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Abstract: Topological indices characterize the molecular structure of a graph and are called numerical 
parameters used to estimate physicochemical information. In this article, firstly the Euler Sombor 
coindex and Gourava Sombor coindex are introduced. Then, bounds for Euler Sombor and Gourava 
Sombor coindices depending on some other coindices were obtained and bounds in terms of 
minimum degree, maximum degree, order and size of the graphs are computed for these indices of 
several graph operations. Next, Euler Sombor coindex and Gourava Sombor coindex of some 
chemical graphs such as polyamidoamine, graphene, carbon nanocones and caterpillar are studied. 
Finally, by developing a nonlinear regression model using the QSPR approach and utilizing the Euler 
Sombor and Gourava Sombor indices and their coindices, the physicochemical properties of interest 
of butane derivatives were predicted. The results showed that these indices have satisfactory 
performance in comparative tests. 

MSC: 05C07, 05C09, 05C92. 

Keywords: chemical graph; topological index; Euler Sombor index; Gourava Sombor index; QSPR 
analysis 
 

1. Introduction 

Consider a simply connected graph, denoted 𝔖, whose vertices and edge sets are Ѵ(𝔖) and 𝔈(𝔖),  respectively. The graph 𝔖ഥ , whose set of vertices is the same as the Ѵ(S) and set of edges is 𝔈(𝔖ഥ) (|𝔈(𝔖ഥ)| = 𝜇̅) is the complement of 𝔖. For other graph-theoretical notation and terminology, we 
refer to [1,2]. 

In this article, 𝔖 will be considered as a simple connected graph with 𝜇 edges and 𝜂 vertices. 
The degree of the vertices in this graph is 𝜔𝔖(𝑥), where ∆ and δ denote the maximum and minimum 
degrees, respectively.  

Topological indices are among the prominent subjects of Graph Theory. Chemical graph theory 
generally considers various topological indices (molecular descriptors) of molecular graphs and 
examines how strongly they are related to various properties of the corresponding molecules. Thus, 
mathematical representations of these relationships are obtained with QSAR and QSPR studies in the 
literature.  

There are studies in the literature on topological indices and coindices [3–18]. In Table 1, we give 
some degree based topological indices and coindices. 
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Table 1. Degree Based Topological Indices and Coindices. 

Introduced by Index Name     
Notation 

Formula 

[19,20] Euler 
Sombor 
index 

𝐸𝑈(𝔖) ෍ ඥ𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + 𝜔𝔖(𝑥)𝜔𝔖(𝑦)௫௬∈𝔈(𝔖)  

[21] Gourava 
Sombor 
index 

    𝐺𝑆𝑂(𝔖) ෍ ට൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ)௫௬∈𝔈(𝔖)  

[22]Doslic, 2008 First Zagreb 
coindex 

𝑀ഥଵ(𝔖)  ෍ 𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)௫௬∉𝔈(𝔖)  

[22]Doslic, 2008 Second 
Zagreb 
coindex 

    𝑀ഥଶ(𝔖)   ෍ 𝜔𝔖(𝑥)𝜔𝔖(𝑦)୶୷∉𝔈(𝔖)  

[23]Pattabiraman 
and Vijayaravan, 
2017 

First Hyper-
Zagreb 
coindex 

    𝐻𝑀തതതതതଵ(𝔖)  ෍ ሾ𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)ሿଶ ୶୷∉𝔈(𝔖)  

[23]Pattabiraman 
and Vijayaravan, 
2017 

Second 
Hyper-
Zagreb 
coindex 

 𝐻𝑀തതതതതଶ(𝔖) ෍ ሾ𝜔𝔖(𝑥)𝜔𝔖(𝑦)ሿଶ୶୷∉𝔈(𝔖)  

[24]De,N.,Abu 
Nayeem, Sk. Md. 
and Pal, A. 2016 

Forgetten 
coindex 
 

𝐹ത(𝔖) ෍ 𝜔𝔖(𝑥)ଶ +୶୷∉𝔈(𝔖) 𝜔𝔖(𝑦)ଶ 

In the light of these definitions, Euler Sombor and Gourava Sombor co-indices defined as 𝐸𝑈തതതത(𝔖) = ෍ ට𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯௫௬∉𝔈(𝔖)  

and 𝐺𝑆𝑂തതതതതത(𝔖) = ෍ ට൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ)௫௬∉𝔈(𝔖) . 
The bounds for Euler Sombor and Gourava Sombor co-indices depending on the Zagreb 

coindices, Hyper Zagreb coindices and forgetten topological coindex were obtained. The bounds are 
computed for these indices of several graph operations like union, sum, cartesian product and 
composition of graphs [25]. Euler Sombor coindex and Gourava Sombor coindex of some chemical 
graphs are studied. An analysis of the physicochemical properties of butane and its derivatives was 
performed to evaluate the effects of Euler Sombor and Gourava Sombor indices and co-indices in 
QSPR studies. A non-linear model was developed using the QSPR approach to predict the specified 
properties and the results showed that the indices have satisfactory performance in comparative tests 
in predicting all the properties. 

2. The Euler Sombor and Gourava Sombor Coindices 

In this section, the bounds for Euler Sombor and Gourava Sombor coindices depending on the 
Zagreb coindices, Hyper Zagreb coindices and forgetten topological coindex were obtained. The 

bounds are computed for these indices of the graph operations like union, sum, cartesian product 
and composition of graphs. 
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2.1. Bounds for Euler Sombor Coindex and Gourava Sombor Coindex Depending on Some Other  
Topological Coindices 

First, let's give the necessary inequalities for the obtained results. 

Lemma 2.1.1. (P´olya-Szegö Inequality [26])  

Let 𝑥ଵ, 𝑥ଶ, … 𝑥௦ and 𝑦ଵ, 𝑦ଶ, … 𝑦௦ be two sequences of positive real numbers. If there exists 

real numbers 𝑥, 𝑦, 𝑋 and 𝑌 such that   0 < 𝑘 ≤ 𝑥௜ ≤ 𝐾 < ∞  and 0 < 𝑙 ≤ 𝑦௜ ≤ 𝐿 < ∞ for 𝑖 = 1,2, … , 𝑡  then ෌ 𝑥௜ଶ௧௜ୀଵ  ෌ 𝑦௜ଶ௧௜ୀଵሾ∑ 𝑥௜௧௜ୀଵ 𝑦௜ሿଶ ≤ (𝑘𝑙 + 𝐾𝐿)ଶ4𝑘𝑙𝐾𝐿 .           
 

Lemma 2.1.2. (Radon’s inequality [26]) 

If 𝑥௜ ,𝑦௜ > 0 for 𝑖 = 1,2, … , 𝑟  and 𝑝 > 0, 

                 ෎𝑥௜௣ାଵ 𝑦௜௣
௥
௜ୀଵ ≥ (∑ 𝑥௜௥௜ୀଵ )௣ାଵ(∑ 𝑦௜௥௜ୀଵ )௣ .                       

Theorem 2.1.3. Let 𝔖 be a graph on 𝜂 vertices and 𝜇 edges. Then 

 ଶఋ௱ටఓഥ൫ ிഥ (𝔖)ାெഥమ(𝔖)൯(ఋమା௱మ) ≤ 𝐸𝑈തതതത(𝔖)  ≤  ටଷଶ 𝛥𝜇̅ 𝑀ഥଵ(𝔖)              (2.1)         

Proof. 

