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Abstract

In this paper we introduce and study the concept of a braided quantum group with a nontrivial
example based on any braided group in a symmetric category. This generalize the notions of a braided
Hopf algebra with an integral, a Hopf group-coalgebra with a group-integral and an algebraic quantum

group.
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1. Introduction

In 2004, the authors in [2] showed that Hopf group-coalgebras (or Turaev’s group-coalgebras) are
Hopf algebras in a symmetric monoidal category, which we call the Turaev category. A similar result
holds for Hopf group-algebras. In 2007, the authors in [1] proved that Turaev’s group-coalgebras are
group-cograded multiplier Hopf algebras.

When the first author explained the concept of categories to a few outstanding university students
in her university and had them read the literature [1,2], two weeks later they asked the first author
whether there could be a braided version the concept of a multiplier Hopf algebra. The reasoning is
that the Hopf group-coalgebra (or Turaev’s group-coalgebra) (see [11,14] or [15]) can, on the one hand,
be seen as a braided Hopf algebra over a certain symmetric category (see [2]), and on the other hand, it
is also a type of co-graded multiplier Hopf algebra (see [1]). Therefore, in order to answer the students’
questions and to give back to teaching through research, we wrote this academic paper starting from a
teaching perspective to inspire students to pursue scientific research.

The main of this article is to introduce and study the concept of a braided quantum group with a
nontrivial example based on any braided group in a symmetric category. This generalize the notions
of a braided Hopf algebra with an integral (see [10]), a Hopf group-coalgebra with a group-integral
(see [11]) and an algebraic quantum group (see [13]). In a separate article, we specifically study the
Pontryagin duality problem of braided quantum groups.

This paper is organized as follows. In Section 1, we recall some basic notions of braided monoidal
categories and symmetric categories. In Section 2, we introduce the notion of braided multiplier rings
and study their properties (see Propositions 1 and 4).

In Section 3, we mainly introduce the concept of a braided multiplier Hopf algebra in a symmetric
category ¢ (see Theorem 1). In the final section, we introduce the concept of a braided quantum group
and develop the main result established as in last section (see Theorem 3).

2. Preliminaries

Let us recall some basic definitions. A monoidal category ¢ = (¢,,a,1,1,r) is a category ¢
endowed with a tensor product functor : €4 — ¥, a tensor unit object I € ¢ and natural
associativity constraint isomorphisms

a=ayyvw - (UV)W = U(VW)
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forall U, V,W € ¥ and a left unit constraint | = I;; : IU = U, a right unit constraint r = ryy : Ul = U,
for any U € ¢ such that the associativity pentagon:

ayy,wx ©auy,w,x = (iduay w x) o auyw,x o (ay,y,widx)

and
(idyly) o (ruidy) = au,1L,v

are satisfied. A tensor category ¥ is strict if all the constraints are identities. We say that ¢’ is left (resp.
right) autonomous when any object has a left (resp. right) dual and that ¢ is autonomous if it is both
left and right autonomous. For the basic category theory, we refer to [5].

A monoidal category ¥ is called a braided monoidal category if for every object M in ¢ we have
natural isomorphisms 7y : M® — = —®@ Mand 7_ : — ® M = M ® — which verifies some
appropriate coherence conditions, we refer to [4].

An object A in a monoidal category % is called an algebra if there are two morphisms in 4"
ot AA — A, 54 :1— Asatisfying the associativity and unitary conditions of usual algebras
but expressed in diagrams. We call i 4 is the product in A. If € is braided, then the opposite algebra
A°P of Ain € is the object A with the product ‘ui‘p in A% given by yfqp =JpOT.

We recall from [6,7] some notions concerning modules in a monoidal category. Let € be a
monoidal category, and let A and B be algebras in 4. An object M in ¥ is called an A-B-bimodule
if there are two morphisms in ¢: my : AM — M and mp : MB — M satisfying the coherence
conditions: m o (idmy) = my o (uaid), mg o (mpid) = mp o (idug) and m4 o (idmp) = mp o (m4id)
on AMB. The bimodule category 4¢3 consists of objects in 4" which have an A-B-bimodule structure
and morphisms in € which are A-B-bilinear. Write 4%, €3 for the categories 447 and ;¢3, respectively.

