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Abstract: Calculating the angle of refraction when X-rays pass through an object is a fundamental
concern in X-ray phase-contrast imaging. When using wave optics to calculate the angle of refraction,
several challenges arise. First, when the phase of the object changes significantly, the angle of
refraction is divergent. Second, the method is unable to address the case of point-source illumination,
specifically regarding the influence of the X-ray source’s focal spot size on the angle of refraction.
Here, a geometric optics based method is established to simulate the propagation-based X-ray phase-
contrast imaging (pbXPCl) and calculate the angle of refraction. The results indicate that the angle of
refraction can be effectively determined by geometric optics even when the phase of the object
changes significantly, and reducing the focal spot size of the X-ray source and the pixel size of the
detector will result in a larger angle of refraction. The results also indicate that the angle of refraction
would vary with the object’s position and the system’s length, rather than remaining constant
regardless of its location.

Keywords: X-ray phase-contrast imaging; angle of refraction; focal spot size

1. Introduction

X-ray phase-contrast imaging is a technique for detecting small angle of refraction after X-ray
passing through an object [1-5]. For weakly absorbing objects, X-ray phase-contrast images can
provide much higher contrast than absorption images [6,7]. Therefore, X-ray phase-contrast imaging
has played an important role in cartilage detection [8-10], material inspection [11-13] and many other
fields [14-16]. There are five main methods that enable X-ray phase-contrast imaging, namely: crystal
interferometry [17], propagation-based X-ray phase-contrast imaging (pbXPCI) [18-21], diffraction
enhanced imaging (DEI) [22], grating-based X-ray interferometry (gbXI) [23-25] and edge
illumination (EI) [26,27]. Two main methods that have received much attention are gbXI and pbXPCI.
The former method can quantitatively retrieve the absorption, phase-contrast and scattering
information of an object, but the imaging energy is limited by the absorption grating and the field of
view is limited by the size of the analyzer grating [28,29]. The latter method provides high-resolution
images, but it is difficult to completely separate phase information from absorption information [30].

In X-ray phase-contrast imaging, utilizing wave optics to calculate the angle of refraction when
X-rays pass through an object is a widely used method, and often the only one available. For the case
of plane-wave illumination and the phase of the object changes gradually, the calculated angle of
refraction and experimental results have very good consistency. However, as Wilkins pointed out in
the literature [18], in some special cases, such as the position where the phase of the object changes
significantly, the angle of refraction calculated by wave optics is divergent. Moreover, this method
assumes that the incident X-rays are plane waves, for the case of point-source illumination,
calculating the angle of refraction will be challenging. Furthermore, the impact of focal spot size of
X-ray source on the angle of refraction is frequently disregarded. As is well known, when the angle
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of incidence changes, the angle of refraction also changes. Therefore, when using an extended X-ray
source for illumination, the X-rays emitted from different source’s positions result in different angles
of refraction. When calculating the angle of refraction, the weighted average of the detected angles of
refraction within a pixel should be considered, with the weighting factor depending on the number
of photons corresponding to each angle. It is evident that both the focal spot size of the X-ray source
and the pixel size of the detector will impact the angle of refraction. Another interesting aspect is that
in different X-ray phase-contrast imaging systems, the interactions between objects and X-rays are
described by different theories. Namely, when X-rays passing through an object, it will be diffracted
in the propagation-based X-ray phase-contrast imaging system [15], whereas X-ray will be refracted
in the grating-based X-ray interferometry [5]. In the above two different X-ray phase-contrast imaging
systems, if a same theory can be used to describe the interaction between X-rays and objects, it would
advance the development of X-ray phase-contrast imaging.

As is well known, the larger the atomic number of an object, the larger refractive index
decrement &5 [4]. When applying wave optics to calculate the angle of refraction, it is observed that a
larger § corresponds to a larger angle of refraction. Therefore, objects with higher atomic numbers
(i.e., those exhibiting larger linear absorption coefficient) have larger 5, and should exhibit larger
angles of refraction. However, for objects with stronger X-ray absorption, the effect of edge
enhancement is less pronounced [31]. From the perspective of geometric optics, while an object with
larger linear absorption coefficient results in a greater angle of refraction, it also leads to fewer
photons being refracted at the object’s edge. This reduction in refracted photons ultimately
diminishes the edge enhancement effect. Therefore, in this paper, we will verify that geometric optics,
specifically Snell’s law, can address the aforementioned problems, thereby offering new insights into
the principle of pbXPCI. Moreover, by applying Snell’s law to calculate the angle of refraction, we
can identify key factors that limit the enhancement of the angle of refraction, providing theoretical
guidance for improving X-ray phase-contrast signals in ppXPCI and gbXIL

2. Theory

In propagation-based X-ray phase-contrast imaging, when the object is illuminated by hard
X-ray and the pixel size of the detector is over ten micrometers, the Fresnel number  is usually
approximately equal to or greater than 1, and the diffraction effect is extremely weak. Therefore,
one can try using the geometric optics, that is Snell’s law, to describe the interaction between X-
rays and objects [32].

