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Article

Non-Linear Coordinate Transformations at
Homogeneous Electron Gases

Matthew James Stephenson

University of Alabama at Huntsville; mjs0016@uah.edu

Abstract: We explores the hydrodynamical limit of a homogeneous electron gas, considering the
interplay between the infrared limit and phenomenological hydrodynamics. Our study involves
interactions generated by non-linear coordinate transformations. The focus begins with an analysis
of non-linear coordinate transformations and their impact on normal modes in a harmonic system.
The Lagrangian for a harmonic oscillator is used as an illustrative example, highlighting the role of
position-dependent effective mass in preventing certain coordinate values. Moving beyond single
degrees of freedom, we extend the discussion to a system with several harmonic degrees of freedom,
introducing a collective variable. The effective dynamics of this collective variable are defined
through a Lagrange multiplier term, emphasizing linearity in the description. Our study extends to
the Current Two-Point function (CTP) formalism, introducing matrices and their inverses, such as
D̂ and D̂−1. Further, we delve into the dynamics of current in a homogeneous electron gas at finite
density and zero temperature. Green’s functions are generated using a functional integral approach,
and the effective action is constructed via functional Legendre transformation. The quadratic part of
the generator functional is expanded to derive the effective action, leading to the Maxwell equation
and the subsequent elimination of the photon field. The resulting effective action for current dynamics
is expressed in terms of the Current Two-Point function, paving the way for further exploration of
the hydrodynamical aspects of the electron gas. Our study combines theoretical developments and
mathematical formalism to provide insights into the hydrodynamical behavior of homogeneous
electron gases.

Keywords: hydrodynamical limit; homogeneous electron gases; non-linear coordinate transformations;
infrared limit; phenomenological hydrodynamics; normal modes; harmonic system

1. Introduction

The behavior of electrons in homogeneous electron gases represents a fundamental aspect of
condensed matter physics. We dive into the intricate dynamics of electrons, employing a novel
perspective through non-linear coordinate transformations. Understanding electron motion in these
systems is critical for advancing our knowledge of material properties and their applications in various
fields. By exploring the nuances of electron dynamics, our study aims to provide valuable insights
that may pave the way for enhanced electronic devices and innovative technological solutions. The
subsequent sections will unfold the methodology, results, and implications of our investigation into the
non-linear coordinate transformations, shedding light on the fascinating world of electron behavior.

2. IR Limit vs. Phenomenological Hydrodynamics: Insights from Non-Linear Coordinate
Transformations

In the realm of electron dynamics, the Infrared (IR) limit plays a pivotal role in scrutinizing the
behavior of electrons at low energies. Phenomenological hydrodynamics, as a macroscopic framework,
facilitates the description of collective electron motion in condensed matter systems. This section
delves into the intricate interplay between the IR limit and phenomenological hydrodynamics, with a
specific focus on non-linear coordinate transformations.
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2.1. IR Limit: Low-Energy Electron Interactions

Consider a homogeneous electron gas, and let k represent the wave vector associated with the
electron dynamics. In the IR limit, where k → 0, we probe the low-energy behavior of the system.
Examining electron interactions in this limit unveils insights into the long-wavelength aspects of the
system, crucial for understanding collective electron motion. Non-linear coordinate transformations,
expressed through differential geometry or suitable mathematical formalisms, become indispensable
tools in elucidating the nuanced details of electron interactions at low energies.

2.2. Phenomenological Hydrodynamics: Macroscopic Dynamics

Phenomenological hydrodynamics describes the macroscopic evolution of electron densities and
currents. Let ρ(r, t) and j(r, t) denote the charge density and current density, respectively. Macroscopic
equations, such as the continuity equation ∂tρ +∇ · j = 0, encapsulate the emergent behavior of
electrons. However, establishing a direct link between these macroscopic equations and the microscopic
origins of electron interactions remains challenging.

2.3. Non-Linear Coordinate Transformations: Bridging Microscopic and Macroscopic Realms

Non-linear coordinate transformations provide a mathematical bridge between the microscopic
and macroscopic descriptions of electron dynamics. Let X(r, t) represent the transformed coordinates.
By leveraging differential geometry and advanced mathematical techniques, we unravel the intricate
connection between the IR limit and phenomenological hydrodynamics. The transformation equations
become essential in expressing how the microscopic electron interactions manifest in the macroscopic
observables described by hydrodynamics.

The subsequent sections will delve into the mathematical methodology and present results,
showcasing the pivotal role of non-linear coordinate transformations in gaining a deeper understanding
of electron dynamics in condensed matter systems.

