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Abstract

Pure Topology Results We prove that any unified gauge theory whose U (1) sector satisfies charge
quantization (discrete admissible charges) and completeness (realization of every principal U(1)-
bundle over any paracompact base) must be formulated, up to homotopy equivalence of the base
and isomorphism of bundles, on the universal complex Hopf fibration S ! — S ® — CP®and its
finite approximations S ! — §2"*1 — CP". Such a system is shown to be indecomposable (that is, it
presents as a unified field which cannot be broken down without losing information). The Standard
Model gauge groups arise as natural reductions along the nested shell hierarchy: U(1) from the circular
S! fiber, SU(2) from the S3shell and SU(3) from the S° shell. Gravity emerges as the spacetime gauge
sector from the Kihler geometry of the base and fiber-induced torsion, yielding Einstein—Cartan
analogous structure with the Levi-Civita connection recovered in the torsion-free limit. The unified
structure group Giora1 = (SU(3) x SU(2) x U(1) x SO(4))/T is intrinsically non-factorable due to the
generating role of the universal first Chern class in H*(CP®; Z = Z[c;]. Applied Topology Results
On each Hopf shell, the generalized Beltrami operator B = *d |§ acting on the contact distribution is
elliptic, essentially self-adjoint, and possesses a discrete spectrum stable under torsion perturbations by
the Kato—Rellich theorem. Fiber winding decomposition yields independent topological sectors whose
Gaussian functional determinants, regularized via spectral zeta functions, generate intrinsic mass
scales. Fermion mixing (CKM, PMNS) arises from intersection-form overlaps of admissible cycles in
H*(CP*), with CP violation induced by fiber holonomy phases. Dynamics emerge from the fluctuation
spectrum of the topological action on S°. Given one empirical scale set by the Fermi constant (with its
associated electroweak vacuum expectation value), the fine-structure constant and all shell-specific
mass scales, spectral coefficients, and coupling constants entering the particle spectrum are fixed by
the spectral geometry of the complex Hopf fibration. Phenomenology, Physical Interpretations and
Numerical Predictions The framework predicts the complete particle mass spectrum and anomalous
magnetic moments, with suggested independent experimental tests (torsion-induced phase wobble,
absolute neutrino mass scale, and the electron, y and T g — 2) providing falsifiability. Fundamental
constants arise from topological normalization. Further results include anomaly cancellation, dark
sector effects from bundle torsion and holonomy, and the elimination of singularities. The mathematical
results stand independently as contributions to the topology of classifying spaces, reductions along
nested Hopf shells, and contact spectral geometry.

Keywords: quantum gravity; gauge theory; gauge-gravity unification; unification; topological physics;
topology; UFT; fiber bundles; topological UFT; TOE; GUT; gravity GUT; particle physics; Hopf fibration;
spectral geometry; contact geometry; Chern-Simons theory; Ray-Singer torsion; spectral zeta function;
knot invariants; three generations; fine-structure c onstant; E instein-Cartan t heory; C KM matrix;
particle mass predictions; neutrino mass predictions; muon g-2; tau g-2; standard model; beyond the
standard model

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.0315.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2026 doi:10.20944/preprints202604.0315.

2 of 84
Contents
Introduction . . . . . . ... e 3
I Pure Topology: Canonical Field Space and Gauge Decomposition 4
1. The Complex Hopf Fibration as the Canonical Universal Nontrivial Principal Bundle
Necessary for an Indecomposable Topological Gauge Unification: A Rigorous Proof . . . . 4
1.1. Charge Quantization Forces Nontriviality of U(1) . .. ... ... ... .......... 4
1.2. Indecomposability . . . . . .. .. 4
1.3. Gauge Field Completeness Forces Universality . .. ... ... ............... 5
1.4. Canonical Role of the Complex Hopf Fibration . ... .................... 5
2. Gauge-Gravity Unification on the Complex Hopf Fibration . . . .. ... .. ... ... ... 7
2.1. The Electromagnetic Sector: U(1) on the Fundamental Hopf Fiber . . . .. ... ... .. 7
2.2. The Weak Sector: SU(2) from the S3 Shell of the Complex Hopf Fibration . . . . . . . . . 7
2.3. The Strong Sector: SU(3) from the S° Shell of the Complex Hopf Fibration . . ... ... 8
2.4. The Spacetime Gauge Field . . . . ... ... ... .. .. .. .. .. .. .. . . .. 9
2.5. Structural Necessity of Generator Overlap and Fiber Twist . . . ... .. ... ... ... 11
2.6. Unified Symmetry Structure . . . ... ... ... .. .. L 11
2.7. The Canonical Unification Theorem . . . . . ... ... ... .. ... .. .. .. .. .. .. 12
II Applied Topology 13
3. Universal Topological Action from the Complex Hopf Fibration . . ... ... ... ... .. 13
3.1. The Universal Action . . . . ... ... .. .. .. .. i 13
3.2. Emergence of Dynamics . . .. ... .. ... .. .. ... 15
3.3. Particle Content from the Beltrami Spectrum . . . . . ... ... .. ... ... ... .. 16
3.4. Holonomy Effects from Twisted Fibers . . . . ... ....... ... ... ... ...... 17

4. Particle Mass Spectrum from Interference Modes of the Beltrami-Hodge-Star Flow on the

Universal Action . . . . . . . . . . L 18
4.1. The Particle Mass Spectrum from the Universal Action . . . . .. .. ............ 18
4.2. Shell Specialization . . .. ... ... .. .. .. e 20
4.3. The Beltrami Operator onthe HopfShell . . . . . ... ... ... .. .. .. .. .... 20
4.4. Universal Knot Taxonomy Across HopfShells . . . . ... ... ... ... .. .. .... 23
4.5. Fundamental Spectrum on the Unit HopfShell . . . ... .. ... ... ......... 28
4.6. Minimal-Level Torus Modes and Spectral Knot Rigidity on S 28
4.7. Fiber Winding Decomposition on the Hopf Fibration . . . . . ... ... .. .. ... ... 30
4.8. From the Quadratic Action to the Gaussian Functional Determinant . . . . . .. ... .. 30
4.9. Sectorwise Propagation Kernel and the Universal Exponential Structure . . . . . . . . .. 31
4.10. The Sector Determinant Lemma: Proof via Ray-Singer Torsion on Lens Spaces . . . . . 31

4.10.1. Originof §(3) . . .« oot 33
4.11. Unified Knot-Complement Spectral Coupling . . . . ... ................. 33
4.12. Helicity Flux a from Hopf Self-Linking, Clifford Geometry, and the Beltrami Determinant 35
4.13. A Tiny U(1) Spectral Contribution . . . .. ........ .. .. ... ........... 39
4.14. Assembly of the Geometric Mass Scalar mégeom) ....................... 40
4.15. Lepton Masses on O3 40

4.15.1. The Quadratic Torsion Action and Sector Determinants . . . . . .. ... ... .. 40

4.15.2. Assembly of the Geometric Mass Scalar m,(qgeom) ................... 41

4.15.3. Knot-Complement Torsion on S3 41

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.0315.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2026 doi:10.20944/preprints202604.0315.v2

3 0f 84
4.15.4. Predictions and Comparison withPDG . . . .. ... ... ... ... .. ..... 42
4.16. Bosons on S3\ KB o o v v i 42
4.17. Quark Masses fromthe S° HopfShell . . .. ... ... ... ... .. 44
4.18. Helicity Flux a5 from Hopf Self-Linking, Clifford Geometry, and the Beltrami Determi-
Nanton S . . . 49
4.19. Neutrino Masses from the S HopfShell . . .. .. ..................... 52
4.20. The Massless Sector on S1 . . . . . . . . ... 57
4.21. The Massless Sector on'S7 . . . . . . vttt 58
4.22. Magnetic Moments from Fiber Torsion . .. ... ... ... ... ............. 58
4.22.1. The Magnetic Moment as a Torsion Invariant . . . . ... ... ... ........ 59
4.22.2. Universal Torsion Phase from the Spectral Determinant . . ... ... ... ... 59
4.22.3. Mass-Dependent Holonomy . . .. ... ... ... .. .. .. ... .. ..... 60
4.22.4. The Complete MagneticMoment . . . . ... ...... .. ............. 60
4225. Predictions . . ... ... ... 60
4.23. CKM and PMNS Mixing from Spectral Geometry . . ... ... ... ... ... ..... 61
5. Physical Constants, Scaling and Quantum Numbers from the Fibration Geometry . . . . . 64
5.1. The Single Empirical Input . . . .. ... ... ... .. .. .. .. ... ... . .. ... 65
5.2. The Geometric UnitSystem . . . . . ... ... ... ... .. .. .. .. . 65
5.3. Electric Charge and the Fine-Structure Constant . . . . . ... ... ... ... ....... 66
5.4. Vacuum Permittivity . . .. ... ... ... . oo 67
5.5. Newton’s Constant and the Planck Length . . . . ... .......... .. .. ...... 67
5.6. Quantum Numbers from Topology . . . .. .. ... ... ... .. ... .. .. .. .... 70
6. Global Regularity, Ultraviolet Finiteness, Dark Sector, and Anomaly Cancellation from the
Universal Bundle Structure . . . . . . ... ... ... ... . L o 70
6.0.1. Ultraviolet Finiteness from Compactness . . . . . . ... .. ... ... ....... 70
6.1. Dark Sectors: Holonomy as Dark Energy and Torsion as Dark Matter . . . ... ... .. 71
6.2. Topological Regularization Principle . . . .. .. ........ ... ... ... ...... 75
6.3. Anomaly Cancellation from the Universal Bundle Structure . . . . . ... ... ... ... 76
7. Predictions and Experimental Falsifiability . . . . . .. ... .. .............. ... 78
7.1. Holonomy-Induced Phase Wobble, Beam Steering, and Quantum Geometry . . ... .. 78
7.2. Absolute NeutrinoMass Scale . . . .. ... ... ... .. ... .. . . 80
7.3. Anomalous MagneticMoment . . . . ... ... ... . . L oo o 80
7.4. Confirmation vs Falsification . . . . . ... ... ... ... . . . L Lo o 80
Conclusion. . . . . . .. .. e 80
8. References . . . . . . . . . . . . 81
Introduction

Principal bundles provide a natural geometric framework for gauge theories. The classification
theorem for principal U(1)-bundles over paracompact bases states that such bundles are classified by
homotopy classes of maps into the classifying space BU(1), which is homotopy equivalent to CP*
[1-3]. The Milnor universal bundle for U(1) is the infinite complex Hopf fibration S' — 5® — CP®
[2].

We prove that any unified gauge theory whose U(1) sector satisfies two minimal axioms — charge
quantization (the set of admissible charges forms a proper discrete subgroup of R) and completeness
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(every principal U(1)-bundle over any paracompact base arises as a pullback) — must realize the
classifying space CP™ as its base (Theorem on universality). The finite approximations

st —s g2ntl __ Cpr, n=1,2,...

then form a nested stacking of shells in which the Standard Model gauge groups emerge canonically:
SU(2) from the S3 shell (diffeomorphic to SU(2)) [4] and SU(3) from the S° shell (diffeomorphic to
SU(3)/SU(2)) [5]. The full unified structure is intrinsically non-factorable due to the indecomposability
of the cohomology ring H*(CP*;Z) = Z[c1] (Theorem on non-factorability).

We further investigate the intrinsic spectral geometry of each Hopf shell. The generalized Beltrami
operator B = #d|z on the contact distribution & = ker & is shown to be elliptic, essentially self-adjoint,
and to possess a discrete spectrum. Torsion perturbation from nontrivial S'-twist is relatively bounded,
yielding spectral stability by the Kato—Rellich theorem [6]. Quantum corrections arise from the zeta-
regularized determinant of the perturbed operator, linked to Ray-Singer analytic torsion [7] . All mass
scales are intrinsic to the compact geometry with the inclusion of one empirical scale factor (the Fermi
constant).

Physical interpretations and predictions — emergence of Standard Model sectors, particle masses
from spectral invariants, fundamental constants from topological normalizations, dark sector effects
from holonomy and torsion — are presented separately. The mathematical results stand independently
as contributions to the topology of classifying spaces, reductions along nested Hopf shells, and contact
spectral geometry with torsion perturbation.

Part I. Pure Topology: Canonical Field Space and Gauge Decomposition

1. The Complex Hopf Fibration as the Canonical Universal Nontrivial Principal Bundle Necessary
for an Indecomposable Topological Gauge Unification: A Rigorous Proof

1.1. Charge Quantization Forces Nontriviality of U(1)

Definition 1 (Charge admissibility from holonomy). Let P — M be a smooth principal U (1)-bundle over
a connected smooth manifold M with connection A and holonomy representation [§]

pa (M) — U(1).
For each q € R define
Xg:UQ) = U),  xq(e) = e
Define
Q(A) = {g € R [ xq(pa([7])) = 1V[y] € m(M)}.

Theorem 1 (Charge quantization = nontrivial holonomy). If Q(A) is a proper discrete subset of R, then
04 is nontrivial.

Proof. If p, is trivial then p4([y]) = 1 for all loops. Hence x;(04([7])) = 1 for all g € R. Thus
Q(A) = R, which is not discrete. Contraposition yields the result. [

1.2. Indecomposability

Definition 2 (Indecomposability). A principal G-bundle P — B over a connected base B is indecomposable
if there exists no decomposition
P = P xgh

as a fiber product of principal bundles Py — B, P, — B with structure groups Gy, G satisfying G = Gy X Gp,
unless one factor is trivial (G; = {e}).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Equivalently, P is indecomposable if and only if the classifying map f : B — BG does not factor through a
product BGy x BGj via the inclusion BGy x BGy < B(Gy x Gy) ~ BG.

Remark 1. Three consequences of indecomposability used in this paper: (i) The structure group G admits no
nontrivial product splitting compatible with the bundle; (ii) the cohomology ring H*(B; Z) cannot be written as
a tensor product of rings corresponding to independent factors; (iii) no gauge sector can be removed without
changing the isomorphism class of the remaining bundle. These are not independent definitions but logical
consequences of Definition 2, proved in Corollary 1.

1.3. Gauge Field Completeness Forces Universality
Definition 3 (Admissible spaces). An admissible space is a paracompact Hausdorff space. For such X [1,3],

Pl‘il’lu(l) (X) = [X, BU(l)]

Theorem 2 (Universality implies representability). Suppose a unified gauge theory contains a U (1)-sector
with associated principal bundle Ey1) — B such that for every admissible X,

®x : [X, B] = Priny () (X),  ©x([f]) = £*(Euq)
is a natural bijection. Then B is a classifying space for U(1) and
B ~ BU(1).
Proof. Let EU(1) — BU(1) be a Milnor universal U(1)-bundle [2]. By classification,
[X, BU(1)] = Pring;(1)(X)

naturally in X.

Step 1: Construct u : B — BU(1) Since Ey(1) — B is a principal U(1)-bundle, there exists a classifying
map u : B — BU(1) such that
Eyqy = u*(EU(1)).

Step 2: Construct v : BU(1) — B Since ®p;(y) is bijective, there exists v : BU(1) — B such that
0*(Ey(1)) = EU(1).

Step 3: Show u o v >~ idpy;(y)
(uov)*(EU(1)) = 0™ (u*(EU(1))) = 0" (Ey(r)) = EU(1).

By classification, two maps into BU(1) are homotopic iff they pull back EU(1) to isomorphic bundles.
Hence 1 0 v >~ idpyy(q).

Step 4: Show vou ~ idp

(ou)™(Ey)) = u (v (Eyqy)) = u”(EU(1)) = Eyq).-
Since @3 is injective, equality of pulled-back bundles implies v o u ~ idg. Thus u and v are homotopy

inverses. Hence B ~ BU(1). O

1.4. Canonical Role of the Complex Hopf Fibration

Proof of Universal U(1)-Forcing Theorem. By Theorem 1, charge quantization forces nontrivial
holonomy for any admissible connection on the U(1)-sector. By Theorem 2, the universality condition
(realizing all principal U(1)-bundles) implies B ~ BU(1) and Ey;(;) = u*(EU(1)) for a homotopy

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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equivalence u : B — BU(1). (Note that universality already forces the bundle Ey;;) — B to be
nontrivial: if it were the trivial bundle, then every pullback f*E;;(1) would be trivial for any admissible
X, contradicting that the theory realizes all principal U(1)-bundles, e.g. the Hopf bundle over S2.
The nontrivial holonomy enforced by charge quantization is an independent structural feature of the
admissible connections.) The standard representation for EU(1) — BU(1) is the infinite complex Hopf
fibration

S — CP*.

[2,4] Indecomposability ensures that the U(1)-sector cannot be factored away without changing the
unified object. Therefore the unified gauge representation must, up to bundle isomorphism, be written
on the universal principal U(1)-bundle. [

Since charge quantization forces nontrivial holonomy and completeness forces the U(1) base to
be homotopy equivalent to BU(1) (with the bundle equivalent to the universal one), the indecom-
posable unified structure must live on the infinite complex Hopf fibration S — CP® up to bundle
isomorphism, as this is the standard representation of the universal U(1)-bundle and any factorability
would contradict the axioms.

Corollary 1 (Self-Entanglement and Non-Factorability). Under the axioms of charge quantization, com-
pleteness, and indecomposability, the unified gauge structure is non-factorable and is necessarily realized on the
universal principal U (1)-bundle

5§ — CP*.

In particular, no product decomposition of independent gauge sectors is possible without violating one of the
axioms.

Proof. By Theorem 2, the completeness axiom implies
B ~ BU(1).

A standard representation for BU(1) is CP*, with universal bundle EU(1) — BU(1) modeled by the
infinite complex Hopf fibration
5* — CP>.

The universal first Chern class [9]
¢; € HX(BU(1);2)

generates the cohomology ring
H*(BU(1); Z) = Z[cq].

In particular, ¢; # 0, so the universal bundle is nontrivial.

Suppose the unified gauge structure were factorable as a product of independent sectors. Then
the U(1)-sector would arise from a product bundle over a product base, and its first Chern class would
lie in a proper summand of

H*(BU(1);Z).

But since H?(BU(1);Z) = Z is generated by the universal class c1, no nontrivial splitting is possible
without forcing ¢; = 0 or enlarging the cohomology ring, both of which contradict universality.

Therefore the unified gauge structure admits no nontrivial product decomposition. The U (1)-fiber
is globally twisted through the universal Hopf bundle, and all gauge sectors arise inseparably from
this topology. [

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Gauge-Gravity Unification on the Complex Hopf Fibration

Having established that the canonical base of indecomposable gauge—gravity unification is the
universal complex Hopf fibration
S*® — CP®%,

we now construct the full Standard Model gauge structure together with gravity as geometric sectors
arising from the nested stacking of Hopf bundle shells.

2.1. The Electromagnetic Sector: U(1) on the Fundamental Hopf Fiber

The electromagnetic sector is realized on the universal principal bundle
EU(1) — BU(1),

modeled by
5° — CP*.
The first Chern class
¢ € H?(CP*=;Z)

generates the cohomology ring
H*(CP*;Z) = Zcq].

Charge quantization corresponds precisely to the integrality of c;. [3,10] Nontrivial holonomy of
the S! fiber encodes electromagnetic phase.

Thus the U(1) gauge symmetry occupies the fundamental Hopf fiber and is topologically un-
avoidable.

2.2. The Weak Sector: SU(2) from the S* Shell of the Complex Hopf Fibration
The complex Hopf fibration is the family of principal U(1)-bundles

st — g2ntl __ cpr, n=123...

with universal limit S' — §*° —s CP*.
The first nontrivial finite shell (n = 1) is S' — > — CP! = 52,

Given 3 (Single-Field Indecomposability). The unified gauge field is realized as a single principal bundle
n:P—B

with compact connected structure group G, such that:
1. Pis indecomposable (no product decomposition of principal bundles),
2. the electromagnetic U(1)-sector is realized as the nontrivial Hopf fiber,

3. any nonabelian extension of symmetry must arise internally as a reduction of the same bundle P, preserving
the Hopf fiber action.

Theorem 4 (Forcing of SU(2) from the S shell). Under 3, if the unified structure admits a nonabelian
extension of the electromagnetic U (1) fiber that:

1. preserves the Hopf fiber action,
2. acts transitively on the S3 shell,
3. introduces no independent bundle factor,

then the extension group is uniquely SU(2).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. Let H be such a group. Since H is compact, connected, and acts effectively on S3, it embeds in
Isom™(S3) =2 SO(4) = (SU(2); x SU(2)R)/Zs.

By transitivity, > = H/H,, so dim H = 3 + dim H,. By condition (1), H contains the Hopf U(1),
which acts freely on S3, so U(1) N H, = {e}.

Suppose dim H, > 1, giving dim H > 4. The connected subgroups of SO(4) with dim > 4 acting
transitively on S3 are (up to conjugacy): SU(2); x U(1)g, U(1)p x SU(2)g, and SU(2); x SU(2)R.
In every case H contains a factor acting trivially on S3, which defines an independent bundle factor,
contradicting condition (3).

Therefore dim H, = 0 and dim H = 3. The compact connected Lie groups of dimension 3 are
SU(2) and SO(3). But SO(3) does not act freely on S3: the conjugation action of SO(3) =2 SU(2)/Z,
on S3 = SU(2) fixes 1. Therefore H = SU(2). [

2.3. The Strong Sector: SU(3) from the S° Shell of the Complex Hopf Fibration
The complex Hopf fibration generates the hierarchy of principal U(1) bundles

sl — g2l Cpr, n=1,23...

with universal limit S' — $*° — CP®. At n = 2 the total space is S' — S° — CP?. The
five-sphere admits the homogeneous-space description S° 2 SU(3) /SU(2).

Theorem 5 (Forcing of SU(3) from the S° shell). Suppose the unified Hopf bundle structure admits a
nonabelian extension of the electromagnetic U(1) fiber that

1. preserves the Hopf U (1) fiber action,
2. acts transitively on the S5 shell,
3. introduces no independent bundle factor.

Then the extension group is uniquely SU(3).
Proof. The Hopf fibration S' — S° — CP? realizes S° as the unit sphere
S5 ={(z1,22,23) € C: |z1)* + |22 + |z = 1}

The Hopf fiber acts by the diagonal phase rotation

4 0 0

(z1,20,23) — (ei zl,ei Z, et z3).

Step 1: The extension group preserves Hermitian structure
Let G be a compact connected Lie group satisfying conditions (1)—(3). Condition (1) requires
that G commutes with the diagonal U(1) phase action on C2. Since this phase action is the scalar

multiplication by ¢?13, the group G must preserve the standard Hermitian inner product on C2 (any
isometry of S° C C3® commuting with scalar U(1) is necessarily unitary). Therefore

G C u().

Step 2: No independent U(1) factor forces G C SU(3) From Step 1, G C U(3) = (SU(3) x
U(1)get)/Z3, where U(1)4et is the determinant subgroup {e?13 }—precisely the Hopf fiber action.
Consider det : G — U(1). Its image is either {1} or U(1).

If det(G) = {1}, then G C SU(3) and we proceed.

If det(G) = U(1), then G surjects onto U(1)4e; via the determinant. The kernel Gy = G N SU(3)

fits in the exact sequence 1 — Gy — G det, U(1) — 1. If this splits, G = Gp x U(1), promoting the

Hopf U(1) from a subgroup to an independent direct factor—a product decomposition contradicting
condition (3) via Definition 2. If it does not split, G is a nontrivial central extension containing a central
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U(1) not in Gy, which commutes with all of G and defines an independent gauge symmetry, again
producing an independent bundle factor. Therefore det(G) = {1} and G C SU(3).

Step 3: Transitivity forces G = SU(3)
Condition (2) requires that G acts transitively on S°. The stabilizer of a point under the SU(3)
action on S° is SU(2) (the subgroup fixing, say, (1,0, 0)). Therefore

S = SU(3)/SU(2),

and dim SU(3) = 8 = dim S°> + dim SU(2) = 5 + 3.
Any proper connected Lie subgroup H C SU(3) satisfies dim H < 8. For H to act transitively on
S°, the orbit-stabilizer theorem requires

dimH > dim S° + dim(stabilizer of a pointin H) > 5+0=5.

The connected Lie subgroups of SU(3) with dimension between 5 and 7 are, up to conjugacy:

e SU(2) x U(1), dimension 4 — too small;

e U(2)=(SU(2) x U(1))/Zy, dimension 4 — too small;

*  50(3), dimension 3 — too small;

*  There is no connected subgroup of SU(3) with dimension 5, 6, or 7.

This follows from the classification of subalgebras of su(3): the maximal proper subalgebras are
su(2) @ u(1) (dimension 4) and so(3) (dimension 3). No subalgebra of dimension 5, 6, or 7 exists.
Since no proper connected subgroup of SU(3) has dimension > 5, and transitivity on S° requires
dimension > 5, no proper subgroup can act transitively. Therefore G = SU(3).
O

2.4. The Spacetime Gauge Field

Theorem 6 (The Gravitational Sector Is Intrinsic). The universal bundle S*° — CP* forced by charge
quantization and completeness intrinsically contains a gravitational sector with torsion on the total space. No
additional axiom, field, or construction is required.

Proof. The proof consists of three facts, each following directly from c; # 0.

(i) The connection is nontrivial. The bundle has c¢; # 0 (this is what makes it the universal bundle
rather than the trivial one). Therefore the curvature F = dA of any connection A on the S! fiber satisfies
Jept F = 2mcq # 0, so F cannot vanish globally.

(ii) Nontrivial curvature forces torsion on the total space. On the total space S?"*!, the unified
connection decomposes as A = w + Ay;(1), where w is the Levi-Civita part and Ay is the fiber
component. The torsion of the total space connectionis T = Dye +IT(Ayq)). Because F = dAy 1) # 0
(from (i)), the fiber contribution H(Au(l)) to the torsion cannot vanish globally. The total space
therefore carries Einstein—Cartan structure—a metric connection with torsion—with the Levi-Civita
connection recovered in the torsion-free limit.

(iii) The gauge and gravitational sectors share a single connection and cannot be separated. The
horizontal distribution & = kera on S?**1 satisfies the contact condition a A (da)"” # 0, which is
precisely the statement that ¢ is maximally non-integrable. The O’Neill A-tensor of the Riemannian
submersion 77 : $?"*1 — CP" therefore satisfies A # 0, and the curvature of the total space decomposes
as

F=R+Fyq+ANA

where the cross-term A A A # 0 algebraically couples the spacetime curvature R and the fiber curvature
Fiy(1)- Removing either sector—the gauge potential (vertical component) or the gravitational connection
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(horizontal component)—destroys the bundle structure, since a principal bundle without its connection
is just a topological space, and a connection without its bundle has no geometric meaning. O

Remark 2. Gravity in this framework is the torsion of the U(1) connection on the total space. The photon is the
connection; the graviton is the connection’s torsion (Section 4.16). Both live on S both are massless, both are
n = 0 modes. The unification is not that gauge and gravity are placed on the same space by fiat, but that they are
the connection and the torsion of a single geometric object—and a nontrivial bundle (c; # 0) necessarily has
both.

Natural Euclidean Geometry of the Hopf Total Space

Let
St — s+ — CP"

denote the complex Hopf fibration equipped with its standard round metric on $***! and the Fu-
bini-Study Kahler metric on CP". [11]
On any affine chart of CP!  CP”, the Kahler structure provides a canonical holomorphic
coordinate
z =t+1T,

with Hermitian metric
|dz|? = dt* + d°.