As illustrated in Figure 1, an X-ray point source S(*, 0), is located on the negative half of the X-
axis, and X-rays illuminate a sphere with a radius of » and a center at the origin of the coordinates. A

ray emitted by the X-ray point source is incident on a point A (™1, 91) of the sphere. The angle between
the line connecting point S and point A and the X-axis is denoted as % and the angle between the

tangent to the sphere at the point A and the X-axis is denoted as % The angle of incidence % can be
calculated by the following formula:
a,=90" —a, +a, (1)

Then the angle of refraction % of X-ray inside the sphere can be calculated by using Snell’s law,
that is:

. (n .
a, = arcsin (—1 sina, J
n
? 2)

where " and "2 are the refractive index of the air and the sphere, respectively. In the hard X-ray

regime, the refractive index of the air""is approximately equal to 1, and the difference between the
refractive index of the object and that of air is about 106 orders of magnitude. Therefore, the angle of
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refraction > will be slightly larger than the angle of incidence %, the difference between the two angle
is denoted as:

) =a, —q (3)

After the X-ray is transmitted inside the sphere, it reaches the exit point B. The slope of the line
between A and B is given by:

k, = tan (180" — a,, — a, ) @
The intercept of the line between point A and point B is:
b, =y, —kyx, ()

At this time, the abscissa of the exit point B can be calculated by:

_ —k,b, + o+ =b;

x =
? k; +1 ©)

Then the tangent slope ks at point B can be calculated by using the abscissa 2 of the exit point B

and the equation of the sphere:

X
k 2
3

The angle % petween the tangent and the X-axis can be calculated by using the tangent slope ks

a, = arctank, ®)
Then the angle of incidence %3 of X-ray at point B can be obtained:
a,=90° -, —a, —aq, ©)
Once again, the angle of refraction % can be calculated by using Snell’s law:
. (nz . j
a, =arcsin| —=sina,
" (10)
According to the geometric relationship between the angles in the Figure 1, the angle of
refraction % of the X-ray after passing through the sphere can be calculated by:
as =a, —a, +ay, (11)
The angle “between the X-ray emitted from point B and the x-axis is:
a, =as+a, (12)
The slope ks of the X-ray emitted from point B is:
k, = tan(180° —a,) (13)
The intercept of the X-ray emitted from point B is:
by =y, —kx, (14)
where V2 is the ordinate of the exit point B, and the ordinate ¥s of the intersection of the exit X-ray and
the detector at (mz, 0) can be calculated by:
Ys = kyx. + b (15)
As a comparison, the formula for calculating the angle of refraction % by wave optics is as follow

[18]:
2A0y

o, =——
/ m )

where A is the refractive index difference between the inside and outside of the sphere.
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Point source

Figure 1. The refraction process of X-rays after passing through an object in propagation-based X-ray phase-

contrast imaging.

3. Results

3.1. Comparison of Intensity Distributions

Figure 2a and 2b are the X-ray intensity distributions of the sphere simulated by Fresnel-
Kirchhoff diffraction and the Snell’s law, respectively. The object used in the simulation was a PMMA
(polymethyl methacrylate) sphere with a diameter of 3 mm. The distance between the X-ray source
and the detector was 1.5 m, while the distance between the X-ray source and the object was 0.5 m.
The X-ray tube voltage was 40 kVp, and the detector pixel size was 20 um. The spectrum was
simulated by Spektr [33], and the sampling interval for energy was 1keV. Figure 2c illustrates the
intensity distribution denoted by the dark line in Figure 2a, and the Figure 2d is the zoomed figure
at the ellipse indicated in Figure 2c. It can be seen that the intensity distribution of the sphere obtained
by Snell’s law also exhibits the effect of edge enhancement [32]. The reason is that the angle of
refraction near the edge of the sphere is very large, causing a lot of photons being deflected outside
the sphere’s edge. It results in a decrease in intensity inside the edge of the sphere, making the
intensity outside the edge is higher than the background intensity. Except the slight differences at the
edges of the sphere, the two intensity distributions almost completely overlap.