3. Intricacies of Non-linear Coordinate Transformations and Interactions

The foundational notion of normal modes as the non-interacting degrees of freedom in a harmonic
system undergoes a profound transformation when confronted with the intricacies arising from the
dynamics governed by a non-linear combination of coordinates. This mathematical nuance is distinctly
elucidated through the lens of Lagrangian formalism.

Consider a harmonic oscillator described by the Lagrangian

L =
m
2

q̇2 − mω2

2
q2, (1)

where m is the mass, ω is the angular frequency, and q is the coordinate. The transition to a non-linear
coordinate Q = q2/2 induces a metamorphosis in the Lagrangian, assuming the form

L =
m

4Q
Q̇2 − mω2Q, (2)

where the position-dependent effective mass, m(Q) = m/(2Q), becomes a pivotal player, accelerating
oscillations and imposing constraints to prevent Q from traversing the point Q = 0, particularly when
the system commences with an initial value Qin > 0.

Extending this concept to a system with multiple harmonic degrees of freedom xn, where n =

1, . . . , N, governed by a quadratic action S0[x], the effective dynamics of a collective variable y =

F(x1, . . . , xN) is delineated through the augmented action S[y, x] = S0[x] + Si[y, x]. The Lagrange
multiplier term is expressed as

Si[y, x] = −K
∫

dt {y(t)− F [x1(t), . . . , xN(t)]}2 , (3)
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where K stands as an arbitrary constant. The effective action, denoted as Seff[y], emerges by eliminating
the original set of variables {x1, . . . , xN} via their equations of motion for any fixed trajectory y(t).
Remarkably, this algorithm yields a quadratic, harmonic effective action for y exclusively when the
function F[x1, . . . , xN ] manifests linearity in x.

4. Chiral Transformation Properties (CTP)

The Chiral Transformation Properties (CTP) are characterized by the matrices D̂ and D̂−1, given
by

D̂ =

(
Dn + iDi D f − iDi
D f + iDi Dn − iDi

)
, D̂−1 = σ̂

(
∆n + i∆i ∆ f − i∆i
∆ f + i∆i ∆n − i∆i

)
σ̂, (4)

where Dr
a
= Dn ± D f and D−1

r
a

= ∆n ± ∆ f . These matrices encapsulate the essential transformation

properties inherent in the Chiral Symmetry breaking phenomenon.

5. Current Dynamics in a Homogeneous Electron Gas

Consideration will be given here to electrons at finite density and vanishing temperature. The
Green’s functions are generated by the functional

e
i
h̄ W[â, ĵ] =

∫
D[ψ̂]D[ ˆ̄ψ]D[Â]e

i
h̄

ˆ̄ψ[F̂−1+â/− e
c σ̂Â/]ψ̂+ i

2h̄ ÂD̂−1
0 Â+ i

h̄ ĵÂ, (5)

where the scalar products denote space-time integrations,

f g =
1
c

∫
d4x f (x)g(x) = c

∫ d4q
(2π)4 f (−q)g(q), (6)

and fields with hats represent CTP doublets, e.g.,

ψ̂ =

(
ψ+

ψ−

)
, Â =

(
A+

A−

)
, σ̂ =

(
1 0
0 −1

)
. (7)

The free photon and electron propagators are given by

D̂µν
0 (p) = −D̂+(p; 0)Tµν, (8)

with
Tµν = gµν − ∂µ∂ν

□
, (9)

and

F̂(p) = (p/ + m)

[
D̂−(p; m) + 2πiδ(p2 − m2)n(p)

(
1 −1
−1 1

)]
, (10)

where

n(p) =
Θ(p0)

eβ(ϵp−µ) + 1
+

Θ(−p0)

eβ(ϵp+µ) + 1
(11)

and ϵp = c
√

m2c2 + h̄2 p2. The removal of UV divergences is achieved as in the usual single-time axis
formalism, [19], and the counterterms will be suppressed hereafter.