We will work on the monoidal category ¢ = gy M over a Hopf algebra H with a bijective antipode
S. An algebra A in ¢ = M is equivalent to that A is a left H-module algebra. We say that A is
non-degenerate if ab = 0 for all b € A implies a = 0 and ab = 0 for all 2 € A implies b = 0. A linear
functional w : A — Kis said to be faithful if w(ab) = 0 for all b implies 2 = 0 and w(ab) = 0 for all a
implies b = 0. A left A-module M is called nondegenerate if for all m € M the equalities am = O for
alla € A imply that m = 0. A left A-module M is called idempotent (or unital) if M = AM.

Let H be an ordinary coalgebra. We will use the simplest Sweedler’s notation (cf. [9]): A(h) =
Y h1 ®@hyforany h € H.

3. Braided Multiplier Rings

In this section we introduce the notion of braided multiplier rings and study their properties
generalizing the corresponding notions and results in [3].

Definition 1. Let A be an algebra in €. Then we say that a linear map1: A — A is a left multiplier of A if
tu = u(tid). Similarly, we call a linear p : A — A is a right multiplier of A if pu = u(idp). We denote the
space of left and right multipliers by IL(A) and R(A), respectively.

Denote the set of all pairs (1, p) by M(A) wheret € L(A) and p € R(A) such that p(idt) = u(pid)
on AA. We call the such pair (1, p) a multiplier.

Proposition 1. Let A be an algebra in €. Then M(A) can be viewed as an algebra in € with multiplication
(Lo)(H,p') = (to¥,p'op)

forall (1, 0), (Y, 0") € M(A), and with unit Tyyn) = (id, id).
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Proof. Obviously, the associativity of the multiplication and the unitary are the same as ones in the
usual multiplier algebra. Now, we have to prove that M(A) is an object in €. This consists of the
following three steps:

Step 1) Define the following linear map >:

>: HL(A) — L(A), (het)(a) =) hi(S(
foralla € A,t € L(A) and h € H. In fact, we compute, forall a,b € A

(ho1)(ab) = Y Id(S(hy)(ab))
Y m@A(S(h3)a)(S(ha)k))
Y (m1(S(hs)a)) (h2S(h3)k)) = (h>1)(a)b

and so h>t € L(A). Moreover, L(A) € €. First, it is easy to see that (L(A),>) is a left H-module and
h>id = e(h)id for all h € H. Then we also have that

Y ((hi>1) o (hapt))(a) Y (i > 1) (oY (S(h3)a))
= Y m@A(S(h)hs(t' (S(hs)a))))
(h>(1ot))(a)

forallt, € L(A),a € Aand h € H, and so
he (tol) =) (hivt)o (hynt).
Step 2) We define the following linear map
- HR(A) — R(A), (1 p)(a) = L ha(o(S~ (1))
foralla € A,p € R(A) and h € H. We check thath - p € R(A) as follows, foralla,b € A
(hFp)ab) = Y ho-p(S~ (i) - (ab))
= Y ha((S7'(h2) - @)p(ST () - b))

_ Zuzas*l(hz) -a)(hy - p(S7" (1) - b))
= a(htp)(b).

It is straightforward to check that (R(A),+) is a left H-module and & + id = ¢(h)id for all h € H.
However, R(A) is not an object in % In fact, we compute

Y (o Fp)o(hitp))(a) = Z(haFP )(hy - 0" (S~ (1) - @)
Y hap(S~ (h3)hy - p'(S™ () - )
= (hF(pop’))(a)

forallp,p’ € R(A),a € Aand h € H, and so

F(pop’) =) (lntp)o(h o).
In final step 3), we first define a left H-module action on M(A) by the following formula:

h-(p)=(heothtp)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1858.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 February 2026 doi:10.20944/preprints202602.1858.v1

40f15

forallh € Hand (1, p) € M(A). First, to to check /1 - (},p) € M(A), we compute

a((heb)(0)) = Y a(l (1(S(hz) b)))

= Y h( ~a)k(S(h3) - b))

= Y (o hl) a)(S(h3) - b))
= Z(hz'P(S Y(h1) - a))(h3S(hy) - b)
= (htp)(a)b.

Finally, we have that for all (1,p), (Y,p’) € M(A)and h € H,

he(t n,0)) = (he(®)hE (o'p))

Z( (hi>t)o(hy l>1/) (hy l—p/)o(hl Fp))
Y (( hl >1), hl Fp))((havt), (b = p'))
Y (- )(hz - (F,0"))

and h € (id,id) = e(h)(id, id).
This computes the proof of the proposition. [

Proposition 2. With notations as above. Then there are natural algebra homomorphism in €

ian: A= M(A), iala) = (g, 04),
Y, i M(A) — L(A), Yy(tp)) =t and
Yy : M(A) — R(A)P, Yy((tp) =p

where t,(b) = aband p,(b) = ba forall a,b € A.