(@) (b)

LIS = Snell's Le!w . ! " [—Snelrs Law
— Fresnel diffraction . F R
—_ : ——Fresnel dilTraction
> =

s 1.1 < 098
< 5
g 1.05 =
g . § 0.96
= k=
k= B
2095 2094
= =
= 09 =
~ 0.92
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(©) (d)

Figure 2. The X-ray intensity distributions of a sphere obtained by Fresnel-Kirchhoff diffraction (a) and the

Snell’s law (b). (c) represents the cross-section of the sphere. (d) Zoomed figure at the ellipse indicated in (c).

3.2. Calculation of Angles of Refraction and the Contrast of an Object

For the case of plane-wave illumination, Figure 3 illustrates the angles of refraction when X-rays
pass through different positions of the sphere, calculated by Snell’s law (Formula 11) and wave optics
(Formula 16), respectively. The incident X-ray was monochromatic plane wave with an energy of 28
keV. The distance between the object and the detector was 1 m. The blue curve represents the angle
of refraction calculated by Snell’s law, while the red curve represents the angle of refraction calculated
by wave optics. When the calculated region is not very close to the edge of the sphere (submicron
scale), the angles of refraction calculated by the two methods are almost the same, with an average
error of only 1.3x10* rad, so the two curves almost merge into one, as illustrated in Figure 3a. The
angle of refraction can be successfully calculated by using Snell’s law. However, when the calculated
region is very close to the edge of the sphere (nanoscale), the angles of refraction calculated by wave
optics are divergent, but the angles of refraction calculated by Snell’s law are finite, as illustrated in

Figure 3b.
-5 3 3
< 10 %10 ><1120
— 6 e Sriell's Law — - —Snell's Law =
-:3 . — Wave opties| @4 5 A —Wave optics | 10
e 1 S —
g 5 3 8
Q [ &} [&]
= g 1 5 &
g0 ® 3
= — —
S -4 ©
o2 205 @
& o™ o
g 2 ¢
g4 Z <
-6 0 :
-1 0 1 0 ! .
y(mm) The distance from the edge of the object {nm)

(a) (b)

Figure 3. Using Snell’s law and wave optics to calculate the angles of refraction when X-rays pass through
different positions of the sphere. (a) Non-marginal position of the sphere; (b) The edge position of the sphere.

From Figure 3, it can be seen that for the case of plane-wave illumination, the method for
calculating the angle of refraction using formula 16 is straightforward and accurate in the regions
with gradual phase changes. However, in areas with significant phase changes, only Snell’s law can
be used to determine a reasonable angle of refraction. One may question whether nanometer-level
accuracy is necessary, nor do they need to consider such special situations as drastic phase changes.
We believe that a robust theoretical framework should be capable of addressing a variety of complex
situations. When current theory fails to accommodate specific exceptional cases, it indicates the need
for the development of a new, more universally applicable theory. Such a new theory is likely to have
a profound impact on the advancement of X-ray phase-contrast imaging.

From the blue curve in Figure 3b, it can be seen that although the angle of refraction calculated
by Snell’s law is finite at position A, the maximum value is about 1.5 mrad, which is three orders of
magnitude higher than the actual measurement results. The main reason is that the number of
photons near the position A are so small that they had no obvious effect on the overall intensity
distribution, making it difficult to detect the maximum angle of refraction in the experiment. On the
contrary, a large number of photons can be easily detected at the location with the highest intensity
at the edge of the object, so the angle of refraction at this position is defined as the maximum
detectable angle of refraction in this paper. Therefore, in the following discussion, when considering
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the effect of system parameters on the angle of refraction, the maximum detectable angle of refraction
is taken into account rather than the maximum angle of refraction.