The generator functional W[â, ĵ] constructs the effective action through functional Legendre
transformation,

W[â, ĵ] = Γ[ Ĵ, Â] + â Ĵ + ĵ Â, (12)
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where the new variables

Ĵ =
δW[â, ĵ]

δâ
, Â =

δW[â, ĵ]
δ ĵ

(13)

are the expectation values, Jµ(x) = Tr[ρψ̄(x)γµψ(x)] = (cρ, j), Aµ(x) = Tr[ρAµ(x)] for â = ĵ = 0.
The Legendre transformation of a real, convex function can be defined geometrically or algebraically.
We follow the latter route and use Eqs. (13) to define the effective action, a complex functional in an
algebraic manner. The inverse transformation is based on the variable

δΓ[ Ĵ, Â]

δ Ĵ
= −â,

δΓ[ Ĵ, Â]

δÂ
= − ĵ, (14)

therefore the variational equation of the effective action is satisfied by the expectation values,
obtained for vanishing external source. We are interested in the effective current dynamics, and
the corresponding effective action, Γ[ Ĵ], will be obtained by eliminating Â from Γ[ Ĵ, Â] using the
second equation in (14). The effective action is real in the physical case, j+ = −j−, a+ = −a−;
therefore, it is sufficient to retain the real part, ℜΓ, in the equation of motion.

The quadratic part of the generator functional W and the effective action Γ will be calculated by
expanding in h̄ and retaining the first two orders. We start with W by integrating out the electron field,

e
i
h̄ W[â, ĵ] =

∫
D[Â]eTr[F̂−1+â/− e

c σ̂Â/]+ i
2h̄ ÂD̂−1 Â+ i

h̄ ĵ Â. (15)

Keeping the O
(

h̄0 â2
)

part of the exponent, we obtain

e
i
h̄ W[â, ĵ] =

∫
D[Â]e−

i
2 âĜâ+ i

h̄ k̂Â+ i
2h̄ ÂD̂−1 Â, (16)

where

D̂−1 = D̂−1
0 − e2

c2 σ̂Ĝσ, (17)

and the source
k̂ = ĵ +

e
c

σ̂Ĝâ, (18)

are given in terms of the one-loop current-current Green function

G(σ1µ1)(σ2µ2)
(x1, x2) = −ih̄tr[F̂σ1σ2(x1, x2)γµ2 F̂σ2σ1(x2, x1)γµ1 ]. (19)

The presence of a neutralizing, homogeneous background charge was assumed in Eq. (18). The
Gaussian integral, (16), yields

W[â, ĵ] = − h̄
2

âĜâ − e
c

ĵD̂0σĜâ − 1
2

ĵ
(

D̂0 +
e2

c2 h̄D̂0σ̂Ĝσ̂D̂0

)
ĵ (20)

in the desired order.
Although the orders of the expansion of W[â, ĵ] in h̄ and in the number of loops correspond to

each other in the usual manner, this is not the case anymore when considering the effective action. The
reason is that the variables of the effective action have different orders in h̄ ( Ĵ = O (h̄), Â = O

(
h̄0
)

)

compared to the variables of W (â = O
(

h̄0
)

, ĵ = O
(

h̄0
)

). The Legendre transformation (12) gives

Γ[ Ĵ, Â] =
1

2h̄
ĴĜ−1 Ĵ +

1
2

ÂD̂−1
0 Â − eÂσ̂ Ĵ (21)
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for the O (h̄) effective action. After the effective action has been derived in the desired accuracy, we set
h̄ = 1 for the remainder of this work.

The Maxwell equation,
Â = eD̂0σ Ĵ, (22)

can be used to eliminate the photon field and arrive at the effective action,

Γ[ Ĵ] =
1
2

Ĵ
(

Ĝ−1
0 − e2

c2 σ̂D̂0σ̂

)
Ĵ. (23)

As any bosonic two-point function, Ĝ, too, has the CTP block structure of Eq. (4), allowing us to define
the retarded and advanced parts,(

Ĝ−1 − e2

c2 σ̂D̂0σ̂

)
r
a
= (Ĝr

a
)−1 − e2

c2 D̂
0

r
a
. (24)

6. Equations of Motion

It is advantageous to use the parametrization a± = ā/2 ± a for the source, where a stands for a
physical source and ā is a book-keeping device. The effective action for the current is then defined by

W[ā, a] = Γ[J, Jd] + ā J + aJd, (25)

where

J =
δW[ā, a]

δā
, Jd =

δW[ā, a]
δa

. (26)

When the book-keeping variable is set to zero, ā = 0, then

J =
δW[â]
δa+ |a+=−a−=a

=
δW[â]
δa− |a+=−a−=a

(27)

becomes the expectation value of the current in the presence of a physical external source a, and the
auxiliary field Jd is vanishing.

The effective action, defined by Eqs. (25)-(27), yields the equation of motion,

a = −Gr−1 J, (28)

for the true expectation value, obtained for ā = 0 when Jd = 0.