Proof. Obviously, these map are algebra homomorphisms, and Y/, and Y’; are morphisms in %
On the other hand, by the proof of the Proposition, we know that L(A), R(A)° and M(A) are
algebrasin €. Foralla,b € A and h € H, we have that

(h>1e)(b) = ) hi(a(S(h2)b)) = Y (h1a) (ha(S(h3))) = (ha)b = tq(b).

Similarly, we get (h - p;) = ppr-,. From these equations we imply that i 4 is a morphism in %.
This computes the proof of the proposition. [

Corollary 1. With notations as above. Then A is non-degenerate if and only if L =Y, oipand R = Y, oin
are injective, in particular, i, is injective as well.

Definition 2. Assume that H is any Hopf algebra. We say that A is a left H-module algbera extension of B if
the following conditions hold:

(i) A and B are left H-module algebras,

(ii) (A, —, +) is a B-bimodule in €,

(iii) (b — a)a’ = b — (aa’) and a(a’ — b) = (aa’) — b foralla,a’ € Aand b € B,

(iv) (a — b)a' =a(b—d') foralla,a’ € Aand b € B.

Furthermore, A is said to be a nondegenerate (resp. idempotent) left H-module algbera extension of B if A
is nondegenerate (vesp. idempotent) as a B-bimodule as well.

Proposition 3. Let A be a nondegenerate algebra 6. Then A is a nondegenerate idempotent left H-module
algbera extension of M((A) with actions given by

z—=a=*%a) and a+—z=p(a)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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forany z = (},p) € M(A) and a € A.

Proof. By Proposition 1, we know that a left H-module algebra. We prove that — is a morphism in &.
Similarly, we get «— is a morphism in & as well. In fact, we compute

— (h(za)) Y (hz) = (h2a) = (hi>1)(h2a)

= Y (S (h)hsa)) = Hl(a) = hz — a)

forallh € H,z € M(A) and a € A. The rest are obvious. Also, since for all (1,p), (Y, p’) € M(A) and
a,b € A, we have that

1(p'(a))b = 1(o(a)b) =H(at' (b)) = H(a)¥'(b) = p'(1(a))b.

By the nondegenerateness of A, the above equation implies A is a M[(A)-bimodule.

The conditions (iii) and (iv) in Definition 2 are obvious.

Finally, we have to prove that A is nondegenerate as a M[(A)-bimodule, e.g., for any a € A such
thatz — a = 0 for all z € M(A) we want to show that a = 0. In fact, since A = A — M(A), we can
write b = Y ; b; — z; forb; € A and z; € M(A). Hence we have that ba = (Y;b; — z;)a = Y; bi(z; —
a) = 0. By the nondegenerateness of A, we conclude thata =0. O

Proposition 4. Let A and B be algebras in €. Then

(i) There exists a bijective correspondence between algebra homomorphisms L : B — IL(A) in € and left
B-module structures on A such that ys(baa’) = bu(aa’) foralla,a’ € Aand b € B,

(ii) There exists a bijective correspondence between algebra homomorphisms R : B — R(A) in € and
right B-module structures on A such that y(aa’b) = pa(aa")b foralla,a’ € Aandb € B,

(iii) There exists a bijective correspondence between algebra homomorphisms M : B — M(A) in ¢ and
left H-module algbera extension structures of B on A.

Proof. (i) If there is an algebra homomorphisms L : B — L(A) in %, then we define @ : BA — A by
bea=L(b)(a)forallb € Banda € A. Itis straightforward to check that the action is associative and
that us(beaa’) =bep(aa’) foralla,a’ € Aand b € B. We also have to prove that e is a left H-linear,
in fact, we have

o(h(ba)) = ) e(hbhya) = L(hik)(ha)
Y (k1> L(b))(hpa) = hy(L(b)(S(h2)h3a)
h(L(b)(a)) = h(bea)

foralla € A,b € Band h € H. Conversely, if A is a left B-module with action > in ¥, then define
L:B— L(A)by L(b)(a) =b > aforalla € Aand b € B. Since 4 is a left B-linear this map is
well-defined. It is not hard to show that L is an algebra map. Finally, it remains to show that L is
morphism in €. Indeed,

(h>L(b))(a) = Y hi(L(b)(S(h2)a) =Y m(b > (S(h2)a))
= ) (mb) > (h2S(h3)a) = (hb) > a = L(hk)(a)

forallu e A,be Band h € H.