Letting 𝑥௜ = ට𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯ and 𝑦௜ = 𝛿 in Lemma 2.1.1, and choosing  

𝑘 = √3𝛿, 𝑙 = 𝛿, 𝐾 = √3𝛥 and 𝐿 = 𝛥, we get 0 < 𝑘 ≤ 𝑥௜ ≤ 𝐾 < ∞ and 0 < 𝑙 ≤ 𝑦௜ ≤ 𝐿 < ∞  

for 𝑖 = 1,2, … , 𝜇̅.  Applying Lemma 2.1.1 with the sums running over the edges in 𝔖ഥ , we have ∑ 𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯௫௬∉𝔈(𝔖) ∑ 𝛿ଶ௫௬∉𝔈(𝔖)𝛿ଶ[𝐸𝑈തതതത(𝔖)]ଶ ≤ ൫√3𝛿ଶ + √3∆ଶ൯ଶ12𝛿ଶ𝛥ଶ  . 
Using the definitions of Forgetten and Second Zagreb coindices, we get 𝜇̅(𝐹ത(𝔖) + 𝑀ഥଶ(𝔖))[𝐸𝑈തതതത(𝔖)]ଶ ≤ (𝛿ଶ + 𝛥ଶ)ଶ4𝛿ଶ𝛥ଶ  

Hence we obtain the lower bound as 2𝛿𝛥ඥ𝜇̅(𝐹ത(𝔖) + 𝑀ഥଶ(𝔖)(𝛿ଶ + 𝛥ଶ) ≤ 𝐸𝑈തതതത(𝔖). 
For the upper bound, letting 𝑥௜ = ට𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯ and  𝑦௜ = 𝜔𝔖(𝑥) + 𝜔𝔖(𝑦) in 

Lemma 2.1.2 with the sums running over the edges in 𝔖ഥ , we have 

෍ 𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯𝜔𝔖(𝑥) + 𝜔𝔖(𝑦) ≥௫௬∉𝔈(𝔖)
[𝐸𝑈തതതത(𝔖)]ଶ∑ 𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)௫௬∉𝔈(𝔖) . 
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Notice that 𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ + ൫𝜔𝔖(𝑥)𝜔𝔖(𝑦)൯𝜔𝔖(𝑥) + 𝜔𝔖(𝑦) ≤ 32𝛥. 
Thus, we get  

𝐸𝑈തതതത(𝔖) ≤  ටଷଶ 𝛥𝜇̅𝑀ഥଵ(𝔖). 

Theorem 2.1.4. Let 𝔖 be a graph on 𝑛 vertices and 𝑚 edges. Then 

 

 ට8𝛿𝛥√𝛿ଶ + 4 𝜇̅√𝛥ଶ + 4(𝐻𝑀തതതതതଵ(𝔖) + 𝐻𝑀തതതതതଶ(𝔖))𝛿√𝛿ଶ + 4 + 2𝛥√𝛥ଶ + 4 ≤ 𝐺𝑆𝑂തതതതതത(𝔖) ≤  ඨ𝜇̅(𝛥ଶ + 4)𝐹ത(𝔖)2                (2.2) 
Proof. 

Letting 𝑥௜ = ට൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ) and  𝑦௜ = 1 in Lemma 2.1.1, and choosing 𝑘 =𝛿√𝛿ଶ + 4, 𝑙 = 1, 𝐾 = 𝛥√𝛥ଶ + 4 and 𝐿 = 2, we get 0 < 𝑘 ≤ 𝑥௜ ≤ 𝐾 < ∞ and 0 < 𝑙 ≤ 𝑦௜ ≤ 𝐿 < ∞  

for 𝑖 = 1,2, … , 𝜇̅. Applying Lemma 2.1.1 with the sums running over the edges in 𝔖ഥ , we get ∑ ൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ)௫௬∉𝔈(𝔖) 𝜇̅[𝐺𝑆𝑂തതതതതത(𝔖)]ଶ ≤ ൫𝛿√𝛿ଶ + 4 + 2𝛥√𝛥ଶ + 4൯ଶ8𝛿𝛥√𝛿ଶ + 4 √𝛥ଶ + 4  . 
Using the definitions of Hyper Zagreb coindices, we have 

ට8𝛿𝛥√𝛿ଶ + 4 𝜇̅√𝛥ଶ + 4൫𝐻𝑀തതതതതଵ(𝔖) + 𝐻𝑀തതതതതଶ(𝔖)൯𝛿√𝛿ଶ + 4 + 2𝛥√𝛥ଶ + 4 ≤ 𝐺𝑆𝑂തതതതതത(𝔖) 

For the upper bound, letting 𝑥௜ = ට൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ) and 𝑦௜ = 𝜔𝔖(𝑥)ଶ +𝜔𝔖(𝑦)ଶ in Lemma 2.1.2 with the sums running over the edges in 𝔖ഥ , we have 

෍ ൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ)𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ ≥௫௬∉𝔈(𝔖)
[𝐺𝑆𝑂തതതതതത(𝔖)]ଶ∑ 𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ௫௬∉𝔈(𝔖)  . 

 

Notice that ൫𝜔𝔖(𝑥) + 𝜔𝔖(𝑦)൯ଶ + (𝜔𝔖(𝑥)ଶ𝜔𝔖(𝑦)ଶ)𝜔𝔖(𝑥)ଶ + 𝜔𝔖(𝑦)ଶ ≤ 𝛥ଶ + 42 . 
Hence, we get  

𝐺𝑆𝑂തതതതതത(𝔖) ≤  ඨ𝜇̅(𝛥ଶ + 4)𝐹ത(𝔖)2 .          
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2.2. Bounds on the Euler Sombor Coindex and Gourava Sombor Coindex of Graph Operations 

In this section, the minimum degree of the graph 𝔖௜  (𝑖 = 1,2) will be taken as 𝛿௜  and the 
maximum degree will be taken as 𝛥௜. 
Theorem 2.2.1. Let 𝔖ଵ and 𝔖ଶ  be two graphs on 𝜂ଵ and 𝜂ଶ vertices, respectively. Then, the the 

union of the graphs 𝔖ଵ and 𝔖ଶ on the Euler Sombor coindex has the lower and upper bounds as  𝐸𝑈തതതത(𝔖ଵ) + 𝐸𝑈തതതത(𝔖ଶ) + 𝜂ଵ𝜂ଶ൫𝛿ଵଶ + 𝛿ଶଶ + (𝛿ଵ𝛿ଶ൯ ≤ 𝐸𝑈തതതത(𝔖ଵ ∪ 𝔖ଶ) ≤ 𝐸𝑈തതതത(𝔖ଵ) + 𝐸𝑈തതതത(𝔖ଶ) 

                                                                       +𝜂ଵ𝜂ଶ൫𝛥ଵଶ + 𝛥ଶଶ + (𝛥ଵ𝛥ଶ൯      (2.3) 

Moreover, the equality holds if 𝔖ଵ and 𝔖ଶ are regular. 

Proof. 

By the definition of Euler Sombor coindex, we have 

𝐸𝑈തതതത(𝔖ଵ ∪ 𝔖ଶ) = ෍ ට𝜔𝔖భଶ(𝑥) + 𝜔𝔖భଶ(𝑦) + 𝜔𝔖భ(𝑥) 𝜔𝔖భ(𝑦)௫௬∉𝔈(𝔖భ)   
                + ෍ ට𝜔𝔖మଶ(𝑥) + 𝜔𝔖మଶ(𝑦) + 𝜔𝔖మ(𝑥) 𝜔𝔖మ(𝑦)௫௬∉𝔈(𝔖మ)  

                                  + ෍ ቌ ෍ ට𝜔𝔖భଶ(𝑥) + 𝜔𝔖మଶ(𝑦)+(𝜔𝔖భ(𝑥)𝜔𝔖మ(𝑦))௬∈Ѵ(𝔖మ) ቍ௫∈Ѵ(𝔖భ) . 
Using the minimum and maximum degrees, we obtain the desired result. 

