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Abstract: In this paper, we introduce the notion of weighted generalized group inverse in a Banach
algebra with proper involution. This is a natural generalization of weighted weak group inverse for a
complex matrix and Hilbert space operator. We present several characterizations and representations
of this generalized inverse. In addition, a new partial order on elements in a Banach *-algebra is
investigated by using the weighted generalized group inverse and some known results are thus
generalized.
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1. Introduction

Let A € C"*" be a complex matrix. The group inverse of A is defined as the matrix X € C"*"
satisfies the equations:
XA? = A, AX? = X, AX = XA.

Such X is unique if exists, denoted by A*. As is well known, a square complex matrix A has group
inverse if and only if rank(A) = rank(A?).

In [18], Wang and Chen introduced and studied a weak group inverse for square complex
matrices. A square complex matrix A has weak group inverse X if it satisfies the equations:

AX? =X, AX = APA.

Here, A® is the core-EP inverse of A (see [11,13,14]). Weak group inverse was also generalized to a
rectangular matrix and Hilbert space operator (see [5,15]). We refer the reader to [16,19,20] for more
results on weak group inverse.

Let B(X,Y) be the set of all bounded linear operators from X to Y, where X and Y are
infinite-dimensional complex Hilbert spaces. Very recently, Mosi¢ and D. Zheng introduced and
studied weighted weak group inverse for Hilbert space operators. Let A € B(X,Y) and W €
B(Y,X) \ {0}. The W-weighted weak group inverse of A is defined as

AOW = (A2WI)2A,

Here, AW is the weighted core-EP inverse of A (see [10,12,15]).

A Banach algebra is called a Banach *-algebra if there exists an involution * : x — x* satisfying
(x +y)* = x* +y*, (Ax)* = Ax*, (xy)* = y*x*, (x*)* = x. The involution x is proper if x*x = 0 =
x = 0 for any x € A. The algebra C"*" of all n x n complex matrices is a Banach algebra with
conjugate transpose * as its proper involution. If X is a Hilbert space then the algebra B(X) of all
bounded linear operators from on X, with the usual operations and norm, is a Banach algebra with
the adjoint operation as its proper involution. The goal of this paper is to generalize (weighted) weak
group inverse for complex matrices and Hilbert space operators to elements in a Banach algebra with
proper involution. Some known results are thus generalized wider cases.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Let A be a Banach algebra with proper involution *. An element a € A has g-Drazin inverse
(i.e., generalized Drazin inverse) if there exists x € A such that ax? = x,ax = xa,a — a’x € A,
Such x is unique, if exists, and denote it by a?. Here, A7 = {s € A | 1+ Aa € A~'}. Evidently,
ac AT & nlgrolo | a™ || i=0.Asa generalization of weak group inverse mentioned above, the author
introduced and studied generalized group inverse (see [2]). An element a € A has generalized group
inverse if there exists x € A such that

. 1
x = ax?, (a*azx)* = a*a?x, lim [la" — xa”+1||n =0.
n—o0
Such x is unique, if exists, and denote it by a®. Here, we list several characterizations of generalized
group inverse.

Theorem 1. (see [2] Theorem 2.2, Theorem 4.1 and Theorem 5.1) Let A be a Banach *-algebra, and let a € A.
Then the following are equivalent:

(1) a € A®.
(2) There exist x,y € A such that

a=x+yxy=yx=0xc Ay e AM

(3) a € A? and there exists x € A such that

x = ax?, (a?)*a%x = (a%)*a, lim ||a" — xa™!||n = 0.
n—oo

(4) There exists an idempotent p € A such that
a+pe A*l/ (a*ap)* — a*ap and pa = pap € Aqnil.

(5) a € A and
a' A =qAand a*aq = q*a*a

for an idempotent q € A.