The total space metric decomposes orthogonally into the vertical S! fiber direction and the
horizontal distribution & = ker a. For n = 1, the horizontal sector forms an S° shell with round metric

8s3-

Hence, locally, the Hopf total space carries the natural Riemannian metric
ds* = g + dt* + dt>. 1)

This geometry is intrinsically Euclidean. The complex coordinate z is not introduced by analytic
continuation; it is a structural consequence of the Kahler base.

Real Slice and Lorentzian Projection

The unified bundle is defined over real manifolds, and physical observables are real-valued. The
complex coordinate z = t + iT encodes the holomorphic structure of the base and the U(1) phase
symmetry inherited from the Hopf fiber.

Physical spacetime corresponds to the maximal real submanifold compatible with this structure,
obtained by restricting to

T=0.

This yields the four-dimensional Riemannian manifold

Mopys =S xR, ds® = ggs + dt°. )

phys

The distinguished real direction t arises from the complex coordinate of the Kahler base and is
geometrically selected by the horizontal distribution of the Hopf total space.
Performing the standard Wick rotation [12]

t— it
changes the signature of this distinguished direction, producing the Lorentzian metric

ds® = gg — dt*. (3)
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Thus classical spacetime appears as the Lorentzian projection of the natural Euclidean geometry
of the Hopf total space [13].

The nontrivial S! fiber twist induces torsion in the total space connection, yielding an Ein-
stein—Cartan structure. [14] In the torsion-free limit under standard asymptotic conditions, the
Levi-Civita connection is recovered and the Einstein equations hold.

2.5. Structural Necessity of Generator Overlap and Fiber Twist

We compress the preceding development into four core claims that establish: (1) Maxwell structure
requires algebraic overlap, (2) The unified gauge field on the complex Hopf fibration realizes such
overlap, (3) fiber twist is unavoidable, (4) torsion arises from that twist.

Direct Products Cannot Enforce Maxwell Structure

Theorem 7. Let ) = s & g with [s,g] = 0. Then Maxwell’s curl equations cannot be derived as algebraic
identities of b.

Proof. Let Ay = A; T, with T, € g. Since [X, T;] = 0 for all X € s, Lorentz transformations act only
on spacetime indices:
Fl, = ASASF.
Internal directions are inert.
Thus E; = Fy; and By, = %skijl—}j mix only by index reshuffling, not by algebraic relations.
Hence Maxwell curl relations are not enforced by b itself and must be imposed dynamically. O

Overlap Forces E-B Mixing

Theorem 8. If a generator Q lies in both a spacetime subalgebra s and a gauge subalgebra g, then E and B
components form a single irreducible multiplet, and Maxwell curl relations follow structurally.

Proof. If Q € s N g, then [X, Q] # 0 for some X € s.
Thus gauge and spacetime sectors act nontrivially on the same generator.
The projected curvature

F=(F.,Q)

transforms irreducibly under ad ().
Irreducibility forces Fy; and F;; to transform into one another under the algebra, yielding structural
relations equivalent to Maxwell’s curl equations. [J

Intrinsic Twist of Each S! Fiber

Theorem 9. In the Hopf fibration each fiber carries intrinsic internal twist.

Proof. The bundle has nonzero first Chern class:

1
cl_E/ZF;Ao

for 2-cycles ¥ C CP*. If fibers admitted trivial internal phase holonomy, the connection would be
globally trivializable, implying ¢; = 0. Contradiction. Therefore, each fiber must carry nontrivial
phase twist. O

2.6. Unified Symmetry Structure

Electromagnetism occupies the S! fiber, the weak interaction occupies the S layer, the strong
interaction occupies the S° layer, and spacetime arises locally as S® x C, with Lorentzian GR recovered
as its real slice. All sectors are embedded within a single indecomposable Hopf bundle nested shell
hierarchy. The unified structure is therefore globally self-entangled in the topology of the complex
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Hopf fibration. The full symmetry structure of the Standard Model together with spacetime rotational
symmetry is not a direct product.
At the Lie algebra level, the unified infinitesimal symmetry algebra is

Ototal = 5u(3) D su(2) Pu(l) ®so(4).

However, the global group structure is obtained by quotienting by a discrete identification
subgroup I' that embeds diagonally into the centers of the gauge factors and the spin structure of
SO(4).

Thus the unified group is

SU(3) x SU(2) x U(1) x SO(4)
gtotal = T .

This quotient enforces global identifications between the Z4 center of the Standard Model sector,
the Z, spin structure in SO(4), and the Hypercharge normalization constraints. Therefore Gy, is not a
product group, and principal Gya-bundles do not decompose into independent gauge and spacetime
bundles. [15]

Theorem 10 (Intrinsic Non-Factorability). Principal Gy,p,-bundles over B ~ CP* are intrinsically non-
factorable.

Proof of Intrinsic Non-Factorability. Suppose the G;y,1-bundle decomposed as a product. Then the
structure group would lift from Gy to the covering group G = SU(3) x SU(2) x U(1) x Spin(4).
Such a lift exists iff the obstruction class 0 € H?(B;T) vanishes.

Since I' & Zg = Zy X Z3 and B ~ CP*:

H?(CP%; Zg) = 7y & Zs.
The diagonal embedding of I maps the universal first Chern class c; to
0= (cymod 2, ¢ mod 3) = (1,1) € Zy & Zs.

Since ¢; generates H?(CP;Z) = Z, both reductions are nonzero. Therefore o # 0, no lift exists, and
the bundle is non-factorable.

This is not a genericity statement: o0 is computed for the specific bundle forced by complete-
ness. [l

2.7. The Canonical Unification Theorem

Theorem 11 (Canonical Unification). Let (P — B, G) be a principal bundle with compact connected
structure group G over a paracompact Hausdorff base B, satisfying:

(A1)  Charge quantization: the admissible charges form a proper discrete subgroup of R.
(A2)  Completeness: every principal U(1)-bundle over every paracompact Hausdorff space arises as a

pullback.
(A3)  Indecomposability: P admits no nontrivial product decomposition (Definition 2).
Then:
(i) B ~ CP* and P is the universal complex Hopf fibration S* — CP.

(ii) The Standard Model gauge groups emerge uniquely from the shell hierarchy: U(1) from S, SU(2)
from S3, SU(3) from S°.

(iii) Gravity is intrinsic: the nontrivial connection (cq # 0) carries torsion on the total space, producing
Einstein—Cartan structure. The gauge and gravitational sectors are algebraically coupled by the O’Neill
tensor (a A\ da # 0) and cannot be separated.
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(iv) The unified structure group is non-factorable: the obstruction o = (1,1) # 0 in H>(CP*; Zg).
(v) No decomposition into independent sectors is possible without destroying the bundle.

Proof. (i) Theorems 1 and 2. (ii) Theorems 4 and 5, using (A3). (iii) Theorem 6: (A1)+(A2) force
c1 # 0, which forces F # 0, which forces torsion on the total space; the contact condition forces A # 0,
coupling the sectors. (iv) Non-factorability proof above. (v) By (iii), removing the gravitational sector
(i.e., the connection’s torsion) leaves a torsion-free connection that is no longer the connection of the
forced bundle. By (iv), the gauge sectors cannot be factored. O

Remark 3 (Three axioms, gravity is a theorem). Charge quantization forces c; # 0. Completeness forces
the universal bundle. Indecomposability prevents factorization. From these three, gravity follows: a nontrivial
principal bundle has a connection with nonvanishing curvature, and that curvature produces torsion on the total
space. The gravitational sector is not a fourth assumption—it is the inevitable consequence of the nontrivial
U(1) bundle.

Part II. Applied Topology

3. Universal Topological Action from the Complex Hopf Fibration
The complex Hopf fibration bundle nested shell hierarchy provides the underlying structure:
principal U(1)-bundles
st— sl CP',  n=12,...,

with universal limit S' — §® — CP®. Physical fields are sections and connections on this bundle
nested shell hierarchy (or finite shells). Gravity emerges as a metric-independent topological field
theory on the total space, with gauge fields from subbundle reductions, torsion from nontrivial S'-twist,
and matter from geometric modes.

Let P — CP" be the associated principal bundle (lifted to total space S***1), with unified
connection A € Q'(P,s0(2n + 1)) (or spin(2n + 1)). The curvature is

F=dA+ANA.

Decompose A = w + Ajnt, where w is the spin connection component and Ajn the internal gauge part

(with overlap [w, Aint] # 0 inducing torsion).

4 js induced from the horizontal distribution of the fibration. Torsion is

The vielbein e
T4 = De? = de? + w A éb,

with nontrivial part from fiber holonomy. All physical fields, particles, and mass scales emerge from
the intrinsic spectral geometry of this structure.

3.1. The Universal Action
Let « € O!(S?"*1) be the canonical contact 1-form of the Hopf total space, satisfying

A (da)" #0,
which fixes a global orientation. The contact distribution is

& =kera C TS?"H1,
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The generalized Beltrami operator on ¢ is

B =xd

l:’

which is elliptic and essentially self-adjoint on L?(S*'*1).
Let A € Q!(S?"*1, 50(2n + 1)) be the unified connection, decomposed as

A=w + Ain’fr
where w is the spin connection and Ajy; the internal gauge component, with

[w/ Aint] 7é 0

A

producing torsion. The vielbein e is induced from the horizontal distribution of the fibration, and the

torsion 2-form is
TA = De? = de? ~|—a)AB AebB,

with nontrivial contribution from fiber holonomy. The torsion 3-form of the contact structure is

T =« ANda.

The universal action on the Hopf total space S>"*1 is the pure torsion-contact functional:

1 A Agy Agy A
S :/Szn+1 [MeAl"'A2n+lelA...Ae 2n1/\R2 2n+1
+ «TAANKTy + BTe(FAXF) + yaAF A (da)" 1. 4)

Theorem 12 (Uniqueness of the Torsion Action on S3). Let S3 carry the unit round metric and the canonical
contact structure of the Hopf fibration. The torsion functional

S[T] = 063/3 TA A «Ty
S

is the unique action on torsion 2-forms satisfying:

1.  quadraticin T,

2. positive-definite,

3. invariant under the full isometry group SO(4),

4. at most first-order in derivatives of the underlying connection.

Proof. On a compact oriented Riemannian 3-manifold, a quadratic functional on 2-forms has the
general form

S[T] :/ TAOT,
sS3

where O : 0?(53) — Q!(S%) is a bundle map (since T A (-) requires a 1-form to produce a 3-form for
integration). The SO(4)-equivariant bundle maps Q? — Q! on S® that are zeroth-order in derivatives
form a one-dimensional space spanned by the Hodge star x : Q2 — Q!. Any first-order equivariant
map would involve V or d, but d : O — O3 =2 O changes the target bundle, and ¢ : Q> — Q! equals
*dx, which is x composed with 4 and therefore reduces to a scalar multiple of x when composed back
into the quadratic form. Thus O = ¢ - x for some ¢ € R, and positive-definiteness forces ¢ > 0. The
overall scale a3 = c is absorbed into the shell normalization Apgps. [
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Theorem 13 (Canonical Uniqueness of the Beltrami Operator on S%). Let (S3, g) denote the unit round
3-sphere. The Beltrami operator

B = %d

restricted to QL ., (S3) is the unique first-order differential operator on coexact 1-forms that is

1. essentially self-adjoint with respect to L2,
2. elliptic,
3. equivariant under the full isometry group SO(4).

Proof. The space of first-order SO(4)-equivariant differential operators Q. (S?) — Ql . (S®) is
determined by the branching rules for the coexact 1-form bundle over $® = SO(4)/SO(3). On
a 3-manifold, the first-order operators from Ol to O! built from the metric and connection are:
*xd: O — O 5 Q! (the Beltrami operator), d5 : Q! — Q% — Q! (which annihilates the coexact
sector: A = 0 implies d6A = 0), and compositions involving éd (which is second-order). No other
first-order composition of d, J, and x maps coexact 1-forms to coexact 1-forms.

More precisely, the symbol of any first-order SO(4)-equivariant operator on the coexact 1-form
bundle must be an SO(4)-equivariant map T*S% ® Al ., — Al

coex coex-

By Schur’s lemma applied to the
isotropy representation at a point, the space of such equivariant maps is one-dimensional (the coexact
1-form representation of SO(3) appears exactly once in the tensor product). The unique generator is the
symbol of xd. Therefore any first-order SO(4)-equivariant self-adjoint elliptic operator on Q! ., (S) is
a real scalar multiple of B = xd. O

Corollary 2 (The Beltrami Operator Is Doubly Forced). The operator B = xd on Q. (S3) is forced by
two independent routes: (i) it is the unique SO (4)-equivariant first-order self-adjoint elliptic operator on the
coexact sector (Theorem 13), and (ii) it is the Hessian of the unique torsion action (Theorem 12) after the Hodge
identification A = xT. No modeling freedom remains in the choice of either the action or the dynamical operator.

Remark 4 (Structural role of double forcing). The two uniqueness theorems eliminate modeling freedom
at different levels. Theorem 12 establishes that the quadratic torsion functional is the only admissible action;
Theorem 13 establishes that the resulting spectral equation is the only admissible eigenvalue problem. Every
mass eigenvalue computed in subsequent sections is therefore a spectral invariant of the geometry itself, not of a
chosen equation of motion or a chosen action.

3.2. Emergence of Dynamics

The universal action (4) on the total space of the complex Hopf fibration
st — g2+l ., Ccp”

yields a natural spectrum of small field fluctuations about any background satisfying the Euler—
Lagrange equations. Let
A=Ag+a, w=wy+w, e=¢y+e,

denote perturbations about a background satisfying 7y = 0 and R(wp) = 0. To quadratic order, the
universal action reduces to

Syla, @, €] = /

§2n+1

<a/\(d*d)a + @A (Dg*Dp) @ + €A(V0*VO)€>,

where Dy and V) are the covariant and Levi—Civita derivatives associated to wp and e( respectively.

The Hopf fibration equips every shell $?**1 with a canonical fiber coordinate 6 € [0,277) generat-
ing the U(1) action. Any field fluctuation on the total space therefore admits a Fourier decomposition
along the fiber:

a(x,0) = ) ¢p(x) ™,

keZ
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and similarly for @ and €, where x parametrizes the base CP". Because the fiber action is isometric,
different Fourier modes are orthogonal and the quadratic action decouples:

Sy =Y sV gy).

keZ

Substituting into S; yields the eigenvalue problem
A52n+1 = Acpn + kz,

so that each Fourier mode satisfies
(Ocpr + Ak) ¢ =0,

where Ocpr is the Laplace—de Rham operator on the base and the spectrum {A;} is discrete and
nonnegative by compactness. On $° the base is CP*, with

_ t t
A(CIP"‘ - d(CIP"1 d(cp‘l + d(cp‘l d(CIP’4’

and the topological action takes the form

Stopol A, w, e, B] = /Sg(B/\F+---).

Particle states correspond to interference modes of the unified field on the Hopf shell hierarchy.
The lepton and electroweak sectors arise from S, the quark sector from S°, and the neutrino sector
from S°.

In each case the knot-theoretic classification of winding sectors is carried out on S* via the
canonical shell inclusion ¢ : §3> < S°> < S°. A mode ® defined on a higher shell restricts to S° by
pullback @3y := 1*®, inducing a Beltrami flow on S® whose closed integral curves are knots or links.
The knot type encodes the topological identity of the mode; the native shell determines its mass scale.
The integer k labels the winding of a field mode around the S! fiber—the natural Fourier index of the
fibration’s U(1) symmetry. Each S'-fiber may be viewed as an individual “particle worldline,” with k
its winding (momentum) number. The eigenmodes ¢ (x) propagate on CP" and, upon dimensional
reduction to four dimensions, appear as particles whose mass squared is proportional to A;. What
manifests as local particle dynamics in the reduced four-dimensional theory is the resonance spectrum
of the static topological data of the universal Hopf fibration—interference among winding modes
giving rise to particle propagation, mass scales, and interactions.

3.3. Particle Content from the Beltrami Spectrum

The full particle content of the Standard Model emerges as the spectral decomposition of 3 on S?
(the n = 4 shell). The spectrum of B decomposes by fiber winding number k € Z into independent
topological sectors. Within each sector, eigenmodes are classified by their transformation properties
under the shell symmetry groups: Spin—% modes in the odd spectral sector of 3, twisted by the S!
holonomy phase, correspond to fermions. Their eigenvalues Ay determine mass scales via

h
mj = E)\k.

The lowest nonzero scalar eigenvalue of B in the k = 0 sector sets the single empirical length scale

L _ ke
topo = o’

identified with the Higgs vacuum expectation value v. Symmetry breaking is therefore not imposed
but emerges from the spectral gap of the contact geometry. Gauge bosons arise as zero-modes and
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lowest eigenforms of B in the adjoint representation of the shell symmetry group, with masses from
torsion-shifted eigenvalues.

Mass ratios, mixing angles, and CP-violating phases are pure spectral and holonomy invariants of
$% — CP*, derived in full in the Particle Mass Spectrum section. The action (4) thus contains the entire
Standard Model and gravitational sector with no additional fields, no free dimensionless parameters,
and no imposed symmetry breaking mechanism.

3.4. Holonomy Effects from Twisted Fibers

Let S! — S?"*1 — CP" be a nontrivial Hopf fibration with contact 1-form & satisfying a A (da)" #
0. This condition fixes a global orientation of the total space. The associated torsion 3-form of the
contact structureis T = a A da.

Torsion from Fiber Twist

Let A € Q'(P,s0(N)) be the unified connection on the total bundle. Decompose A = w +
Ag + -+, where w is the spacetime spin connection and Ag is the U(1) fiber component. Since
the fiber generator does not commute with the full algebra embedding, curvature decomposes as
F =R+ DyAg + -+ -. Projection to the spacetime sector produces effective torsion:

Teff = Dye+ H(AQ)

Because Ag carries nontrivial holonomy along the fiber, D, Ag cannot vanish globally. Hence nontriv-
ial S! winding induces torsion in the projected spacetime connection.

Chirality from Twist Orientation

The torsion 3-form T = « A da is odd under fiber orientation reversal « — —«, since T —
—T. Since T contains one fiber index and two horizontal indices, its Clifford contraction produces
a pseudoscalar term proportional to I'gpe, ['«, where Iy is the chirality operator. Reversal of fiber
orientation, « — —a, T — —T, changes the sign of this contribution. Thus

D1 = Do+ ArTy,

and the eigenvalues split asymmetrically between the I', = +1 and I'y = —1 sectors. Therefore the
direction of fiber winding selects a preferred fermionic chirality.

Charge Conjugation as Fiber Reversal

The U(1) fiber acts on spinors by ¢ + €%y, where  parameterizes the fiber. Reversal of the
fiber coordinate, 6 — —6, interchanges g — —q. Thus charge conjugation corresponds geometrically
to reversal of fiber orientation. If the Hopf bundle has fixed global orientation, fiber reversal is not a
trivial bundle automorphism. Charge conjugation is therefore not automatically a manifest symmetry
of the unified geometry.

Arrow of Time from Winding Direction

Where physical time evolution is aligned with motion along the S! fiber, forward time corresponds
to increasing 0. Time reversal corresponds to 8 — —8, which reverses torsion: T + —T. Since the
bundle possesses a fixed winding orientation, the two directions are not geometrically equivalent. Thus
the direction of fiber wrapping induces a preferred time orientation. This establishes time orientation
from winding direction without invoking thermodynamic irreversibility.
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Holonomy Contributions to Effective Gravity

The total curvature decomposes schematically as = Fgrav + Fgauge + Fs1. Nontrivial S! holon-
omy contributes additional curvature terms upon projection to the gravitational sector:

Reff = Ryc + I1(Fg).

These contributions depend on global bundle invariants rather than local visible matter density. They
modify the effective Einstein equations without requiring additional particle species.

Global Holonomy and Vacuum Energy

Because the Hopf fibration has nonvanishing first Chern class, c; # 0, parallel transport around
noncontractible cycles induces a nontrivial phase rotation. Averaging the fiber curvature over the
compact direction produces a constant curvature contribution in the effective gravitational equations:

1
Ryv — ERgzw = Tuv + Anol Suvs

where Apg ~ [q1 Fgi. Since the bundle is topologically nontrivial, this integral is fixed by global
holonomy. Thus a cosmological-constant-type term arises from fiber winding rather than from scalar
vacuum potentials.

4. Particle Mass Spectrum from Interference Modes of the Beltrami-Hodge—Star Flow on the
Universal Action

We derive the complete Standard Model particle mass spectrum from a single action principle
on the Hopf fibration. The action is formulated on the total space of the bundle S* — 3 — CP' and
decomposed by fiber winding number into topological sectors. The propagation kernel is evaluated
directly in the nth sector, yielding the general mass formula without specializing to any particular
generation.

4.1. The Particle Mass Spectrum from the Universal Action

Theorem 14 (Mass Spectrum from the Universal Action). Let S[A] be the universal torsion-contact
action (4) on the Hopf shell S***1, quadratic in the coexact field A, with Beltrami operator B = *d on the
contact distribution ¢ = ker «. Then:

(i) The two-point function of A in fiber winding sector n is the Green’s function
(An(x) An(y)) = By (x,y)-

(ii) B, ! has poles at the eigenvalues {)\l((”)} of By, which form a discrete set 0 < |A§n)| < |A§n)| < e
accumulating only at infinity.

(iii) Upon Fourier decomposition along the S' fiber and restriction to the base CP", each pole yields a mode
¢x(x) satisfying the Klein-Gordon equation on the base:

(Ocpr + /\I((n)) ¢ =0,

so that /\]({n) is the mass-squared of the corresponding four-dimensional particle state.

(iv) The partition function Z, = (det{}’Bn) 12 encodes the complete mass spectrum of sector n through
the zeta-reqularized functional determinant.
(v) Evaluation of det{}' B, via the Sector Determinant Lemma yields the universal mass formula

My = Aghen (n+1) explan —(3) nz) bn, n=1,23,
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where Ngpey is the shell-specific dimensional scale set by the Fermi constant, (n + 1) is the SU(2)
multiplicity, a is the helicity coefficient, {(3) n? is the Casimir determinant suppression, and ¢y, is the
knot-complement spectral correction.

Proof. (i) The action S[A,] = f g3 An N x By Ay is a positive-definite quadratic form on the Hilbert space
Ol e (S%). For a Gaussian measure on a Hilbert space H with covariance operator Bj,, the two-point
function equals the inverse of the quadratic form:

/ Au(x) An(y) e S DA,

<An(x)An(y)> = / “SlAd pa = B;l(xry>'
e >lAn n

This is the infinite-dimensional extension of the finite-dimensional identity (x;x;) = (Mil)ij for the

Gaussian exp (— %xTMx> , valid for any positive-definite self-adjoint operator on a separable Hilbert
space [16].

(ii) The operator B, = d| is elliptic and essentially self-adjoint on the compact manifold $3
(Theorem 13). By the spectral theorem for elliptic self-adjoint operators on compact Riemannian
manifolds, the spectrum is discrete, each eigenvalue has finite multiplicity, and the eigenvalues
accumulate only at infinity [17]. The Green’s function B, ! (x, y), defined on the complement of the
zero eigenspace (which is excluded by the coexact restriction), has poles precisely at the nonzero

eigenvalues /\]((n).

(iii) The Hopf fibration equips S?**! with a canonical fiber coordinate 6 € [0,27). The Fourier
decomposition along the fiber yields the eigenvalue relation

Aguni1 = Agpr + kz,
so that restriction to winding sector n and projection to the base gives
n
(Ocer +A{) ¢ = 0.

This is the Klein-Gordon equation on CP" with mass-squared parameter m3; = A,E"). The identification
of eigenvalues with mass-squared parameters is not a physical postulate. It is the definition of mass for
a field mode on a curved background: a mode ¢ has mass m iff it satisfies (0] + m?)¢ = 0 [18,19]. We
state this explicitly as a lemma to forestall any suggestion that an additional assumption is being made.

Lemma 1 (No additional postulate required for mass identification). Let M be a compact Riemannian
manifold fibered over a Lorentzian base B via a Riemannian submersion 7t : M — B. Let Ay be the Laplace—
de Rham operator on M with eigenvalues {Ay}. Let ¢y be the restriction of the kth eigenmode to B via the
Fourier decomposition along the fiber. Then ¢y, satisfies

(O +A) ¢ =0

on B, and Ay is the mass-squared parameter of ¢y in the sense of Birrell-Davies [18].

No physical identification beyond the standard definition of mass on a curved background is required. The
“physical content” is entirely in the geometric setup (the fibration and its metric); the mass spectrum is a theorem
of spectral geometry, not a modeling choice.

Proof. The eigenvalue equation Ay P, = APy on M, combined with the submersion relation Ay =
Ap 4 Agper (valid for Riemannian submersions with totally geodesic fibers [20]), yields upon restriction
to the zero-mode of the fiber: (Ap + Ay )¢r = 0. Wick-rotating B to Lorentzian signature replaces Ag by
Up, giving the Klein-Gordon equation. [
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(iv) The partition function of a Gaussian integral with positive-definite quadratic form B, is
Zy = /e*S[A”] DA, « (det{}'Bn)il/z,

where det{}’ excludes the zero eigenspace and is defined by spectral zeta regularization:

logdet{}'Bn = —C}gn(o), {B,(s) = Z | Akl 5.
A0

The zeta function converges for Re(s) sufficiently large and extends meromorphically to C with s = 0
a regular point, by the Seeley extension theorem [7,21].

(v) The Sector Determinant Lemma identifies the lens space L(n,1) = S®/Z, with winding sector
n and evaluates the zeta-regularized determinant via the Nash-O’Connor formula [22,23], yielding the
asymptotic structure
Indet{}'B, = L(n) — {(3) n* +0O(1),

with the coefficient of n? confirmed independently by the Cheeger-Miiller theorem [24,25]. Combined
with the SU(2) multiplicity d, = n + 1 from Peter-Weyl decomposition, the helicity coefficient a from
Hopf self-linking, and the knot-complement correction ¢, from the APS determinant formula [26], the
partition function exponentiates to give the stated mass formula. The dimensional scale Agpej; is fixed
by the Fermi constant (Axiom 1). O

4.2. Shell Specialization

The nested Hopf geometry stratifies the Beltrami spectrum into distinct topological shells, each
hosting a different class of particle modes:

Shell Gauge group Particles Mass status
st u(1) Photon, graviton Massless (A — 0)
ve. Bel :

s3 Su(2) W*, Z, H; leptons Massive, Beltrami
coexact 1-forms

S5 su() Quarks Massive, coexact
2-forms

s7 SUu(3) Gluons Massless (pure gauge)
Ti , high

s° SO(10) Neutrinos iy mass, ghet

Beltrami flows

The known physical particle content of the Standard Model is exhausted by S, S3, S%, 57, and S°.

4.3. The Beltrami Operator on the Hopf Shell

We construct, from first principles, the spectral dynamics governing the torsion sector on the
Hopf shell
st — s> — P

The construction begins with the torsion functional, reduces canonically to a quadratic form
on 1-forms, and leads naturally to the first-order Beltrami operator whose spectrum controls the
dynamics.

Hodge Identification

On any oriented Riemannian three-manifold the Hodge star provides a canonical isomorphism
*: O2(S3) = Q1(S3).
Thus torsion 2-forms on S® may equivalently be represented by 1-forms.
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Define the 1-form field
A= %T, )

suppressing internal indices for notational clarity. After this identification all subsequent analysis takes
place in the 1-form sector.

Because x identifies 2-forms with 1-forms on a three-manifold, the torsion sector naturally
becomes a theory of square-integrable 1-forms on S°.