Theorem 2.2.2. Let 𝔖ଵ and 𝔖ଶ  be two graphs on 𝜂ଵ and 𝜂ଶ vertices, respectively. Then, the the 

union of the graphs 𝔖ଵ and 𝔖ଶ on the Gourava Sombor coindex has the lower and upper bounds 

as          

 𝐺𝑆𝑂തതതതതത(𝔖ଵ) + 𝐺𝑆𝑂തതതതതത(𝔖ଶ) + 𝜂ଵ𝜂ଶට((𝛿ଵ + 𝛿ଶ)ଶ + 𝛿ଵଶ𝛿ଶଶ ≤ 𝐺𝑆𝑂തതതതതത(𝔖ଵ ∪ 𝔖ଶ) ≤ 𝐺𝑆𝑂തതതതതത(𝔖ଵ) + 𝐺𝑆𝑂തതതതതത(𝔖ଶ) 

                                                          +𝜂ଵ𝜂ଶට((𝛥ଵ + 𝛥ଶ)ଶ + 𝛥ଵଶ𝛥ଶଶ                (2.4) 

Moreover, the equality holds if 𝔖ଵ and 𝔖ଶ are regular. 

Proof. 

By the definition of Gourava Sombor coindex, we have 

𝐺𝑆𝑂തതതതതത(𝔖ଵ ∪ 𝔖ଶ) = ෍ ටቀ𝜔𝔖భ(𝑥) + 𝜔𝔖భ(𝑦)ቁଶ +𝜔𝔖భଶ(𝑥)𝜔𝔖భଶ(𝑦)௫௬∉𝔈(𝔖భ)    
                                    + ෍ ටቀ𝜔𝔖మ(𝑥) + 𝜔𝔖మ(𝑦)ቁଶ +𝜔𝔖మଶ(𝑥)𝜔𝔖మଶ(𝑦)௫௬∉𝔈(𝔖మ)        
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                                     + ෍ ቌ ෍ ටቀ𝜔𝔖భ(𝑥) + 𝜔𝔖మ(𝑦)ቁଶ + 𝜔𝔖భଶ(𝑥)𝜔𝔖మଶ(𝑦)௬∈Ѵ(𝔖మ) ቍ௫∈Ѵ(𝔖భ) . 
Hence, we get the desired result.              

Theorem 2.2.3. Let 𝔖ଵ and 𝔖ଶ be two graphs on 𝜂ଵ and 𝜂ଶ vertices, 𝜇ଵ and 𝜇ଶ edges 

respectively. Then, the the sum of the graphs 𝔖ଵ and 𝔖ଶ on the Euler Sombor coindex has the 

lower and upper bounds as  √3 [𝜇ଵതതത(𝛿ଵ + 𝜂ଶ) + 𝜇ଶതതത(𝛿ଶ + 𝜂ଵ)] ≤ 𝐸𝑈തതതത(𝔖ଵ + 𝔖ଶ) ≤ √3 [𝜇ଵതതത(𝛥ଵ + 𝜂ଶ) + 𝜇ଶതതത(𝛥ଶ + 𝜂ଵ)] 
                                                             +𝜂ଵ𝜂ଶ൫𝛥ଵଶ + 𝛥ଶଶ + (𝛥ଵ𝛥ଶ൯          (2.5) 

Here, the number of edges of the graph 𝔖୧ for i=1,2 is 𝜇௜. Moreover, the equality holds if 𝔖ଵ and 𝔖ଶ are regular. 

Proof. 

By the definition of Euler Sombor coindex, we get 

  𝐸𝑈തതതത(𝔖ଵ + 𝔖ଶ) = ෍ ට𝜔𝔖భଶ(𝑥) + 𝜔𝔖భଶ(𝑦) + 𝜔𝔖భ(𝑥) 𝜔𝔖భ(𝑦)௫௬∉𝔈(𝔖భ)   
                 +∑ ඥ𝜔𝔖మଶ(𝑥) + 𝜔𝔖మଶ(𝑦) + 𝜔𝔖మ(𝑥) 𝜔𝔖మ(𝑦)௫௬∉𝔈(𝔖మ)                               

 

Using the definition of the sum of two graphs, we get 

𝐸𝑈തതതത(𝔖ଵ + 𝔖ଶ) = ෍ ට൫𝜔𝔖భ(𝑥) + 𝜂ଶ൯ଶ + ൫𝜔𝔖భ(𝑦) + 𝜂ଶ൯ଶ + ൫𝜔𝔖భ(𝑥) + 𝜂ଶ൯൫𝜔𝔖భ(𝑦) + 𝜂ଶ൯௫௬∉𝔈(𝔖భ)  

                  + ෍ ට൫𝜔𝔖మ(𝑥) +  𝜂ଵ൯ଶ + ൫𝜔𝔖మ(𝑦) + 𝜂ଵ൯ଶ + ൫𝜔𝔖మ(𝑥) + 𝜂ଵ൯൫𝜔𝔖మ(𝑦) + 𝜂ଵ൯.௫௬∉𝔈(𝔖మ)  

Using the minimum and maximum degrees, we obtain √3 [𝜇ଵതതത(𝛿ଵ + 𝜂ଶ) + 𝜇ଶതതത(𝛿ଶ + 𝜂ଵ)] ≤ 𝐸𝑈തതതത(𝔖ଵ + 𝔖ଶ) ≤ √3 [𝜇ଵതതത(𝛥ଵ + 𝜂ଶ) + 𝜇ଶതതത(𝛥ଶ + 𝜂ଵ)] 
                                                +𝜂ଵ𝜂ଶ൫𝛥ଵଶ + 𝛥ଶଶ + (𝛥ଵ𝛥ଶ൯. 
Theorem 2.2.4. Let 𝔖ଵ and 𝔖ଶbe two graphs on 𝜂ଵ and 𝜂ଶ vertices, 𝜇ଵ and 𝜇ଶ edges respectively. 

Then, the the sum of the graphs 𝔖ଵ and 𝔖ଶ on the Gourava Sombor coindex has the lower and 

upper bounds as  

ቂ𝜇ଵതതത(𝛿ଵ + 𝜂ଶ)ඥ4 + (𝛿ଵ + 𝜂ଶ)ଶቃ + ቂ𝜇ଶതതത(𝛿ଶ + 𝜂ଵ)ඥ4 + (𝛿ଵ + 𝜂ଵ)ଶቃ ≤ 𝐺𝑆𝑂തതതതതത(𝔖ଵ + 𝔖ଶ)
≤ ቂ𝜇ଵതതത(𝛥ଵ + 𝜂ଶ)ඥ4 + (𝛥ଵ + 𝜂ଶ)ଶቃ+ ቂ𝜇ଶതതത(𝛥ଶ + 𝜂ଵ)ඥ4 + (𝛥ଵ + 𝜂ଵ)ଶቃ     (2.6) 

Here, the number of edges of the graph 𝔖୧  for i=1,2 is 𝑚నതതതത. Moreover, the equality holds if 𝔖ଵ and 𝔖ଶ are regular. 
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Proof. 