In Section 2, we extend the definition of weighted weak group inverse for a Hilbert space operator to an
elements in a Banach algebra. We obtain some characterizations of weighted generalized group inverse,
in particular, the representations of weighted generalized group inverse in terms of generalized group
inverses. Recall that an element a € A has generalized w-core-EP inverse if there exist x € A such that

2 : 11
= x, (wawx)* = wawx, nh_r}rolo || (aw)" — (xw) (aw)™ |7 = 0.

a(wx)
The preceding x is unique if exists, and we denote it by a®% (see [3]). An elementa € A has generalized
core-EP inverse if the w mentioned above is 1, and denote its weighted generalized core-EP inverse
by a® (see [1]). In Section 3, we establish the representations of weighted generalized group inverse
as a subclass of weighted generalized core-EP inverses. In Section 4, we characterize the weighted
generalized group inverse in terms of involved images and kernels. A new property of weighted group
inverse is presented by using three systems of equations. Finally, in the last Section, we investigate
constrained binary relations and some properties of weighted generalized group orders are derived by
using weighted generalized group inverses.
Throughout the paper, all Banach algebras are complex with a proper involution *. We use
AL AF, A, A®, A® and A® to denote the sets of all invertible, group invertible, g-Drazin invertible,
weak group invertible, generalized core-EP invertible and generalized group invertible elements in A,
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respectively. An element a € A has (1, 3)-inverse x if it satisfies the equations axa = a and (ax)* = ax

and denote x by a(13).

2. Weighted Generalized GROUP Inverse

The purpose of this section is to introduce a new generalized inverse which is a natural
generalization of group inverse in a *-Banach algebra. Our starting points is the following.

Theorem 2. Let a,w € A. Then the following are equivalent:

(1) There exists x € A such that

x = a(wx)?, [(wa)* (wa)?wx]* = (wa)* (wa)?wx,
=0.

limy -y || (aw)" — (xw) (aw) ™1 n

(2) wa € A®.
In this case, x = a[(wa)®]?.

Proof. (1) = (2) By hypothesis, we can find x € A such that

a(wx)? = x, (wawx)* = wawx, lim || (aw)" ! — (xw) (aw)”||ﬁ =0.
Then
(wa) (wx)? = wx, [(wa)* (wa)?wx]* = (wa)* (wa)*wx.

Furthermore, we have
| (wa)" — (wx) (wa) ™+ || x
n—1

w(aw a — wxw(aw)"al|#
|[w(aw) (aw)

= |[w[(aw)" ! — xw(aw)"]al|n

1 _ 1 .n 1
< o]l [|[(aw)" 1 — xw(aw)"|[71]#]a||=.
Therefore
: n__ n+1 % _
Jim [ (wa)" — (wx) (wa)™ ||+ = 0.

Hence,

wa € A® and (wa)® = wx.
Accordingly,

x = a(wx)? = a[(wa)®)?,

as desired.

(2) = (1) Let x = a[(wa)®]2. Then we verify that

a(wx)? = awa[(wa)®)?wa|(wa)®)?
= af(wa)®)? =x,
(wa)*(wa)’wx = (wa)*(wa)?>wal(wa)®)?
= (wa)*(wa)*(wa)®,
((wa)*(wa)*wx)* = [(wa)*(wa)*(wa)®]* = (wa)*(wa)*(wa)®
(wa)*(wa)?wx.
We easily check that
(xw)(aw)™*! = af(wa)®?w(aw)" "

()" — al(wa)"" — (wa)® (wa)"w
a(wa)®[(wa)" — (wa)® (wa)" 1w
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Hence, we have
[|(aw)" — (xw) (aw)™+1 ||
1 _ 1 1
[lal] 7| ()" — (wa)® (wa)" 3] w][
||a(wa)®||7||(wa)" — (wa)® (wa)" 1| |7 |[w]| .

+ IA

Therefore )
Tim || (aw)" ~ (xw) (aw)" |5 =0,

the result follows. [
Corollary 1. Let a,w € A. Then the following are equivalent:
(1) The system of conditions

x = a(wx)?, [(wa)* (wa)?wx]* = (wa)* (wa)?wx,
=0.

limy—sc0 || (a10)" — (xw) (aw)™ || n

is consistent and it has the unique solution given by x = a[(wa)®]?.
(2) wa € A®,

Proof. (1) = (2) This is obvious by Theorem 2.1.