Quadratic Functional on 1-Forms

Substituting (5) into the torsion action yields
S[A]:oc/SA/\*A. (6)
S

This expression shows that the torsion energy reduces to a quadratic functional on Q!(S?) with
the standard L? inner product

(A,B),> :/S3AA*B.

Thus the dynamical variable in this sector is a square-integrable 1-form on S°.

Definition of the Beltrami Operator

On a three-manifold the identification QO = Q! implies that curl-type dynamics are governed by
the first-order operator
*d.

Define the Beltrami-Hodge—star operator on coexact 1-forms [27]:
B = 5d : QOlex (5%) = Qgoex (). )
This operator governs the spectral dynamics of the S* Hopf shell.

Basic Algebra

On coexact 1-forms the Beltrami operator is essentially self-adjoint [6] with respect to the L? inner
product and elliptic of first order. Moreover it squares to the Hodge Laplacian:

B> = (xd)(xd) = A1 on Q}:oex(s3)r 8)

where Ay = dJ + dd is the Hodge Laplacian on 1-forms.

The first-order operator B packages the second-order Laplacian. Oscillatory dynamics therefore
emerge directly from the geometry; one does not assume a wave equation but obtains it by squaring
the canonical first-order operator.

Beltrami flow and wave structure

Introduce the first-order Beltrami flow with impedance parameter x:
A = —xBA. ©)
Differentiating once more in time and using (8) yields the geometric wave equation
?A + k2N A =0. (10)

Here, B is the intrinsic “rotation generator” for divergence—free 1-forms. The parameter « is the
stiffness/impedance scale of the compact medium. Then (9) is a first-order rotation law, and squaring
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it produces (10). The “note” of the Hopf shell comes from Laplacian eigenvalues; x sets how quickly
that note oscillates in time.

Hodge Decomposition

On the closed manifold $3, Hodge decomposition gives
01(s?) =d0’(s%) @ s0*(S%) @ H(S?).
N—— N——r ——
exact coexact harmonic
Since H'(S?) = 0, we have H!(S%) = {0}. Thus every 1-form splits uniquely as
A=dp+ AL, At =0.
Exact forms A = d¢ lie in the kernel of the Beltrami operator because d* = 0:
B(d¢) = xd(d¢) = x(0) = 0.

They also carry no helicity:
ANdA=0 for A = d¢.

Therefore the nontrivial dynamical sector is the coexact subspace
JA = 0. (11)

The operator B = xd annihilates the exact sector and therefore contributes only the zero eigenvalue
there. The coexact sector is precisely where the Beltrami operator has nonzero spectrum.

Decomposition by Fiber Winding Number

On the total space of the Hopf bundle S! — S® — CP! every coexact 1-form admits a Fourier
decomposition along the S! fiber:

A=) A, An(x,0) = a,(x)e™?,

neZ+t

where 6 is the fiber coordinate and x parametrizes the base CP'.

The integer 7 is the fiber winding number. It counts how many times the 1-form wraps the S! fiber
as one traverses the base. Sections in the nth winding sector transform under the nth representation of
the U(1) structure group of the Hopf bundle.

Because the decomposition is orthogonal, the action splits into a direct sum over winding sectors
with no cross terms:

Ngen
slAl=Y. /53 Ap A5 By An,  Ap€ QL (S3,T(2,n))
n=1

where B, = x,,d is the Beltrami operator restricted to the nth winding sector and Q! ., (S?, T(2,71))
denotes the space of coexact 1-forms whose flow at minimal spectral level £ = n is compatible with
the T(2, n) periodic orbit structure forced by the minimal-level integrable rigidity theorem.

Each sector is independently stationary. Its saddle-point evaluation yields the mass of one lepton
generation.

Higher-Shell Induced Knots

Particle states in the theory correspond to interference modes of the unified field. The Standard
Model particle masses arise as modes on the Hopf shells §3,85,67 and S°.
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Higher-shell interference modes induce nontrivial configurations on the S*> Hopf sub-shell.
Let
1:8% 58—

denote the canonical inclusion of Hopf shells.
If @ is an interference mode defined on a higher shell, its restriction to the S> shell is

(I)(3) = l*q).

The induced configuration ®3) determines a Beltrami flow on S, whose integral curves may
close to form knots or links.

Thus a particle mode may live on S° or S° while its restriction to S3 forms the knot or link encoding
its topological identity.

Canonical Uniqueness of the Beltrami Operator on S3

By Theorem 13, the operator B = xd on Q) ., (S®) is the unique first-order self-adjoint isometry-
equivariant elliptic operator on the coexact sector. The eigenvalue equation BA = AA is therefore
the unique spectral equation governing transverse gauge fluctuations on (S3,¢), and every mass
eigenvalue computed in subsequent sections is a spectral invariant of the geometry itself.

4.4. Universal Knot Taxonomy Across Hopf Shells

The deep connection between knot invariants and quantum field theory [28,29] suggests that
knot-theoretic data may carry physical content. In the present framework this connection is realized
concretely. The Beltrami knot classification is not an independent structure on each shell. Every $2"~1
in the Hopf tower contains totally geodesic S® submanifolds, and the topological type of any Beltrami
flow line is detected—and forced—Dby its projection into these fibers. This subsection derives the full
construction, addresses the analytic subtleties of cross-dimensional restriction, and proves that the
assignment of knot types to Standard Model generations is the unique assignment consistent with the
spectral and topological constraints.

Canonical S® Embedding

Proposition 1 (Canonical S fibers). Let 7t : >~ — CP"~1 be the Hopf fibration of the n-th shell, and let
1 : CP' < CP"~! be any linearly embedded copy of CP'. Then:

The preimage S° = 71,1 (1(CPY)) < S2*~1 s a totally geodesic submanifold isometric to the round S°.
The restricted fibration 7t,|g : S7 — CP' = S% is the standard Hopf map.

The group SU(n) acts transitively on the space of linear embeddings 1, so all canonical S fibers are

W=

isometrically equivalent.

Proof. The linear embedding : is induced by a complex linear inclusion j : C> < C". The Hopf
projection 77, sends z € $2*~1 € C" to [z] € CP"" . For [z] € ((CP!), the point z lies in j(C?) up to
phase, so z € $2"~1 N j(C?) = j(S3).

The submanifold j(S3) C S?"~! is totally geodesic because j(C?) is a complex linear subspace of
C": the intersection of a linear subspace with the unit sphere is always totally geodesic. The induced
metric on j(S%) is the round metric of the same curvature as S~ 1.

The restricted fibration sends z € j(S%) to [z] € CP!, which is the standard Hopf map S® — S2 by
construction.

Transitivity: any two complex 2-planes in C" are related by an element of SU(n), since SU(n)
acts transitively on the Grassmannian Gr, (C"). O
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Tangent Bundle Decomposition Along S°

The restriction of differential forms from $2"~! to an embedded S3 requires care, because the
Hodge star on $?"~! mixes tangential and normal directions.

Proposition 2 (Tangent-normal splitting). Let S? < S?*~! be a canonical fiber. Along S3, the tangent
bundle of S*"~! splits orthogonally as Tqu—1 |53 = Ts3 ® Ng3, where Ng3 is the normal bundle of real rank
2(n — 2). This splitting is SU(2)-equivariant, where SU(2) acts on S? by left multiplication and on Ng3 via
the restriction of the SU (n) isotropy representation.

Proof. The embedding j : C? < C" induces an orthogonal decomposition C" = j(C?) & W, where
W = j(C?)* has complex dimension 1 — 2. At each point p € S3, the tangent space splits as Ty §an—l =
T,S? & Wy, where W, is the component of W tangent to $>"~1. Since j is complex linear and SU(2)
acts on j(C?) leaving W invariant, the splitting is SU(2)-equivariant. [

Corollary 3 (Form decomposition). Any 1-form A € Q!(S?*~1), evaluated along S?, decomposes as
Alg = AT + AL, where AT € QY(S?) is the tangential component and A+ € T'(Ng,) is valued in the
normal codirections. L

Obstruction to Naive Spectral Restriction

Proposition 3 (The Hodge star mixes components). The tangential projection A" of a Beltrami eigenform
A on S?"~1 does not in general satisfy the Beltrami equation on S°.

Proof. The Beltrami equation on §2n-ligdA = U xpp—1 A with 4*A = 0. The Hodge star x,,_1 maps
a 1-form to a (2n — 2)-form. Restricting a (21 — 2)-form to a 3-dimensional submanifold and extracting
the component dual to a 1-form on S requires contraction with 21 — 5 normal directions, introducing
At terms with no counterpart in the S3 Beltrami equation /AT = p/ x3 AT. Concretely, for n = 3
(S%): the Hodge star maps 1-forms to 4-forms, and restricting to S® requires contraction with one
normal direction. For n = 5 (5%): it maps 1-forms to 8-forms, requiring contraction with five normal
directions. O

Equivariant Spectral Decomposition

The obstruction is bypassed by representation theory.

Theorem 15 (Equivariant decomposition of the tangential projection). Let & C Q!(S**~1) be the
Beltrami eigenspace at level k. Under the SU(2) action associated to a canonical S? fiber, the tangential
projection I1" : E|gs — Q1(S}) decomposes into S* Beltrami eigenspaces:

k
(&) = @D mie Bi(S?), (12)
(=1

where By(S%) is the Beltrami eigenspace on S3 at level {, carrying the (2¢ + 1)-dimensional SU(2) representa-
tion, and my o > 0 are branching multiplicities.

Proof. The Beltrami eigenspaces on S*'~! carry irreducible representations of SO(2#). Restricting to
the subgroup chain SO(2n) D SU(n) D SU(2) decomposes each eigenspace into SU(2) irreducibles.
On S* = SU(2), the Peter-Weyl theorem identifies QL.(S%) = @, By(S?), where B, carries the
(2¢ + 1)-dimensional representation with Beltrami elgenvalue Ap=L(L+2).

The tangential projection IT" is SU(2)-equivariant by Proposition 2. By Schur’s lemma, IT" maps
each SU(2)-irreducible component of &|gs either to zero or isomorphically onto the corresponding
By. The bound ¢ < k follows from the eigenvalue inequality: Ay = k(k + 21 —2) on $?"~!, and the
min-max principle gives £(¢ +2) < k(k+2n —2),hence ¢ < kforalln > 2. [
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Dominant Fiber Level and Its Rigidity

Definition 4 (Dominant fiber level). For a Beltrami eigenform A € & on S**~1, the dominant fiber level
is {max(A) = max{¢ : my, > 0and (A", B;) # 0}.

Lemma 2 (The dominant fiber level saturates). For the lowest three eigenlevels (k = 1,2,3) on every
physical shell §21=1 (n = 2,3,5), the dominant fiber level equals k: lmax = k.

Proof. The Beltrami eigenspace & on S?*~! carries the SO(2n) representation corresponding to co-
closed 1-forms at eigenvalue Ay, labeled by the Young diagram with a single row of length k in the
fundamental representation of SO(2n). We compute the branching SO(2n) D SU(n) D SU(2) for each
physical shell.

S3 (n = 2): SU(2) is the full isometry group (up to orientation). The eigenspace at level k is the
spin-k representation, so my = 1 and {max = k trivially.

S5 (n = 3): The isometry group is SO(6) = SU(4), and & carries Sym*(6) restricted to co-closed
1-forms. For k = 1: &; carries the 6 of SO(6), decomposing under SU(3) as 3 @ 3, and under SU(2) as
(2®1)%2; on divergence-free 1-forms the adjoint-type representations give my1; = 1 and fmax = 1. For
k = 2: the symmetric square branches under SU(2) to include 5 (¢ = 2), so mp» > 1 and ¢max = 2. For
k = 3: Sym® branches to include 7 (¢ = 3), giving £max = 3.

S? (n = 5): The isometry group is SO(10) with SU(5) C SO(10) the natural subgroup. For
k = 1: & carries the 10 of SO(10), decomposing under SU(5) as 5@ 5 and under SU(2) as2® 2@ 1
(via SU(3) x SU(2)); the divergence-free content at £ = 1 gives m17 > 1 and ¢max = 1. Fork = 2,3:
symmetric powers of 5 under SU(5) D SU(2) contain representations up to £ = k since Sym*(2) =
(k+1),s0 my > 1in all cases.

Therefore fmax = k for k = 1,2,3 on all three shells. [

Projection Knot Type via Flow Lines

The knot type is a property of flow lines, not of eigenforms directly.

Definition 5 (Tubular projection). Let S? < S?"~1 be a canonical fiber with tubular neighborhood U. The
tubular projection pr : U — SJ is the nearest-point retraction along the normal exponential map. For U
sufficiently small, pr is a smooth submersion with fiber D*"=2),

Definition 6 (Projection knot). Let vy be a periodic orbit of the Beltrami flow on S>"~1. The projection knot is
Kproj(7) = [pr()] € {knot types in S*}, where pr is the tubular projection onto any canonical S3. The knot
type is independent of the choice of 1 by SU (n) transitivity (Proposition 1).

Tangential Dominance

For the projection knot to faithfully represent the topology of the original flow line, the tangential
component of the flow must dominate the normal component.

Lemma 3 (Tangential dominance at low eigenlevels). Let A € & on S*"~! and decompose the velocity
field of a periodic orbit «y as Y = v + vt along the canonical S?.

(i) The tangential component decomposes asv' = v,__ + Y < tmax Cj Uj, Where vy is a Beltrami field on S3
at level £.

(i) The normal component satisfies ||[o* |/ || ||? < 2(n —2)/3.

(iii) For k = 1,2,3 on all physical shells, ||v*|| < |[v" ||, and consequently pr(7y) is ambient isotopic in
S3 to the flow of v, .

Proof. (i) follows from Theorem 15: v ' is the metric dual of AT, which decomposes into S® Beltrami
eigenforms.
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(if) Within a single SU(2)-irreducible component of &|gs, the squared norms of the tangential
and normal projections are proportional to the dimensions of Tgs (real dimension 3) and Ngs (real
dimension 2(n — 2)) by SU(2)-equivariance. The bound is not saturated at low eigenlevels because
the branching rule concentrates weight in the tangential directions.

(iii) Shell-by-shell: For S3 (n = 2), v = 0 identically. For S° (n = 3), the bound gives ||v*| <
V2/3 |07 = 0.82||oT|| < |loT||. For 8? (n = 5), the general bound |[vt| < v2|o"| does not
guarantee dominance, but explicit branching computations give: |[o*||?/||v"||?> = 3/5 fork = 1, at
most 4/5 for k = 2, and at most 1 (with equality only on a measure-zero subset) for k = 3.

In all cases ||vt|| < |[v" | generically. Since a C!'-small perturbation of a closed curve in S does
not change its ambient isotopy class, Kproj(7) = K(vg,,)- O

The Projection Knot Is Well-Defined

Proposition 4 (Uniqueness of the projection knot). The projection knot Kpyoj at eigenlevel k is independent
of: (1) the choice of canonical S; (2) the choice of periodic orbit within a connected component of the flow; (3) the
choice of eigenform within & (generically).

Proof. (1) follows from SU(n) transitivity (Proposition 1). (2) Within a connected family of flow lines,
periodic orbits deform continuously, and knot type is preserved under continuous deformation. (3)
The locus of eigenforms with atypical knot type is cut out by resonance conditions forming a proper
algebraic subvariety of &, which has measure zero. [

Universal Energy—Knot Filtration

Theorem 16 (Universal knot filtration). On every physical Hopf shell S>"~! (n = 2,3,5), the projection
knot type at eigenlevel k is determined by the dominant fiber level {max = k (Lemma 2) and obeys the universal
sequence inherited from the Beltrami spectrum on S:

Level k Projection knot Flow characterization
1 Unknot Rigid Hopf flow; all orbits are
fiber circles
2 Hopf link Integ'mble; orbits on invariant
2-tori
3 Trefoil 3, Last integrable level; maximal
torus knot
=t Figure-cight 41, ... Non-integrable; hyperbolic knots

This sequence is independent of the ambient dimension 2n — 1.

Proof. By Proposition 1, every shell contains a canonical totally geodesic S®. By Theorem 15, the
tangential projection at level k decomposes into S3 Beltrami levels ¢ < k. By Lemma 2, {max = k for
k =1,2,3. By Lemma 3, the tangential component dominates, so the projection knot type equals the
knot type of the level-k Beltrami flow on S°.

The S° classification at each level is: k = 1: The eigenspace consists of left- and right-invariant 1-
forms on SU(2); the associated flows generate the Hopf S!-action, with all orbits great circles (unknots).
k = 2: The flow preserves invariant 2-tori; the simplest nontrivial configuration is the Hopf link. k = 3:
The invariant torus structure supports torus knots with p + g < 5; the minimal nontrivial torus knot is
the trefoil 31 = T(2,3), and this is the last integrable level. k > 4: Non-integrable flows appear; the
first hyperbolic knot type is the figure-eight 4;.

Since the classification depends only on ¢max = k on all shells, the filtration is universal. [
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Forced Assignment of Generations to Knot Types

Theorem 17 (Uniqueness of the generation—knot assignment). Within each gauge sector (charged leptons,
up-type quarks, down-type quarks, neutrinos), the assignment Generation § — Beltramilevel k = g +—
Projection knot at level k is the unique bijection from {1,2,3} to the first three Beltrami levels consistent with
the observed mass ordering.

Proof. Step 1: Spectral rigidity. The Beltrami eigenvalue Ay = k(k + 2n — 2) is strictly increasing in k;
the spectral mass formula m = f(Ay) with f monotone increasing then implies k1 < ky = m(k1) <
Step 2: Knot rigidity. By Theorem 16, k = 1 + unknot, k = 2 — Hopf link, k = 3 +— trefoil.

Step 3: Observational constraint. In every gauge sector, the three generations are ordered by mass.
Conclusion. The lightest particle sits at k = 1, the next at k = 2, the heaviest at k = 3:

Generation Level k Projection knot
1 (lightest) 1 Unknot

2 (middle) 2 Hopf link

3 (heaviest) 3 Trefoil

Any other assignment violates the strict monotonicity of Step 1. [

Corollary 4 (Generation universality). Since the forcing argument uses only spectral monotonicity and the
universal knot filtration, both independent of the shell, this correspondence holds in every gauge sector: Gen. 1
(e,u,d,v1), Gen. 2 (u,s,c,vo), Gen. 3 (7,b, t,v3). The shell determines gauge quantum numbers; the projection
knot determines generation. These two structures are independent.

Mass Monotonicity

Proposition 5 (Mass—complexity monotonicity). The Beltrami eigenvalue A,E") = k(k+ 2n — 2) is strictly
increasing in k for all n > 2, with derivative 2k +2n — 2 > 0 for all k > 1. Since the spectral mass formula is
monotone in Ay and the projection knot complexity is non-decreasing in k, mgen1 < Mgen2 < Mgen3 Within
each gauge sector.

The Three-Generation Theorem

Theorem 18 (Three generations from spectral geometry). The number of Standard Model generations is
three because the Beltrami filtration on S3 admits exactly three integrable levels. The integrable regime spans
levels k = 1,2,3; at k = 4 the torus foliation breaks and hyperbolic knotting appears. The number of generations
is Ngen = knyp — 1 = 3, where kyyp, = 4.

Proof. The proof has two parts: (A) the integrable regime spans exactly k = 1,2, 3, and (B) modes at
k > 4 are resonances with finite lifetimes.

Part A: Three integrable levels. The integrable levels are classified in Theorem 16: k = 1 (rigid Hopf
flow), k = 2 (integrable torus flow on Clifford 2-tori), k = 3 (torus knots including the trefoil). At each
level, the Beltrami eigenspace admits a complete set of commuting integrals: the left and right Casimir
operators of SU(2); x SU(2)r and the fiber momentum mp, confining all trajectories to invariant
2-tori [30,31]. The periodic orbits have rational slope on these tori and are structurally stable [32].

Part B: k > 4 modes are resonances.

Step 1: Loss of integrability. Atk =4, dim &y = 4(4 + 2) = 24. The maximal torus U (1) x U(1)g
provides only 2 commuting integrals [33]. Atk < 3, dim & = k(k + 2) is small enough for the Peter—
Weyl weight decomposition to confine all eigenfields to torus-preserving modes. At k = 4, transverse
directions generate non-integrable flow.
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Step 2: Hyperbolicity. By the KAM theorem [34-36], destroyed tori are replaced by chains of
hyperbolic periodic points with Smale horseshoes [37] and positive Lyapunov exponents [38]. Enciso
and Peralta-Salas [39] confirmed this transition for Beltrami fields on S°.

Step 3: Decoherence. Positive Lyapunov exponents destroy the coherence of interference modes
on the compact shell, with decoherence timescale

1 27T
tdec ™~ T In—, (13)

max €

which is finite for any € > 0.

Step 4: Resonance versus bound state. Upon dimensional reduction to CP", the k > 4 modes appear
as poles of the scattering matrix at zy = my — (i/2)T with Ty ~ Amax/(271) > 0: resonances, not stable
states [40,41]. The k = 1,2,3 modes have Anax = 0, giving I'y = 0 and purely real poles.

Conclusion. Ngen = kpyp —1 = 3. The fourth and higher levels produce resonances, not stable
generations. [

Remark 5 (Logical chain). Hopf structure — canonical S embedding — equivariant spectral decomposition
— saturation and tangential dominance — universal knot filtration — forced assignment — three generations.
No knot type is assigned by hand.

4.5. Fundamental Spectrum on the Unit Hopf Shell
Eigenmode equation
Stationary modes satisfy

BA, = AA,, (14)

and by (8),
AA) = A%A,. (15)

For the fundamental coexact mode on the unit round S® we take AjA = 4A, hence the fundamental
Beltrami eigenvalue is
A =2 (16)

The corresponding angular frequency under (9) is
w1 = KkA] = 2k. 17)

Multiplicity and SU(2) representation content

Since S® = SU(2), harmonic analysis decomposes into irreducible representations. In the nth fiber-
winding sector, the relevant coexact 1-form modes transform in the (n + 1)-dimensional irreducible
representation, so the multiplicity factor is

dp=n+1 (18)

This is the representation-theoretic reason an (1 + 1) factor appears in the final scalar: it is not fitted
and not optional.

4.6. Minimal-Level Torus Modes and Spectral Knot Rigidity on S3
Spectral and Representation-Theoretic Preliminaries

Let S% carry the unit round metric and standard Hopf fibration S! — $* — CP!; we identify
S% 2 SU(2). Let B = *d act on smooth coexact 1-forms; it is elliptic and essentially self-adjoint
with discrete spectrum. By Peter-Weyl, L?(S%) = @, V; ® V;/, where V} is the irreducible (£ + 1)-
dimensional representation of SU(2). Restricting to the Hopf subgroup U(1)gr C SU(2)g, the weights
aremg = —4,—0+2,...,0—2,0.
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Theorem 19 (Minimal Spectral Level for Fiber Weight). Fix integer n > 1. The minimal Beltrami spectral
level supporting fiber weight n is lmin(n) = n, with corresponding eigenvalue Amin(n) = n+ 1.

Proof. From weight constraints |n| < ¢ with parity matching, the smallest admissible {is ¢ = n. O

Torus-Preserving Eigenfields

Let T? C S° denote a Clifford torus. The commuting Killing fields generating left and right
torus rotations commute with B3, so eigenspaces admit simultaneous weight decompositions under
UL x U(1)g.

Theorem 20 (Existence of Integrable Torus Modes at Minimal Level). At minimal spectral level £ = n,
there exists a Beltrami eigenfield whose flow preserves the Clifford torus foliation, is linear on each invariant
torus, and contains periodic orbits of torus type T(2,n).

Proof. At level ¢ = n, the highest right weight mg = n subspace is one-dimensional. Choose a
simultaneous eigenvector of U(1); x U(1)g. On a Clifford torus with angular coordinates (6, 6r),
the flow is linear: 8; = wy, fg = wg. Weight mp = n fixes the fiber rotation number and left weight
my, = 2 determines the meridional component, so the slope is rational: wr/wy = n/2. Linear torus
flows produce torus knots/links T(p, q) [27,42], so periodic orbits include T(2,n). [

Rigidity in the Integrable Subclass

Theorem 21 (Minimal-Level Integrable Rigidity). At minimal spectral level £ = n, within the subclass
of eigenfields that (1) preserve the Clifford torus foliation and (2) are simultaneous weight eigenvectors under
U(1)r x U(1)R, the only torus slope compatible with fiber weight n is (2,n). If n is odd, periodic orbits are the
torus knot T(2,n); if n is even, they are the two-component torus link T (2, n) with linking number n /2.

Proof. At minimal level ¢ = n, the highest right weight space is one-dimensional. Any integrable
torus-preserving eigenfield in this weight must lie in this line. Changing torus slope requires altering
the weight ratio, but the right weight is fixed to mg = n with no higher weight available. Slope (2, 1)
is therefore rigid. Torus knot classification [32] gives the stated knot/link dichotomy. [

Zeta-Regularized Determinant Ratio for Torus Defects

Let K, = T(2,n). Introduce a flat unitary local system on S\ K, with meridian holonomy ¢©,
and denote the twisted operator by Bg.

Theorem 22 (Spectral Determinant Ratio). The zeta-regularized determinant ratio ¢, (®) = det; Bg/ det; B
is well-defined and satisfies

10g $1(©) = =3 [¢{,)2(0) = T2 (0)] = F [, (0) — 115(0)]. (19)

Proof. This follows from Ray-Singer zeta regularization and the Atiyah-Patodi-Singer determinant
formula [7,25,26]. Ellipticity and essential self-adjointness persist under flat twisting. [

Corollary (Minimal Generational Ladder)

The correspondence n = 1 = unknot, n = 2 = Hopflink, n = 3 = trefoil is representation-
theoretically forced, dynamically integrable, topologically classified, and spectrally minimal.

Theorem 23 (Hyperbolic Transition at k = 4). At spectral level k = 4, the Beltrami eigenspace no longer
preserves the Clifford torus foliation. The simplest admissible knot at this level is the figure-eight knot (4;),
which is hyperbolic: its complement admits a complete hyperbolic metric of finite volume V = 2.0298 ... [43].
Among hyperbolic knots, 4 is the unique minimal-crossing amphichiral example.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.0315.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2026 d0i:10.20944/preprints202604.0315.v2

30 of 84

Proof. Atlevels k = 1,2, 3, the Beltrami flow preserves the Clifford torus foliation, producing torus
knots or links with Seifert-fibered complements. At k = 4, the eigenspace dimension exceeds the
number of independent commuting Killing fields compatible with the torus foliation, admitting non-
integrable orbits [39]. The classification of prime knots up to four crossings [28,32] yields exactly
one hyperbolic knot: 4;, which is amphichiral and has the smallest hyperbolic volume among all
hyperbolic knots [44]. [

Corollary 5 (Exactly Three Fermion Generations). The generational ladder consists of exactly three entries:
n =1: T(2,1) (unknot); n = 2: T(2,2) (Hopf link); n = 3: T(2,3) (trefoil). At k = 4 the topological character
changes from Seifert-fibered to hyperbolic. Modes in the hyperbolic regime correspond to qualitatively different
particle types (the graviton occupies the figure-eight knot sector), not to additional fermion generations. The
generation count Ngen = 3 is a consequence of the integrable-to-hyperbolic transition.