By the definition of Gourava Sombor coindex, we have 

𝐺𝑆𝑂തതതതതത(𝔖ଵ + 𝔖ଶ) = ෍ ටቀ𝜔𝔖భ(𝑥) + 𝜔𝔖భ(𝑦)ቁଶ +𝜔𝔖భଶ(𝑥)𝜔𝔖భଶ(𝑦)௫௬∉𝔈(𝔖భ)  

                  + ෍ ටቀ𝜔𝔖మ(𝑥) + 𝜔𝔖మ(𝑦)ቁଶ +𝜔𝔖మଶ(𝑥)𝜔𝔖మଶ(𝑦)௫௬∉𝔈(𝔖మ)  

Using the definition of the sum of two graphs, we get 

𝐺𝑆𝑂തതതതതത(𝔖ଵ + 𝔖ଶ) = ෍ ටቂ൫𝜔𝔖భ(𝑥) + 𝜂ଶ൯ + ൫𝜔𝔖భ(𝑦) + 𝜂ଶ൯ଶቃ + ൫𝜔𝔖భ(𝑥) + 𝜂ଶ൯ଶ൫𝜔𝔖భ(𝑦) + 𝜂ଶ൯ଶ௫௬∉𝔈(𝔖భ)   
               + ෍ ටቂ൫𝜔𝔖మ(𝑥) + 𝜂ଵ൯ + ൫𝜔𝔖మ(𝑦) + 𝜂ଵ൯ଶቃ + ൫𝜔𝔖మ(𝑥) + 𝜂ଵ൯ଶ൫𝜔𝔖మ(𝑦) + 𝜂ଵ൯ଶ.௫௬∉𝔈(𝔖మ)  

Using the minimum and maximum degrees, we get the desired result. 

Theorem 2.2.5. Let 𝔖ଵand 𝔖ଶbe two graphs on 𝜂ଵ and 𝜂ଶ vertices, 𝜇ଵ and 𝜇ଶ edges respectively. 

Then, the cartesian product of the graphs 𝔖ଵ and 𝔖ଶ on the Euler Sombor coindex has the lower 

and upper bounds as 

          2 𝛼ට 𝛿ଵଶ + 𝛿ଶଶ + (𝛿ଵ𝛿ଶ) ≤  𝐸𝑈തതതത(𝔖ଵ ◻ 𝔖ଶ) ≤ 2 𝛼ට 𝛥ଵଶ + 𝛥ଶଶ + (𝛥ଵ𝛥ଶ)           (2.7) 

dir. Here, the number of edges of the graph 𝔖ଵ ◻ 𝔖ଶ is 𝛼 = 𝜂ଵ𝜇ଶ + 𝜇ଵ𝜂ଶ. 

Proof. 

Let 𝑥 = (𝑥ଵ, 𝑥ଶ) and 𝑦 = (𝑦ଵ,𝑦ଶ). By the definition of Euler Sombor coindex, we have 

𝐸𝑈തതതത(𝔖ଵ ◻ 𝔖ଶ) = ෍ ට𝜔𝔖భଶ(𝑥ଵ) + 𝜔𝔖మଶ(𝑥ଶ) + 𝜔𝔖భ(𝑥ଵ) 𝜔𝔖మ(𝑥ଶ)௫௬∉𝔈(𝔖భ◻𝔖మ)     
  +ට𝜔𝔖భଶ(𝑦ଵ) + 𝜔𝔖మଶ(𝑦ଶ) + 𝜔𝔖భ(𝑦ଵ) 𝜔𝔖మ(𝑦ଶ). 

Hence, we get the desired bounds.  

Theorem 2.2.6. Let 𝔖ଵ  and 𝔖ଶ   be two graphs on 𝜂ଵ  and 𝜂ଶ  vertices, 𝜇ଵ  and 𝜇ଶ edges 

respectively. Then, the the cartesian product of the graphs 𝔖ଵ  and 𝔖ଶ  on the Gourava Sombor 

coindex has the lower and upper bounds as 

   2 𝛼ට (𝛿ଵ + 𝛿ଶ)ଶ + 𝛿ଵଶ𝛿ଶଶ ≤  𝐺𝑆𝑂തതതതതത(𝔖ଵ ◻ 𝔖ଶ) ≤ 2 𝛼ට (𝛥ଵ + 𝛥ଶ)ଶ + 𝛥ଵଶ𝛥ଶଶ               (2.8) 

Here, the number of edges of the graph 𝔖ଵ ◻ 𝔖ଶ is 𝛼 = 𝜂ଵ𝜇ଶ + 𝜇ଵ𝜂ଶ. 

Proof. 

Let 𝑥 = (𝑥ଵ, 𝑥ଶ) and 𝑦 = (𝑦ଵ,𝑦ଶ). By the definition of Gourava Sombor coindex, we have 
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𝐺𝑆𝑂തതതതതത(𝔖ଵ ◻ 𝔖ଶ) = ෍ ටቀ𝜔𝔖భ(𝑥ଵ) + 𝜔𝔖మ(𝑥ଶ)ቁଶ + ቀ𝜔𝔖భଶ(𝑥ଵ)𝜔𝔖మଶ(𝑥ଶ)ቁ௫௬∉𝔈(𝔖భ◻ீమ)      
                                +ටቀ𝜔𝔖భ(𝑦ଵ) + 𝜔𝔖మ(𝑦ଶ)ቁଶ + ቀ𝜔𝔖భଶ(𝑦ଵ)𝜔𝔖మଶ(𝑦ଶ)ቁ. 

Hence, we get  

2 𝛼ට (𝛿ଵ + 𝛿ଶ)ଶ + 𝛿ଵଶ𝛿ଶଶ ≤  𝐺𝑆𝑂തതതതതത(𝔖ଵ ◻ 𝔖ଶ) ≤ 2 𝛼ට (𝛥ଵ + 𝛥ଶ)ଶ + 𝛥ଵଶ𝛥ଶଶ. 
Theorem 2.2.7. Let 𝔖ଵ  and 𝔖ଶ   be two graphs on 𝜂ଵ  and 𝜂ଶ  vertices, 𝜇ଵ  and 𝜇ଶ edges 

respectively. Then, the the composition of the graphs 𝔖ଵ and 𝔖ଶ on the Euler Sombor coindex has 

the lower and upper bounds as  

    2𝛽ට𝜂ଶଶ𝛿ଵଶ + 𝛿ଶଶ + (𝜂ଶ𝛿ଵ𝛿ଶ) ≤ 𝐸𝑈തതതത(𝔖ଵ[𝔖ଶ]) ≤ 2𝛽ට𝜂ଶଶ𝛥ଵଶ + 𝛥ଶଶ + (𝜂ଶ𝛥ଵ𝛥ଶ)       (2.9) 

Here, the number of edges of the graph 𝔖ଵ[𝔖ଶ] is  𝛽 = 𝜂ଵ𝜇ଶ + 𝜇ଵ𝜂ଶଶ. 
Proof. 

Let 𝑥 = (𝑥ଵ, 𝑥ଶ) and 𝑦 = (𝑦ଵ,𝑦ଶ). By the definition of Euler Sombor coindex, we get 

𝐸𝑈തതതത(𝔖ଵ[𝔖ଶ]) = ෍ ටቀ𝜂ଶ𝜔𝔖భ(𝑥ଵ)ቁଶ + 𝜔𝔖మଶ(𝑥ଶ) + 𝜂ଶ𝜔𝔖భ(𝑥ଵ)𝜔𝔖మ(𝑥ଶ)௨௩∉𝔈(𝔖భ[𝔖మ])+ ටቀ𝜂ଶ𝜔𝔖భ(𝑦ଵ)ቁଶ + 𝜔𝔖మଶ(𝑦ଶ) + 𝜂ଶ𝜔𝔖భ(𝑦ଵ)𝜔𝔖మ(𝑦ଶ).   
Hence, we obtain  

        2𝛽ට𝜂ଶଶ𝛿ଵଶ + 𝛿ଶଶ + (𝜂ଶ𝛿ଵ𝛿ଶ) ≤ 𝐸𝑈തതതത(𝔖ଵ[𝔖ଶ]) ≤ 2𝛽ට𝜂ଶଶ𝛥ଵଶ + 𝛥ଶଶ + (𝜂ଶ𝛥ଵ𝛥ଶ).         