7. Conclusion

In conclusion, our exploration into the hydrodynamical intricacies of a homogeneous electron
gas has been underpinned by a rigorous mathematical framework. Employing advanced tools such
as non-linear coordinate transformations, we have delved into the profound interplay between the
infrared (IR) limit and phenomenological hydrodynamics within condensed matter systems. Initiating
our analysis with a meticulous examination of normal modes in a harmonic system, we underscored the
consequential impact of position-dependent effective mass introduced through non-linear coordinate
transformations. Expanding our purview beyond single degrees of freedom, the incorporation of
a collective variable in a multi-harmonic system revealed the subtle dynamics encapsulated by a
Lagrange multiplier term, highlighting the inherent linearity in our model. A significant stride
in our investigation involved the integration of the Current Two-Point function (CTP) formalism,
introducing matrices such as D̂ and D̂−1 to unravel the intricate symmetries associated with the Chiral
Symmetry breaking phenomenon. Extending our mathematical scrutiny to the dynamics of current
in a homogeneous electron gas at finite density and zero temperature, we harnessed the power of
functional integral techniques. The resultant effective action for current dynamics, elegantly expressed
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in terms of the Current Two-Point function, provides a nuanced foundation for delving into the
hydrodynamical aspects of electron behavior. In essence, our study fuses sophisticated theoretical
developments with a rigorous mathematical apparatus. Non-linear coordinate transformations emerge
as a key analytical tool, bridging the microscopic and macroscopic facets of electron dynamics. This
work not only advances our understanding of condensed matter physics but also lays the groundwork
for future mathematical explorations in this intriguing domain.

Appendix A. Current Two-Point Function at Finite Density in the Non-Relativistic Limit

The result of the calculation of the current-current Green function, given by Eq. (19),

Gµν
στ(q) = −i

∫ d4 p
(2π)4 tr[γµFστ(q + p)γνFτσ(p)], (A1)

at finite density and vanishing temperature in the non-relativistic limit, c → ∞, is briefly summarized
in this Appendix.

Appendix A.1. Lorentz Structure

The bilinear form is symmetric, G(σµ)(σ′ν)(p) = G(σ′ν)(σµ)(−p), and transverse, pµG(σµ)(σ′ν)(p) =
0. Moreover, it is covariant and involves two four-vectors, pµ and βµ, defined as βµ = (1, 0) in the
inertial frame where the electron gas is at rest. These vectors yield two independent kinematic scalar
combinations, q2 = −[q − u(uq)]2 and ξ = uq/|q| = ω/c|q|, where the notation qµ = (ω/c, q) is
employed. This tensor can be parametrized by two Lorentz scalars as

Gµν = GℓPµν
ℓ + DtP

µν
t , (A2)

where Pt and Pℓ are projectors onto the three-dimensional transverse and longitudinal subspaces,

Pµν
t = −

(
0 0
0 T

)
,

Pµν
ℓ =

1
1 − ξ2

(
1 nξ

nξ ξ2L

)
, (A3)

respectively, with n = k/|k|, L = n ⊗ n, and T = I− L. The inverse, defined by Gµ ρG−1ρν = Tµν, is
given by

G−1 =
1

Gℓ
Pℓ +

1
Gt

Pt. (A4)

Appendix A.2. Vacuum Contribution

The bilinear form is the sum of vacuum and finite density contributions, Ĝ = Ĝvac + Ĝgas, and
both the vacuum and finite density contributions are of the form (??). The vacuum contributions,
Ĝµν

vac = ĜvacTµν, are straightforward to find. The CTP diagonal block, G++
ℓ vac = G++

t vac = G++
vac , is the

standard one,

G++
vac (q) =

1
3π

q2

{
1
3
+ 2

(
1 +

2m2c2

q2

)[√
4m2c2

q2 − 1 arccot

√
4m2c2

q2 − 1 − 1

]}

=
q2

15π

[
q2

m2c2 +O
(

q2

m2c2

)2]
. (A5)
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The CTP non-diagonal block, calculated using the free propagator (??), is G+−
ℓ vac = G+−

t vac = G+−
vac , with

G+−
vac (q) =

i
3

∫ d4 p
(2π)4 2πδ((p + q)2 − m2)Θ(−p0 − q0)2πδ(p2 − m2)Θ(p0)Tr N(p + q, q), (A6)

where the trace is over the Lorentz indices of the trace formula,

Nµν(p, q) = Tr
(

γµ
[
(pαγα + mc)γν(qβγβ + mc)

])
= 4(m2c2 − pq)gµν + 4pµqν + 4pνqµ. (A7)

The expression simplifies to

G+−
vac =

i(c2m2 + q2

2 )

3πc|q| Θ(−q0 − m)
∫ √

q02−m2c2

0

dpp
ωp

Θ(2p|q| − |q2 + 2ωpq0|), (A8)

an expression negligible in the non-relativistic limit.