(2) = (1) Since wa € A®, by the argument above, a[(wa)®]? satisfies the preceding equations.
If x satisfies the system of conditions mentioned above, then wx = (wa)®. Therefore x = a(wx)? =
a[(wa)®)?, as asserted. []

The preceding unique solution x is called the generalized w-group inverse of 4, and denote it by
a®™®. That is, a®® = a[(wa)®]?>. We use ®¥ to denote the set of all generalized w-group invertible
elements in A. By the argument above, we now derive

Corollary 2. Let a,w € A. Then

(1) a®% = x.
(2) wa € A® and (wa)® = wx.

An element a € A has generalized w-Drazin inverse if there exist x € A such that
awx = xwa, xwawx = x,a — awxwa € A

Such x is unique, if exists, and denote it by a%%. Evidently, a%* = (aw)“a(wa)“ (see [4]). Let A%® be
the set of all generalized w-Drazin invertible elements in A.

Theorem 3. Let a € A. Then a € A®™ if and only if

(1) a € A%,
(2) there exists x € A such that

x = a(wx)?, [(wa)?]* (wa)?wx = [(wa)‘]*wa,

lim, || (a20)" — (xw) (az0) ™15 = 0.

Proof. = In view of Theorem 2.1, wa € A®. By virtue of ([2] Theorem 2.2), wa € A?. Hencea € A%,
Set x = (wa)®. Then

x = a(wx)?, lim ||(aw)" — (xw) (aw)" | |7 = 0.
n—oo

Since (wa)® = wx, it follows by ([2] Theorem 2.2) that [(wa)4]* (wa)?wx = [(wa)?]*wa, as required.
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<= Since a € A%“, wa € A%. By hypothesis, there exists x € A such that
x = a(wx)?, [(wa)?]* (wa)?wx = [(wa)‘]*wa,
limyseo || (@)1 — (xw) (aw)"| |71 = 0.
Then xw = wa(wx)z. Moreover, we see that
[ (wa)” = () (wa)" 1|
1 _ 1\1-1 1
< Afllx (1] (ax)" =" = (xw) (aw)"|[=1) " [|a] |
Thus, we have )
: n__ n+ly1; —
tim,l(a)” — wx(wa) [+ =0,
In light of ([2] Theorem 2.2), wa € A®. Therefore we complete the proof by Theorem 2.1. O
Corollary 3. Leta € Aand k € N. Then a € A®" if and only if
1) a € A%Y;
(2) there exists x € A such that
x = a(wx)?, [(wa)X]* (wa)?>wx = [(wa)*]*wa,
limy—e0 || (a0)" — (xw)(aw)"+1||7 = 0.
Proof. = Let x = a®¥. In view of Theorem 2.1, we have
x = a(wx)?, (wa)* (wa)?>wx = (wa)*wa,
My, o0 || (aw0)" — (xw) (aw)" 1|7 = 0.
We have shown that [(wa)1]*(wa)* (wa)?>wx = [(wa)*~1]*(wa)*wa. That is, [(wa)]* (wa)?wx =

[(wa)*]*wa, as desired.
<= By hypothesis, there exists x € A such that

x = a(wx)?, [(wa)X]* (wa)?wx = [(wa)k]*wa,
My, e || (a0)" — (xw) (aw)" 1|7 = 0.

Then [((wa)?)k + 1]*[(wa)*]* (wa)?wx = [((wa)?)k + 1]*[(wa)¥]*wa. Therefore [(wa)?]* (wa)?wx =
[(wa)4]*wa, This completes the proof by Theorem 2.4. [

Corollary 4. Leta € Aand k € N. Then a € A® if and only if

(1) a € A%
(2) there exists x € A such that
x = ax?, (a")*a?x = ()%, lim ||a" — xu”+1||% =0.
n—oo

Proof. This is obvious by choosing w = 1 in Corollary 2.5. [

3. Representations by Weighted Generalized Core-EP Inverses

Every square complex has core-EP inverse, and so has weighted generalized core-EP inverse
(see [17]). Every weighted g-Drazin invertible bounded linear Hilbert operator has weighted
generalized core-EP inverse (see [15]). In view of ([2] Theorem 6.1), A®® C A®¥ Thus, weighted
generalized core-EP invertible elements form a rich subclass of weighted generalized group inverse.
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Leta € A®™. The aim of this section is to present the representations of weighted generalized group
inverse a® " as a subclass of weighted generalized core-EP inverse.