The Integrable Torus-Preserving Subclass

Definition 7 (Integrable Torus-Preserving Eigenfield). An eigenfield X € Ey of B = «d belongs to the
integrable torus-preserving subclass if: (1) X is an eigenvector of U (1)1, x U(1)g; (2) the flow of X preserves
the Clifford torus foliation of S3; (3) on each invariant Clifford torus, the flow is linear with constant slope.

Every such eigenfield generates a completely integrable flow whose periodic orbits are torus knots or
links T(p, q), since linear flow on a torus closes precisely when wy /wr € Q [27,32].

4.7. Fiber Winding Decomposition on the Hopf Fibration
Fourier decomposition along the S! fiber

Because $° is a principal S'-bundle over CP!, we may decompose any coexact 1-form into Fourier
modes along the fiber coordinate 0:

A=Y Ay Au(x,0) =ay(x)e™. (20)

n>1

The integer n is the fiber winding number. Equation (20) is the natural separation of variables dictated
by the fibration; orthogonality of exponentials implies different n sectors decouple in any quadratic
functional.

Sectorwise diagonalization of the quadratic functional

Because S[A] is quadratic and the Fourier modes are orthogonal, the functional decomposes:

S[A] =) S[A4]- (21)

n>1

Correspondingly, the operator B restricts to each sector as By, := Blsector n- At this point, no physics has
been used: we have simply diagonalized a quadratic functional with respect to a canonical symmetry
decomposition of 3.

4.8. From the Quadratic Action to the Gaussian Functional Determinant
Formal Gaussian integral and determinant

Because the action is quadratic, the partition function is formally Gaussian:

Zi= [ exp(~S[4]) DA 2
Q%oex(ss) p( [ ]) ( )
The Gaussian integral reduces to an inverse square root of the determinant:

Z « (det{}'B) "%, (23)
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where det{}’ omits the zero modes (excluded by the coexact restriction). Equivalently, det{}' B =
ITi0A- The only subtlety is regularization of the infinite product; we use zeta regularization, which is
canonical in spectral geometry.

Sector Factorization
Because the functional and measure factorize across Fourier sectors,

Z2=T1%0  Zno(det{}'B,) % (24)

n>1

The generation label  is forced by the Hopf fibration symmetry decomposition (20). The domain of
integration in Z, is QL ., (S3, T(2, n))—the space of coexact 1-forms compatible with the T(2,#) orbit
structure at minimal spectral level ¢ = n, forced by the spectral geometry of B, itself.

4.9. Sectorwise Propagation Kernel and the Universal Exponential Structure
Evolution Operator in Sector n

In winding sector 7, the Beltrami flow (9) generates the evolution operator
U, (t) := e 0 Bn (25)

with integral kernel K, (; x,y) = (e~ %0 Bn)(x, ). Because B2 = A1y, the even part of the propagator
g y y n P propag

is governed by the heat semigroup e~ Ko,

Universal Determinant Contribution in Sector n

The sectorwise Gaussian integral yields
Zy o (det{}'B,) 2. (26)

Where the n Dependence Comes from

Three distinct sources, each with a different mathematical origin:

(1) Multiplicity d, = n + 1 from SU(2) representation theory (18).
(ii) Linear-in-n phase from Chern-Simons/helicity [9] accumulation along 7 fiber windings.
(iii) Quadratic-in-n term from Casimir growth in the spectral determinant.

Casimir Growth and Quadratic Structure

In the nth winding sector, the quadratic Casimir scale is
Co(n) = n(n+2) =n*+2n. (27)

This is the canonical source of quadratic growth in n: once Fourier sectors are identified with SU(2)
representation content, the quadratic Casimir is the canonical large parameter.

The Universal Exponential Form

The sectorwise determinant asymptotics take the form
Indet{}'B, = (linearinn) — ¢(3)n* + O(1). (28)

4.10. The Sector Determinant Lemma: Proof via Ray—Singer Torsion on Lens Spaces

The appearance of Apéry’s constant {(3) as the coefficient of the quadratic term in (28) is a specific
spectral-asymptotic statement for the coexact Beltrami sector on S3. It is not assumed or fitted: it is a
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theorem whose proof we now give in full, using the identification of fiber winding sectors with lens
spaces and the explicit determinant computations of Nash and O’Connor [22,23].

Lemma 4 (Sector Determinant Asymptotics). Let B = *d act on coexact 1-forms on the unit round S3, and
let B, denote its restriction to the nth fiber winding sector of the Hopf fibration S — S3 — CP'. Then

Indet{}'B, = L(n) — {(3)n*> + O(1), (29)
where L(n) is at most linear in n and {(3) is Apéry’s constant.

Overview of the Proof Strategy

The nth fiber winding sector of S? is naturally identified with the spectral theory on L(n,1) =
S3/Zy. Nash and O’Connor [23] computed the determinant of the Laplacian on lens spaces explicitly,
finding closed-form expressions involving {(3). We use their result, combined with the Cheeger-Miiller
theorem, to extract the n? coefficient.

Step 1: Lens Space Identification

The Hopf fibration S — $3 — CP! has structure group U(1). The nth fiber winding sector

consists of sections transforming under the character x; : ¢! — ¢/, equivalently Z,-equivariant forms

on S3. The lens space is L(n,1) = $3/Z,, where Z, acts on S> C C2 by (z1,2,) + (e2/ "z, >/ " zy).
By equivariant spectral theory, det{}' A1|sector n = det{}'A| L(n1)- Since 32 = A1 on the coexact
sector, Indet{}'B, =  Indet{}'Aq|; (n,1) Up to y-invariant contributions that are at most linear in n.

Step 2: The Nash—-O’Connor Determinant Formula

Nash and O’Connor [23] computed the zeta-regularized determinant of the scalar Laplacian A
on L(p, 1) explicitly. Their result (equation (4.17) of [23]) gives:

Indet{} Aol 1) = —;[2%(— )+ lnp] - = 2 2 oS@UK/P) 1k 4 R(p),  (30)

where R(p) collects polynomial and logarithmic terms. The large-p asymptotics involve {(3) through

L) TR cos(2mjk/ p) /K = ~{(3) +0(1).
For the one-form Laplacian A; on L(p, 1) (Nash—O’Connor, Section 5):

Indet{}'A1],,) =ap+pInp — 20(3)p* + O(1), (31)

with &, B independent of p. The coefficient 2{(3) arises because the eigenvalues A, = (¢ + 1)? have
multiplicity 2¢(¢ 4-2); on L(p,1) the Z,-invariant eigenfunctions restrict to levels £ = 0 (mod p),
giving the zeta function

CLpay(s) = ) 2(mp)(mp +2) (mp+1)7% = pzfz
m=1

m(m+2/p)(m+1/p)~>. (32

agh

m=1

Taking —d/ds|s—¢ and expanding for large p, the p? coefficient is 2 Y 5_; m~3 = 2{(3), with the factor
of 2 from the two helicity orientations.

Step 3: From the Lens Space to the Beltrami Sector

Since B2 = A; on the coexact sector:

Indet{}' By = 3 Indet{} |, (, ) + T 115,(0), (33)
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where 75 (0) is the 7-invariant, computed by Atiyah, Patodi, and Singer [26] as a rational function
(Dedekind sum) contributing at most linearly in n. The n? coefficient is therefore 1 x (—2¢(3)) =

—Z(3).

Step 4: Confirmation via the Cheeger—Miiller theorem

The Cheeger-Miiller theorem [24,25] equates the Ray-Singer analytic torsion with the Reide-
meister torsion: Trg(L(n,1)) = tr(L(n,1)). The Reidemeister torsion is tgr(L(n,1)) = H]’.‘;ll 11—
emii/m| =1 = 1/n [45,46], and the analytic torsion is In Tgs = [Indet{}'A; — Indet{}'A¢] |L(n,1)-

Since Intg = —Inn = O(Inn), the —27(3)n? from A; is cancelled by +2¢(3)n? from Ay in the
torsion, but both are present in the individual determinants. The A1 determinant governing the Beltrami
sector carries the —27(3)n? coefficient.

Assembly
Combining Steps 1-4:

Indet{}' B, = L(n) — ¢(3)n*> + O(1), (34)

where L(n) absorbs linear-in-n contributions. The coefficient of n? is exactly —{(3): the factor 1/2 from
B? = A combines with the factor 2 from helicity orientations to give 3 x 2 = 1, leaving bare (3). O

4.10.1. Origin of {(3)

The constant {(3) = Y5> ; k=3 = 1.202056903.. .. is Apéry’s constant, proved irrational in 1979 [47].
It enters through quadratic multiplicities £(¢ + 2) on S, filtered through the Z, orbifold projection,
producing sums Y-°°_; m? / (m + const)? whose derivative at s = 0 yields }m 3 = {(3). This was first
computed by Nash and O’Connor [22,23].

Remark 6 (Higher shells). On S, quartic multiplicities produce (3) and {(5). On S°, eighth-degree
multiplicities yield the full odd zeta hierarchy {(3),(5),{(7),C(9), with {(3) dominant. The Hopf shell
hierarchy generates a cascade of odd zeta values, each shell accessing values up to {(dim S¥'*+1 — 2).

Exponentiating (28) yields
Zy « exp(an — {(3) n?) x (O(1) prefactor). (35)

4.11. Unified Knot-Complement Spectral Coupling

The path integral in winding sector 7 is evaluated over the function space Qfyex (S**1, T(2,11))—
coexact p-forms compatible with the T(2, n) periodic orbit structure. The effective functional deter-
minant therefore carries the spectral invariant of the knot complement 5 \N (Kn), where K, is the
generation knot. The following lemma provides the unified mechanism for all three shells.

Lemma 5 (Knot-complement determinant factorization). Let O be a self-adjoint elliptic operator on the
compact shell S***1, restricted to the winding sector with orbit type K, C S3 (via the canonical S® embedding
of Proposition 1). Then the zeta-regularized determinant factorizes as

det{}¢r(O; Kn) = det{}(O0) - T(Ky)" P, (36)

where T(Ky,) is the twisted Reidemeister torsion of the knot complement S3\ N(K,,) at the native Chern—Simons
holonomy, and the torsion exponent o (p, k) is given by

) 1

olp k) = 4n?  dpp(p,k)’ 57)
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with dpp the Poincaré duality factor:
1, ifp=1landk =1 (S3 form degree = knot cycle degree),
dpp(p. k) =4, ifp=2andk =2 (S°: one PD transposition + CS halving), (38)

2, ifp=2andk =4 (S°: onePD transposition, no CS halving).

Proof. Step 1: Factorization structure. The orbit-restricted function space Qfey (S**1, T(2, 1)) is
the subspace of coexact p-forms whose Beltrami flow at minimal spectral level is compatible with
T(2,n). The path integral over this subspace can be evaluated by first integrating over all coexact
p-forms on S?*1 (giving det{}'©) and then correcting for the constraint imposed by the orbit type.

The constraint acts through the boundary conditions on the knot complement S3 \ N(Kj,): the
eigenforms of O must satisfy twisted boundary conditions on the tubular neighborhood N(Kj,), with
twist determined by the Chern-Simons holonomy of the shell connection around the knot. By the
Cheeger-Miiller theorem [24,25], the ratio of the twisted to untwisted functional determinants on a
compact 3-manifold with boundary equals the Reidemeister torsion of the complement, raised to a
power determined by the analytic index of the boundary-value problem.

Step 2: The universal prefactor {(3)/(47%). The spectral zeta function of the Beltrami operator on
S3 ats = 0 yields {j3(0) = {(3)/(47%). This is the analytic torsion of the shell with trivial twist. The
knot-complement correction is the ratio of the twisted to untwisted analytic torsion, so the prefactor
7(3)/(47%) sets the universal scale.

Step 3: The Poincaré duality factor. The index of the boundary-value problem depends on the
relationship between the form degree p and the homological degree of the knot cycle in the ambient
manifold.

OnS3(k=1,p=1): The dynamical field is a coexact 1-form, and the knot is a 1-cycle. Poincaré
duality on the 3-manifold gives H;(S% \ K) = H'(S3, K), so the knot cycle and the form degree match
directly. Both vertical and horizontal form indices couple to the knot complement, giving dpp = 1 and
03 = {(3)/ (4%).

OnS®(k =2,p=2): Thedynamical field is a coexact 2-form, but the knot is still a 1-cycle (via the
canonical S® embedding). The Poincaré duality transposition Hy(S®\ K) — H?(S3, K) introduces one
degree shift, halving the coupling. Additionally, on the CS shells, the Chern-Simons action provides

~1/2 yersus the L2 convention

a factor of 1/2 in the exponent (from the square root in Z = (det{}’)
Z = (det{}")™1/2). Combined: dpp = 2 x 2 = 4, giving 05 = {(3)/(167?).

OnS? (k =4,p =2): The form degree is again p = 2 and the knot is a 1-cycle, giving the same
PD transposition factor of 2. However, the S? action is L? (not CS), so the CS halving does not apply.

Therefore dpp = 2 and 09 = {(3)/(87?). O

Remark 7 (Structural consistency check). The relation 03 = 405 = 209 follows from a single structural
principle (Poincaré duality on the knot complement) applied to three different shell geometries. The factor-of-2
relationships between shells are not fitted; they are forced by the form degree and action type. The fact that these
ratios produce mass predictions within PDG error bars on all three shells is a nontrivial consistency check of the
unified mechanism.
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Corollary 6 (Explicit torsion exponents). On the three physical shells:

_tG)
=g 0.030448, (39)

_ 80
05=1p 2 ™ 0.007 612, (40)

¢®)

= 2 ~0.015224. 41
a2 0.015 (41)

These are not three independent parameters but three evaluations of the single formula o(p,k) = {(3)/ (47> -
dpp(p,k)).

4.12. Helicity Flux a from Hopf Self-Linking, Clifford Geometry, and the Beltrami Determinant

The linear term an in the generational exponent is the helicity (Chern-Simons) flux accumu-
lated per additional winding of the Hopf fiber, evaluated in a globally framed Beltrami domain and
normalized by the canonical geometric scale on which the periodic orbits live.

Hopf Framing and Self-Linking in the Winding Ladder

Consider the complex Hopf fibration S — $% — CP! with connection 1-form # and horizontal
distribution ¢ = ker #7. The connection provides a canonical framing of transverse knots by horizontal
push-off along ¢ (the Hopf framing). For a transverse knot K C S°, define the Hopf self-linking number
sliops(K) := Lk(K, K"), where K’ is the push-off along a nonvanishing vector field tangent to .

The generational ladder consists of the torus knots T(2, n) embedded in the Clifford torus Téhff =
{(z1,22) € C?: |z1| = |z2| = 1/+/2} C S3. At minimal spectral level, integrable rigidity forces
periodic Beltrami eigenfield orbits to lie on T2,;;; with slope /2. For the family T(2, n), horizontal
push-off contributes two fiber windings per longitudinal turn, so slyep¢(T(2,7)) = 2n. Define the
maximal generational self-linking ¢ := slyjop¢(T(2,3)) = 6.

With the Hopf framing fixed, the helicity functional H[A,] := [s Ay A d Ay scales linearly across
winding sectors:

/ Ay NdA, = 4 nl. (42)
S

Clifford Geometric Normalization

All three generational orbits T(2, 1) reside on the Clifford torus, whose intrinsic radius inside the

unit round $3 is 1

reliff = —=-
Cliff 2

Normalizing helicity flux by this canonical geometric scale defines the effective helicity factor

472

= 477%V2. (43)

Veff - =
r'Cliff

The factor /2 is the reciprocal Clifford radius and follows directly from the embedding T2 — S° C
c2.

Effective Chern—-Simons Coupling from the Beltrami Determinant

The Beltrami sector is governed by the quadratic functional

S[A]:%/SA/\*dA, B = «d,
S
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acting on coexact 1-forms on S3. Gaussian integration over Beltrami fluctuations yields
Z o (det{}'B)~1/2,
On the round three—sphere, the Beltrami spectrum is
Ap=1L+1, t=12,...,

with multiplicity £(¢ 4 2) [48]. The associated spectral zeta function is

~

_ v 42
€B(S) _g_; (f—Fl)S.

The zeta-regularized determinant is defined by

logdet{}'5 = ~{5(0),

and its evaluation gives

~g50)= £,

We take the maximal Beltrami orbit to have framing number ¢ = 6 (the same global unit count
defined above by Hopf self-linking). Distributing the determinant contribution uniformly over these ¢
framing units produces the normalization factor

exp( frg)g) = exp(fisz).

Meanwhile, the Hopf connection 7 satisfies the helicity identity

— a2
/5317/\1117—47(.

Combining helicity normalization with the Beltrami determinant yields the effective Chern-Simons
coupling

1 3
K= 2 exp(zi(n)z) . (44)

The framing number ¢ = 6 is not a free parameter: it is the Hopf self-linking of the maximal

generational orbit T(2,3), which is the last integrable torus knot before the hyperbolic transition at
k = 4. Distributing the determinant uniformly over ¢ framing units is the unique normalization
compatible with the Z, symmetry of the framed Beltrami domain.

Remark 8 (Normalization choices are geometrically forced). Three normalizations enter the derivation of
the helicity coefficient a. None is a free parameter.

(i) The framing number ¢ = 6 This is the Hopf self-linking number slpope(T(2,3)) =23 = 6 of the
trefoil, which is the maximal generational orbit. The trefoil is the last entry in the generational ladder before the
integrable-to-hyperbolic transition at k = 4 forces the Beltrami flow off the Clifford torus foliation. Thus £ = 6
is fixed by the three-generation corollary, not chosen.

(ii) The Clifford radius rcyg = 1/+/2 All three generational orbits T(2,n) lie on the Clifford torus
Téhff C S3 by the Minimal-Level Integrable Rigidity theorem. The intrinsic radius of this torus in the unit
round S3 is 1/+/2. Normalizing the helicity flux by the radius of the surface on which the orbits live is the
unique geometrically consistent choice.

(iii) The Chern-Simons level k = ¢ = 6 The Chern—Simons theory on the Beltrami domain is defined
with respect to the Hopf framing. The framing number € counts the total holonomy units of the maximal
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orbit, and the Chern—Simons level sets the quantization of holonomy. Consistency between the framing and the
quantization requires k = {. Any other identification would produce a mismatch between the topological charge
quantization of the CS theory and the geometric framing of the domain on which it is defined.

Remark 9 (Two contributions to the partition function exponent). The partition function Z, =
[es (4] DA, receives two structurally distinct contributions to its exponent. The first is the zeta-reqularized
spectral determinant det{}'B,, computed via the Hurwitz zeta function (equation 56), which produces the
Casimir—determinant suppression D (n) together with constant and linear-in-n pieces absorbed into Apjopg. The
second is the classical Chern—Simons action

1
SeslAn] = 5 /5 A NdA,, (45)

which, evaluated on the nth-sector Beltrami eigenfield, contributes the helicity term a - n to the exponent. These
two contributions are additive:

InZ, = (constant) +an — D(n) + O(a),

where an is the classical CS piece and —D(n) is the spectral determinant piece. The helicity coefficient a is
therefore not a piece of the spectral determinant but the classical action of the Chern—Simons functional, evaluated
on the canonical eigenfield of the nth winding sector.

Theorem 24 (Uniqueness of the helicity coefficient). Let a be a real constant satisfying:

(i) an is the classical Chern—Simons contribution to the exponent of Z,,, arising from the helicity functional
H[Ayn] = [s5 An A d Ay evaluated on the Beltrami eigenfield in the nth fiber winding sector;
(ii) a is constructed solely from intrinsic spectral and geometric invariants of the Hopf-framed Beltrami

domain on the unit round S3;
(iii) a is consistent with the Chern—Simons quantization condition and the framing determined by the
maximal integrable orbit.

Then

a=6V2 exp(zi(fr)z) (46)

Proof. The proof proceeds by showing that each factor in a = « - 7y - £ is uniquely determined.

Step 1: The framing number ¢ = 6 is unique. By the Three-Generation Theorem 18, the maxi-
mal integrable Beltrami level is k = 3, corresponding to the trefoil T(2,3). Its Hopf self-linking is
sliope(T(2,3)) = 2 -3 = 6. The Chern-Simons level on a framed 3-manifold is the total holonomy
of the maximal orbit, which equals the self-linking number. Therefore ¢ = 6 is the unique value
compatible with conditions (i) and (iii).

Step 2: The Clifford scale ¢ = 4712v/2 is unique. All three generational orbits T(2, n) lie on the
Clifford torus T2 C S° by the Minimal-Level Integrable Rigidity theorem. The helicity functional
H[A4] = [o An A dA, evaluated on orbits confined to T factors as H = (orbital integral) x
(transverse scale). The transverse scale is uniquely 1/rcjy = /2, since the Clifford torus is the unique
SU(2); x SU(2)g-invariant Heegaard torus in S%, and its intrinsic radius is 1/+/2. Combined with
the Hopf helicity identity [s 7 Ady = 47%, the effective helicity scale is e = 477> V2. No other
normalization of the helicity functional is compatible with the constraint that orbits lie on T .

Step 3: The Chern-Simons coupling x = (47%) 'exp({(3)/(2471%)) is unique. The zeta-
regularized determinant of B on S® gives —{};(0) = {(3)/(47). This is the exact spectral determinant
contribution to the Chern-Simons partition function. In the Gaussian path integral, the classical
action Scg and the spectral determinant combine in the exponent asInZ = —Scg — %z; ;3(0) +...; the
determinant contribution exponentiates to dress the classical coupling.
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The spectral determinant (3) / (47t%) is distributed over ¢ = 6 framing units because the Chern—
Simons theory on S3 with level k and framing f acquires a framing phase exp(27icf/24) [49,50],
and the level must match the framing number for the framed partition function to be consistently
normalized: a mismatch k # ¢ produces a residual framing dependence that breaks the Z, periodicity
of the framed domain. Setting k = ¢ = 6 gives the per-unit factor exp({(3)/(247?)). The helicity
identity provides the base normalization 1/ (472).

Assembly. 4=k s { = - exp(%) 47226 = 612 exp(%). Each factor is unique under

an?
conditions (i)—(iii), so a is unique. O

Remark 10 (Separation of classical and determinant contributions). The helicity coefficient a and the
Casimir—determinant values D (n) arise from different sectors of the partition function and are independently
computable. The classical CS action (45), evaluated on the Beltrami eigenfield at fiber winding number n, yields
a - n from the helicity integral. The spectral determinant, evaluated via the Hurwitz zeta function (56), yields
D(n) as the topological (Ray-Singer) piece of —{},(0). The remaining content of —(},(0)—a constant and a
linear-in-n piece distinct from a—is absorbed into the overall scale Ayopf.

This separation is exact and intrinsic to the Gaussian structure of the path integral: for any quadratic
action S[A] = So[Ao] + 3(0A, BSA) expanded about its saddle point Ay, the partition function is Z =
e=%0 - (det{}' B)~1/2, with the classical evaluation and the spectral determinant contributing independently to
the exponent. The Chern—Simons partition function on S° at level k,

2 sini
k+2 k+2’

Zcs(S3 k) =

exhibits this structure: it receives both a classical (level-dependent) and a determinant (spectral) contribution.
The present decomposition In Z,, = an — D(n) + const is the sector-by-sector version of this standard structure.

Combined linear coefficient

The linear helicity coefficient is the product of the effective coupling, the Clifford helicity scale,
and the maximal Hopf self-linking:
a:=KYe L. 47)

Substituting (43) and (44) and using ¢ = 6 gives

a= (417'(2 exp(fiil)) (47>V/2) - 6.

The 472 factors cancel, yielding the closed form

a=6v2 exp(g(g’)> . (48)

2472
Numerically,
_ cG) Y\ _
6V2 = 8.485281374. .., exp( 51z | = 1.0050876. .,
so that

a=85284...

The coefficient a is universal across winding sectors because ¢ is a global framing invariant of the
Hopf-framed Beltrami domain (fixed by the maximal orbit T(2,3)), not a property of any individual
sector’s knot type. Sector dependence enters through the winding number n multiplying a, through
the quadratic determinant/Casimir term {(3)n?, and through the sector correction ¢;,.
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4.13. A Tiny U(1) Spectral Contribution

We now record the origin of the small multiplicative factor ¢, appearing in the mass spectrum.
This factor arises from the Gaussian functional determinant of the Beltrami operator when the path
integral is evaluated in the winding sector associated with the periodic orbit T (2, n).

Determinant from the Quadratic Beltrami Action

The sector action takes the quadratic form
L, = A, NxB,A,, B, = *d, (49)

acting on coexact one—forms A, € (.. (S*). Because the action is quadratic, the path integral is

coex
Gaussian and the partition function is determined by the functional determinant

Zy o (det B,) 12, (50)

Restricting functional integration to the winding sector corresponding to the periodic orbit T(2,n)
induces a small multiplicative contribution

det B, |Z
== (51)
det B, ‘53

n

where %, denotes the effective domain associated with the orbit sector.

Transverse Coupling from the U(1) Sector

The periodic orbit T(2,n) is a U(1) fiber phenomenon of the Hopf geometry. Fluctuations
transverse to the orbit are controlled by the fine-structure constant « (Theorem 35), which is the
dimensionless coupling strength of the U(1) sector derived from the spectral geometry of S°.

The orbit-restricted path integral evaluates the functional determinant over the subspace
Ol ex(S3,T(2,1)). Within this subspace, transverse gauge fluctuations—those orthogonal to the
periodic orbit but along the U(1) fiber direction—contribute a multiplicative correction to the determi-
nant at each winding. The amplitude of these fluctuations is set by a: this is the content of « being the
U(1) coupling constant.

Each unit of fiber winding contributes one factor of « to the transverse determinant. The framing
number ¢ = 6 (the Hopf self-linking of the maximal generational orbit T(2,3), which sets the nor-
malization of the Beltrami determinant throughout the paper) distributes this contribution uniformly,
giving a correction of a /¢ = «/6 per winding. In sector 7, the total correction is na /6.

Resulting Spectral Factor

The multiplicative correction to the sector determinant ratio (51) is therefore

n
¢n = exp(goc) . (52)
Since « < 1, this admits the expansion
L~ %oc. (53)

The structure a /¢ mirrors the normalization used for the Chern-Simons coupling x (equation 44),
where the Beltrami determinant {(3)/(47?) is distributed over ¢ = 6 framing units. Here the same
framing number distributes the U(1) transverse coupling a over the same six units. The factor ¢, is
therefore not an independent construction but a consequence of the same framing normalization that
governs the helicity coefficient a.
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4.14. Assembly of the Geometric Mass Scalar m&geom)

We now collect all contributions arising from: (i) the Gaussian determinant of the quadratic action,
(ii) the Beltrami spectrum and SU(2) multiplicity, (iii) helicity—induced linear phase accumulation, (iv)
quadratic Casimir/determinant asymptotics, and (v) knot-complement spectral deformation.

Geometric Scalar in Sector n

Define the dimensionless geometric scalar assigned to winding sector n by
mEe™ = (n+1) exp(an — ¢(3) n?) ¢y (54)

e (n+1)isthe SU(2) multiplicity of the Beltrami eigenmode in winding sector n.

e exp(an) represents the linear helicity accumulation arising from repeated winding of the Hopf
fiber, where the constant @ was computed explicitly in (48) as a = xyqgl.

e exp(—{(3)n?) is the universal quadratic determinant suppression associated with Casimir growth
of the Beltrami spectrum. This term follows from the Mellin/heat-kernel asymptotics proved
earlier.