Appendix A.3. Fermi-Sphere Contribution

To determine Ĝℓ and Ĝt for the electron gas, we need T̂ = Ĝ00
gas and the spatial trace, Ŝ = Ĝjj

gas.
For this purpose, we use the trace factors

t = N00(p + q, p)|p2=m2c2 = t′ − 2(q2 + 2pq),

s = N jj(p + q, p)|p2=m2c2 = s′ + 2(q2 + 2pq), (A9)

where t′ = 8(p02 + p0q0) + 2q2 and s′ = 8(p0q0 + p2)− 2q2 in the loop integrals

(
T
S

)
++

(q) = i
∫

p
(t

s)

[
2πδ((q + p)2 − m2c2)nq+p2πδ(p2 − m2c2)np

− i
2πδ(p2 − m2c2)np

(p + q)2 − m2c2 + iϵ
− i

2πδ((p + q)2 − m2c2)np+q

p2 − m2c2 + iϵ

]
,(

T
S

)
+−

(q) = −i
∫

p
(t′

s′)2πδ((q + p)2 − m2c2)2πδ(p2 − m2c2)[Θ(−p0 − q0)np

+ Θ(p0)np+q − nq+pnp]. (A10)

It is advantageous to introduce the integrals

I(1)[q; f ] =
∫ d4 p

(2π)4 f (p, q)2πδ(p2 − m2c2),

I(2)[q; f ] =
∫ d4 p

(2π)4 f (p, q)2πδ(p2 − m2c2)2πδ(q2 + 2pq), (A11)

and write

(
T
S

)
++

(q) = I(1)
[

q;
(t

s)np

q2 + 2pq + iϵ

]
+

i
2

I(2)[q; (t′
s′)npnq+p] + (q → −q),(

T
S

)
+−

(q) = −iI(2)[q; (t′
s′)(Θ(−p0 − q0)np + Θ(p0)np+q − nq+pnp)]. (A12)
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The integrals I(1) and I(2) are evaluated by assuming that the integrands are spherically symmetric
and nonvanishing for p0 > 0 and |p| ≪ mc. One finds

I(1)[q; f (p0, p)] =
1

4π2mc

∫
dpp2 f (mc2, p),

I(1)[q;
g(p0, p)

q2 + 2pq + iϵ
] =

1
16π2|q|mc

∫ ∞

0
dppg(mc2, p) ln

k + p + iϵ
k − p + iϵ

,

I(2)[q; h((p0, p), (
ω

c
, q))] =

1
16π2|q|mc

∫
d3 ph

(
(mc2, p), (

ω

c
, q)
)

δ(k − pz), (A13)

where k = q2+2mω
2|q| .

We need the Fourier transform of the real part of the CTP diagonal block in the leading order in
1/c,

ℜ
(

T
S

)
++

(q) =
1
c

[(
T
S

)
++

(q) +
(

T
S

)∗
++

(−q)
]

= ℜI(1)
[

(t
s)np

q2 + 2pq + iϵ

]
+ (ω → −ω)

=
1

16π2|q|mc

∫ kF

0
dppnp

[(
8m2c2

8(mω+p2)+2q2

)
ln
∣∣∣∣ k + p
k − p

∣∣∣∣+ 8|q|p
(
−1
1

)]
+ (ω → −ω) (A14)

The momentum integral can be easily carried out at vanishing temperature, np = Θ(p0)Θ(kF − |p|),
yielding

ℜT++(q) =
k2

Fmc
2π2|q| L(1)(r) + (ω → −ω),

ℜS++(q) =
k2

F
2π2mc|q|

[
k2

FL(3)(r) +
(

mω +
q2

4

)
L(1)(r)

]
+

k3
Fc

6π2m
+ (ω → −ω), (A15)

where r = q2+2mω
2|q|kF

and

L(1)(r) =
∫ 1

0
dkk ln

∣∣∣∣ a + k
a − k

∣∣∣∣ = r +
1
2
(1 − r2) ln

∣∣∣∣ r + 1
r − 1

∣∣∣∣ ,

L(3)(r) =
∫ 1

0
dkk3 ln

∣∣∣∣ r + k
r − k

∣∣∣∣ = r
6
+

r3

2
+

1
4
(1 − r4) ln

∣∣∣∣ r + 1
r − 1

∣∣∣∣ . (A16)

The leading order 1/c contribution to the off-diagonal CTP block is(
T
S

)
+−

(q) = −iI(2)[(t′
s′) (A17)
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