(ii) Similar to the part (i)

(iii) Suppose that the map M : B — M(A) in ¥ exists. Then we get two algebras maps
Y, oM:B — L(A)in%¢ and Y, o M : B — R(A) in ¢. Thus by the part (i) and the part (ii),
A will be a left and right B-module with B-actions given by bea = Y/, (M(b))(a) = M(b) — a and
ab = Y, (M(b))(a) = a — M(b) foralla € Aand b € B, where — and < are the left and right

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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M(A)-actions on A (see Proposition 3). Since A is a left H-module algbera extension of M[(A) it follows
that A is a nondegenerate idempotent left H-module algbera extension of B. In converse, By the
first two parts, we have algebra morphismsin ¢ L : B — L(A) and R : B — R(A)?". We define
M : B — M(A) by M(b) = (L(b),R(b)) for all b € B. The verifications of the rest things such that M
is an algebra morphism in %’ is straightforward.

This completes the proof of the proposition. [

4. Braided Multiplier Hopf Algberas

In this section we introduce the concept of a braided multiplier Hopf algebra in ¢ generalizing
the main result in [12].

Let A be an algebra in ¥. Let A : A — M(AA) be a morphism in ¢. Then the left-right,
right-left, left-left and right-right entwining maps E;,, E,;, Ejj, E;y : AA — M(AA) for the pair (u,A)
are defined by

Ej, = (idpa) o (Daid), Ey = (paid) o (idAy),
Ey = (ufid)o (idAp)ot, Ep = (idu’]) o (Apid)oT.
Similarly, we write Efrp, Eflp , Eflp ,E;¥ for the corresponding entwining maps of the pair (%7, A).
The following lemma is straightforward.

Lemma 1. With the notations as above. If A is a morphism in €, then E,,, E,;, E;; and E,, are all morphisms
inég.

Definition 3. Let A be an algebra in €. A morphism A : A — M(AA) in € is called a coproduct if it is
coassociative in the sense of the following

(Erlid) o (idElr) = (idElr) o (Erlid)' 1)

If € is braided, then the opposite coproduct AP : A — M(AA) in € is defined by AP = TA.
We will write AP for A equipped with the opposite coproduct. Then we write Elcfp, E;ZOP , Elclo P E.F for the
corresponding entwining maps of the pair (p, A®F).

We may also reverse both product and coproduct and then get APV =: (A°P)°P. Similarly, we write
Efrp “r, E:lp “r, Eflp P E)LF for the corresponding entwining maps of the pair (u°F, AP).

It is not hard to check the lemma below.
Lemma 2. Let A: A — M(AA) be a coproduct in the braided monoidal category €. Then

0 0 0 0
E)V =Eq,ot, EJ=Ejot, El=Ejot, Ef =E,oT,

E¥ =t0Ey, E’=to0E,, E/f=t0E, E;’ =10E,,

Ir
opcop opcop
E = Erl =

Ir
opcop opcop
Ell Ey;

ToE, o7, ToE,orT,

=ToE, o7, =ToEjoT.

Definition 4. Let A: A — M(AA) be a coproduct in €. An algebra homomorphism e : A — Kin € is
called a counit if

(¢id) o Ejp = H= (ide) o Ey. 2)

Definition 5. Let A : A — M(AA) be a coproduct in € and € a counit on A. We say that A is a braided
multiplier Hopf algebra if E;, and E,; are bijective so that E;,(AA), E,;(AA) C AA. Furthermore, A is called
regular if if E;; and E,, are bijective such that E;j(AA), Ex(AA) C AA.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Example 1. Any braided Hopf algebra in € is a braided multiplier Hopf algebra in €.

Example 2. For any a braided group Q in € (cf. [8]). Let A = C(Q) be the algebra of complex, finitely
supported functions on Q. In this case M (C(Q)) consists of all complex function on Q. Moreover C(Q) ® C(Q)
can be identified with finitely supported complex function on Q x Q so that M(C(Q) ® C(Q)) is the space of
all complex functions on Q x Q.

We now define A : C(Q) — M(C(Q) ® C(Q)) by

A(f)(p,q) = f(pq), forallp,qeQ
and e : C(Q) — Cby
ea(f) = f(e) forall f € C(Q).