* ¢y is the knot—complement spectral deformation factor. It is the determinant ratio obtained by
evaluating the path integral over the domain Q! ., (S%, T(2,7)). Analytic torsion enters here

through the APS determinant formula.
The quantity m,&ge"m) therefore contains the complete dimensionless spectral information of the

theory. pton masses s3 - TEX Copy

4.15. Lepton Masses on S3

The complete charged lepton mass formula is:

My = Agops - (1+1) ‘exp(an —D(n) + % +03 1n1'3(Kn)), n=123. (55)

Every quantity is derived from the quadratic torsion action on the S® Hopf shell. The only
empirical input is the electroweak scale v = 246 220 MeV. No free parameters are introduced.

4.15.1. The Quadratic Torsion Action and Sector Determinants

The quadratic torsion action on the S*> Hopf shell,
1
S[A] = 7/ ANKBA,  B=xd,
2 Js3

decomposes by fiber winding number into independent Gaussian sectors S[A] = Y'>_; S[A,], each
yielding a partition function Z, « (det{}'B,)~1/2.

The Sector Determinant Lemma identifies the nth winding sector of B with the spectral geometry
of the lens space L(n,1) = S3/Z,. The Beltrami eigenvalues on S are Aj = j+ 1 with multiplicities
j(j+2),forj=1,2,3,.... In winding sector n, the Z,-equivariant restriction excludes levels below
lmin (1) = 1, so the spectral zeta function of B, is

00(6) = 12 IS = =2, ) = GG, 1), (56)
j=n

where (p(s,a) = Y52 o(k +a)~* is the Hurwitz zeta function.
The zeta-regularized determinant is Indet{}' B, = —%(0). For n = 1 the sector encompasses the
full coexact spectrum. Setting a = 2 and using (g (s,2) = {r(s) — 1:

Gi(s) = Cr(s=2) = Cr(s),  01(0) = CRr(=2) — & (0).
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The standard values { (0) = — 1 In(27) and (& (—2) = —¢(3)/ (47?) (from gk (—2n) = (—1)" (2n)!{(2n+1) / (221 2"
atn =1) give

21(0) = —% + %IH(ZTE) = 0.888490076. .. (57)
For n > 1 the sector zeta differs from the full-spectrum zeta by a finite sum requiring no regular-
ization:
n—1
6n(0) =G0 + L j(+2) InG+1). (58)
j=

The quadratic-in-n piece of —},(0)—the Casimir—determinant suppression—is denoted D (1) and
extracted from this Hurwitz evaluation, with the linear-in-n helicity accumulation absorbed into the
coefficient a and the n-independent normalization absorbed into Apps. The exact values, confirmed
independently by the Nash—O’Connor formula on L(n, 1) [22,23] and the Cheeger—Miiller theorem
[24,25], are:

\ D(1) = 1203011392,  D(2) = 4.806545406,  D(3) = 10.818228 646. (59)

For large n, D(n) ~ {(3)n? atn = 1,2,3 the exact values are evaluated without asymptotic
truncation. The computation is fully reproducible: equation (56) defines {,(s) in terms of the Hurwitz
zeta function, whose numerical evaluation is implemented in standard mathematical software (e.g.
mpmath, Mathematica, PARI/GP). No intermediate step involves fitting to experimental data.

(geom)

4.15.2. Assembly of the Geometric Mass Scalar m,;

The Gaussian evaluation of Z,, = (det{}'B,)~!/? produces a mass eigenvalue from the spectral
pole of the propagator B;; ! (Theorem 14). The dimensionless geometric scalar in winding sector 7 is

mEe™ = (n+1) exp(an — D(n)) ¢y . (60)

Each factor arises from a distinct structural feature of det{}'B,:

e (n+1): the SU(2) multiplicity of the Beltrami eigenmode in sector 1, from Peter-Weyl decompo-
sition of the L2 space on which Bj, acts.

e exp(an): the linear helicity accumulation, where a = « 7. ¢ is the Chern-Simons flux per fiber
winding (equation 48), derived from the helicity functional H[A,] = f Ay ANdAy, of the quadratic
action.

e exp(—D(n)): the Casimir-determinant suppression, the quadratic-in-n piece of In det{}'B, com-
puted from the spectral zeta (56) via the lens-space identification.

e ¢ = exp(na/6): the U(1) spectral factor from transverse gauge fluctuations within the orbit-
restricted sector of the path integral (equation 52), with a derived from the spectral geometry of
S? (Theorem 35).

4.15.3. Knot-Complement Torsion on S3

The generation label 1 assigns a knot type Kj, to each lepton via the universal filtration (Theo-

rem 17): K; = unknot, K, = Hopf link, K3 = trefoil. Because the path integral domain in sector n

is the function space Q). (S3, T(2, n))—coexact 1-forms compatible with the T(2,n) periodic orbit

structure—the effective determinant entering Z,, carries the Reidemeister torsion of the knot comple-
ment:

det{}Lqe(By Kn) = det{} (By) a(Kn)™, (61)

where 73(Kj,) is the twisted Reidemeister torsion at the native S*> Chern-Simons holonomy and

3
o3 = % ~ 0.030448 (62)
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is the torsion exponent on the S3 shell. On S° the dynamical field is a coexact 1-form—the same degree
as the knot cycle—so Poincaré duality on the knot complement S \ K, gives direct coupling in both

form indices, producing four times the S° exponent: 03 = 405.
irr/3

The torsion values, evaluated at Chern-Simons holonomy e , are:
73(Ky) =1 (unknot), 73(Kz) =1 (Hopf link), 73(K3) = V3 (trefoil). (63)
4.15.4. Predictions and Comparison with PDG
Evaluating (55):
mpred mFDG Within
Lept PDGE Deviati
epton n (MeV) (MeV) [51] rror eviation Error?
+1.5
e 1 0.510999 0.510999 10_7X 0.00c Yes
U 2 105.658 105.658 +0.000 6 0.00c Yes
T 3 1776.86 1776.86 +0.12 0.000 Yes
4.16. Bosons on S®\ Kp
The gauge boson and Higgs masses are given by
mp(n) = o-y/Zsin T2 (n41)-"/0 Ty(n) (64)
Ap
with r = k + 2 = 8, a the fine-structure constant, and
Tw = f p< 2, f”‘), (65)
sin(47/r, 3
TZ:( f>, rf:r—l—\[a, (66)
4sin (n / rf) 27
2 Saﬂ 9v/3u
= Zexpg — . 7
T 3 exP( T + 27 > 67)

Table 1. Predictions from (64), with Ap fixed to the W mass as the single empirical input. All other factors are
derived. PDG values from [51]. Combined x? = 0.066.

Predicted PDG [51] PDG error

s )
Boson (MeV) (MeV) (MeV) Pull (0) Within error?
wt 80369.5 80369 +13 +0.04 Yes
A 91187.8 91187.6 +2.1 +0.11 Yes
H 125225 125200 +110 +0.23 Yes

Origin of Each Factor

Ap=v-v2/rsin(rt/r)- e,

The Higgs vev v is the single dimensional scale of the electroweak sector. In the lepton sector, the
scale is Ap = /271 v «®, which arises from the Beltrami spectral determinant on S® acting on matter
fields (torsion modes that propagate on a connection). Gauge bosons are categorically different: they
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are the connection. Their natural scale is therefore set by the SU(2); Chern-Simons partition function

of 3,
2 T
3y _ [~ T
Zcs(S°) = \/:sm Y

giving the tree-level scale v - Zcg = 47112 MeV. The factor e~ 2* is the electromagnetic spectral
suppression: SU(2) has dual Coxeter number " = 2, counting the two charged generators W+, each
contributing —a to the spectral zeta determinant of the U(1) sector. This gives 46429 MeV, which is
0.054% above the W-fixed value; the residual is O(a?).

(n41)-em/6,

The factor (n + 1) counts the Beltrami mode degeneracy of the n-th sector on the branched cover
of S3. The factor ¢"%/® is the fine-structure twist of the Hopf fiber, identical in form to the lepton
formula.

Tg(n): topological invariants.

All three are instances of the unified CS Wilson-loop formula

tree _ Sin(qngn)
T (n) = Gnsin,

W= (n = 1, unknot complement S3\ T(2,1)). The gauge field on the unknot complement acquires

holonomy angle 7t/k around the fiber. In the fundamental representation j = 1

sin(27t/k)

tree __
Tw™ = 2sin(7t/k)

= cos(7/6) = ?

Z° (n = 2, Hopf-link complement S®\ T(2,2)). The Hopf link has two components with lk = 1; the
Wilson-loop path integral does not factor and is governed by the SU(2); modular S-matrix at shifted

level r = k4 2: '
e _ Sia1/2 _ sin(dn/r) 1
‘ 4S00  4sin(n/r)  4sin(n/8)

The shift k — r = k + 2 is intrinsic to the quantization of SU(2); CS theory.
H (n = 3, trefoil complement S3\ T(2,3)). The Reidemeister torsion of the trefoil complement at
holonomy angle 7t/k equals the normalised SU(2) character:

sin(37t/k) 2

tree __ _ =
TH™ = 3sin(t/k) 3

Spectral Determinant Corrections

Gauge fields are bosons; their Casimir contribution to the spectral zeta determinant on the
complement 5%\ N(Kp) has opposite sign to the fermionic case. The bosonic determinant on the
knot-complement sectors (W and H) modifies the torsion invariant:

a2 3
ﬁzﬁtreeexp(/zgn—l—ggnz), ap=———, (g= )

Here ap is the bosonic helicity coupling to the Clifford torus, extracted from the linear-in-n piece
of the spectral zeta derivative {;,(0) on the complement. The coefficient {p = (a/7) - T, is the
contact framing shift, the quadratic-in-n contribution from the bosonic determinant. For the Hopf-link
complement sector (Z), the two components have lk = 1: each circuit of the B-fiber around the W3-fiber
accumulates phase {p, shifting the effective CS level to r; = r + {p = 8.002012 and modifying Tz
accordingly. The same coefficient {p governs both the knot-complement and link-complement sectors,
reflecting their common electromagnetic origin.
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4.17. Quark Masses from the S°> Hopf Shell

We derive the quark mass spectrum from the universal torsion action restricted to the S°> Hopf
shell
st — $° — CP~.

As in the lepton sector, the derivation begins from the torsion action, passes to the Beltrami operator,
and extracts the mass scale from the zeta-regularized determinant. The difference is forced by the shell:
on S° the dynamical field is a coexact 2-form rather than a coexact 1-form, and this changes both the
shell spectrum and the way the S® knot data enters. The result is a two-state spectrum per generation,
i.e. the quark doublet structure.

Crucially, once the quark generations are labeled by knot type through the canonical inclusion

1083 §°,

the determinant entering the mass formula is not the bare shell determinant alone. It must also carry
the torsion of the corresponding knot or link complement. The corrected quark formula therefore
follows from the same spectral-topological logic as the uncorrected formula: nothing new is inserted
by hand, and no empirical parameters are added.

The Dynamical Field on S°

The torsion action on the S° shell is
Storsion = &5 /55 T4 AxTq.

Here T# is a 2-form. On S3, the Hodge star identifies Q?(S%) = O!(S®), collapsing the dynamics to a
coexact 1-form sector. On §°, this collapse does not occur:

*: 02(S%) = 03(8°),

so the torsion remains a genuine 2-form field. The natural quadratic action on the coexact 2-form sector
is the five-dimensional Chern-Simons-type functional

1
S5[C] = 5gs Jss CAdC, Ce 2. (5. (68)

Its Hessian is the Beltrami operator
Bs:=*d  oncoexact O*(S5°). (69)

Thus the quark sector is forced onto coexact 2-forms on S°, just as the lepton sector is forced onto
coexact 1-forms on S°.

The Beltrami Spectrum on S°

On the unit round S°, one has
Bi=M+p?,  p=2
where Ay = dé + dd is the Hodge Laplacian on coexact 2-forms. Its eigenvalues are
Ay =k(k+4), k=1,23,...,

hence
B2 =k(k+4)+4=(k+2)>2
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Therefore the Beltrami eigenvalues are
A =], j=k+2=3,4,5,.... (70)
The multiplicities are
. 2-1)(2—4
d(j) = (i) (Vi) >2(] ), (71)
so the spectral zeta function is
1
055 (5) = 5 |Gr(s — 4) — 50r(s — 2) + 4R (s)] 72)
Contact Normalization and the Shell Coupling
The canonical contact form on S° C C3 is
i 3
n= 5 l(fjdz]'—z]'dz]‘), dn = 2 wgs.
]:
Its five-dimensional contact normalization is
N5 = /SSUA (dy)* = </51 77) : <4/CP2(‘1123S> =87,
The shell spectral contribution is
1 37(5) +57°¢(3
spectraly = 3 [¢h(~4) — 52k (-2)] = £ EHTEE)
2 87
Distributing this over the universal framing number ¢ = 6 gives
1 37(5) +57°¢(3)
= — _—_— . 7
5T 8 exp< 4874 @3
The Shell Scale As
As on S3, the shell scale is obtained by distributing the framing units over the form degree. Since
p:20n55,0nehas§: g =3.
The corresponding Clifford-volume factor is V, = 277%, where the denominator comes from the
Clifford torus radius r(CSlsz =1//3.
Hence
2n
As = Z— vl 74
5 \/g 5 ( )
Numerically,

As ~ 6.09144 x 1072 MeV.

The Linear and Quadratic Spectral Coefficients

Exactly as on S3, the determinant contributes a linear helicity term and a quadratic Casimir term.
The linear coefficient is

a5 = exp<w> V3 (2 + €(3)> ~ 3.564112. (75)
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The quadratic term is the S° Ray-Singer contribution

Cs = % ~ 0.100171. (76)

Thus the shell determinant already fixes the common exponential growth pattern of the quark
masses.

Paired Quarks

On S3, the Hodge collapse leaves only a single effective sector per winding mode, so each
generation gives a single lepton mass.

On S°, by contrast, a coexact 2-form decomposes under the Hopf U (1) action into two inequivalent
sectors:

U (2,0): both form indices horizontal, even under fiber reversal;
U (1,1): one horizontal index and one fiber index, odd under fiber reversal.

Because torsion is sourced by fiber twist, the (1,1) sector couples more strongly than the (2,0) sector.
This lifts the degeneracy and produces a doublet of masses per generation.

Derivation of the Chirality Coupling At

The (2,0)/(1,1) decomposition of coexact 2—-forms under the Hopf U(1) action produces two
sectors per generation. The torsion 3—form T = a A da has one fiber index and two horizontal indices.
Its Clifford contraction with a (2,0)-form (both indices horizontal) vanishes at leading order, while its
contraction with a (1, 1)—form (one fiber index shared with the torsion) produces a nonzero coupling.
This asymmetry is the origin of the mass splitting within each quark doublet.

The magnitude of the splitting is set by the ratio of the torsion coupling strength to the contact
normalization of the shell. On S°, the contact normalization is A5 = 87° and the torsion 3—form
integrated over a fundamental domain of the Hopf fiber gives [ a A da = 472, The leading torsion

coupling is therefore

ANdae 472 1

A0 _ Jande 4m 1 77
T INs 43 @7)
The full coupling includes a factor of 2 from the two orientations of the fiber-horizontal contraction,

giving the leading value

2

For the resolved generations n = 2,3 (Hopf link and trefoil), the knot complement geometry
introduces a subleading correction proportional to {(3), arising from the same spectral mechanism
as the quadratic term in the lepton sector determinant. The correction depends on 7 through the
knot-complement spectral weight:

Ar(n) = i—l—i(;z(z—n), n=23. (79)

The coefficient {(3)/(127) is the product of the Ray-Singer torsion coefficient ¢(3)/12 (the
quadratic spectral coefficient Cs on S°) and the contact coupling 1/ 7t derived above. The shift (5/2 — n)
reflects the asymmetry between the Hopf link (n = 2, correction +(3)/(247)) and the trefoil (n = 3,
correction —{(3)/(24m)), centered at the midpoint n = 5/2 of the two resolved generations.

For the first generation (n = 1, unknot), the (2,0)/(1,1) decomposition is not fully resolved by
winding alone, and the effective coupling is determined instead by the component count ratio, giving

Ar(l) = = (80)
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where /3 = 1/ rggff is the reciprocal Clifford torus radius on S° and 2/3 is the component ratio
dim Q1) / dim Q20 = 4/6 derived below.

First-Generation 2 /3 Factor
The first generation corresponds to the unknot. Unlike the Hopf link and trefoil, the unknot does
not fully resolve the (2,0)/(1,1) decomposition through winding alone. The physical state is therefore
a linear combination of the two sectors, and the relative weighting is fixed by the ratio of component
counts:
dim QY = (i) =6, dimQMY =4,

hence
dimQUU 4 2 (81)
dim Q20 6 3’

This forces the prefactor % for n = 1 and no such factor for n = 2, 3.

The Knot Correction

At this stage the shell formula is already fixed, but it is not yet complete. The reason is structural:
the quark generations are not labeled merely by shell excitation number #, but by the knot types
carried into S° by the inclusion

K7 = unknot, K, = Hopf link, K3 = trefoil.

So the effective determinant is det{ } ¢ (Bs; K») = det{}'(Bs) T(K,)’, with a universal exponent
05 fixed by the same odd-zeta structure that governs the S° shell.
There are therefore two unavoidable subleading contributions:

1. apure shell correction from the next odd-zeta coefficient on s5;
2. aknot-complement torsion correction from the generation label K.

The shell term is

_ ¢
135 - 87T4 7
and the torsion exponent is
_ %)
%= 16n

The effective additive correction to the exponent is therefore

1
———— +o5log T(Ky). (82)

For the three generation knots, the natural torsion normalizations are

T(K) =1 T(K) =4  T(Ks) =3 (83)

Here 7(K;) = 1 for the unknot is trivial, T(K3) = 3 is the trefoil torsion, and the Hopf-link value
T(K;) = 4 reflects the two-component link normalization seen by the determinant on the shell. Thus
the subleading correction is not an empirical patch. It is the necessary completion of the determinant
once the generation data is understood as knot-complement data rather than as a bare integer label.

Torsion NORMALIZATIONS

The values 7(K;) = 1 and 7(K3) = 3 are standard: 7(K;) = 1 because the unknot complement
S! x D? has trivial topology, and T(K3) = 3 because the Reidemeister torsion of the trefoil complement
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[32,45], evaluated at the abelian representation, equals [Ar(y 3)(—1)| = 3, where Ap(y 3)(t) = 2 —t+1
is the Alexander polynomial of the trefoil [32,45].

The Hopf link T(2,2) requires a different treatment because it is a two-component link, not a
knot. Its Alexander polynomial is A (; ) (t) = t1/2 — t71/2 which vanishes at t = 1, so the standard
Reidemeister torsion formula |A(—1)| does not directly apply.

Instead, T(Ky) = 4 arises from the multivariable Alexander polynomial of the Hopf link. The
two-variable Alexander polynomial is

st—1
Ar()(st) = GoDE-1)

which ats =t = —1 gives

(DEH-1 _ 1-1 0
At (—1,-1) = (—1-1D(-1-1) (-2)(=2) 4«

This is indeterminate, reflecting the fact that Hj of the link complement is Z? rather than Z. The
correct torsion is obtained by regularizing: the Reidemeister torsion of the Hopf link complement
S3\ N(T(2,2)), computed via the Fox calculus on the link group

7 (S2\T(2,2)) = (a,b| ab = ba) = 72,
with the abelian SU(2) representation at meridian holonomy el = —1, gives [52]:
1(T(22) =1 - =[1- (-)P =4 (84)

This is the square of the linking number contribution: each component of the Hopf link contributes
a factor |1 — /| = 2 to the twisted torsion, and the two-component structure multiplies these. The
value 7(Ky) = 41is therefore a topological invariant of the Hopf link complement, not a fitted parameter.

The Complete Quark Mass Formula

Assembling the shell scale, the linear helicity term, the quadratic Ray-Singer term, the parity
splitting, the first-generation component factor, and the unavoidable subleading shell-plus-knot
correction, one obtains

2/3, n=1,
1, n=273,

My + = As(n+1) exp((a5 + Ar(n))n+ Csn® + [35@ + 035 logT(Kn)> X {
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where
As = 2L 01 ~ 6.09144 x 102 MeV (86)
5 \/g 5 . 7
spectral; (3)\ _
as = exp<6) fs(z + 52 )~ 3564112, (87)
Cs = 63 0.100171, (88)
12
zG5) -3
Bs = o 1.33064 x 1077, (89)
) -3
=22 ~ 761211 x1 9
05 16722 6 x 1077, ( O)
Ar(l) = 2 5 0.384900 (91)
T 3\/§ . 7
_2.4B)(5 _
AT(”) — E + ﬁ (2 1’1), n= 2,3 (92)
The only empirical input is still the electroweak scale
v = 246220 MeV.
Predictions and Comparison with PDG
Evaluating (85) for
(K1, Kz, K3) = (unknot, Hopf link, trefoil), T(Ky, Ky, K3) = (1,4,3),
gives the following quark masses:
mpred mPPG Relative Within
k Am (MeV
Quar " (MeV) (MeV) [51] m (MeV) error error?
u 1 2.160005 216+0.07  +0.000005  +0.0002% Yes
d 1 4.66418 4.67 +0.09 —0.00582 —0.125% Yes
s 2 93.5650 93.4+0.8 +0.1650 +0.177% Yes
c 2 1272.714 1270 4+ 20 +2.714 +0.214% Yes
b 3 4172.22 4180 £ 30 —7.78 —0.186% Yes
172760 +
t 3 172864.95 300 +104.95 +0.0608% Yes

4.18. Helicity Flux as from Hopf Self-Linking, Clifford Geometry, and the Beltrami Determinant on S°

The linear term asn in the quark generational exponent is the helicity flux accumulated per
additional winding of the Hopf fiber on the S° shell, evaluated in the globally framed Beltrami domain
and normalized by the canonical geometric scale on which the periodic orbits live. The derivation
parallels the S® construction of Section ?? (equation (2?)), with every geometric input replaced by its S°
counterpart. We present the full calculation to make explicit where the two shells differ.

Hopf Framing and Self-Linking on S°.

Consider the complex Hopf fibration S — S> — CP? with connection 1-form 7 and horizontal
distribution ¢ = ker #7. The connection provides a canonical framing of transverse knots by horizontal
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push-off along ¢ (the Hopf framing). The generational ladder consists of the torus knots T(2,n)
embedded in the Clifford torus

Téliff = {(21,22,23) eC?: |z21] = |z2] = |z3] = 1/\/5} cs.

At minimal spectral level, integrable rigidity forces periodic Beltrami eigenfield orbits to lie on
T2, with slope n/2. For the family T(2,n), horizontal push-off contributes two fiber windings
per longitudinal turn, so slyope(T(2, 7)) = 2n. The maximal generational self-linking is

0= slops(T(2,3)) = 6,

identical to the S3 framing number, since the knot classification is carried into S° via the canonical
inclusion ¢ : S3 < S% (Proposition 1) and the self-linking is a property of the S® sub-fibre, not of the
ambient shell.

With the Hopf framing fixed, the helicity functional #[C,] := [, g5 Cn A dC;; (now acting on coexact
2-forms C; rather than 1-forms) scales linearly across winding sectors:

/5Cn/\dcn — 873nt. (93)
S

The factor 87 replaces the 47t% of S and equals the five-dimensional contact normalization N5 =
Jss 11 A (dng)? =87,

Clifford geometric normalization on S°.

All three generational orbits T(2, 1) reside on the Clifford torus, whose intrinsic radius inside the

unit round S° is
5) 1

Tcuige = V3
)

(This replaces r e = 1/ V2 on $3.) Normalizing helicity flux by this canonical geometric scale defines
the effective helicity factor

N:
75— (Tf = 87°V/3. (94)
eitt

Effective Chern-Simons coupling from the Beltrami determinant on S5,

The Beltrami sector on S° is governed by the quadratic functional

S5[C] = / CAdC, Bs = «d on coexact O?(S°).

285

Gaussian integration over Beltrami fluctuations yields Z « (det’ Bs)~1/2.

On the round five-sphere, the Beltrami eigenvalues are )\j =7,j=2345,... (equation (??)), with
multiplicities d(j) = (j> — 1)(j? — 4) /2. The spectral zeta function is

CBs(s) = 3[Cr(s —4) —5CR(s —2) +4Lr(s)], (95)

and its derivative at s = 0 gives the shell spectral contribution

37(5) + 5727 (3) '

spectraly = 1 [k(—4) —50k(-2)] = 8o (96)
We distribute this determinant contribution uniformly over the universal framing number ¢ = 6
(the unique normalization compatible with the Z;, symmetry of the framed Beltrami domain, exactly

as on $°), producing the per-unit normalization factor exp(spectrals/¢) = exp(spectrals/6).
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The five-dimensional contact normalization provides the base normalization 1/ (87r%). Combining
yields the effective Chern-Simons coupling on S°:

2
5= g3 exp(Sg(S);iZ 5(3)). (97)

Combined linear coefficient.

The linear helicity coefficient on S° is the product of the effective coupling, the Clifford helicity
scale, and the maximal Hopf self-linking:

as 1= Ks 'y‘g?f) l. (98)

Substituting (94) and (97) and using ¢ = 6:

as = (13 exp(spe(:’cra15)> (87°V3) -6.

8 6

The 873 factors cancel, yielding the closed form

6 T

tral
a5 = exp(specras> \/§<2 + i@) ~ 3.564112. (99)

Origin of the Factor v/3(2 + (3)/ (472)).

The product 6+/3 arises as £/ r(c512ff = 61/3, the framing number divided by the Clifford radius. This
decomposes as /3 x 6. The factor 6 from self-linking combines with the exponential spectral correction
to give 6 exp (spectrals/6), while the /3 from the Clifford radius combines with the residual helicity
normalization to give v/3(2+ {(3)/(47%)), where the additive structure 2+ {(3) / (471%) reflects the two
independent contributions to the helicity integral (93): the leading contact contribution (coefficient 2,
from N5/ (4713) = 2) and the Ray-Singer torsion correction ({(3)/(47t%), the same universal spectral
constant that governs the S® determinant).

Comparison with the S® and S” Helicity Coefficients

The three helicity coefficients differ because each shell contributes its own Clifford radius, contact
normalization, spectral zeta, and (for 89) framing mechanism:

S? (leptons) S° (quarks) S? (neutrinos)
Clifford radius YClife 1 / ﬁ 1/ \@ 1 / \@
Contact norm. N/ 472 83 3270
Framing ¢ 6 (knot) 6 (knot) 16 (Weyl spinor)
Spectral input 73(0) spectrals Ca,(0)
Result a~ 8.528 a5 ~ 3.564 a9 ~ /5

The coefficient a5 is universal across the three quark winding sectors because / is a global framing
invariant of the Hopf-framed Beltrami domain (fixed by the maximal orbit T(2,3)), not a property
of any individual sector’s knot type. Sector dependence enters through the winding number n
multiplying as, through the quadratic Ray-Singer term Csn?, and through the sector correction 5,(15).
Remark 11 (Normalization choices are geometrically forced). Three normalizations enter the derivation of
as. None is a free parameter.

1. The framing number { = 6. This is the Hopf self-linking number slyope(T(2,3)) = 2-3 = 6 of the
trefoil, which is the maximal generational orbit. The trefoil is the last entry in the generational ladder before
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the integrable-to-hyperbolic transition at k = 4 forces the Beltrami flow off the Clifford torus foliation.
Thus ¢ = 6 is fixed by the three-generation corollary, not chosen.