Theorem 2.2.8. Let 𝔖ଵ and 𝔖ଶ be two graphs on 𝜂ଵ and 𝜂ଶ vertices, 𝜇ଵ and 𝜇ଶ edges respectively. 

Then, the the composition of the graphs 𝔖ଵ and 𝔖ଶ on the Gourava Sombor coindex has the lower 

and upper bounds as  

2𝛽ට(𝜂ଶ𝛿ଵ+𝛿ଶ)ଶ + ൫𝜂ଶଶ𝛿ଵଶ𝛿ଶଶ൯ ≤ 𝐺𝑆𝑂തതതതതത(𝔖ଵ[𝔖ଶ]) ≤ 2𝛽ට(𝜂ଶ𝛥ଵ+𝛥ଶ)ଶ + ൫𝜂ଶଶ𝛥ଵଶ𝛥ଶଶ൯      (2.10) 

Here, the number of edges of the graph 𝔖ଵ[𝔖ଶ] is  𝛽 = 𝜂ଵ𝜇ଶ + 𝜇ଵ𝜂ଶଶ. 
Proof. 

Let 𝑥 = (𝑥ଵ, 𝑥ଶ) and 𝑦 = (𝑦ଵ,𝑦ଶ). By the definition of Gourava Sombor coindex, we get 

𝐸𝑈തതതത(𝔖ଵ[𝔖ଶ]) = ෍ ට(𝜂ଶ𝜔𝔖భ(𝑥ଵ) + 𝜔𝔖మ(𝑥ଶ))ଶ + ቀ𝜂ଶଶ𝜔𝔖భଶ(𝑥ଵ)𝜔𝔖మଶ(𝑥ଶ)ቁ௨௩∉𝔈(𝔖భ[𝔖మ])+ ට(𝜂ଶ𝜔𝔖భ(𝑦ଵ) + 𝜔𝔖మ(𝑦ଶ))ଶ + ቀ𝜂ଶଶ𝜔𝔖భଶ(𝑦ଵ)𝜔𝔖మଶ(𝑦ଶ)ቁ.   
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Hence, we get the desired bounds.   

3. The Euler Sombor and Gourava Sombor Coindices of SOME chemical Graphs 𝔖 is a chemical graph if 𝜔𝔖(𝑥) ≤ 4 for all 𝑥 ∈ Ѵ(𝔖). We denote by 𝜂௜ the number of vertices of 
degree 𝑖. Let 𝜇௜,௝ and 𝜇̅௜,௝ be the number of adjacent and non-adjacent vertex of degree 𝑖 to a vertex 
of degree 𝑗 respectively. Here, 𝜇̅௜,௜ = ൫ఎ೔ଶ ൯ − 𝜇௜,௜ and 𝜇̅௜,௝ = 𝜂௜𝜂௝ − 𝜇௜,௝, for 1 ≤ 𝑖, 𝑗 ≤ 4. 
 

Proposition 3.1. If 𝔖 is a chemical graph, then the Euler Sombor coindex and the Gourava Sombor 

coindex are are as follows respectively: 

 𝐸𝑈തതതത(𝔖) = √3𝜇̅ଵ,ଵ + √7𝜇̅ଵ,ଶ + √13𝜇̅ଵ,ଷ + √21𝜇̅ଵ,ସ + 2√3𝜇̅ଶ,ଶ + √19𝜇̅ଶ,ଷ + 2√7𝜇̅ଶ,ସ + 3√3𝜇̅ଷ,ଷ + √37𝜇̅ଷ,ସ            +4√3𝜇̅ସ,ସ 
and 

 𝐺𝑆𝑂തതതതതത(𝔖) = √5𝜇̅ଵ,ଵ + √13𝜇̅ଵ,ଶ + 5𝜇ଵ,ଷ + √41𝜇̅ଵ,ସ + 4√2𝜇̅ଶ,ଶ + √61𝜇̅ଶ,ଷ + 10𝜇̅ଶ,ସ + 3√13𝜇̅ଷ,ଷ + √193𝜇̅ଷ,ସ+ 8√5𝜇̅ସ,ସ. 
 

Proof. For a chemical graph 𝔖, there exist only (1,1), (1,2), (1,3), (1,4), (2,2), (2,3), (2,4), (3,3), (3,4), (4,4) type of vertex pairs. Using the definitions of the Euler and Gourava coindices, the 

desired result can be get easily. 
Dendrimer has a special structure that is generally divided into three parts: inner layer, middle 

layer and surface functional group layer. If the molecular graph of porphyrin core polyamidoamine 
dendrimers synthesized by microwave method[27] is shown with PDP(k), where 𝑘 ≥ 1  is the 
production step, the following theorem is obtained. 
Theorem 3.2. Let 𝑘 ≥ 1. Then the Euler and Gourava coindices of PDP(k) are 𝐸𝑈തതതത(𝔖) = √3𝜂ଵ2 ቆ𝜂ଵ + 2√213 𝜂ଶ − 1ቇ + 2√2𝜂ଶ ቆ𝜂ଶ + √1224 𝜂ଷ − 1ቇ + 3√132 𝜂ଷ(𝜂ଷ − 1)                  −2௞ାଵ൫24√2 + √7 + 2√13 + 7√61൯ − 32√13 − 16√61 

and  𝐺𝑆𝑂തതതതതത(𝔖) = √5𝜂ଵ2 ቆ𝜂ଵ + 2√655 𝜂ଶ + 2√5𝜂ଷ − 1ቇ + 2√2𝜂ଶ ቆ𝜂ଶ + √1224 𝜂ଷ − 1ቇ + 3√132 𝜂ଷ(𝜂ଷ − 1)           −2௞ାଵ൫24√2 + √7 + 2√13 + 7√61൯ − 32√13 − 16√61 

where 𝜂ଵ = 2௞ାଶ + 2௞ାଵ − 4, 𝜂ଶ = 5.2௞ାଶ + 8, 𝜂ଷ = 3. 2௞ାଵ + 12. 
Proof. Using the values of 𝜇௜,௝ from [28], 𝜇̅௜,௝ are found as follows: 𝜇̅ଵ,ଵ = ቀ𝜂ଵ2 ቁ , 𝜇̅ଵ,ଶ = 𝜂ଵ𝜂ଶ − 2௞ାଵ, 𝜇̅ଵ,ଷ = 𝜂ଵ𝜂ଷ − 2௞ାଶ + 4, 𝜇̅ଶ,ଶ = ቂቀ𝜂ଶ2 ቁ − 3. 2௞ାଶቃ, 
𝜇̅ଶ,ଷ = 𝜂ଶ𝜂ଷ − 2௞ାସ + 2௞ାଵ − 16, 𝜇̅ଷ,ଷ = ቀ𝜂ଵ2 ቁ − 12. 