It is straightforward to check that A and e are algebra homomorphisms.
We define:

EL(fg)(p.q) =8(f)(1@g)(p.q9) =Af)(p,a)(1®8)(p.q9) = f(pa)g(q)

and
Eq(f3)(p.q) = (f @ DA(Z)(p,q) = (f @ 1)(p,9)A%(8) (pg) = f(p)g(pq),

E;(f ® g) and E,;(f ® §) have finite support and belong to C(Q) ® C(Q).
Similarly, we define E;, and E,; by

Ri,(h)(p,q) = h(pg~',q) and Ry(h)(p,q) = h(p,p'q),

forallh € C(Q)) ® C(Q) and p,q € Q. It is easy to check that E,, is bijective with the inverse R;,. Similarly
for E,; with the inverse R,;.
Furthermore, we have

[(eid)E;(f8)l(p) = (A(f)(1®g)) (e p)
= A(f)(ep)(1®g)(ep) = f(p)g(p) = (f8)(p),

and similarly, [(ide)E" (f ® §)] = fg forall f,g € C(Q) and p € Q.
Therefore, A = C(Q) is a braided multiplier Hopf algebra. [ |

Corollary 2. Let (A, A) be as before with counit e. Then
(Eld) oE, = U= (idE)Ell.

Proposition 5. Let (A, i, A) be as before and assume that ¢ is a couint. Then
(1) if € is any linear map from A to K satisfying (8¢’
(2) if € is any linear map from A to K satisfying (8¢’
(3) if ' is any linear map from A to K satisfying (¢'B
(4) if € is any linear map from A to K satisfying (¢B

oE, =y, thene=¢.
oE; =y, thene =¢.
oE;, =y, thene =¢.

N — —

oE; =, thene = €.

Proof. Notice that ¢ is an algebra map. Assume that ¢’ is any linear map from A to K satisfying
(ide)E,;(ab) = ab for all a,b € A. We know that (¢id)E,;(ab) = e(a)b since ¢ is a counit. Applying ¢’
to this equation we obtain that ¢(ab) = e(a)¢'(b). Because ¢(ab) = ¢(a)e(b) and ¢ can not be trivially
zero, we get ¢(b) = €(b) for all b € A. This proves the part (1). The other ones are gotten in a similar
way. O
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Lemma3. Let A: A — M(AA) be a coproduct in the braided monoidal category €. Then

(1) Epo(uid) = (idp) o (Eyid) o (idEy,), (3)
(2)  (uid) o (idE,*) = (idp) o (E;, 'id) o (Eyid). 4)

Proof. (1) We compute as follows

Eyy o (pid) = (idp) o (Aid) o (pid)

(idu) o (ppid) o (idtid®) o (AAid)

(idp) o (nidu) o (idtid®) o (Aid®) o (idAid)

(idu) o (uid?) o (idtid) o (Aid®) o (id?u) o (idAid)
(idu) o ((pid) o (idt) o (Aid)id) o (id(idu) o (idA))
(idu) o (Eyid) o (idEy,),

as desired.
(2) By the first part (1), we have

(pid) o (idE;") = E; o Eyy o (uid) o (idE; )
El_rl o (idp) o (Eyid)
= (idu) o (E;,'id) o (Eyid).

This ends the proof. O

Lemma 4. Let A: A — M(AA) be a coproduct in the braided monoidal category €. Then

(1) Eyo(idp) = (idp) o (Eyyid),

(2)  (idp) o (Eqid) = (pid) o (idEy,),

(3) E, o (idu) = (up) o (idtid) o (E,A). (5)
Proof. Straightforward. 0O

Now we prove the main result of this section.

Theorem 1. Let A : A — M(AA) and e be a coproduct and a couint in the braided monoidal category €,
respectively. Then A is a regular braided multiplier Hopf algebra if and only if there exists a unique isomorphism
S : A — A which is both an algebra antihomomorphism and a coalgebra antihomomorphism such that

pao (Sid)oE;, =¢id, pyo(idS)oE, =ide and €S =ce.