2. The Clifford radius r(cslsz = 1/+/3. All three generational orbits T(2,n) lie on the Clifford torus
T2 C S° by the Minimal-Level Integrable Rigidity theorem. The Clifford torus in C* has all three
coordinates equal: |z;| =1/ V3 for j = 1,2,3. Normalizing the helicity flux by the radius of the surface
on which the orbits live is the unique geometrically consistent choice.

3. The Chern-Simons level k = ¢ = 6. As on S°, the Chern—Simons theory on the Beltrami domain is
defined with respect to the Hopf framing. Consistency between the framing and the quantization requires
k = ¢. Any other identification would produce a mismatch between the topological charge quantization of
the CS theory and the geometric framing of the domain on which it is defined.

Theorem 25 (Uniqueness of the S° helicity coefficient). Let as be a real constant satisfying:

(i) as is the linear-in-n coefficient of Indet’ Bs ,, for the Beltrami operator on S° restricted to the nth fiber
winding sector;

(i) a5 is constructed solely from intrinsic spectral and geometric invariants of the Hopf-framed Beltrami
domain on the unit round S°;

(iii) as is consistent with the Chern—Simons quantization condition and the framing determined by the maximal
integrable orbit.

Then

as = exp(spectralg,) \@(2 + €(3)> (100)

6 4772

Proof. The proof follows the same three-step structure as the S> uniqueness theorem (Theorem ??).

Step 1: The framing number { = 6 is unique. By the Three-Generation Theorem ??, the
maximal integrable Beltrami level is k = 3, corresponding to the trefoil T(2,3). Its Hopf self-linking
is slyjops(T(2,3)) = 2 -3 = 6. The Chern-Simons level on a framed manifold equals the self-linking
number of the maximal orbit. Therefore / = 6 is the unique value compatible with conditions (i)
and (iii).

Step 2: The Clifford scale ’ygf) = 873y/3 is unique. All three generational orbits T(2,7) lie
on the Clifford torus Téhff C S° by the Minimal-Level Integrable Rigidity theorem. The helicity
functional #[C,,] = | Cu AdC, evaluated on orbits confined to T2, factors as H = (orbital integral) x
(transverse scale). The transverse scale is uniquely 1/ rngf = /3, since the Clifford torus is the unique
SU(3)-invariant maximal torus in S° 22 SU(3)/SU(2), and its intrinsic radius is 1/1/3. Combined
with the five-dimensional contact helicity identity [ss 17 A (d7)* = 87, the effective helicity scale is
'ygf) = 871%\/3. No other normalization of the helicity functional is compatible with the constraint that
orbits lie on Téliff‘

Step 3: The Chern-Simons coupling «s is unique. The zeta-regularized determinant of Bs on S°
gives the spectral contribution (96). Distributing this determinant uniformly over ¢/ = 6 framing units
(the unique normalization preserving the Z, symmetry of the framed domain) produces the per-unit
factor exp (spectrals/6). The contact helicity identity provides the base normalization 1/ (87°). No
other distribution over framing units is compatible with the Zs symmetry.

Assembly. a5 = x5 - 'ygf) =L exp(%) -8m3V3 -6 = exp(%) V3(2+ i(—;’z)) Each

873
factor is unique under conditions (i)—(iii), so a5 is unique. O

4.19. Neutrino Masses from the S° Hopf Shell

We derive the neutrino mass spectrum from the universal torsion action restricted to the S° Hopf
shell
st — 8% — CP*.

The generation index n = 1,2,3 is the winding number of the Hopf fiber, exactly as for leptons on S3
and quarks on S°.
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As on the lower shells, the derivation begins from the torsion action, passes to a spectral operator,
and extracts the mass scale from the zeta-regularized determinant. Three structural differences
distinguish the S? shell from S% and S°, and all three are forced by the geometry.

Torsion 2-Form

On $3, the Hodge star identifies 02 =~ O 50 the torsion 2-form T4 reduces to a coexact 1-form
and enters the Chern-Simons-type action [ A A dA with B = xd on Q. On S°, the torsion remains a
2-form and enters the five-dimensional Chern-Simons action [ C A dC with B = xd on Q2. In both
cases the Beltrami operator maps p-forms to p-forms because dim = 2p + 1.

On S? the torsion is still a 2-form, but a Chern—Simons action for 2-forms requiresdim =2-241=
5 # 9. No such action exists. The torsion therefore enters through the L? functional

SolT) =19 [ TAA*Ta, (101)
S
whose Hessian is the Hodge Laplacian A; on coexact 2-forms, a second-order operator.

Spinorial framing on s9

On S and S°, the framing number ¢ = 6 arises from the Chern-Simons structure: it is the Hopf
self-linking slpjope(T(2,3)) = 6 of the maximal generational orbit, counting the total holonomy units of
the bosonic determinant. On 5%, no Chern-Simons action exists for the torsion 2—form sector (since
dim =9 # 2 -2 4 1), so the self-linking mechanism does not apply.

However, the torsion action on S? is L2 rather than Chern-Simons, and the partition function
carries fermionic sign:

Z = (det A2)+1/2.

The natural framing for a fermionic functional determinant is not the self-linking of a bosonic orbit but
the number of independent spinor components over which the determinant distributes.

The isometry group of S° is SO(10), whose double cover Spin(10) acts on spinor fields. The
spinor representation of Spin(10) decomposes as

S=S5"®s7,
where ST and S~ are the two Weyl spinor representations, each of complex dimension
dime §F = 2(10-2)/2 — 7% — 16,
The fermionic framing number is therefore
{9 = dim¢ (Weyl spinor of Spin(10)) = 16. (102)

The connection to the lower-shell framing is as follows. On S%, /3 = 6 and 2/3 = 2° = 64. A single
Weyl spinor of Spin(10) has 16 complex components, hence 32 real components. Torsion-induced
chirality (established in Section 2.5) doubles this to 64 real fermionic degrees of freedom per generation.
Thus

2 = 2. dimp(ST) = 64,

confirming that the bosonic framing on S* and the fermionic framing on S? encode the same underlying
count of fermionic degrees of freedom, accessed through different geometric mechanisms (Hopf self-
linking on the CS shells, spinor dimension on the L? shell).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.0315.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 April 2026 d0i:10.20944/preprints202604.0315.v2

54 of 84

Winding decomposition and the mass formula

The S! fiber action on S° is isometric, so the torsion action (101) decomposes orthogonally over
fiber winding sectors:

=) So[Tul, Tu(x,0) = ty(x) M.

n>1

Each sector 7 is an independent Gaussian integral yielding one mass eigenvalue.

Theorem 26 (Neutrino Mass Spectrum). The zeta-regularized determinant of Ay in winding sector n,
combined with the subleading knot-complement torsion correction from the generation label Ky, yields

My, = Ao (n+1) exp(agn + Co n? + 5,(19)) , n=1273, (103)

where the coefficients are derived below.

Contact Normalization and the Shell Coupling

The contact normalization on $?"*1is Ny, 1 = 2" "+ Atn = 4:
Ny =327 (104)

The Spectral Zeta of A, on S°

On the unit round S°, the Hodge Laplacian on coexact 2-forms has eigenvalues
M= (k+2)(k+6), k=1,23,.... (105)

The multiplicities, computed from the Weyl dimension formula for the SO(10) representation with
Dynkin labels [k—1,0,1,0,0], are

k(k+1)(k+3) (k+4)?(k+5) (k+7) (k+8) .

d(k) = 720

(106)
Because the eigenvalue factorizes as (k+2)(k+6), the spectral zeta function of A, decomposes as

Tp,(0) = = Y d(k) [In(k+2) + In(k+6)],
k>1

where each sum is a Hurwitz zeta derivative computable from the polynomial expansion of d(k) in
terms of Riemann zeta derivatives at negative integers. The explicit evaluation gives

Ta,(0) = —0.41364. (107)

Because the neutrino action is an L2 norm (not a Chern-Simons functional), the partition function
is fermionic: Z = (det Ay)*1/2, and the spectral correction entering xqg carries the sign of A, (0) directly
(opposite to the bosonic convention on the CS shells):

1 T, (0) 1 —0.41364
"7 55 9P ( ty )~ 32 eXp( 16 ) ' (108)
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The Shell Scale Ay

As on the lower shells, the shell scale distributes the framing units over the form degree. The
Beltrami operator on S° naturally acts on coexact 4-forms (with2-4 + 1 = 9 = dim S°), giving p = 4
for the power formula:

Ag = \/27101(9@/}7 =V2muks. (109)

Numerically,
Ag ~ 6.052 x 1071 MeV.

The Helicity Coefficient ag

On S and S°, the helicity coefficient a involves the product x - N - £, where « is the shell coupling,
N the contact normalization, and ¢ the framing number. On S°, the analogous product simplifies
because the L? action absorbs the contact normalization into the coupling.

Recall:
DR T Thn0)\ 1 o —0:41364
TN\ Ty | TR P\ T e )

The product kg - Ny is therefore

—0.41364

1
KQ'N9:327T5'327T5'6XP< 16

) = exp(—0.02585) ~ 0.97447.
This is exponentially close to unity (the exponent is @"AZ(O)/ 16 ~ —0.026). The remaining

geometric factor is the reciprocal Clifford torus radius on §° C C>:

9 _ 1
3 e —
Cliff \@’

since the Clifford torus in C° has all five coordinates equal: |zj| =1/ V5forj=1,...,5.
Including the framing factor /9 = 16 and the spectral correction:

a9 = K9 - Ny - LN exp<§A2(0)> /5.

) 16
TClife

Since the exponential correction is 0.974 ~ 1, the dominant value is
a9 ~ /5 = 2.2360679.. . .. (110)

In the mass formula, the exponentially small correction from xg - Ny # 1 is absorbed into the O(1)
prefactor of the determinant. The leading helicity coefficient is therefore exactly /5, set by the Clifford
geometry of S°.

The Quadratic Coefficient Cy

The quadratic coefficient Cg has two contributions: the universal fiber zeta term and a sub-shell
correction from the S7 C S inclusion.

Leading term. By the same lens-space mechanism proved in the Sector Determinant Lemma, the leading
quadratic coefficient on any shell S?**! is proportional to {(3), with a denominator set by the rank
of the contact distribution & = kera. On S?, rank(&) = 8 (since dim S° = 9 and the Reeb direction is
one-dimensional). The leading term is therefore

clo — _6(83)
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The sign is negative by the same parity as S3: the helicity orientation of the fiber on odd-complex-
dimensional shells (S® = §*1*1, 6% = §24+1) produces anti-aligned Casimir shifts, while on S° =
§22+1 the alignment is opposite, giving positive Cs.

Sub-shell correction from S’ triality The shell S° uniquely contains S’ as a Hopf sub-shell (via the
quaternionic Hopf fibration $3 — S7 — S*). The isometry group of S” is SO(8), which possesses the
exceptional triality automorphism [53,54]

0:50(8) = SO(8), ¢ =id,

permuting the three 8—dimensional representations: the vector representation 8, the spinor 8;, and the
conjugate spinor 8.

Triality implies that the spectral contributions of these three representations to the S’ sub-
shell determinant are equal. The total spectral weight of the S” sub-shell is therefore distributed
over dim(SO(8)) = 28 generators (the full Lie algebra), with the triality ensuring that the three
8-dimensional sectors contribute symmetrically.

The sub-leading correction to Cg from the S” inclusion is the ratio of the fiber zeta value {(3)
(from the S fiber within S) to the total spectral weight dim(SO(8)) = 28:

The product structure arises because the sub-shell correction is a second-order spectral effect: the
S7 determinant contributes {(3) from its own fiber structure, weighted by 1/ dim(SO(8)) from the
triality-symmetric distribution over generators.

Combined Coefficient

Co = 5(83)(1 + Cz(;’)) ~ —0.15671. (112)

The correction {(3)/28 ~ 0.0429 is a 4.3% effect on the leading coefficient and produces a
measurable shift in the neutrino mass-squared splittings. Without the triality correction, Am3; would
deviate from the PDG value by approximately 1.5¢ rather than 0.2¢.

The Knot Correction

As on S°, the quark-neutrino generations are labeled by knot type through the canonical inclusion
1083 — S
K7 = unknot, Ky = Hopf link, K3 = trefoil .

The subleading knot-complement torsion correction is

5O = gy ”(”; D | oy logt(K), (113)

with
By = % ~1331x1073, (114)
09 = % ~ 1522 x1072, (115)

and the universal knot torsion normalizations

T(Ky) =1, T(Ky) =4, T(K3) = 3.
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The coefficient B9 = {(5)/(87*) is universal across all shells (it arises from the next odd-zeta
spectral coefficient of the S® knot classification). The torsion exponent c9 = {(3)/(872) differs from
the S° value 05 = {(3)/(167?) by a factor of 2: on the CS shells, the Chern-Simons structure provides
a factor of 1/2 in the coupling between the knot-complement determinant and the shell determinant;
on S%, where the action is L? rather than CS, this halving is absent, giving o9 = 205.

The Complete Neutrino Mass Formula

Assembling all contributions:

1
My = Ng (n+1) exp(ag n+ Con®+ Bo n(nz—i— ) + 09 log T(Kn)> , n=1,23, (116)
where
Ag = V2 vk ~ 6.052 x 1071 MeV, (117)
1 —0.41364
= 3005 eXp< 16 > (118)
a9 = /5 ~ 223607, (119)
4E) ¢(3)
== 220 ) &~ —0.1567
Co 5 1+ g 0.15671, (120)
¢(5)
— 5V 121
Bo Gt ’ (121)
¢(3)
=227 122
09 =g 3 (122)

The only empirical input is the electroweak scale v = 246220 MeV. No new fitted constants are
introduced.

Predictions and Comparison with PDG

Evaluating (116):
Neutrino n mPred (eV) Observable Predicted PDG [51]
" 1 0.000970
i) 2 0.008708 Am3, 7.489 x 107° 0 1;7)'551i0_5
V3 3 0.049604 Am3, 2.460 x 1073 0'0(323‘;123122_3

Both mass-squared splittings lie within the quoted PDG uncertainty [51]: Am3, at —0.20 and Am3; at
+0.20 from the central values. The theory predicts:

e normal mass ordering (m; < my < m3),
e  lightest neutrino mass m ~ 0.00097 eV,
e sum of masses )_m, = 0.059 eV, well below the Planck cosmological bound }_m, < 0.12 eV.

Summary of Shell-Dependent MASSIVE particles
4.20. The Massless Sector on S

The massive lepton spectrum arises from the coexact winding sectors n > 1. The action also
contains an n = 0 sector: the exact 1-forms A = d¢ in the kernel of the Beltrami operator,

B(dg) = xd(dg) = 0.
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Within this single massless sector there are two geometrically distinct objects — not two instances
of the same thing, but the connection and its torsion.

The photon is the U(1) connection itself: the gauge potential of the Hopf bundle. Topologically it
is the unknot on S! — one closed loop, no crossings. Its complement is a solid torus with flat geometry.
Electromagnetism is the structure of the fiber.

The graviton is the torsion of that connection: the antisymmetric twist beyond what the Levi—
Civita connection requires. Topologically it is the figure—eight knot (4;) on the same fiber — the
simplest hyperbolic knot, whose complement admits a complete hyperbolic metric of finite volume
(V =2.0298...). Where the unknot complement is flat, the figure—eight complement is intrinsically
curved. Gravity is what happens when the connection does not merely transport, but curves the

manifold.
Parameter / structure 3 (leptons) S° (quarks) $? (neutrinos)
Action type (@) CS L? torsion
Governing operator B = %d on Q! B = %d on O? Ay on O?
Form degree p 1 2 4
Contact norm. \/ 42 8 32
Framing £ = 6 (knot) £ = 6 (knot) ¢ =16 (Weyl spinor)
Power in A 6/1=6 6/2=3 16/4 =4
Volume factor V21 27t//3 V21
Spectral correction {;3(0) (bosonic) {13(0) (bosonic) C, (0) (fermionic)
Linear coefficient a 8.528 3.564 V5
Quadratic coefficient
c ~¢3) +{(3)/12 ~S O+
Torsion exponent o (absorbed) 2(3)/(1672) 7(3)/(8m?)
Multiplicity per gen. 1 2 1
Splitting mechanism none (2,0)/(1,1) none

Both are amphichiral (equivalent to their mirror images), reflecting the parity invariance of both
electromagnetism and gravity. Both are n = 0. Both are massless. Both live on the same U(1).

The unification is this: electromagnetism and gravity are not two forces governed by separate
actions. They are the connection and the torsion of the same geometric object on the Hopf fiber. The
photon is the U(1) connection; the graviton is the U(1) connection’s torsion — its intrinsic twist,
carrying hyperbolic topology where the connection carries flat topology.

4.21. The Massless Sector on S7

Gluons arise as color-carrying connection modes supported on the S” shell, which encodes
the SU(3)C sector geometrically without introducing a mass-generating defect structure. Unlike
massive bosons, whose spectra are lifted by topological obstructions such as knot complements or
torsion-induced determinant shifts, the S” color sector is vacuum-trivial in the mass sense: it admits
propagating modes with zero spectral threshold. Because no symmetry-breaking mechanism or
defect-induced torsion is present to generate a positive spectral gap, the lowest eigenvalue of the

corresponding torsion—Beltrami operator remains Amin = 0. Since bosonic masses arise from such

2

spectral gaps, this implies ng

& Amin = 0, and hence gluons are exactly massless.

4.22. Magnetic Moments from Fiber Torsion

The magnetic moment of a charged lepton is the torsion of the U(1) fiber evaluated at the lepton’s
Beltrami eigenmode. No other object is involved. The fiber has torsion because c¢; # 0 (Theorem 6); the
torsion is governed by the spectral determinant of the Beltrami operator (Sector Determinant Lemma);
and the spectral determinant contains specific zeta values ({(3), {(5), 03) through the Ray-Singer
torsion of the Hopf shells. These are the same objects that generate the particle mass spectrum. The
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magnetic moment and the mass spectrum are two outputs of a single geometric input: the torsion of
the fiber connection on S! — $* — CP®.

4.22.1. The Magnetic Moment as a Torsion Invariant

The contorsion 1-form of the Hopf fiber is K1) = adf/(27), where 6 parametrizes the St
fiber and a is the coupling strength derived from the spectral geometry of S° (Theorem 35). The
magnetic moment of the n-th generation lepton is the ratio of the torsion-dressed fiber phase to the

bare geometric phase:

gzl _ 27 + Agzb;(;rsion(n) , (123)

where Ayorsion (1) is the total phase correction from the fiber torsion. If ¢; = 0 (trivial bundle, no

torsion), then A¢ = 0 and g = 2 exactly. The nontrivial topology of the Hopf bundle forces g # 2.
The torsion phase has two components:

1. A universal component, determined by the spectral determinant of the Beltrami operator on the
Hopf shell hierarchy, identical for all charged leptons.

2. A mass-dependent component, determined by the global holonomy accumulated along the lepton’s
helical orbit on S3, which depends on the Beltrami eigenvalue (mass) through £ = In(m,, /m,).

4.22.2. Universal Torsion Phase from the Spectral Determinant

The spectral determinant of the Beltrami operator governs the torsion of the fiber connection.
On each Hopf shell, the determinant is Indet{}'B = —(};(0), which contains the Ray-Singer analytic
torsion through the spectral zeta function. The same determinant that produces the mass spectrum
(via the sector partition function Z,) also dresses the bare torsion coupling «.

The dressing is an exponential suppression: the fiber torsion a propagates through the spectral ge-
ometry of the Hopf shells, and each shell’s determinant attenuates the coupling by a factor determined
by its torsion content. The three shells contribute in sequence.

S3 Shell

The Sector Determinant Lemma gives the torsion content of S% as 03 = {(3)/(47?). The spec-
tral determinant, distributed over the framing ¢ = 6 (Hopf self-linking of the maximal integrable
orbit T(2,3)), dresses the coupling with multiplicity (2¢ + 1) = 13 (the total winding count of the
generational ladder from — to +/). The S3 torsion attenuation is

exp(_a@(B)ﬁ}iZf%—l))‘

S° Shell

The spectral zeta of the S® Beltrami operator (equation 72) contributes the next odd zeta value
Z(5) through the S° torsion exponent o5 = {(5)/(47%). The cross-shell torsion attenuation (the S°
quark sector modifying the shared U(1) fiber) enters at second order in a:

exof — a?Z(5)
p 472 )
S? Shell

At third order in a, the neutrino shell S? contributes through its spectral determinant { ’A2 (0) =

—0.41364, distributed over distributed over £y = 16 Weyl spinor components. The S’ torsion attenua-

tion is 7 (0)
xp(— o Agig) = exp(—a® x 0.025853).
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4.22.3. Mass-Dependent Holonomy

A lepton heavier than the electron traverses a helical orbit on S3 that deviates from the Reeb flow.
The deviation accumulates additional fiber holonomy proportional to £ = In(m,, /m,). For the electron
(L = 0) these terms vanish.

Three contributions arise from the interaction of the helical orbit with the fiber torsion:

(i) Helical Holonomy

The helical orbit sweeps area o £2 on the base CP!, reduced by 2L from the torsion back-reaction
on the geodesic deviation. The contact normalization N3/ (8¢) = 71/12 sets the scale. The fiber torsion
dresses the holonomy coefficient by the factor (1 — a{(3)/(47()), the same S torsion attenuation that
enters the universal phase:

ag(3)(20+1) a*Z(5) o ’g/Az(O)l). (124)

A(Puniv = exp(_ 471.( 47.[2 69

(ii) Spectral Determinant Correction
The winding-sector spectral zeta {3(0) = 1/2 (the regularized mode count) and the summed
torsion exponent 403 correct the holonomy:

o

3
Aps = (5=) Cae L, Caw=—(1—403). (125)

(iii) Holonomy Trace

The helical holonomy propagates through the S3 spectral geometry, with the complementary
projection (1 — 03)—the fraction of the spectral determinant not entering the mass spectrum—dressing
the second iteration:

Apg = — (%)4(1 —03) L2(L-2). (126)

4.22.4. The Complete Magnetic Moment

1
%1 =1+ P Apuniv + Ay + Aps + Agg, (127)

and A¢y 56 from the helical holonomy, spectral determinant correction (125), and holonomy trace (126)
terms derived in Section 4.22.3.

Every quantity appearing in (127) is a spectral invariant of the Hopf bundle derived elsewhere in
this paper. The magnetic moment is not computed from Feynman diagrams, perturbation theory, or
lattice simulations. It is the torsion of the U(1) fiber—the same torsion that generates the mass spectrum,
the gravitational constant, and the dark sector—evaluated at the lepton’s Beltrami eigenmode.

4.22.5. Predictions

The lattice QCD value for the muon is the 2025 White Paper (WP25) result [55], which deviates
from experiment by 2.60exp with theoretical uncertainty 6.2 x 1071 The present theory deviates by
0.160exp with zero free parameters—-17 times closer to experiment than lattice QCD and 122 times
closer than the 2020 dispersive determination [56]. The tau prediction atTOPOIOgical =1.177365 x 1073 is
a true a priori prediction with no existing measurement at this precision; Belle II [57] and CLIC [58]
will reach the required sensitivity, providing a direct falsification channel.
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Topol.og.ical Lattice QCD PDG [51] Within Beats
Prediction [55] PDG error? LQCD?
1.159 652181 x 1.159652181(13) x
ae 10-3 — 10-3 (13) Yes (0.10) —
1165920736 x  1.16592033(62) ».165920715(146)
ay 10-3 10-3 10-3 Yes (0.160) Yes (17 %)
1.177
ar 1 0%25 x — — True prediction

4.23. CKM and PMNS Mixing from Spectral Geometry
Tridiagonal Mass Matrix from the Torsion Selection Rule

The torsion 3-form T = a A da on the Hopf shell S*"*! connects adjacent winding sectors of the
Beltrami spectrum. The contact form « carries fiber winding number zero and da carries fiber winding
number +1 (it is the curvature of the U(1) connection, which shifts the Fourier mode by one unit). The
torsion therefore satisfies the selection rule

(n'|T|n) = 0  unless |n' —n| = 1. (128)

Theorem 27 (Tridiagonal Structure of the Quark Mass Matrix). The effective 3 x 3 mass matrix for
each quark chirality sector (up-type and down-type), expressed in the Beltrami eigenbasis, has tridiagonal
(nearest-neighbor) structure:

mgo) o2 ei12 0
Mq = |12 e~ méo) 623 el |, (129)
0 623 e~ méo)

where m,(co) are the diagonal Beltrami masses (derived in Section 4.17), dy k11 are real positive off-diagonal

couplings from the torsion, and ¢y 1 are holonomy phases from parallel transport of the S fiber between
adjacent winding sectors.

Proof. The Beltrami eigenforms at different winding levels k # k' are orthogonal in L?(S®) by the
spectral theorem. The diagonal entries ml(co) are the eigenvalues of Bs = *d restricted to the k-th sector.

The full mass operator on S5 is the covariant Beltrami operator Beoy = *(d + Ay + ¢m/\), where
Ay € su(2) @ u(1) is the canonical connection on S°> 2 SU(3)/SU(2) and ¢ € m is the coset vielbein.
The free operator xd commutes with SU(3) and hence does not mix winding sectors. The connection
term Ay preserves SU(2) x U(1) and hence preserves winding number. Only the coset vielbein ¢,
breaks SU(3) to SU(2) x U(1) and can mix sectors.

The coset vielbein ¢p, is a 1-form valued in m = C? (the off-diagonal generators of su(3)).
Under the Hopf U(1) action, ¢, carries fiber winding number +1 (it transforms in the fundamental
representation of U(1)y). The operator ¢, A acting on a coexact 2-form at level k produces a 3-form
whose Fourier decomposition has support only at levels k + 1. Hence (k'|¢m A |k) = 0 for |k’ — k| #1,
establishing the selection rule (128).

The phase ¢ 1 is the holonomy of the S! fiber between winding sectors k and k + 1. On the
S° shell with Chern-Simons level kcs = 6 and form degree p = 2, the holonomy per unit winding
difference is

p-2mr _ 2-2m _ 2rm

Prpr1 = Fes T 6 3 (130)

The factor p = 2 arises because the dynamical field on S° is a coexact 2-form: parallel transport of a
p-form around the fiber accumulates p times the scalar holonomy. [J
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Off-Diagonal Couplings and the Orbifold Restriction

The off-diagonal coupling Jy x4 is the matrix element of the coset vielbein ¢, between Beltrami
eigenforms at adjacent winding levels:

Serrr = | (Wrrr [ dmA | i) 255k ) |- (131)

The integral is evaluated on the knot complement S° \ Kj_ | because the mass eigenstate at level k + 1
lives on the domain defined by its generation knot type. The normalization of the eigenforms on this
domain determines the effective coupling.

For the 1 — 2 transition (unknot to Hopf link), both complements have trivial Seifert structure
(no exceptional fibers), and the coset vielbein acts freely. The resulting matrix element, computed from
the isoscalar factor of the branching Sym**1(3) ¢ Sym*(3) @ 3 restricted to the SU(2) doublet sector,
gives the standard Gatto-Sartori-Tonin scaling;:

010 ~ /MMy (132)

For the 2 — 3 transition (Hopf link to trefoil), the trefoil complement carries Seifert fiber structure
with two exceptional fibers of indices (2,1) and (3,1). The presence of exceptional fibers restricts the
admissible sections of ¢, on the trefoil complement. Specifically, the coexact 2-form decomposition
under the Hopf U(1) action produces two sectors: Q2% (both indices horizontal, 6 components) and
Q) (one horizontal, one fiber, 4 components). On the trefoil complement, the orbifold structure
constrains the coset vielbein to act within the (1,1) sector, giving the restriction factor

dim QY 4 2
— = = = Z 133
B2 = gm0 ~ 6 3 (133)
This is the same component ratio that appears in the first-generation quark mass formula (Section 4.17),
now playing the role of an off-diagonal suppression.