In pbXPClI, the angle of refraction cannot be measured directly; therefore, alternative methods
should be considered, such as the edge enhancement effect. The contrast of the object is defined to
quantitatively describe the edge enhancement effect of the ppXPCI. Here, the contrast of the object is

defined by:
I -1
contrast ==
Imax + Ibg (17)

where Tm is the maximum intensity at the edge of the object, and lieis the background intensity
without the object. For a given object and spectrum, a higher contrast of the object denotes a more
pronounced edge enhancement effect. The larger the angle of refraction, the more photons are
refracted outside the edge of the object, and the more obvious the effect of edge enhancement. Figure
4a illustrates the influence of detector pixel size on the contrast of the object. The X-ray tube voltage
was 40 kVp, and the focal spot size was 7 um. Figure 4b illustrates the influence of focal spot sizes of
X-ray source on image contrast. The detector pixel size was 50 um. Figure 4c illustrates the influence
of the spectrum on the contrast of the object. The focal spot size of the X-ray source was 7 um and the
pixel size of the detector was 50 pm. The object used in the simulation was PMMA with a diameter
of 3 mm and positioned at a distance of 0.75 m from the X-ray source.

4%
° —10pm 3% —7pm 30 —— Monochromatic X-ray
3.5% —2um { ——20pm ° — Polychromatic X-ray
270 50um 100pm
— 2.5 —~
5 3%;7 3 2.5% =2.5%
< & S
Z2.5% Z 2 g
g £ £ 2%
S 2% 3 3
1.5%
15% ¢ 1 1.5%
1% 1%
1.4 1.6 1.8 2 1.4 1.6 1.8 2 1.4 1.6 1.8 2
L(m) L(m) L(m)
(a) (b) (©

Figure 4. (a) The influence of detector pixel size on the contrast of the object. (b) The influence of focal spot sizes

of X-ray source on image contrast. (c) The influence of the spectrum on the contrast of the object.

The simulation results illustrate that the contrast of the object decreased with the increase of the
X-ray source focal spot size and the detector pixel size. Under monochromatic X-ray illumination, the
contrast of the object is also better than under polychromatic X-ray illumination, but the difference is
not particularly significant.

3.3. Factors Affecting the Angles of Refraction

Figure 5 illustrates the influence of the system’s length and the distance between object and the
X-ray source on the angle of refraction obtained by Snell’s law. The object and X-ray tube were same
with those used in Figure 4. The X-ray tube voltage was 40 kVp, and the focal spot size was 7um.
Different from the assumption that the angles of refraction for X-rays are independent of the object’s
position and the system’s length when wave optics is used, Figure 5a indicates that the angle of
refraction increases with the increase of the system’s length. Figure 5b indicates that the angle of
refraction increases with the decrease of the distance between the X-ray source and the object. Note
that the angle of refraction varies as a function of wavelength. Consequently, the angle of refraction
is a weighted average of the angles corresponding to each wavelength.
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Figure 5. (a) The influence of the system’s length L on the angle of refraction, where the distance between the
object and the X-ray source was 0.75 m; (b) The influence of the distance between object and the X-ray source on

the angle of refraction, where the total where the total system length was 1.5 m.

Figure 6a illustrates the influence of the focal spot size of the X-ray source on the angle of
refraction. Figure 6a indicates that when the focal spot size of the X-ray source decreases from 400
pm to 7 um, the angle of refraction increases from 3.4x10-6 radians to 5.9x10-¢ radians, which increases
by 1.74 times. This means that a smaller focal spot size of the X-ray source would produce a stronger
signal, and the sensitivity of the system would also be improved. Figure 6b is the change of the angle
of refraction with the distance between object and the X-ray source under different detector pixel
sizes. The blue, red and yellow curves represent that the pixel sizes of the detector are 20, 50 and 100
microns, respectively, with corresponding average angle of refraction of 9.3x10¢, 7.3x10-¢ and 5.8x10-
¢ radians. Since the angle of refraction is the average of all angles of refraction within a pixel size, the
angle of refraction decreased as the pixel size of the detector increased. When the pixel size of the
detector is reduces from 100 microns to 20 microns, the angle of refraction increases by 1.60 times.
The simulation results indicate that the effect of the detector’s pixel size on the angle of refraction is
significantly greater than that of the X-ray source’s focal spot size.

6 -6
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—20um
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© ©
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Figure 6. (a) The influence of focal spot size of X-ray source on the refraction angle. The detector’s pixel
size was 50 pm. The distance between the X-ray source and the object was 1 m. (b) The influence of the
distance between object and the X-ray source on the angle of refraction under different pixel  sizes. The
distance between the X-ray source and the detector was 1.5 m. The X-ray tube voltage was 40 kVp, and

the focal spot size was 7 pum.