Proof. The proof is similar to one in [13]. If A is a braided multiplier Hopf algebra in the braided
monoidal category &, then we have to construct the morphisms S.
We first defineamap S; : A — End(A) by

S1(a)(b) = ((eid) o E;,") (ab)
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foralla,b € A. Itis obvious that 5;(a) is a morphism in ¢ and furthermore, it is a left multiplier. We
claim that S; : A — LL(A) is an algebra antthomomorphism. We compute

po (id;i) o (idslid) o (Erlid)
po (ideid) o (idE; ) o (E,id)

=" o ((ide) o Eyid) o (idE},")
=) o (pid) o (idE;) = po (idu o EY)
=" o (ideid)
and so we have
o (idp) o (idSid) o (Eyid) = p o (ideid). ©

Then,

wo (idy) o (idSid) o (iduid)
o(idtid) o (Eyid) o (idtid) o (E,id?®)
= o (idyu) o (idS;id)
o(upid) o (idtid®) o (id*Aid) o (E,id?)
= o (idy) o (idSid) o (upid) o (idtid*) o (E,Aid)

idy) o (idS;id) o (E,jid) o (idpid)

(id
(
(
o (
o (ideid) o (idpid)

po (ideid) o o (id?¢id) since ¢ is an algebra map
po (idp) o (idSid) o (Eyjid) o (id*eid)

o (uid) o (idS;id) o (id?¢id) o (Eid?)

o (o (ideid)id) o (id*Syid) o (idtid) o (Eyid?)
o (pid)

pid) o (iduid) o (idS;id®) o(E,id*)

o(id?S;id) o (idtid) o (E,id*)
= o (idpu) o (idSid) o (id*u) o (id*S;id)
o(Epid®) o (idtid) o (Eyid®)
= o (idp) o (idSid) o (id*u) o (id*S;id)
o(idtid) o (idtid) o (E,id) o (idtid) o (E,id®)
= o (idu) o (iduid) o (idtid) o (idS;S;id)
o(idtid) o (idtid) o (Eyid) o (idtid) o (E,id?),

and hence

po (idu) o (idS;id) o (iduid)
= p o (idu) o (iduid) o (idtid) o (idS;S;id).

Since the product in A is nondegenerate we get S;(ab) = S;(b)S;(a) foralla,b € A, as required.
Similarly, define a map S, : A — End(A) by

aSy(b) = ((ide) o E;*)(ab)
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for all a,b € A. For S,, by an analogous calculation, it is not hard to see that S, is an algebra
antihomomorphism from A to R(A), and we have

po (pid) o (idSyid) o (Ejid) = o (ideid). (7)
By Equations (6) and (7), we obtain that
po(idp) o (idS)id) = p o (pid) o (idSrid),

which means that (S;(a), Sr(a)) is a multiplier of A for any a € A. We denote S : A — M(A) by the
morphism in ¢ given by S; and S,. Then one has thus proved so far that S : A — M(A) is an algebra
antihomomorphism.

In a similar way one defines for a € A, §;(a) € L(A) and S, (a) € R(A) by

Si(a)b = (gid) o Eﬁl ot(ab) and bS;(a) = (ide) o E;,* o T(ba).

Based on Lemma 2, we have (Elfp)’l = Eﬁl oTand (E:fp)’l = E;,;! o 7. The above discussion applied
to A%P verifies that S; and S, determine an algebra antihomomorphism S : A — M(A).

Now we want to show that § and S define a morphisms in %’ from A into A which are inverse to
each other. To do this, we compute

po (idu) o (iduid) o (idSid?) o (idtid)
= o (uid) o (idSid) o (id*u) o (idtid)
p o (uid) o (idSid)
o(id*) o (idvid) o (idEy,id) o (idE, id)
(
(
(

= o (pid) o (idSid) o (iduid)
o(id®u) o (id*tid) o (idAPid®) o (idE; 'id)
= po (uid) o (iduid) o (idSSid) o (idtid) o (id>u)
o(id*tid) o (idAPid*) o (idtid) o (idt o E; tid)
since S is an algebra antihomomorphism

= po (uid) o (iduid) o(idSSid)

o(id®E;") o (idt o E, 'id)

= po (idu) o (iduid) o (idSid?) o (id*Sid)
id®E; ") o (idT o E; tid)

= o (idyu) o (idSid) o (id?u) o (id*Sid)

(
(
(
(
o(id®E),") o (idt o E}Mid)
(
(
(

o

o (idu) o (idSid) o (id%cid) o (idT o Elr id)
o (idu) o (idSid) o (id(eid) o (eid) o E}, " Lid)
o (idu) o (idSid) o (iduid) o (idSid?)

K
= K
K

where in the last step of the computations above we used the definitions of S and S.