Remark 12. The orbifold Euler characteristic of the trefoil complement base is xom, =1 — (1 — %) — (1= %) =
— %. The nonzero Xy, is what distinguishes the trefoil complement from the unknot and Hopf link complements
(both of which have X1, = 0) and forces the restriction of admissible coset sections.

CKM Matrix: Cabibbo Angle and |V;|

The CKM matrix is Ve = U Uy, where Uy, diagonalizes the up-type mass matrix M, and Uy
diagonalizes the down-type mass matrix M.

Because M, 4 are tridiagonal with strongly hierarchical diagonal entries (m; < my < m3), the
diagonalizing unitaries are computable by successive 2 x 2 block rotations.

Theorem 28 (CKM Elements from the S° Spectral Geometry). The leading-order CKM elements are:

mgq

— 134
N (134
2| [mg me
Vil = =/ — — ] —
Val = 5\ [
Proof. |Vys|: For the 1-2 block, the down-type rotation angle is (Uy)1a ~ 0%,/(ms —my) =
Vmgms/(ms —my) ~ \/my/ms, using (132) and ms; > my;. The up-type rotation is (Uy)12 ~
vy /me = 0.041, which is negligible compared to \/m;/ms = 0.223. Hence |Vys| ~ /my/ms,

recovering the Gatto—Sartori—Tonin relation [59] as a derived result.

|Vep|: For the 2-3 block, both the down-type and up-type rotations contribute at comparable
magnitude: (U)o ~ R -+/ms/my and (Uy)s =~ R - /mc/m;, where R = 2/3 is the orbifold

|Vas|

. (135)
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restriction (133) entering through the 2 — 3 off-diagonal coupling. The CKM element is the difference
Vo = (Uy)2s — €°? (U, )23, where 6¢ is the relative holonomy phase between the up-type and down-
type sectors.

At leading order, the relative phase vanishes because the holonomy (130) enters identically in both
chirality sectors. The generation-dependent torsion coupling Ar(n) introduces a subleading phase
difference proportional to {(3)/(127) (the difference A1 (2) — A7 (3)), which is small. To leading order:

2 Mg me
Vol =~ =/ — — 4/ —
[Ver| 3‘ Vo omy

The partial cancellation between the down-type and up-type contributions is essential: the bare down-

: (136)

type rotation /m;/m;, = 0.150 cannot reach |V,;,| = 0.042 at any holonomy phase. The cancellation
with /m./m; = 0.086 reduces the magnitude to 0.064, and the orbifold restriction 2/3 brings it to
0.043. O

Numerical Evaluation

Using our predicted quark masses:

Observable Our prediction PDG value [51] PDG error Pull (0)
[Vis| 0.2233 0.2245 +0.0008 -1.5
[Vep| 0.0426 0.0421 40.0008 +0.6

Both predictions lie within 20 of the PDG central values with zero free parameters. The Cabibbo
angle, usually taken as an empirical texture ansatz, is here a derived consequence of the spectral mass
hierarchy on S°.

|V..»| and CP Violation from Fiber Holonomy

Theorem 29 (Geometric Origin of CP Violation). CP violation in the CKM matrix arises from the holonomy
of the S! fiber on the S° Hopf shell. The Jarlskog invariant | = Im(Vys Ve V.5 Vi) is nonzero if and only if the
generation-dependent torsion coupling At (k) is not constant across generations.

Proof. The holonomy phase ¢y ;1 = 27/3 is the same for both chirality sectors. However, the
effective phase entering Vexm = Uf U, depends on the difference between the up-type and down-
type rotation phases. The up-type and down-type mass matrices differ by the chirality coupling
+Ar(k) in the diagonal entries. Since At (k) is generation-dependent (with At (1) = 2/(3v/3), Ar(2) =
2/t +¢(3)/(24m), Ar(3) = 2/m — {(3)/(24m)), the diagonalizing unitaries U, and U, acquire
different phases, and their product carries a nontrivial CP-violating phase.

If At were generation-independent, then U, = Uy (up to an overall phase), and Vcxay = I. The
generation dependence of At is therefore necessary and sufficient for both CKM mixing and CP
violation. [

The element |V,;| involves the full complex phase structure from Ay (n) generation-dependence.
At leading order in the hierarchical expansion, |V,;| & |Vys| - |V | - F(6¢), where the phase-dependent
function F is bounded by 0 < F < 1 and encodes the CP-violating interference between the up-type
and down-type contributions to the 1-3 element. The PDG value |V,,;,| = 0.00382 + 0.00024 requires
F ~ 0.40, corresponding to a specific value of the relative holonomy phase computable from the Ar(n)
differences.

PMNS Mixing on S’: Large Angles from Mild Hierarchy

The identical tridiagonal construction applies to the neutrino sector on S°. The mass matrix has
the same form as (129), with the Sg-specific coefficients ag, Cg, and o9 replacing as, Cs, 05.
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Theorem 30 (Large PMNS Mixing from the S° Spectral Geometry). The PMNS mixing angles are
generically large because the neutrino mass hierarchy is mild.
Proof. The off-diagonal coupling 5,512 11 ~ /My Ty 17 is of the same order as the mass differences
my k41 — M, k, because the neutrino mass ratios are 1y : mp : mz ~ 1:9: 51 (a much milder hierarchy
than the quark sector, where m; : ms : my =~ 1: 20 : 896).

In the quark sector, the steep hierarchy (m;/ms ~ 0.05, ms/m;, ~ 0.022) ensures that the off-
diagonal couplings are small perturbations on the diagonal masses, producing small rotation angles
0 ~ \/my/my,1 < 1and hence small CKM mixing.

In the neutrino sector, the mild hierarchy (my /my ~ 0.11, mp/m3 =~ 0.18) places the off-diagonal
couplings at the same scale as the mass splittings. The diagonalization angles are 6 ~ O(1), producing
the large PMNS mixing angles observed experimentally. [J

Geometric Origin of the CKM-PMNS Contrast

The contrast between small CKM angles and large PMNS angles is a geometric consequence of
the shell hierarchy:

On S° (quarks), the linear helicity coefficient a5 = 3.564 and positive quadratic coefficient C5 =
+{(3)/12 produce a mass spectrum spanning five orders of magnitude (m, /m; ~ 10~°). The off-
diagonal couplings Jj 41 ~ /M1 are therefore much smaller than the mass splittings my 1 — my,
giving small CKM angles.

On S? (neutrinos), the moderate helicity a9 = /5 and negative quadratic coefficient Cy =
—C(3)(1+¢(3)/28)/8 compress the mass spectrum to less than two orders of magnitude (m,, 1 /m, 3 ~
0.02). The off-diagonal couplings are comparable to the mass splittings, giving large PMNS angles.

The hierarchy difference is itself a derived consequence of the shell spectral geometry: the signs
of Cs > 0 and Cy < 0 follow from the parity of the complex dimension (S° = §22*1 vs. §7 = §24+1) in
the Casimir determinant asymptotics of the respective shell operators.

Summary of Mixing Predictions

The Cabibbo angle and |V,;| are genuine zero-parameter predictions within the PDG uncertainty
bands. The 2/3 orbifold restriction factor entering |V,; | is not fitted but forced by the Seifert structure of
the trefoil complement—the same geometric object that determines the first-generation quark doublet
ratio. The structural predictions (tridiagonal texture, CKM-PMNS hierarchy contrast, CP violation
from generation-dependent A7) are established from the spectral geometry of the Hopf shell hierarchy.

Observable Our prediction PDG value [51] Status

|Vus| (Cabibbo) 0.2233 0.2245 4 0.0008 —1.50

Vel 0.0426 0.0421 4 0.0008 +0.60
Structural mechanism

Vil (phase-dependent) 0.00382 £ 0.00024 ‘dentified

CKM CP violation Nonzero /= Follows from A (k)

(3.08 £0.15) x 10~°

Structural (mild v
PMNS: large angles Yes 61p = 33.4° hierarcily)

5. Physical Constants, Scaling and Quantum Numbers from the Fibration Geometry

A single empirical measurement—the Fermi constant—fixes the conversion between geometric
invariants of the Hopf bundle and laboratory units. Every dimensionful constant reduces to a power
of one length scale dressed by a pure number; every dimensionless constant is a topological or spectral
invariant of the fibration.
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Each result below is labeled: Axiom (empirical input), Theorem (derived), Definition (identifica-
tion bridging geometric and SI units), or Physical Identification (structural assignment whose form is
forced by the geometry but whose content equates a geometric invariant with a measured quantity).

5.1. The Single Empirical Input

Axiom 1 (Single Empirical Input). The theory admits exactly one empirical input: the Fermi constant,
Gr = 1.1663787 x 10~° GeV 2, which determines the Higgs vacuum expectation value v = (v/2 Gg)~1/2 =
246.21965 GeV. This is the energy at which the S* subbundle first supports nontrivial Beltrami spectral modes.
The physical connection strength on the S! fiber is normalized at this scale: |Aphys| = v/cin Sl or |A| = vin
natural units.

5.2. The Geometric Unit System

Theorem 31 (The Speed of Light). (Derived.) Let S?**1(R) carry the round metric decomposed via the
canonical connection as § = R?>d¢? + gpy. Define the causal metric §eausal = —R? d¢? + gy Then null

geodesics propagate at

in geometric units (fiber-lengths per fiber-time).

Proof. A null curve satisfies —R?¢? + g (%, %) = 0, giving \/gn (%, %)/ (R|¢|) = 1. The canonical
connection assigns the same curvature radius R to the fiber and horizontal slices, so the ratio is unity
identically. O

Theorem 32 (Holonomy Quantization). (Derived—purely topological.) Let A = a d¢ be a U(1) connec-
tion on the S* fiber. The line bundle £ = S3 x u(1) C admits well-defined sections only if & € Z. The minimal
nontrivial holonomy is

Sunin = f A=2r (137)
g
in geometric units, corresponding to one complete phase rotation e*™.
Proof. The cocycle condition g;;gjxgxi = 1 on triple overlaps requires e?™* =1, hencea € Z. O

Theorem 33 (Physical Width of the S! Fiber). (Derived from Axiom 1 and Theorem 32.) The physical
circumference of the S! fiber is

1 h
Ltopo = = (natural units), Ltopo = 5 8.014 x 107 m (SI).
v v

Proof. By Axiom 1, the physical connection strength is |A| = v (natural units). The holonomy around
one fiber circuit is f A = v- L. By Theorem 32, the minimal nontrivial holonomy is 27r, which in
natural units (7 = 1) corresponds to one action quantum. Setting v - L = 1 gives L = 1/v. Restoring SI:
Ltopo = hc/v. [

Definition 8 (Planck’s Constant). (Definition—forced by dimensional uniqueness.) The physical action
of one complete S' fiber circuit (holonomy Smin = 271 geometric units) defines Planck’s constant h and its
reduced form h:

h := Slaction of one fiber circuit = 6.62607015 x 107>*7 s, h= %

The factor 27t is the geometric holonomy of one circuit (Theorem 32); h is the physical action of that circuit;
h = h/(2m) is the action per radian.
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Status. Holonomy quantization is a topological theorem. The identification of one fiber circuit with
h is a definition: it bridges geometric and SI units. It is forced by dimensional uniqueness—¥ is the
unique physical constant with dimensions of action, and the fiber holonomy is the unique topologically
quantized action in the fibration—but it is not derived from the action functional. Given this definition
and v, the Sl values of ¢ and Liopo follow from ¢ = Liopo/ Ttopo and Liopo = fic/v.

5.3. Electric Charge and the Fine-Structure Constant
Theorem 34 (Electric Charge Quantization). (Derived.) g =e¢-c1,¢; € Z.

Proof. The integrality condition 5 Jept F =1 € Z (cocycle condition on £ — CP*) quantizes charge
in integer multiples of e. [J

Theorem 35 (Fine-Structure Constant). (Derived, with one physical identification marked below.)

L 2Vols?) [Vol(s) 1t 1
~ Vol(S4)2- Vol(RPY) | 255 = 137.0360824 ...

Experiment: rx;}p = 137.0359991(2); agreement to six significant figures (0.00006%).
Proof. Step 1 (derived). The O'Neill A-tensor [60] on S? — §° — CP* gives fiber curvature fraction
f(4) =1/(2-4+1) = 1/9. Photon transverse degrees of freedom on S? (emission + absorption) give
fiber spectral weight Weer = 2 Vol(S?) = 87t

Step 2 (derived). The total gauge spectral weight is Wig1 = Vol(5*)2 - Vol(RP!) = 6471°/9: two
copies of Vol(5%) for the squared amplitude e? and Vol(RP') = 7t for the projective identification of
the real gauge field.

Step 3 (derived). The partition function Z « (det{} B)~'/2 = (det{}'A)~1/* determines the nor-
malization. The Hua volume [61] V(D;) = 7" /n! of the unit ball D, C C" gives spectral volume
Vipec (52" 1) = Vol(S?"~1) /(2" - n) via the Bergman kernel boundary relation Vol(S**~1) /V(D,,) = 2n
and the 2"~ orientational factor from the Hopf U(1) fibration. At n = 5: Nz = [Vol(S?)/160]'/4.

Step 4 (uniqueness of the electromagnetic coupling). We show that the electromagnetic coupling
is the unigue dimensionless invariant of the U(1) fiber sector on S satisfying four necessary condi-
tions. [J

Lemma 6 (Uniqueness of «). Let a be a dimensionless quantity satisfying:

(a) a is constructed from the spectral geometry of the principal U(1) bundle S' — S — CP%;
(b)  ais invariant under the isometry group SO(10) of S;

(c) a encodes the ratio of the U(1) fiber sector to the full gauge geometry;

(d)  aequals the coupling constant of the n = 0 (massless) sector of the partition function.

Then a = o as computed above.

Proof. By condition (a), the ingredients are the sphere volumes Vol(S¥), the spectral volumes
Vepec(5%"~1), and the Hua volumes V (D, )—these being the complete set of SO(10)-invariant ge-
ometric scalars on SY and its associated symmetric spaces.

By condition (b), a must be built from SO(10)-invariant combinations. The fiber spectral weight
Whiber = 2 Vol(5?) counts the two transverse polarization degrees of freedom of a massless spin-1
boson on the S? base of the lowest Hopf shell; this is the unique SO(10)-invariant characterization of
the U(1) sector.

By condition (c), the denominator must be the total gauge spectral weight. The gauge sector lives
on the total space S%; the coupling e? requires two powers of the gauge amplitude, hence two copies of
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Vol(S*) (the coset volume Vol(SU(3) /SU(2))); and the real projective identification A ~ — A of the
real gauge field contributes Vol(RP!) = 71. No other SO(10)-invariant combination of coset and base
volumes has the correct transformation properties under gauge rescaling.

By condition (d), the normalization is set by the partition function Z « (det{}'A)~1/4. The
spectral volume Vipec(S?) = Vol(5?)/(2° - 5) is uniquely determined by the Bergman kernel boundary
relation and the Hopf orientational factor (Step 3 above).

Since conditions (a)-(d) determine the numerator, denominator, and normalization uniquely, a is
unique. Its numerical valueis a =1/137.0360824 ... O

Remark 13 (Status of this identification). The four conditions (a)—(d) are not arbitrary: (a) states the arena, (b)
is required by the symmetry group of the arena, (c) defines what “electromagnetic coupling” means geometrically
(the U(1) fiber fraction of the full gauge weight), and (d) connects the geometric quantity to the physical
observable via the partition function. The uniqueness lemma shows that these conditions admit exactly one
solution, eliminating the concern that the ratio was reverse-engineered from the known numerical value. The
agreement to six significant figures is a consequence of the uniqueness, not a fitting target.

Connection to Wyler’s Constant

The expression coincides with Wyler’s constant [62,63]. Robertson [64] noted agreement requires
unit radius; Gilmore [65] showed this is forced by coset representability. The present derivation
replaces Wyler’s bounded-domain apparatus with the intrinsic spectral geometry of S%, identifying
Wyler’s normalization V(Ds)/# as (det{}'A) =1/ via V(D,,) = Vol(S?*~1) /(2" - n).

Corollary 7 (Elementary Charge). (Derived.) |e = \/4maggfic = 1.602176634 x 107" C.

5.4. Vacuum Permittivity
Theorem 36 (Vacuum Permittivity). (Derived.)
g0 = €%/ (4mahc) = 1/ (poc®) = 8.8541878128 x 10712 F/m.

Proof. In the 2019 SI, e is exact. The relation e*> = 4magghc determines gy from & (Theorem 35),
(Definition 8), and ¢ (Theorem 31). [

Remark 14 (Spectral consistency). The smallest eigenvalue of Ay on coexact 2-forms on S° is ¢ =
(142)(14+6) = 21 (equation (105), k = 1). The ratio v/ V,, with V,, = 33—27r4 is proportional to gy after
restoring dimensions via Liopo, confirming consistency of the spectral and algebraic routes.

5.5. Newton’s Constant and the Planck Length

Theorem 37 (Newton’s Constant). (Derived, with the identification of « as per-mode coupling from
Theorem 35.)

2

h h
G = (2m+a) at® v—;, lp =\ (2m+a) al6 png (138)

Proof. Three ingredients:

(i) « as the Coupling per Spinor Mode

The contact distribution & = kerag C TS has real rank 8. The isometry group of % is SO(10),
whose spin representation decomposes as S = S* @ S~ with dim¢ S* = 2(10-2)/2 — 16, The partition
function of the torsion sector on S° is

Z = (det{}B)~V? = (det{}A) /4.
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This determinant runs over all eigenvalues of A on the coexact sector. The coexact sector decomposes
under Spin(10) into 16 chirally independent subsectors (one per Weyl spinor component), because the
torsion-induced chirality operator I'x (Section 2.5) commutes with A and splits the spectrum into 16
copies related by the Spin(10) action. Therefore

16

(det{}'A)"1/* = TT(det{}'a;) """,

j=1

where A; is the restriction to the j-th spinor subsector and each factor contributes equally by the
Spin(10) symmetry. The Wyler formula (Theorem 35) computes «a from this single-subsector partition
function. Hence « is the electromagnetic coupling contributed by one Weyl spinor component.

(ii) The Graviton Couples to all 16 Modes: Proof via Representation theory

The graviton is the figure-eight knot (4;) mode on the S' fiber. We must show that its coupling to
the 16-dimensional Weyl spinor space of Spin(10) is the trace (equal coupling to all components), not a
proper sub-trace.

Lemma 7 (Amphichiral modes couple via the trace). Let M be an amphichiral knot in S3, with orientation-
reversing diffeomorphism h : (S3, M) — (S3,M). Let p : Spin(10) — GL(S*) be the Weyl spinor repre-
sentation, and let h* : T> — T° be the induced action of h on the maximal torus T°> C Spin(10). Suppose
]/l*(gl, v ,95) = (—91, ey —95).

Then the only h*-invariant linear functional u : R'® — R on the space of per-weight couplings is
proportional to the trace y = c - Tr.

Proof. The weights of S* under T° are the 16 half-integer vectors
w=(£1,£1,£1,+1,£1)

with an even number of minus signs (the even-chirality condition for Spin(10)).

The action of 1* on T° sends 6 — —6, which acts on each weight by w — —w. If w has k minus
signs with k even, then —w has 5 — k minus signs. Since k is even and 5 is odd, 5 — k is odd. Therefore
—w ¢ St;instead —w € S

Thus #* does not permute the weights of ST among themselves—it maps S* to S~. The h*-
invariant coupling must therefore be defined on S* & S~ (the full Dirac spinor, 32-dimensional).
On the full Dirac spinor, h* acts by w — —w, which pairs each weight of ST with a weight of 5.
An h*-invariant functional on the 32-dimensional weight space must assign equal coupling to each
w/ — w pair. Since there are 16 such pairs and no further h*-invariant structure distinguishes them
(the pairs are transitively permuted by the Weyl group of Spin(10), which commutes with h*), the
unique h*-invariant functional is the trace over the full Dirac spinor.

The Dirac trace over ST & S~ equals the sum of the S trace and the S~ trace with equal weight,
so the effective coupling per chiral sector is the trace over ST (or S7), confirming that each of the 16
Weyl components contributes equally. [

Remark 15 (Why the quadratic Casimir does not provide an alternative). One might ask whether a
coupling proportional to the quadratic Casimir Co(w) = |w|? of each weight could be h*-invariant but distinct
from the trace. Since | — w|?> = |w|?, the Casimir is indeed h*-invariant. However, for the Weyl spinor of
Spin(10), all weights have the same length: |w|*> = 5/4 for every w = (&1, £1,£1, &1, +1). Therefore the
Casimir coupling is proportional to the trace: Y, Co(w) - ayp = (5/4) Yy, w. No coupling distinct from the
trace exists.

More generally, any symmetric polynomial in the weights that is h*-invariant and Weyl-group-invariant
is a constant on the weight set (since the Weyl group acts transitively on the S* weights), confirming that the
trace is the unique invariant.
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The gravitational coupling is therefore:
ng = al®, (139)

with 16 = dim¢ St the number of Weyl spinor components, each contributing the single-mode
coupling «. The exponent 16 is a representation-theoretic fact, not a fitted integer.

(iii) Holonomy Prefactor (271 + «).

A graviton completing one S! circuit accumulates:

Geometric phase: 27t from the bare holonomy (Theorem 32).

Electromagnetic dressing: The graviton propagates in the background of the U(1) connection. On
the compact fiber S L of circumference Liopo, the one-loop vacuum polarization correction to the Wilson
loop is [66]

B a 27 )
M= /0 T1(K?) dg, (140)

where I1(k?) is the vacuum polarization function and the integral runs over the fiber. On the compact
S!, the momentum spectrum is discrete: ky, = 271m/ Liopo, m € Z. The sum over modes gives

o ad 1

OoH=— 21 ,
27 mZ::1 m? + (114 Liopo /277)?

where m, = 0 for the massless photon. For m, = 0, the sum is { (2) = 712 /6, but this overcounts:
the compact geometry provides a natural UV cutoff at m = 1 (the first KK mode), and the regulated
one-loop correction evaluates to

OH = a.

This can be verified directly: on S! with circumference 27, the one-loop effective action of a U(1)
gauge field is Segr = (2/2) ¢ |F|2, and the correction to the holonomy from the quadratic fluctuation is
OH = 0S5/ 0(27T) = a.

Total holonomy per circuit: H = 27 + a.

Assembly

Newton'’s constant has the form G = (dimensionless) x fic/v?, where fic/v? provides the correct
dimensions [length®/(mass - time?)] and v is the only mass scale (Axiom 1). The dimensionless
prefactor must be built from the gravitational coupling and the fiber holonomy.

The gravitational coupling is g = a'® (Part ii). The holonomy per circuit is # = 27t + « (Part iii).
We now show these are the only available factors.

The dimensionless invariants of the fibration are:

(a) a: encodes the sphere volumes and Bergman normalization (Theorem 35);

(b) 27t: the bare fiber holonomy (Theorem 32);

(c) {9 = 16: the Weyl spinor dimension, already absorbed into the exponent of a¢;

(d) 2(3),0(5),...: spectral zeta values that enter the shell determinants for massive particles.

The odd zeta values {(3),(5),. . . arise from the n? asymptotics of the lens-space determinants (Sector
Determinant Lemma) and govern the mass spectrum within each shell. They do not enter the gravi-
tational coupling because G is a property of the massless n = 0 sector (the graviton), which has no
winding and therefore no lens-space determinant. Similarly, the framing number ¢ = 6 and the knot
torsion values 7(K,) are properties of the n > 1 (massive) sectors.

The only dimensionless factors from the n = 0 sector are «'® (mode coupling) and (27 + &)

(dressed holonomy). Therefore
16 fic
?.

G=02n+a)a (141)
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Numerical Prediction

Gpred = 6.6748 x 1071 m?kg~'s72, (p = 1.6163 x 10~ m.
Published measurements of G span 6.672—6.676 (same units) and are mutually inconsistent at 13c [67].
The prediction lies within this spread, 0.55¢ from the unweighted mean. A definitive comparison
awaits resolution of the long-standing discrepancies in laboratory G measurements.

5.6. Quantum Numbers from Topology

Each Standard Model quantum number corresponds to a topological invariant of a subbundle
within ST — §% — CP*.

Theorem 38 (Angular Momentum Quantization). (Derived.) ‘ L,=hw, weZ. ‘

Proof. The winding number w € 7;(S') 2 Z of the horizontal lift of a closed loop in CP* gives the
eigenvalue of L, = —ihdy; periodicity of ™% forcesw € Z. O

Theorem 39 (Spin Quantization). (Derived.) |s € {0, %, 1, %, S

Proof. (a) 11(SO(3)) = Z, and the double cover SU(2) = $3 — SO(3) within S C S° produce
half-integer representations. (b) The Berry phase [68,69] of the Hopf bundle (c; = 1) gives $p = 7 for
a 27t base rotation, requiring 4 for full phase restoration. [

Theorem 40 (Gauge Quantum Numbers). (Derived.) Weak isospin, color charge, and hypercharge arise
from the subbundle topology of S°.

Proof. Weak isospin: SU(2) acts on S® C S; characteristic classes give I = 0, 1,1,... Color: SU(3)
embeds via S — S° < §7 < S§%; 713(SU(3)) = 715(SU(3)) =2 Z classify color sectors. Hypercharge:
U(1)y is the linear combination of the fiber generator and the non-abelian Cartan generators, fixed by
the embedding SU(3) x SU(2) x U(1) — SU(5) — SO(10). O

6. Global Regularity, Ultraviolet Finiteness, Dark Sector, and Anomaly Cancellation from the
Universal Bundle Structure

We show that ultraviolet finiteness, the dark sector, global regularization and anomaly cancellation
are not imposed conditions, but structural consequences of formulating the theory on the universal
complex Hopf fibration S — S* — CP* and its compact shell reductions [1-3]. In particular, the
absence of singularities follows from the smooth global bundle formulation, ultraviolet finiteness
from the discrete spectral structure of compact shell operators, and anomaly cancellation from the
completeness and indecomposability of the unified bundle geometry [6,10,70].

6.0.1. Ultraviolet Finiteness from Compactness

Theorem 41 (Spectral Discreteness Implies UV Finiteness). Quantum field modes on S° are discrete,
eliminating ultraviolet divergences.

Proof. On compact manifolds, the Laplace-Beltrami operator has the discrete spectrum [17]:
0< A <AL,

Quantum fields decompose into eigenmodes of the compact Laplacian.

J

Momentum integrals in flat QFT:
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are replaced by discrete sums:

> f(An).

n

Since eigenvalues grow quadratically and are discrete, no infinite-momentum continuum exists.
Therefore loop integrals are finite. [J

6.1. Dark Sectors: Holonomy as Dark Energy and Torsion as Dark Matter

The dark sector requires no additional fields, particles, or parameters. Dark energy arises from
the global holonomy of the S fiber; dark matter arises from the intrinsic torsion of the fiber connection
modifying the effective gravitational equations. Both mechanisms are derived from the universal
action (4) by the same deductive chain used for the particle spectrum: axioms — bundle structure —
spectral decomposition — theorem.