Then the Euler and Gourava coindices of PDP(k) are 
 𝐸𝑈തതതത(𝔖) = √3𝜂ଵ2 ቆ𝜂ଵ + 2√213 𝜂ଶ + 2√393 𝜂ଷ − 1ቇ + √3𝜂ଶ ቆ𝜂ଶ + √573 𝜂ଷ − 1ቇ + 3√32 𝜂ଷ(𝜂ଷ − 1)                −2௞ାଵ൫12√3 + √7 + 2√13 + 7√19൯ − 36√3 + 4√13 − 16ඥ19𝑝 
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𝐺𝑆𝑂തതതതതത(𝔖) = √5𝜂ଵ2 ቆ𝜂ଵ + 2√655 𝜂ଶ + 2√5𝜂ଷ − 1ቇ + 2√2𝜂ଶ ቆ𝜂ଶ + √1224 𝜂ଷ − 1ቇ + 3√132 𝜂ଷ(𝜂ଷ − 1)           −2௞ାଵ൫24√2 + √7 + 2√13 + 7√61൯ − 32√13 − 16√61. 

Graphene is a material with a two-dimensional honeycomb lattice structure consisting of a single 
layer of atoms and is denoted by 𝐺𝑁(𝜂, 𝑘). 
 

Theorem 3.3. Let 𝐺 be the graphene 𝐺𝑁(𝜂, 𝑘) where 1 ≤ 𝑘 ≤ 𝜂. Then the Euler and Gourava 

coindices of 𝐺𝑁(𝜂, 𝑘) are 

 𝐸𝑈തതതത(𝔖) = 24√3𝜂ଶ𝑘ଶ + ൫8√19 − 24√3൯𝜂ଶ𝑘 + ൫16√19 − 24√3൯𝜂𝑘ଶ + ൫4√3 − 12√19൯𝜂𝑘         +൫10√3 − 4√19൯𝜂ଶ + ൫22√3 − 8√19൯𝑘ଶ + ൫16√3 − 4√19൯𝜂 + ൫10√3 − 4√19൯𝑘 + 8√19 − 20√3, 𝐺𝑆𝑂തതതതതത(𝔖) = 24√13𝜂ଶ𝑘ଶ + ൫8√61 − 24√13൯𝜂ଶ𝑘 + ൫16√61 − 24√13൯𝜂𝑘ଶ           +൫32√2 − 12√3 − 12√61൯𝜂𝑘 + ൫8√2 + 6√13 − 4√61൯𝜂ଶ + ൫32√2 + 6√13 − 8√61൯𝑘ଶ   +൫−4√2 + 18√13 − 4√61൯𝜂 + ൫−16√2 + 18√13 − 4√61൯𝑘 − 16√2 + 8√61 − 12√13. 
 

Proof. Since 𝐺𝑁(𝜂, 𝑘) has only (2,2), (2,3) and (3,3)-type of vertex pairs, we can see easy that 𝜇̅ଶ,ଶ = 2𝜂ଶ + 8𝑘ଶ + 8𝜂𝑘 − 𝜂 − 4𝑘 − 4, 𝜇̅ଶ,ଷ = 4(2 − 𝑘 − 2𝑘ଶ − 𝜂 − 3𝜂𝑘 − 𝜂ଶ + 4𝑘ଶ𝜂 + 2𝜂ଶ𝑘), 𝜇̅ଷ,ଷ =2(−2 + 3𝑘 + 𝑘ଶ + 3𝜂 − 2𝜂𝑘 + 𝜂ଶ − 4𝜂ଶ𝑘 − 4𝑘ଶ𝜂 + 4𝜂ଶ𝑘ଶ),  𝜂ଶ = 2𝑛 + 4 and  𝜂ଷ = 2(2𝜂𝑘 − 𝜂 − 𝑘). 
If these values are written in the equations, we obtain                 𝐸𝑈തതതത(𝔖) = 2√3𝜇̅ଶ,ଶ + √19𝜇̅ଶ,ଷ + 3√3𝜇̅ଷ,ଷ                       = 2√3(2𝜂ଶ + 8𝑘ଶ + 8𝜂𝑘 − 𝜂 − 4𝑘 − 4)                          +√19(4(2 − 𝑘 − 2𝑘ଶ − 𝜂 − 3𝜂𝑘 − 𝜂ଶ + 4𝑘ଶ𝜂 + 2𝜂ଶ𝑘))                         +3√3(2(−2 + 3𝑘 + 𝑘ଶ + 3𝜂 − 2𝜂𝑘 + 𝜂ଶ − 4𝜂ଶ𝑘 − 4𝑘ଶ𝜂 + 4𝜂ଶ𝑘ଶ) 
and 𝐺𝑆𝑂തതതതതത(𝔖) = 4√2𝜇̅ଶ,ଶ + √61𝜇̅ଶ,ଷ + 3√13𝜇̅ଷ,ଷ          = 4√2(2𝜂ଶ + 8𝑘ଶ + 8𝜂𝑘 − 𝜂 − 4𝑘 − 4)           +√61(4(2 − 𝑘 − 2𝑘ଶ − 𝜂 − 3𝜂𝑘 − 𝜂ଶ + 4𝑘ଶ𝜂 + 2𝜂ଶ𝑘))           +3√13(2(−2 + 3𝑘 + 𝑘ଶ + 3𝜂 − 2𝜂𝑘 + 𝜂ଶ − 4𝜂ଶ𝑘 − 4𝑘ଶ𝜂 + 4𝜂ଶ𝑘ଶ). 

If the necessary calculations are made, the desired results are obtained. 
Carbon nanocones are conical structures with a loop of length 𝑘 at the core and 𝑛 hexagonal 

layers arranged on a conical surface around the center, denoted by 𝐶𝑁𝐶௞(𝜂). 
Theorem 3.4. Let 𝐺 be the carbon nanocone structure 𝐶𝑁𝐶௞(𝜂) with 𝑘 > 4 and 𝜂 ≥ 1. Then, 𝐸𝑈തതതത(𝔖) = 3√32 𝜂ସ𝑘ଶ + ൫3√3 + √19൯𝜂ଷ𝑘ଶ + ቆ5√32 + 2√19ቇ𝜂ଶ𝑘ଶ − 4𝜂ଶ𝑘 + ൫2√3 + √19൯𝜂𝑘ଶ− ൫4√3 + 2√19൯𝜂𝑘 + √3𝑘ଶ − 3√3𝑘, 𝐺𝑆𝑂തതതതതത(𝔖) = 3√132 𝜂ସ𝑘ଶ + ൫3√13 + √61൯𝜂ଷ𝑘ଶ + ቆ2√2 + 3√132 + 2√61ቇ 𝜂ଶ𝑘ଶ − 6√13𝜂ଶ𝑘+ ൫4√2 + √61൯𝜂𝑘ଶ − ൫2√2 + 3√13 + 2√61൯𝜂𝑘 + 2√2𝑘ଶ − 6√2𝑘. 

 
Proof. It is easy to check that 𝜂ଶ = 𝑘(𝜂 + 1),  𝜂ଷ = 𝜂𝑘(𝜂 + 1) 𝜇̅ଶ,ଶ = ൫ఎమଶ ൯ − 𝜇ଶ,ଶ, 𝜇̅ଶ,ଷ =  𝜂ଶ𝜂ଷି𝜇ଶ,ଷ,𝜇̅ଷ,ଷ = ൫ఎయଶ ൯ − 𝜇ଷ,ଷ. 
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If we calculate 𝐸𝑈തതതത(𝔖) = 2√3𝜇̅ଶ,ଶ + √19𝜇̅ଶ,ଷ + 3√3𝜇̅ଷ,ଷ and 𝐺𝑆𝑂തതതതതത(𝔖) = 4√2𝜇̅ଶ,ଶ + √61𝜇̅ଶ,ଷ + 3√13𝜇̅ଷ,ଷ, 

the desired results are obtained. 

A tree is a caterpillar if and only if all vertex of degree greater than equal 3 are surrounded by at 

most two vertices of degree two or greater. 