As a consequence we get the following equation o (Sid) o T = S o u(Sid), here both sides are
regarded as morphisms from AA into M(A) in €. By this equation and taking p € A so thate(p) =1,
we have that foralla € A S(a) = S(a)e(p) = Souo (Sid) o E,(pa) = po (Sid) o T o Ej,(pa). This
proves that S defines a morphism from A to itself. Similarly, we have that S is also a morphism from
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Ato A. Again, we have that o (uid) o (idSid) = y o (uid) o (idSS o S). This implies that So S = id.
Similarly, we get S o S = id. By Equations (6) and (7), we have that

jiao(Sid)oEy =eid, pyo (idS)oEy, = ide

as desired. Furthermore, these two equations implies the uniqueness of S.
We have to show that S is an antithomomorphism of coalgebras. By Equations (3) and (4), we

(idu) o ((idS) o Ejid) = (idu) o (E;.* o Eyid).

This implies that
El_rl 9] Ell = (ldS) o) Erl- (8)

Similarly, we obtain that
E ' oE, = (E;N)P o E;P = (idS™') o E)V = (idS™') o T o Epy. )
By Equations (8) and (9), we have
E o0 (SS) = (Sid) o To E;' o (Sid). (10)
From the definition of S and Equation (2) we compute
(idy) o (E;'id) o (id) o (idSid)
= (ideid) o (idE),) o (E;'id) o (tid) o (idSid)

= (,’l/l d) (ZdSld) o (Erlid) @) (idElr)
o(E, Lid) o (tid) o (idSid)
—_——

(nid) o (idSid) o (idE;,) o (Sid?) o (id)
(uid) o (SSid) o (idEy,) o (tid)
(Sid) o (u°Pid) o (idE),) o (id)
(Sid) o (u°%id) o (id*u) o (idAid) o (tid)
(Sid) o (idp) o ((uFid) o (idA) o Tid)

= (idp)o (Sid®) o (Eyid).

This implies
(Sid) o Ejy = E;;' o T o (idS). (11)

By Equations (10) and (11) we have

(idu°F) o (Aid) o (Sid) o (idS)
= E4o(SS)ot
(Sid)oTo Er_ll o(Sid)ot
(SS)oToEy
(idu°F) o (SSid) o (tid) o (Aid) o (idS).
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This implies Ao S = (SS) o T o A and proves that S is an antihomomorphism of coalgebras in €.
Finally, since S : A — A is algebra and coalgebra homomorphism we have E;, o (SS) = (SS) o Ej,.
Hence one gets

(eid) o (SS) o Ej, = (eid) 0 Ejp 0 (SS) = poo(SS) = Sopu = (eS) o Ey,.

From this equation we deduce that (¢ 0 S)S = €S because Ej, is bijective. Since the product in A is
nondegenerate and S is bijective this shows € o S = e. Therefore, we have shown that there is a unique
map S satisfying the desired properties.
Conversely, we define the inverse E; Lof Ej, by
E, ! = (idy) o (idSid) o (Aid)
where both sides are viewed as morphisms from AA to M(AA) in €. In particular, the image of the
last map id contained in AA. We calculate

o

(iduid?) o (idSid®) o (Aid®) o (Ep,id?)
o (ideid?) o (Aid®)

Similarly, we have that (uu) o (idtid) o (El;1 o E,id?) = (up) o (idtid) which proves that Ej, is an
isomorphism in €.

Analogously, the other entwining maps can be shown to be isomorphisms in ¢ as well.

Finally, for all a,b,c € A we compute

(idS)((c1)Eyr(ba)) (idS)(Ey(ca))(15(b))

(c1)E,* (aS(b)).

Hence
Eyr(ba) = (idS~') o E ! o (idS)(ab)

foralla, b € A. It follows that E,,(AA) C AA. By a similar argument, we have E;;(AA) C AA. This
proves that A is regular.
This completes the proof of the theorem. [J

As a corollary of Theorem 1, we have the following characterisation of a braided Hopf algebra in
[10].

Corollary 3. H is braided Hopf algebra in € if and only if the associated E;, and E,| are bijective in €.
We also have the following important result.

Theorem 2. If A is an algebra in € with identity and A a coproduct on A such that (A, A) is a braided Hopf
algebra, then (A, A) is a braided multiplier Hopf algebra. Conversely, if (A, A) is a braided multiplier Hopf
algebra and if A has an identity, then (A, A) is a braided Hopf algebra.