Derivation Status of the Dark sector

Dark energy follows from three steps, each proved earlier in this paper: (1) charge quantization
forces ¢ # 0 (Theorem 1); (2) c; # 0 forces nonvanishing fiber curvature Fg1 (Theorem 6); (3) averaging
Fg1 over the compact fiber produces a term Ay gyv in the effective Einstein equations whose equation
of state is w = —1 exactly, because c; is a topological invariant independent of the metric, the matter
content, and the scale factor (Theorem 42 below). No scalar field, potential, or fine-tuning is invoked.

Dark matter follows from four steps: (1) the nontrivial Sl-twist forces torsion in the total space
connection (Theorem 6); (2) projecting to the Newtonian limit yields the torsion-modified Poisson
equation (150) (Theorem 44 below); (3) flux quantization [ g2 F = 27tn discretizes the torsion vorticity to
|Q(r)| = n/r; (4) integrating the resulting 1/7? geometric density produces constant circular velocity
ve = vg at v > ry (Theorem 45 below). No dark matter particle, halo profile, or density parameter is
introduced.

The particle masses derived in Sections 4-5 are fully determined by the compact spectral geometry
of the Hopf shells together with one empirical scale (the Fermi constant), because the relevant eigen-
values, determinants, and torsion invariants are computable on compact manifolds. The dark sector
theorems derive the mechanism with the same zero-parameter logic and produce structural predictions:
w = —1 exactly at all redshifts, flat rotation curves from quantized torsion modes, discrete rotation
velocity spectrum, Tully—Fisher scaling, and the nonexistence of a dark matter particle. The structural
predictions are falsifiable and go beyond ACDM:

1.  Flat rotation curves are derived, not assumed. Theorem 45 proves that every admissible eigen-
mode of the torsion sector produces a constant galactic rotation velocity. No dark matter halo
profile (NFW, Burkert, or otherwise) is fitted; the 1/r% geometric density is a consequence of the
quantized flux [ cps F = 27711.

2. Rotation velocities are quantized. The allowed v values form a discrete set determined by the
eigenvalues A, of the twisted Laplacian on the U(1) bundle over CP*. This predicts that galaxy
rotation velocities should exhibit discrete clustering at specific values, a feature absent from CDM
models with continuous halo mass functions.

3. Dark energy has w = —1 exactly. The holonomy contribution to the effective stress—energy has
equation of state w = —1 at all redshifts, because it arises from a topological invariant (the first
Chern class) rather than from a dynamical scalar field. Any future measurement of w # —1
would falsify this prediction.

4. No dark matter particle exists. The gravitational effects attributed to dark matter arise from the
torsion of the S! fiber connection—a geometric modification of the effective Einstein equations,
not an additional particle species. Direct detection experiments should therefore find no dark
matter candidate, and indirect detection signals (annihilation, decay) should be absent.

5. Observable mode coherence. The quantized torsion eigenvalues that produce flat rotation curves
are the same eigenvalues that enter the holonomy bias of null geodesics. This predicts correlated
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signatures: strong-lens time delay anomalies should exhibit mode-locked structure at the A,
spectrum, and the linear growth index should be altered only kinematically (since no extra fluid
is present).

We now derive each mechanism in detail.

Dark Energy from Global Holonomy

Because the Hopf fibration has nonvanishing first Chern class c¢; # 0, parallel transport around
noncontractible cycles induces a nontrivial phase rotation. The fiber curvature Fg1 = d A satisfies the
integrality condition

% i Fgi =c1 =1, (142)
which is the defining property of the universal bundle. Averaging the curvature 2-form over the
compact fiber and projecting to the four-dimensional effective theory produces a constant contribution
to the Einstein equations:

Ryw = 3R guv = Tyw + Apol uvs (143)

where Ay, is proportional to the integrated fiber curvature. Since the integral (142) is a topological
invariant—fixed by the bundle class, not by any dynamical field—the term Ay gv is a geometric
constant of the fibration.

Theorem 42 (Equation of State of the Holonomy Term). The holonomy contribution to the effective
stress—enerqy tensor has equation of state w = —1 exactly, at all redshifts.

Proof. The holonomy contribution enters the effective Einstein equations as Ape g, which is propor-
tional to the metric. The effective stress—energy tensor of this term is

(A) _ Dnal
T’ = =G S
giving energy density pp = Apo/(87G) and pressure pp = —Apo/(87G) = —pa. Therefore

w=p/p=-1L

This is not a fine-tuning or a low-energy approximation: it holds because Ay, is proportional to
c1, which is an integer topological invariant independent of the metric, the matter content, and the
scale factor. Any dynamical dark energy model with w(z) # —1 at any redshift is incompatible with
this structure. [

The cosmological constant problem does not arise. In conventional QFT, the cosmological constant
receives contributions from vacuum fluctuations of every field mode, producing a divergent sum that
must be fine-tuned to match observation. In the present framework, the dark energy density is set
by the quantized holonomy of a compact fiber—a topological invariant of the bundle class—not by a
sum over field modes on flat space. The mechanism that produces Ay, is the same mechanism that
produces c; = 1: the integrality of the first Chern class. There is nothing to fine-tune because there is
no sum to regulate.

In the Riemann—Cartan geometry of the Hopf total space, the expansion scalar § = V,u? of a
timelike congruence obeys the modified Raychaudhuri equation

0+ 107 +2(0% — w?) — Vaa" +4nG(p+3p) — T =0, (144)

where T encodes the torsion corrections from the nontrivial S!-twist. For a homogeneous isotropic
sector, 0 = 3H and
H=—-4nG(p+p)+3T. (145)
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Theorem 43 (Apparent Acceleration from Holonomy). Suppose the Universe expands with constant Hubble
parameter H(t) = Hy. Then:
(i) The torsion corrections balance ordinary deceleration:

T =12nG(p + p). (146)

There is no true late-time acceleration: the expansion rate is constant, not increasing.
(ii) Null geodesics acquire holonomy phase corrections from the S' fiber, biasing the inference of H(z)
through an effective refractive factor N(z) = 1 + €(z), where

e(z) =) cn /\—z‘zfn(z), cn €R, (147)
T Hj

with {A2} the discrete eigenvalues of the twisted Laplacian on the U(1) bundle over CP* and f,,(z) determined
by the mode’s null-propagation kernel. The observed luminosity distance is

90 (z) = di1)(2) [1 - e(z) + O(2)]. (148)

(iii) The observationally inferred deceleration parameter is

d
qobs(z) = ftrue — m €(Z) + 0(62). (149)

Since girue = 0 (constant H), a positive de /dz at z S 1 produces qops < 0: the Universe appears to accelerate
while expanding at a constant rate.

Proof. (i) Setting H = 0 in (145) gives the balance condition immediately.

(ii) A photon traversing coordinate length dx accumulates, in addition to the metric phase kdx, a
holonomy phase d¢p,q) = f Ag1 from parallel transport of the fiber connection. This is indistinguishable
from propagation through a medium with refractive index N = 1 + €, where € is the ratio of the holon-
omy phase to the metric phase. The luminosity distance becomes d*s = (1+z) [, dz'/(Ho N(2')),
giving (148) to first order. The bias € inherits the discrete spectrum of the bundle: the flux quantization
Js2ccpt F = 27tn discretizes the eigenvalues, giving (147).

(iii) Applying g = —1 — H/H? to the inferred H(z) gives (149). Since girye = 0, the sign of ggps is
controlled by de/dz. O

Observational discriminants. The scenario makes four predictions distinguishable from ACDM:
(1) redshift drift (Sandage-Loeb test) should track constant Hy, not the decelerating-then-accelerating
profile of ACDM,; (2) strong-lens time delays should exhibit mode-coherent anomalies at the discrete
Ay spectrum; (3) standard sirens probe d (z) without supernova calibration, testing N(z) # 1 directly;
(4) the linear growth rate of structure is altered only kinematically (no extra fluid), giving a growth
index 7y # 0.55.

Dark Matter from Fiber Torsion

The dark matter sector arises from a distinct mechanism: the nontrivial S!-twist of the fiber
connection induces torsion in the projected spacetime connection (Section 2.5), modifying the effective
Einstein equations without requiring additional particle species.

Theorem 44 (Torsion-Modified Poisson Equation). In the Newtonian limit of the Einstein—Cartan equations
on the Hopf total space, the effective Poisson equation for the gravitational potential P is

V2O = 471G Pbaryon T Pgeom, (150)
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where the geometric density
Pgeom = V- [A{V x Q+ A2 V1] (151)

arises from the torsion of the S! fiber connection projected to the spatial sector. Here Q) is the torsion vorticity (the
curl of the projected torsion vector) and T is the imaginary-time coordinate of the Kihler base. The coefficients
Aq, Ar are set by the bundle geometry and quantized by the integrality of the first Chern class:

/ F=2mn, neZ (152)
s2cCP*
Proof. The Einstein—Cartan field equations on a manifold with torsion T4 are [14,71]

Guv + A gu =87G (T + T ),

where X, is the canonical stress-energy and T, contains the torsion contributions quadratic in TA.

On the Hopf total space, the torsion decomposes as T4 = Tf‘i% o T Tlﬁ)riz,

where the fiber component
Tf‘ﬁ) o 18 nonvanishing because c; # 0 (Theorem 6).

In the Newtonian limit (v < ¢, weak field, static sources), the 00-component of the Einstein—
Cartan equations reduces to (150), with pgeom arising from the spatial projection of 1. The torsion
vorticity () is the curl of the torsion vector T = ik Tixo, which inherits the quantization of the fiber

curvature through (152). O

Theorem 45 (Flat Rotation Curves from Torsion Quantization). For any galaxy whose baryonic mass
is concentrated within a core radius vy, every admissible eigenmode of the torsion sector produces a constant
circular velocity at v > rg:

ve(r) = vo = const, r > 1. ‘ (153)

Proof. The torsion vorticity Q of a quantized U(1) mode satisfies V x Q) = Jr, where the torsion
current J is sourced by the quantized flux (152) threading the S C CP*. For a configuration with
cylindrical symmetry about the galactic axis, the Biot-Savart solution gives

Q) ==

at distance r from the axis, where 7 is the flux quantum number. The geometric density is therefore

)
Y%

Pgeom (1) = /\%) V(VxQ)= G2’

where v% =4nG A%) n.
At r > rg, the baryonic contribution to the Poisson equation is negligible and V2 ~ Pgeom-
Integrating the 1/r% source gives the logarithmic potential

;
Pgeom (r) = 05 In P (154)

oD v}
ve(r) = rﬁ = ﬁ: vg = const. [

Corollary 8 (Velocity Quantization). The asymptotic rotation velocity vy of any galaxy is determined by the
flux quantum number n and the bundle coefficient Aq:

and the circular velocity is

3 =4nGA4n, neZ'. (155)
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The allowed rotation velocities therefore form a discrete set vy « \/n, indexed by the topological winding number
of the torsion mode. Different galaxies correspond to different values of n; the continuous mass function of CDM
halos is replaced by a discrete spectrum of torsion modes.

Corollary 9 (Tully-Fisher Relation). For a galaxy whose baryonic mass My, is concentrated within ro and
whose outer rotation curve is dominated by the torsion mode at quantum number n, matching the Keplerian
region (v2 = GMy /1) to the flat region (v, = vg) at r = rq gives

2 2
_ Ugro A{nro
M, = < = /()" (156)

Since v§ = (471G A3 n)? o< n? and M, o n 1o, galaxies with similar core radii satisfy M, o« v3, while averaging
over the rq distribution produces
Myoxof, 2<p<4, (157)

recovering the Tully—Fisher relation. The exponent p depends on the ro—n correlation; p = 4 corresponds to
galaxies whose core radius scales as vy o n (i.e., larger galaxies occupy higher torsion modes).

Numerical Cosmological Observables

The theorems above determine the dark sector mechanisms and their qualitative predictions.
Computing specific numerical cosmological observables—the value of Ay in €V*, or the rotation
velocity vy of a particular galaxy—requires relating the compact fiber scale Ligpo = fic/v ~ 8 x 107 m
to the Hubble scale Ry = ¢/Hy ~ 1.3 x 10?® m. This 45-decade ratio is not fixed by the compact
spectral geometry; it requires cosmological boundary conditions connecting the fiber geometry to
the Friedmann evolution, analogous to how general relativity requires initial conditions to select a
specific FRW solution from the space of all solutions to the Einstein equations. The derivation of these
boundary conditions from the universal action is an open problem.

Unity of the Visible and Dark Sectors

The visible and dark sectors are different regimes of the same spectral geometry on the same

bundle:
Sector Mechanism Scale
Particle masses Beltrami spectrum on S3,65, 59 Ltopo ~ 107 m
Fundamental constants Spectral volumes, holonomy Ltopo
Dark matter Fiber torsion — pgeom r ~kpc
Dark energy Fiber holonomy — Ay Ry ~10%*m

All four arise from the same S' — S* — CP* bundle structure. The fiber curvature Fg generates
particle masses (through the Beltrami spectrum of the contact distribution), the gravitational constant
(through the amphichiral coupling of the figure-eight mode), dark matter (through the projected
torsion of the fiber connection), and dark energy (through the global holonomy of the fiber around
noncontractible cycles). The unification is not that these phenomena are placed on the same space by
construction, but that they are different projections of a single geometric object—the curvature of the
U(1) connection—whose nontriviality (c; # 0) is forced by charge quantization and completeness.

6.2. Topological Regularization Principle

Theorem 46. Characteristic classes replace renormalization parameters.

Proof. Gauge couplings arise from normalization of curvature forms:

1
=~ /Sk Tr(F A +F).
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Since SK is compact, these integrals are finite topological quantities determined by Chern numbers.
Thus couplings are not arbitrary counterterms, but geometric invariants. Renormalization group
flow becomes spectral flow on compact manifolds. [

Absence of Fundamental Singularities

The fundamental fields are globally defined bundle data: the unified connection A, its curvature
F, the vielbein e#, and the torsion T4. The action is polynomial in these fields, being built from wedge
products, traces, and Hodge duals of smooth forms, and contains neither point-supported source
terms nor singular denominators. In particular, particle states are not introduced as delta-function
sources on spacetime, but arise from the spectral decomposition of the shell operators. This is the first
structural reason that the theory has no fundamental source singularities.

The second structural reason is spectral. On each compact smooth shell $"*1, the relevant
differential operators are elliptic or subelliptic and self-adjoint on the admissible sectors, and hence
possess discrete spectral data; in particular, spectral masses arise from eigenvalue problems on compact
manifolds rather than from singular local insertions [6] [26]. Thus the mass spectrum is generated
globally and spectrally, not by concentration of matter at points.

The third structural reason is geometric. The horizontal distribution on each shell is defined
by a contact form « satisfying a A (da)" # 0, which is precisely the nondegeneracy condition for a
contact structure [72]. Hence the shell geometry does not degenerate within the admissible field space.
Since the universal theory is realized through compatible smooth shell reductions of S* — CP*, and
since the action contains no mechanism that forces distributional blow-up, the theory contains no
fundamental singularity analogous to the curvature singularities produced in metric theories with
point-supported sources.

This conclusion is also consistent with the general Einstein-Cartan literature. Torsion introduces
additional geometric degrees of freedom beyond the Levi-Civita sector, and in a number of torsionful
models this modifies or removes singular behavior that would otherwise appear in purely metric
gravity [71,73,74]. We do not claim that every torsion theory is singularity-free; the point proved here is
narrower and stronger: in the present framework, the underlying universal theory has no fundamental
singularities because it is formulated in terms of smooth global bundle data and spectral modes, rather
than point-supported matter on a bare metric manifold.

6.3. Anomaly Cancellation from the Universal Bundle Structure

We prove that the effective four-dimensional theory obtained by spectral reduction from the
universal complex Hopf fibration
St — 8% — CP*

is free of gauge anomalies. The proof does not rely on odd-dimensionality (which does not suffice, as
parity anomalies can occur in odd dimensions [75,76]). Instead, it uses three structural properties of
the universal bundle.

Property 1: Contractibility of the Total Space

The total space 5% is contractible [2]. Therefore
HY($®;Z) =0  forallk > 1.

In particular, S® carries no nontrivial characteristic classes. Any global anomaly computed as a
characteristic number of the total space vanishes identically.

Property 2: Vanishing of Odd Cohomology of the Base
The base CPP* has cohomology

H*(CP*®;2) = Z[c],
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concentrated in even degrees. In particular,
H*1(CP®;Z) =0  forallk > 0.

Gauge anomalies in four dimensions are classified by characteristic classes in degree 6 (for
perturbative anomalies) and by elements of 7t5(G) or H®(BG;Z) (for global anomalies) [70,77]. In the
present framework, the gauge groups SU(2) and SU(3) arise as shell reductions of the universal U(1)
bundle, so their characteristic classes are determined by restrictions of c;.

On CP®, any degree-6 characteristic class is proportional to ¢; € H®(CP*;Z). The anomaly
polynomial of the effective theory is therefore determined by a single integer: the coefficient of ¢ in
the index density of the reduced Dirac operator.

Property 3: Spectral completeness forces trace cancellation.

The fermion content of the reduced theory arises from the spectral decomposition of the Beltrami
operator on the finite shell approximations

sl — g2+l __, Cpr, n=1,24.

The shell decomposition assigns gauge quantum numbers to eigenmodes through the representation
theory of the shell symmetry groups: SU(2) on S®, SU(3) on S°, and SO(10) on S°.
The anomaly coefficient for a gauge group G in four dimensions is

AG = Y, 1) - Y T(TE), (158)

left-handed right-handed

where the sum runs over all chiral fermion representations and T are the gauge generators.

In the present framework, chirality is determined by the sign of the torsion coupling A7’ (Section
2.5): fiber orientation selects left-handed versus right-handed. Because the fiber S! has exactly two
orientations (x and —a), and the Beltrami spectrum on each shell is symmetric under A — —A (the
operator B = *d has eigenvalues £(¢ + 1)), every left-handed mode at eigenvalue +A is paired with a
right-handed mode at —A in the same gauge representation.

More precisely, fiber reversal & — —a acts as charge conjugation (Section 2.5) and simultaneously
reverses chirality (I'x +— —I'x). For any eigenmode ¢ in representation R with chirality +1, the
conjugate mode Cy lies in representation R with chirality —1. The anomaly contribution of i and Cy
together is

Trg (T2) — Trg (%) = 0,

since Trg (T?) = Trz(T?) for all compact gauge groups.

This pairing is not imposed but follows from the spectral symmetry o () = —c(5) of the Beltrami
operator and the geometric identification of chirality with fiber orientation. The pairing is exact (not
approximate or anomalous) because:

1.  The Beltrami spectrum is exactly symmetric: if A is an eigenvalue, so is —A, with the same
multiplicity (since B is essentially self-adjoint and first-order on an odd-dimensional manifold,
its nonzero spectrum comes in =+ pairs).

2. The gauge representation content at +A and —A is identical, because the shell symmetry group
commutes with B (which is isometry-equivariant by construction).

3. The chirality assignment is correlated with the sign of A through the torsion coupling, ensuring
that paired eigenvalues carry opposite chirality.

Theorem 47 (Anomaly cancellation). The four-dimensional effective theory obtained by spectral reduction of
the universal torsion action on the complex Hopf fibration is free of all perturbative gauge anomalies.
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Proof. By Property 3, the chiral fermion spectrum consists of (A, +1, R) paired with (—A, —1, R) for
every nonzero eigenvalue A, representation R, and chirality +1. The anomaly coefficient is

A(G) = Y [Trr(T?) — Trg(T?)] = 0.
A>0

For global anomalies (Witten SU(2) anomaly [78]): the number of SU(2) doublets per generation
equals the number of eigenmodes in the fundamental representation of SU(2) at the relevant Beltrami
level on S3. Atlevel ¢ = n, the SU(2) representation has dimension 7 + 1, and the total number of
doublet-carrying modes per generation (counting all color and lepton species) is even by the Peter—
Weyl decomposition: the tensor product V; ® V;* contributes (¢ + 1)? states, which is always odd,
but the coexact restriction and chirality projection select an even subset. (Concretely, each generation
contributes 4 SU(2) doublets: 3 quark colors plus 1 lepton, matching the Standard Model.)

By Property 1, any global anomaly evaluated on the total space 5* vanishes because S% is
contractible. By Property 2, the anomaly polynomial on the base CP* is determined by ¢, whose
coefficient vanishes by the trace cancellation above. [

Remark 16. The essential mechanism is that the Beltrami operator has a spectrally symmetric nonzero spectrum,
and chirality is correlated with the sign of the eigenvalue through the fiber orientation. This is a structural
consequence of the first-order self-adjoint nature of B = *d on an odd-dimensional contact manifold and does
not depend on the specific shell or the specific gauge group. The anomaly cancellation is therefore automatic
across all shells and all gauge sectors simultaneously.

7. Predictions and Experimental Falsifiability

A unified theory must admit clear and independent experimental failure modes. The present
framework makes quantitative predictions that differ from both torsion-free General Relativity and
the Standard Model.

7.1. Holonomy-Induced Phase Wobble, Beam Steering, and Quantum Geometry

The U(1) connection on the Hopf bundle carries a quantum geometric tensor (QGT)
Gij = gij + 5 Qj, (159)

whose imaginary part ();; is the Berry curvature (fiber holonomy) and whose real part g;; is the
quantum metric (fiber torsion). On the Hopf bundle with the canonical contact connection:
0] =2 =1161x1073, | |—"‘—2—1349><10—6 (160)
2 ’ =g =+ ’
This is the same QGT recently measured by Sala et al. [79] through nonlinear magnetoresistance
in spin-orbit coupled LaAlO3/SrTiO;z interfaces: spin-momentum locking is the condensed-matter
realization of the fiber torsion that the present theory identifies as the geometric structure of spacetime.
The quantum metric produces three observables in accelerated interferometers, all controlled by
the universal prefactor a?/(471) = 4.238 x 107 and all identically zero in General Relativity (which
has no torsion).

Phase Wobble

For a Mach-Zehnder interferometer with arm length L, one arm accelerated at proper acceleration
a for duration T:

o aT?
A(l)wobble = E T (161)
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This is the torsion-induced phase from the quantum metric, surviving after all metric contributions
(Sagnac, gravitational redshift, acceleration-induced Doppler) are subtracted.

Beam Steering

The spatial gradient of the phase wobble gives a wavelength-independent angular deflection:

2
ac aT
00steer = a7 c (162)

This persists in field-free regions and affects photons and neutral matter identically—signatures with
no classical electromagnetic counterpart.

Polarization Rotation

The Berry curvature couples to photon helicity, producing a vacuum polarization rotation:

o aT?

GR predicts zero vacuum polarization rotation; any nonzero measurement after subtracting material
and Faraday contributions would constitute direct evidence for fiber torsion.

Configuration a L T A¢g 00 Bpol
(m/s?) (m) (s) (rad) (rad) (rad)
Lab bench 1 1 1 42x107%  14x107"%  49x107°
Enhanced
pance 10 1 1 42x10~°  14x10°®  49x10°8
(piezo)
Free-fall
reeta g 1 47 92x1074  65x10°1®  1.1x10°
tower
AION-10 g 10 13 70x107%  1.8x10713  82x107°
AION-100 g 100 3 37x107%  42x1071  43x107°

The phase wobble exceeds current interferometric sensitivity (~ 1071° rad /v/Hz) by four orders of
magnitude. The polarization rotation is within reach of nanoradian polarimetry. Beam steering is
below current thresholds but within the projected reach of AION, MAGIS, and ZAIGA [80-82].

Connection to Quantum Geometry in Condensed Matter

The identity between the Hopf fiber QGT and the Bloch-band QGT is not an analogy: in the
present theory, electronic band structure is the restriction of the fiber geometry to the crystal’s reciprocal
lattice. Sala etal. [79] measured the quantum metric through spin-momentum locking; Deng et al. [83]
identified a frequency-domain Berry curvature effect on time refraction (the temporal analog of Eq. 161);
Yang [84] established a comprehensive quantum geometry metrology framework whose techniques
are directly applicable to testing a UFT on the complex Hopf fibration. The Berry curvature measured
in anomalous Hall experiments and the quantum metric measured by Sala et al. are projections of the
spacetime fiber torsion and holonomy onto the solid-state Hilbert space.

Falsification
Observable Prediction GR Falsified if
A¢ 42 x 107 % rad 0 <10 ®rad
Opol 49 x 1077 rad 0 <107 rad
50 1.8 x 10713 rad 0 <10 ¥ rad
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A null result for the phase wobble at the predicted magnitude, in an interferometer controlling for
Sagnac, redshift, and Lorentz-force contributions, falsifies the framework.

7.2. Absolute Neutrino Mass Scale

Neutrino masses arise from discrete interference eigenmodes of the compact Hopf shell. See
derivation in Section 4.
The theory predicts:

®  adefinite lightest neutrino mass,
e fixed normal ordering,
®  precise mass-squared splittings.

7.3. Anomalous Magnetic Moment

The torsion operator induces a calculable shift in the lepton magnetic moment. The theory predicts
a definite deviation from the pure Standard Model electroweak value. The analytic expression and
numerical prediction are given in Section 4.22. Future precision measurements of a; provide a direct
and independent test of the theory.

7.4. Confirmation vs Falsification

Should these three falsifiers be experimentally confirmed to match predictions of the present
paper, the unification on the complex Hopf fibration could be considered to be a true Topological
Unified Field Theory (TUFT).

These observables are independent:

¢ Accelerated interferometric holonomy and beam steering,
¢  Absolute neutrino mass spectrum,
¢  Tau anomalous magnetic moment.

Failure in any one sector falsifies the framework. Agreement across all sectors would strongly
constrain torsion-free alternatives.

Conclusion

We have shown that charge quantization and completeness of the U(1) sector force any unified
gauge theory with gravity to be realized on the universal complex Hopf fibration S! — $* — CP®
and its finite shell hierarchy. This is not a model-building choice but a mathematical consequence: the
complex Hopf fibration is the unique principal U(1)-bundle whose classifying map is a homotopy
equivalence, and indecomposability of the total space forbids any factorization of the resulting gauge
structure.

The Standard Model gauge groups emerge uniquely along the nested shell hierarchy—SU(2)
from the S° shell and SU(3) from the S° shell—with the full structure intrinsically non-factorable
due to the generating role of the universal first Chern class. On each shell, the generalized Beltrami
operator on the contact distribution possesses a discrete spectrum whose eigenvalues are fixed en-
tirely by shell topology and eigenfield knot type. Torsion perturbation from nontrivial fiber twist
is bounded, ensuring spectral stability throughout the hierarchy. Quantum corrections arise from
the zeta-regularized functional determinant and are governed by Ray-Singer analytic torsion. Mass
scales are intrinsic to the compact geometry and determined solely by topological invariants: no free
parameters enter the framework, and none are needed.

Physical interpretations—Standard Model sectors, particle masses, fundamental constants, dark
sector phenomena, chirality, and time orientation—follow from the mathematics but are clearly
separated from the rigorous spectral and topological results. The framework admits independent
experimental tests, including holonomy-induced phase wobble in neutrino oscillations, the absolute
neutrino mass scale, and the tau anomalous magnetic moment, providing concrete falsifiability.
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This work contributes to the topology of classifying spaces [2] [10], dimensional reductions
along the Hopf shell hierarchy, contact spectral geometry [72] with torsion [6], and the geometric
origin of gauge unification. The complex Hopf fibration emerges not merely as a convenient arena
for unification, but as the canonical geometric foundation—the only structure that simultaneously
satisfies charge completeness, indecomposability, and spectral determinacy. Its rich topological and
spectral architecture merits sustained investigation in pure mathematics, independent of any physical
interpretation.
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