Theorem 4. Let a € A®Y. Then
a®" = a((wa)®)3wa = (a®“w)?a.

Proof. In view of ([3] Corollary 2.2), we have a®¥ = a[(wa)®]?. By virtue of Corollary 2.2, a®¥ =
a[(wa)®]2. Applying ([2] Theorem 6.1), we see that (wa)® = [(wa)®]?wa. Thus,

a®®? = a[(wa)®)?wal(wa)®)>wa
= a[(wa)®)*(wa)®wa

On the other hand, we verify that

(a®“w)?a = [a((wa)®)*w]?a
( )@gzw][a((wfl)@)zw]ﬂ

I
2
—~

a((wa)®) wa.
Therefore a®%¥ = (a®%“w)?a, as asserted. [J

In [15], Mosi¢ and Zhang introduced and studied the weighted weak group inverse for Hilbert
space operators. Evidently, weighted weak group inverse and weighted generalized group inverse
coincide with each other for a Hilbert space operator as the following shows.

Corollary 5. Let X be a Hilbert space, W € B(X) \ {0} and A € B(X)*W. Then
AW = (A2WW)2A.
Proof. This is obvious by Theorem 3.1. O

We are ready to prove:

Theorem 5. Let a € A®Y. Then a®% = x if and only if

2 — x, awx = a®“wa.

a(wx)
Proof. = In view of Theorem 3.1, x = a((wa)®)3wa. Since wa((wa)®)? = (wa)® and a®¥ =
a((wa)®)?, we check that

a(wx)? = awa((wa)®)3wawa((wa)®)?
a((wa)®)? (wa)®wa

)

a)®)
a((wa)®)’wa = x,

)

)

wa

awx = awa((wa)®)3wa
a((wa)®)?wa = a®%wa,

as desired.
<= By hypothesis, we have

awxwx = x,awx = a®%wa.
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Then we see that

x = a(wx)? = (awx)wx = (a®Vwa)wx
= a®"w(awx) = a®Pw[a®Ywa]
= (a®%w)?a

In light of Theorem 3.1, x = a®'¥, as asserted. [

Corollary 6. Let a € A®. Then a® = x if and only if

ax? = x,ax = a®a.

Proof. This is obvious by choosing w = 1 in Theorem 3.3. [

In [18], Wang and Chen introduced and studied the weighted weak group inverse for complex
matrices. As an immediate consequence of Corollary 3.4, the weak group inverse and generalized
group inverse coincide with each other for a square complex matrix.

Corollary 7. Let A € C**". Then X = A® if and only if X satisfies the system of equations
AX? = X, AX = A®A.
We are ready to prove:
Theorem 6. Let a € A®™. Then the following are equivalent:
(1) a®% = x.
(2) a®%wawx = x, awx = a®%wa.
(3) xwawx = x,awx = a®%wa, xwa®”? = a®Cywa® Y,
Proof. (1) = (3) In view of Theorem 3.3,
a(wx)? = x, awx = a®%wa.
By virtue of ([2] Theorem 3.1), a®“wawa®® = a®®. Applying Theorem 3.1, we have
xwa®? = [(a®“w)%a]wa®®

a®%w[a® P wawa® "]
= a%Ywa®®,

Then
2

ywawx = xw(awx) = (xwa®*)wa = (a®“wa®")wa = [a®“w|"a.
In light of Theorem 3.1, we have xwawx = x, as desired.
(3) = (2) By hypothesis, we have

a®%wawx = a®%w(awx)
a®%w(a®%wa)
(a®Pwa®")wa
(xwa®™)wa
xw(a®%wa)
xw(awx)

= x,

as required.
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(2) = (1) By hypothesis, a®Pwawx = x,awx = a®“wa. Then a(wx)?> = (awx)wx =
(a®%wa)wx = x. In view of Theorem 3.3, a®™ = x; hence the result. [

Corollary 8. Let a € A®. Then the following are equivalent:

(1) a® = x.
(2) a%ax = x,ax = a%a.
(3) xax = x,ax = a®a, xa® = a®wa®.