Proposition 3.5. Let 𝐺 be the caterpillar 〈𝑆ସ, 𝑆ଷ, … , 𝑆ଷ, 𝑆ସ; 𝑧ଵ, 𝑧ଶ, … , 𝑧௡〉. Then we have  𝐸𝑈തതതത(𝔖) = ൫4√3 + 2√21൯𝜂ଶ − 3√3𝜂 + 5√3 − 2√21 

and 𝐺𝑆𝑂തതതതതത(𝔖) = ൫10√5 + 2√41൯𝜂ଶ − ൫3√5 + 32√15൯𝜂 + √5 − 2√41 + 32√15. 
Proof. It is seen from the structure of 𝔖 that  𝜂ଵ = 2𝜂 + 2,  𝜂ସ = 𝜂, 𝜇ଵ,ଵ = 0, 𝜇ଵ,ସ = 2𝜂 + 2 and 𝜇ସ,ସ =𝜂 − 1. Then we get 𝐸𝑈തതതത(𝔖) = √3 ቀ𝜂ଵ2 ቁ+ √21(𝜂ଵ𝜂ସ − 2𝜂 − 2) + 4√3 ቂቀ𝜂ସ2 ቁ − 𝜂 + 1ቃ 
and 𝐺𝑆𝑂തതതതതത(𝔖) = √5൫ఎభଶ ൯ + √41(𝜂ଵ𝜂ସ − 2𝜂 − 2) + 8√5ൣ൫ఎరଶ ൯ − 𝜂 + 1൧. 
When the values of  𝜂ଵ and  𝜂ସ are substituted into the equations above, the desired results are 

obtained. 

4. The Use of Selected Sombor Topological Indices and Coindices in  
QSPR Studies 

QSPR studies have become an important field of study for both mathematicians and chemists 
with the advantage of rapid calculation of topological indices to predict the properties of compounds. 
In this section, we have shown that Euler Sombor and Gourava Sombor indices and their coindices 
play an important role in the prediction of Hydrogen bond acceptor count (HBAC), Heavy atomic 
count (HAC), Complexity (COMP), and Surface Tension(ST) properties. 

Table 2. Experimental values of physicochemical properties of Butane derivatives [29]. 

Compound HBAC HAC COMP ST 

1,4-butanedithiol 2 6 17.5 31.1 

2-butanone 1 5 38.5 22.9 

1,3-butanediol 2 6 28.7 34.9 

butane dinitrile 2 6 92 40.7 

butanediamide 2 8 96.6 53 

butane-1-sulfoamide 3 8 133 41.9 

1-butanethiol 1 5 13.1 24.8 

1,4-diaminobuane 2 6 17.5 35.8 

butane-1,4-disulfonic acid 6 12 266 77.9 

butyraldehyde 1 5 24.8 23.1 

2,3-butanedione 2 6 71.5 27.3 

1-butanesufonylchloride 2 8 133 36.4 
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Table 3. Gourava and Sombor indices(coindices) of Butane derivatives. 

Compound 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
1,4-butanedithiol 24.18 15.68 27.99 40.83 

2-butanone 30 17.81 17.71 25.11 

1,3-butanediol 27.07 17.67 26.38 37.54 

butane dinitrile 53.44 26.21 52.30 96.91 

butanediamide 58.46 33.79 77.47 130.05 

butane-1-sulfoamide 85.92 49.98 91.83 149.39 

1-butanethiol 18.52 17.51 26.36 22.31 

1,4-diaminobuane 24.18 20.97 27.99 40.83 

butane-1,4-disulfonic acid 121.94 66.77 231.47 390.13 

butyraldehyde 24.88 14.82 20.18 31.33 

2,3-butanedione 50.69 30.13 35.52 55.12 

1-butanesufonylchloride 67.40 37.76 74.23 118 

Non-linear Regression Model: 

Here, we based on the below non-linear regression model:  𝐼𝑛(𝑃)  =  𝑋 +  𝑌 𝐼𝑛(𝐼) 

where (𝑃) indicates the selected properties of Butane derivatives, and (𝐼) indicates the Gourava 

and Sombor indices(coindices). 

The Gourava Sombor index 𝐺𝑆𝑂:  𝐼𝑛(𝐻𝐵𝐴𝐶) =  −1.8291 +  0.6650 𝐼𝑛(𝐺𝑆𝑂)  𝐼𝑛(𝐻𝐴𝐶) =  0.4569 +  0.3813 𝐼𝑛(𝐺𝑆𝑂)  𝐼𝑛(𝐶𝑂𝑀𝑃) =  −2.0591 +  1.6116 𝐼𝑛(𝐺𝑆𝑂)  𝐼𝑛(𝑆𝑇) =  1.5964 +  0.5277 𝐼𝑛(𝐺𝑆𝑂) 

The Euler Sombor index 𝐸𝑈:  𝐼𝑛(𝐻𝐵𝐴𝐶) =  −2.1247 +  0.8513 𝐼𝑛(𝐸𝑈)  𝐼𝑛(𝐻𝐴𝐶) =  0.2910 +  0.4871 𝐼𝑛(𝐸𝑈)  𝐼𝑛(𝐶𝑂𝑀𝑃) =  −2.0480 +  1.8395 𝐼𝑛(𝐸𝑈)  𝐼𝑛(𝑆𝑇) =  1.6338 +  0.5919 𝐼𝑛(𝐸𝑈) 

The Gourava Sombor coindex 𝐺𝑆𝑂തതതതതത:  𝐼𝑛(𝐻𝐵𝐴𝐶) =  −1.4831 +  0.5106 𝐼𝑛(𝐺𝑆𝑂തതതതതത)  𝐼𝑛(𝐻𝐴𝐶) =  0.6819 +  0.2864 𝐼𝑛(𝐺𝑆𝑂തതതതതത)  𝐼𝑛(𝐶𝑂𝑀𝑃) =  −0.3666 +  1.0325 𝐼𝑛(𝐺𝑆𝑂തതതതതത)  𝐼𝑛(𝑆𝑇) =  1.9833 +  0.3782 𝐼𝑛(𝐺𝑆𝑂തതതതതത) 

The Euler Sombor coindex 𝐸𝑈തതതത:  𝐼𝑛(𝐻𝐵𝐴𝐶) =  −1.5213 +  0.5747 𝐼𝑛(𝐸𝑈തതതത)  𝐼𝑛(𝐻𝐴𝐶) =  0.6308 +  0.3302 𝐼𝑛(𝐸𝑈തതതത)  𝐼𝑛(𝐶𝑂𝑀𝑃) =  −0.2987 +  1.1236 𝐼𝑛(𝐸𝑈തതതത)  𝐼𝑛(𝑆𝑇) =  1.936 +  0.4305 𝐼𝑛(𝐸𝑈തതതത) 
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When the necessary calculations are made here, it is seen that the predicted values of the 
properties are as in Tables 4–7. The correlation coefficients of the experimental values and the exact 
values of the selected physicochemical properties of the butane derivative are given in Table 8. The 𝑅ଶ values for the nonlinear QSPR model are shown in Table 9.  

Table 4. The HBAC values predicted by Gourava and Euer Sombor with coindices. 