Proof. The proof is straightforward. [

5. Braided Quantum Groups

In this section we introduce the concept of a braided quantum group and develop the main result
established as in last section.
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Definition 6. With the notations as before. Let A is a coproduct on A. Then a no-zero morphism ¢ : A — K
in € is called left integral if

(8p) o E(ba) = p(a)b

foralla,b € A. Similarly, a no-zero morphism  : A — K in € is called right integral if

(yB) o Eyr(ab) = y(a)b
foralla,b € A.

Definition 7. Let A: A — M(AA) be a coproduct in €. We say that A is a braided quantum group if the
entwining maps E;,, Ey;, E,; and E,, are bijective so that E;,(AA), E,j(AA),E;(AA),E(AA) C AA and
there is a faithful left integral ¢ on A.

Since the proof of the following lemma is parallel to the one for regular multiplier Hopf algebra
[12] we omit it.

Lemma 5. Let A be a reqular braided multiplier Hopf algebra in €. If ¢ is a left integral on A, then ¢ is
faithful.

The following is the main result of this section.

Theorem 3. Let A : A — M(AA) be a coproduct in the braided monoidal category € such that the images of
all associated entwining maps belong to AA. Assume that ¢ : A — K is a left integral. Then A is a braided
quantum group if and only if there exist a unique counit € on A and an isomorphism S : A — A in € which
is both an algebra antihomomorphism and a coalgebra antihomomorphism such that

pao (Sid)oE; =eid, ppo (idS)oE, =ide and €S =e.

Proof. By Theorem 1, Lemma 5 and Proposition 5, we just construct the map . Choose an element
x € Assothat ¢(x) = 1. Now define a linearmap e : A — Kby e(a) = (popuoE ) (xa)foralla € A.
Obviously, € is a morphism in ¢. Now, define a morphism E : A — LL(A) by E(a)b = (u o E;l) (ab)
foralla,b € A. By Lemma 4 (1), one easily see that the morphism E is well-defined, i.e., E(a) is a left
multiplier of A. By Equation (1), we compute

(idy) o (idEid)
= (idp) o (idEid) o(Eid) o (E;'id) o (idEy,) o (idE}")
—_—————

= (idp) o (idE") o (Eyid) o (idEy,) o (E;;"id) o (idE, ")
= (idp) o (idE;") o (idE),) o(Eyid) o (E; id) o (idE, ")
N———

= (idu)o (1dElr1)

= (idy) o (idE;,") o (Enid) o (E,;"id)
= (idu)o (E rlzd) o (idE;,") o (E;'id)
= (pid) o (E;'id) by Lemma4 (2).

This implies
(idy) o (idEid) = p o E,"id. (12)
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On one hand, evaluating Equation (12) on a tensor xab for all ,b € A and the chosen element
x € A as above and applying ¢id, we obtain

E(a)b = (¢id)(xE(a)b) = ¢(p o E;ll(xa))b =¢(a)b

and so E(a) = €(a)l because the product on A is nondegenerate. Hence we have (¢id) o Ej, =
po (Eid) o Ep, = p.

On the other hand, by Equation (12), we get y o E;ll (ab)x = (idu) o (idEid)(abx) = (idu)(ae(b)1x) =
ag(b)x = ag(b)x for all a,b € A, which implies (ide) o E,; = p. This proves that Equation (2) holds.

To finish that € is a counit, we have to show finally that ¢ is an algebra homomorphism. We
compute

(ide) o (idy)
= (ide) o (idu) o (idt) o (E,id) o (idT)
o(idt) o (E;id) o (idT)
= (ide) o (up) o (idtid) o (id*A)
o(idt) o (E;;id) o (idT)
= (ide) o (up) o (idtid) o (id*A) o (Eyid) o (E; id)
o(idt) o (E;id) o (idT)

P N

=" (ide) o E,j o (idu) o (E;;id) o (id7) o (E;;'id) o (idT)
= o (uid) o (E;'id) o (idt) o (E;;"id) o (id7)
= o (ideid) o (E,id) o (E;'id) o (id7) o (E,'id) o (idT)
= po(ideid) o (idt) o (E;;'id) o (id7)
= (ide) o (ideid) o (id7) o (Eyid) o (idT)

o(idt) o (E,;'id) o (idt)
= (ide) o (ideid)

which implies that e(ab) = e(a)e(b) for all a,b € A. Therefore ¢ is an algebra homomorphism.
This completes the proof of the theorem. [
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