Proof. This is obvious by choosing w = 1 in Theorem 3.6. [

4. Characterizations Involving Images and Kernels

Letim(a) = {ar | r € A} and ker(b) = {r € A | br = 0}. The notation pj,(s) ker(») denotes the
idempotent p € A such that im(p) = im(a) and ker(p) = ker(b). We easily check that the preceding
idempotent p is uniquely determined by a,b € A. The goal of this section is to characterize the
weighted generalized group inverse by using involved images and kernels.

Theorem 7. Let a € A®¥. Then the following are equivalent:

(1) a®® = x.
(2) wawx = pim(wad'w),ker(u@rwwu)/lm(x> - Zm(ud'w)~

Proof. (1) = (2) In view of Theorem 3.1, a®® = a((wa)®)3wa. Then
wawx = wawla((wa)®)>wa] = (wa)®wa.

Let p = wawx. Then p? = (wa)®wa(wa)®wa = (wa)®wa = p. Since a%® = (aw)?a(wa)?, we have

(wa)®wa = w|(aw)?)2awa = w(aw)%a
w(aw)?aw|(aw)?]?

p

awa = w(aw)?a(wa) wa;

hence, im(p) C im(wa’™). On the other hand, we have

wa®v w(aw)?a(wa)? = wal(wa)*?wa(wa)?

= (wa)%wa(wa)? = p(wa)?,

whence, im(wa®®) C im(p). Thus im(p) = im(wa®®). Likewise, ker(p) = ker(a®“wa). Moreover, we
verify that
X = a

(Il
VN N
S —
—

&Q
&

This implies that im(x) C im(a%"), as required.
(2) = (1) By the preceding discussion, x = a®¥ satisfies

. . d,
wawx = Pim(wad,w),ker(u@,wwu)rlm(x) C im(a™").

Assume that wawy = pim(wad,w),ker(a@,wwa),im(]/) C im(a*"). Then waw(x —y) = 0, and so x —
y € ker(waw) C ker(a®“waw). On the other hand, x —y € im(a®®) C im(a®™“waw). Therefore
x —y € im(a**waw) Nker(a» waw) = 0, and so y = x, thus yielding the result. [J
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Corollary 9. Let a € A®. Then the following are equivalent:

(1) a® = «x. ‘ ’
(2) ax = pim(ad),ker(a@a)llm(x) c zm(ad).

Proof. We easily obtain the result by choosing w = 1 in Theorem 4.1. [

Theorem 8. Let a € A9Y. Then

(1) a®® = a@/ Pim(wadw ker(a®wwa)
(2) a®® = = a‘ sz(wad“’ ker(a®@Wwa)*
(3) (aw)3(aw)? is group invertible and

a®v = [(aw)?(aw)*]* awa®“wa.

Proof. (1) Inview of Theorem 3.6, we have a®® = a®“wawa®™. Set ¢ = wawa® ™. By using Theorem

41,q= Pim(watav ker(a®vwa)s @S required.
(2) By virtue of Theorem 3.1, we have

a®v = (a®%w)%a
= a"waw(a®Vw)

= ¥ wa®Ywal.

2a

In light of Theorem 3.6, awx = a@'wwa whence, wawx = wa®“wa. It follows by Theorem 4.1 that
WAWX = Py (padw)- Therefore a® " = =a% plm(wud ) ker(a®@ 0 )wa-

(3) Clearly, [(aw)?(aw)?]* = [(aw)?]?. By virtue of Theorem 3.3., we derive
Nl [(aw)?]2awa® wa
(aw)? [a®®wa]
(aw)? (aw)a®®
= EI@’w,

[(aw)?(aw)*|*awa®“wa =

and so the result is proved. O

As an immediate consequence, we derive

Corollary 10. Let a € A®. Then. Then

(1) a® Zj = aj)pzm( al ker(a@a)*
2) a® = @ Pim(ad ker(a@a)
() a’a’is group invertible and
a®" = [aa]*aa‘a.