Compound 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
1,4-butanedithiol 1.335459 1.244092 1.482178 1.508217 

2-butanone 1.541408 1.386579 1.139355 1.176683 

1,3-butanediol 1.439583 1.377295 1.432565 1.444889 

butane dinitrile 2.262888 1.926617 2.122906 2.344972 

butanediamide 2.402111 2.391729 2.660681 2.724976 

butane-1-sulfoamide 3.103163 3.337642 2.933831 2.924869 

1-butanethiol 1.118441 1.366671 1.431941 1.10775 

1,4-diaminobuane 1.335459 1.593424 1.482178 1.508217 

butane-1,4-disulfonic acid 3.91669 4.270912 4.990947 4.774956 

butyraldehyde 1.361045 1.185762 1.228135 1.317453 

2,3-butanedione 2.184768 2.169334 1.69967 1.757965 

1-butanesufonylchloride 2.640528 2.628947 2.59615 2.59299 

Table 5. The HAC values predicted by Gourava and Euer Sombor with coindices. 

Compound 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
1,4-butanedithiol 5.32036 5.112493 5.646162 5.721763 

2-butanone 5.776376 5.439739 4.854167 4.978076 

1,3-butanediol 5.554397 5.418869 5.536788 5.585738 

butane dinitrile 7.198875 6.566213 6.940683 7.328943 

butanediamide 7.449591 7.431088 7.902143 7.973089 

butane-1-sulfoamide 8.627785 8.992146 8.358541 8.296045 

1-butanethiol 4.805966 5.394912 5.535402 4.812333 

1,4-diaminobuane 5.32036 5.890203 5.646162 5.721763 

butane-1,4-disulfonic acid 9.859995 10.3546 11.34251 10.92113 

butyraldehyde 5.378571 4.973932 5.068015 5.303816 

2,3-butanedione 7.055309 7.027489 6.108283 6.235286 

1-butanesufonylchloride 7.864972 7.84426 7.79145 7.754118 

Table 6. The COMP values predicted by Gourava and Euer Sombor with coindices. 

Compound 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
1,4-butanedithiol 5.32036 5.112493 5.646162 5.721763 

2-butanone 5.776376 5.439739 4.854167 4.978076 

1,3-butanediol 5.554397 5.418869 5.536788 5.585738 

butane dinitrile 7.198875 6.566213 6.940683 7.328943 

butanediamide 7.449591 7.431088 7.902143 7.973089 
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butane-1-sulfoamide 8.627785 8.992146 8.358541 8.296045 

1-butanethiol 4.805966 5.394912 5.535402 4.812333 

1,4-diaminobuane 5.32036 5.890203 5.646162 5.721763 

butane-1,4-disulfonic acid 9.859995 10.3546 11.34251 10.92113 

butyraldehyde 5.378571 4.973932 5.068015 5.303816 

2,3-butanedione 7.055309 7.027489 6.108283 6.235286 

1-butanesufonylchloride 7.864972 7.84426 7.79145 7.754118 

Table 7. The ST values predicted by Gourava and Euer Sombor with coindices. 

Compound 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
1,4-butanedithiol 5.32036 5.112493 5.646162 5.721763 

2-butanone 5.776376 5.439739 4.854167 4.978076 

1,3-butanediol 5.554397 5.418869 5.536788 5.585738 

butane dinitrile 7.198875 6.566213 6.940683 7.328943 

butanediamide 7.449591 7.431088 7.902143 7.973089 

butane-1-sulfoamide 8.627785 8.992146 8.358541 8.296045 

1-butanethiol 4.805966 5.394912 5.535402 4.812333 

1,4-diaminobuane 5.32036 5.890203 5.646162 5.721763 

butane-1,4-disulfonic acid 9.859995 10.3546 11.34251 10.92113 

butyraldehyde 5.378571 4.973932 5.068015 5.303816 

2,3-butanedione 7.055309 7.027489 6.108283 6.235286 

1-butanesufonylchloride 7.864972 7.84426 7.79145 7.754118 

Table 8. The correlation coefficient values of predicted physicochemical properties with its exact values. 

Properties 𝑮𝑺𝑶 𝑬𝑼 𝑬𝑼തതതത 𝑮𝑺𝑶തതതതതത 
HBAC 0.8419 0.8783 0.9277 0.9174 

HAC 0.8897 0.9221 0.9748 0.9610 

COMP 0.9855 0.9630 0.9506 0.9619 

ST 0.8137 0.8306 0.9344 0.9332 

Table 9. Determination coefficients(𝑹𝟐) for the non-linear QSPR model for the Gourava and Euler Sombor 
indices(coindices). 

Indices HBAC HAC COMP ST 𝐺𝑆𝑂 0.7464 0.7687 0.9724 0.9840 𝐸𝑈 0.7840 0.8336 0.8419 0.9751 𝐸𝑈തതതത 0.8322 0.9287 0.7615 0.9867 𝐺𝑆𝑂തതതതതത 0.8455 0.9091 0.8366 0.9879 

The following figures indicates how much the predicted values of physio-chemical properties 
are correlated with the wellknown physio-chemical properties. 
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Figure 1. Graphical relationships between predicted values of HBAC and its exact values. 

 
Figure 2.1. Graphical relationships between predicted values of HAC and its exact values 𝐸𝑈 and 𝐸𝑈തതതത. 
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Figure 2.2. Graphical relationships between predicted values of HAC and its exact values 𝐺𝑆𝑂 and 𝐺𝑆𝑂തതതതതത. 

 

 

Figure 3. Graphical relationships between predicted values of COMP and its exact values. 
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Figure 4. Graphical relationships between predicted values of ST and its exact values. 

5. Results and Discussion 

In this study, Gourava Sombor and Euler Sombor coindices are introduced as a new tool in 
mathematical chemistry and bounds are obtained through union, sum, cartesian product and 
composition graph operations. Also these indices are studied in some chemical graphs. These results 
show the important relationship between graph structure and degree concept. 

From Table 8, it can be seen that the Euler Sombor and Gourava Sombor topological indices and 
their coindices are particularly effective in predicting the HBAC, HAC, COMP, and ST properties of 
butane derivatives. It is observed that the correlation coefficient of the predicted values and the exact 
values of HBAC is in the range of 0.8419 ≤ 𝑅 ≤ 0.9277, with the Euler Sombor coindex having the best 
correlation coefficient of 0.9277. In addition, the correlation coefficient of the predicted and exact 
values of HAC is in the range of 0.8897 ≤ 𝑅 ≤ 0.9748, and it gives the best correlation coefficient of 
0.9748 with the Euler Sombor coindex, and it is seen that ST is in the range of 0.8137 ≤ 𝑅 ≤ 0.9344, with 
the best correlation coefficient being 0.9344 in this index. Finally, the correlation range for Comp is 
0.9506 ≤ 𝑅 ≤ 0.9855, and its best correlation is with the GSO index. It is clear that especially the EU 
coindex and GSO coindex show very strong correlations with the exact values of the predicted values 
of the selected physicochemical properties. These strong correlations show that the selected indices 
are reliable estimators in predicting the physicochemical properties of butane derivatives. 

In a related study by Shashidhara et al. [30], the correlation coefficient of predicted and exact 
values for the studied domination topological indices was in the range of 0.58 ≤ 𝑅 ≤ 0.88 for HAC, 
while it was in the range of 0.8897 ≤ 𝑅 ≤ 0.9748 in our study, For ST, it was in the range of 0.53 ≤ 𝑅 ≤ 
0.83 in [30], while it was in the range of 0.8137 ≤ 𝑅 ≤ 0.9344 in our study. For Comp, it was in the range 
of 0.53 ≤ 𝑅 ≤ 0.90 in [30], while it was in the range of 0.9506 ≤ 𝑅 ≤ 0.9855 in our study. Thus, in the 
literature, the highest performance results were obtained with the Gourava Sombor and Euler 
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Sombor indices and especially the coindices in predicting the HAC, COMP and ST physicochemical 
properties of butane derivatives. 
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