
9

,
5
9

]9/4
,

f̂1(x, y, z, s, t, τ) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

f1(σ, µ, ζ, s, t, τ) = xyze−s−2t−3τ ,

f̂2(x, y, z, s, t, τ) = max
0≤σ≤x,0≤µ≤y,0≤ζ≤z

f2(σ, µ, ζ, s, t, τ) = 1,

f̃1(x, y, z, s, t, τ) = (2 + 1)4−1H4
1 f̂ 4

1 (x, y, z, s, t, τ)

= 27(xyz)21/5B
[

1
3

,
11
15

]9
e−4s−8t−12τ ,

f̃2(x, y, z, s, t, τ) = (2 + 1)4−1H4
2 f̂ 4

2 (x, y, z, s, t, τ)

= 27(xyz)1/3B
[

5
9

,
5
9

]9
,

Ĝ1(v) =
∫ v

v1

1
3
√

ξ
dξ =

3
2

(
v2/3 − v2/3

1

)
, v ≥ v1 > 0.

Ĝ−1
1 (v) =

(
2
3

v − v2/3
1

)3/2
.

Ĝ2(v) =
∫ v

v2

1√
ξ

dξ = 2
(√

v −
√

v2
)
, v ≥ v2 > 0.

Ĝ−1
2 (v) =

(v
2
+
√

v2

)2
.

A2(x, y, z) = Ĝ1(A1(x, y, z)) +
∫ √

x

0

∫ √
y

0

∫ √
z

0
f̃1(x, y, z, s, t, τ)dsdtdτ

=
3
2

(
9 − v2/3

1

)
− 9

128
(xyz)21/5B

[
1
3

,
11
15

]9

×
(

e−4
√

x − 1
)(

e−8
√

y − 1
)(

e−12
√

z − 1
)

.
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Since
∫ ∞

v1
1

3√ξ
dξ = ∞,

∫ ∞
v2

1√
ξ

dξ = ∞, so X = ∞, Y = ∞, Z = ∞. Therefore, Theorem 2 of this
paper can be obtained

u(x, y, z)

≤
{

Ĝ−1
2

[
Ĝ2

(
Ĝ−1

1 (A2(x, y, z))
)
+
∫ x

0

∫ y

0

∫ z

0
f̃2(x, y, z, s, t, τ)dsdtdτ

]}1/4

=

{[
9 − 3

63
(xyz)21/5B

[
1
3

,
11
15

]9(
e−4

√
x − 1

)(
e−8

√
y − 1

)(
e−12

√
z − 1

)]3/4

+
27
2
(xyz)4/3B

[
5
9

,
5
9

]9}1/2

,

for x ≥ 0, y ≥ 0, z ≥ 0. Which implies that u(x, y, z) in Equation (79) is bounded.
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