Let A, B € M(A). We say that A is simply equivalent to B if A is equivalent to B by a column

and a row transformations, i.e.,
1 0 1 =
A = B.
(22)a(s 1)

We denote it by A~B.
Theorem 9. Let a € A9, Then
(1) there exists a unique x € A such that

ker(x) = im(wa)?, x> = x, [(wa)?*wax = 0;
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(2) there exists a unique y € A such that

ker(y) = im(aw)?, > = y, [(wa)*]* (wa)wy = O;

(3) there exists a unique z € A such that
waw 1—x . waw 0
1-y z 0o 0/’

Proof. Letx = 1 — wawa®™",y = 1 — a®“waw and z = a®%. One directly checks that equalities in (1)
and (2) hold. In view of Theorem 3.6, z = zaz = a®“wawa®™. Then we verify that

1 0 waw 1—x 1 —a®w [ waw 0
—a®v 1 -y z 0 1 - 0 0)°
waw 1—x . waw 0
1-y z o 0/’

Claim 1. Assume that there exists x’ € A such that ker(x') = im(wa)?, (x')? = x/, [(wa)?]*wax’ =
0. Then im(1 — x') = ker(x') = im(wa)“. By using ([2] Theorem 3.4), we have im(wa)? = im(wa®).
Then im(wa)? = im(wa®®) by Corollary 2.3. Since wa®® = wa®®wawa®™", we have im(wa®®) =
im(wa®“wa). Thus,

In this case, a®% = z.

Therefore

im(wa)? = im(wa®") = im(wa® " wa).

Since 1 — x’ and wa®™wa are idempotents, we have
1—x' = wa®"wa(1—x').

In view of Theorem 2.1 and [2, Theorem 6.1], a®® = a[(wa)®]? = a[((wa)®)?(wa)]?, and so

wa® wa = (wa)[((wa)®)?(wa)]?
= (wa)®(wa)[(wa)®]?(wa)
= [(wa)®]?(wa)
= (wa)®[(wa)((wa)?)3) (wa)
= (wa)®(wa)![(wa)!((wa)?) )] (wa)
= (wa)®(wa)*[(wa)!((wa)?)A)]* (wa)
(wa)® (wa)*[((wa)?) P+ (wa)]* (wa)

Hence,
wa® wax' = (wa)® (wa)?[((wa)?) D] [(wa)?]* (wa)x’ = 0.

Therefore 1 — x' = wa®®wa = 1 — x, and so x’ = x. The uniqueness of x is proved.
Claim 2. Assume that there exists y¥ € A such that ker(y') = im(aw)?, (y')?> =

v, [(wa)?]*(wa)?>wy’ = 0. Then im(1 —y') = ker(y') = im(aw)?. Since a®“w = a®“wawa®“w,
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we see that im (a®¥w) = im(a®%waw). In view of ([2] Theorem 3.4), we haveim (a®¥w) C im(aw)“.

By using Theorem 3.1 and ([1] Theorem 1.2), we directly check that

d

a®Pwa(wa)®w = [a((wa)®)3walwa(wa)
)

and so im(aw)? C im(a®®w). Therefore

im(aw)® = im(a®“w) = im(a® waw).
Since 1 — i’ and a®™waw are idempotents, we get
1—y = a®“waw(1 —y').

As in the argument above, we see that

a®Vwaw = a[((wa)®)?(wa)]?waw
= a[(wa)®)*(wa)® (wa)’>w
= a[(wa)®?[(wa)"* (wa)®) 1) (wa)*w
= af(wa)®)(wa)![(wa)! ((wa)®) 3] (wa)?w
= al(wa)®1?(wa)![(wa)? ((wa)?) )] (wa)?w
a[(wa)®1? (wa)[((wa)?) M) [ (wa)!]* (wa)*w

This implies that
a® wawy' = af(wa)® 1 (wa)*[((wa)") V][ (wa)]* (wa)*wy’ = 0.