3.4. Experimental Results
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Next, we will verify the effectiveness of the theory through experiments. The object was a
PMMA rod with a diameter of 3 mm. The X-ray tube voltage was 40 kVp, the focal spot size was 7um,
and the detector pixel size was 50 um. Figure 7a displays the experimental result of a PMMA rod in
the propagation-based X-ray phase-contrast imaging. Figure 7b illustrates a comparison of the cross-
sections from the experiment (blue curve), Fresnel-Kirchhoff diffraction simulation (red curve), and
Snell’s law simulation (green curve). In Figure 7b, the maximum error between the simulation results
obtained using Snell’s law and the experimental results is 1.6%, whereas the maximum error between
the simulation results obtained using Fresnel-Kirchhoff diffraction and the experimental results is
1.0%. Due to the maximum thickness at the middle position of the PMMA rod, the beam hardening
effect is more pronounced, resulting in the largest error at this location. Although the intensity
distribution obtained using Snell’s law is not as accurate as that obtained using Fresnel-Kirchhoff
diffraction, its error remains relatively low. It is important to note that the X-ray intensity distribution
at the edge of the object in Figure 2c exhibits a peak and a valley. In contrast, the X-ray intensity
distribution in Figure 7b only displays a peak. This discrepancy can be attributed to the smaller pixel
size are used in Figure 2.

—— Experimental result -B
—Fresnel diffraction

=—Snecll's Law

=
s

=

=
s

Relative intensity(a.u.)

o y{mm)

(a) (b)

Figure 7. (a) Experimental result in propagation-based X-ray phase-contrast imaging system, and the yellow
rectangle indicates the position of the cross section; (b) Comparison of the experimental and simulation results
of the object’s cross section. The distance between the X-ray source and the detector was 2.1 m, the distance

between the X-ray source and the object was 0.75 m.

Figure 8 illustrates the results of the quantitative comparison of the simulations of Snell’s law
and the experiment results. Figure 8a displays the change in the contrast of the object with the
distance between object and the X-ray source, while Figure 8b displays the change in the contrast of
the object with the system’s length. It is evident that the changes in the contrast of the object, as
calculated by Snell’s law, is consistent with the experimental results, except the positions where the
contrasts are very low. According to the above simulation and experimental results, in pbXPCI, one
can see that the intensity distribution of the object and the angle of refraction can be calculated using
Snell’s law successfully.
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(a) (b)

Figure 8. (a) The contrast of the object varies with the distance between object and the X-ray source. The system’s
length was 1.5 m. (b) The contrast of the object changes with the system’s length L, and the object was 0.75 m

away from the X-ray source.

4. Discussion

In the propagation-based X-ray phase-contrast imaging and grating-based X-ray interferometry,
how to calculate the angle of refraction is a fundamental but significant issue. The traditional method
for calculating the angle of refraction is based on the wave optics proposed by Wilkins [18]. However,
we demonstrate that Snell’s law can more effectively calculate the angle of refraction. The result also
indicates that, similar to gbXI, in ppbXPCI, X-rays will be refracted after passing through an object.
The results of calculations using Snell’s law indicate that the angle of refraction is influenced by both
the focal spot size of the X-ray source and the pixel size of detector. This presents a challenge to the
angular sensitivity of gbXI, as it is widely accepted that the angular sensitivity is independent of the
focal spot size of X-ray source [34,35]. The results presented in this paper indicate that the angle of
refraction will increase as the object approaches the X-ray source in pbXPCI. But in gbXI, as the object
moves from the phase grating to the source grating, the measured phase-contrast signal gradually
decreases. This means that the phase grating will reduce the phase-contrast signal. At present, the
mechanism by which the phase grating influences the phase-contrast signal or the angle of refraction
remains unclear. We believe that addressing this issue will lead to new advancements in phase-
contrast imaging.

5. Conclusions

In this paper, simulation of the propagation-based X-rays phase-contrast imaging and
calculation of the angle of refraction using geometrical optics was proved feasible. For the case of
plane-wave illumination, the angles of refraction calculated by geometric optics and by wave optics
were almost the same at the position where the phase of the object did not change quickly. When at
the position where the phase of the object changed quickly, only geometric optics could obtain
reasonable results. The edge enhancement effect of an object is due to the strong refraction of X-rays
at the edge of the object, resulting in redistribution of X-ray photons. Meanwhile, the simulation
results using geometric optics demonstrated that a smaller focal spot size of the X-ray source and a
smaller pixel size of the detector correspond to a larger angle of refraction, and the angle of refraction
would also change with the object’s position and the system’s length.
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