Accordingly, 1 — y = a®®waw = 1 — y; hence, ¥’ = y. The uniqueness of y is proved.
Claim 3. Assume that there exists z’ € A such that

waw 1—x' f waw 0

1-y 2 0 0/
1 0 waw 1 —x' 1 =\ ([ waw 0
| 1-y 7 01 ) 0 0/

By the argument above, ' = 1 — wawa®™ and y' = 1 — a®™waw. Then

1 0 waw wawa®? 1 = [ waw 0
x 1 a®Ywaw z! 01/ 0o 0/

Obviously, we have

Then

a®Pwaw z/

B 1 0 waw 0 1 a®v®
- a®v 1 0 <z —a®Ywawa®v 0 1 ’

waw wawa®? )
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Then

1 0 waw 0 1 =* [ waw O
x 1 0 <z —a®Ywawa® v 01/ 0o 0 )’
1 ! 1
. * *
Smce(o 1) —(0 1),weseetha’c
1 0 waw 0 [ waw O 1 *
x 1 0 Z —a®Ywawa®® | 0 0 01/

Accordingly, z/ — a®Pwawa®" = 0, and then z’ = a®, thus yielding the result. O
Corollary 11. Leta € A®. Then
(1) there exists a unique x € A such that

ker(x) = im(a?), x> = x, (a%)*ax = 0;

(2) there exists a unique y € A such that

ker(y) = im(a),y* =y, (a%)*a®y = O;

(3) there exists a unique z € A such that
a 1—x . a 0
1-y z 00/

Proof. This is an immediate consequence of Theorem 4.5. [

In this case, a® = z.

Let N(X) and R(X) represent the null space and range space of a complex matrix X, respectively.
As an immediate consequence, we improve ([6] Theorem 4.2) and ([? ] Theorem 2.1) as follows.

Corollary 12. Let A € C"*" and W € C"*™. Then
(1) there exists a unique matrix X such that

N(X) = R(WA)P, X* = X, [(WA)PT*WAX = 0;

(2) there exists a unique matrix Y such that

N(Y) = R(AW)P,¥2 = Y, [(WA)P]* (WA)?WY = 0;
(3) there exists a unique matrix Z such that
WAW [-X 1\ . [ WAW 0
I-Y V4 0 0 /)’

In this case, AW = Z.
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Proof. Since very rectangular matrix can be regarded as a subblock of a square matrix by adding some
zero entries, the result is true by Theorem 4.5. O

5. weighted Generalized Group Orders

Our main concern in this section is to describe the relations between two elements in a Banach
*-algebra by means of weighted generalized group inverses. Leta,b,w € Aand a € A®¥. Our starting
point is the following:

Definition 1. (1) a <P b if (aw)a®¥ = (bw)a®".
(2) a <P bif a®®(wa) = a®™ (wb).
(3)a<®¥bifa <P"banda <P b.

Lemmal. Leta,b,w € Aanda € A®¥. Then

(1) a <®” bif and only if a(wa)? = b(wa)?.
(2) a <® b if and only if (wa)® (wa)? = (wa)® (wa)(wb).

Proof. (1) = Since a <" b, we have (aw)a®® = (bw)a®". In view of Theorem 2.1,
a®v = af(wa)®)?.

Then we derive
(aw)a[(wa)®]* = (bw)a[(wa)®]?.

Since wa[(wa)®]?

= (wa)®, we obtain
a(wa)® = b(wa)®.

In light of ([2] Theorem 6.1), (wa)® = [(wa)®]?wa. Then we have

a[(wa)®)? = a[(wa)®Pwa(wa)®
= b[(wa)®Pwa(wa)®
b[(wa)®)?
By virtue of ([1] Theorem 1.2), (wa)® = [(wa)¥)?((wa)?)(1?), and then [(wa)®]?wa = [(wa)]?.
Therefore
a(wa)? = a[(wa)?)?(wa)?

« Since a(wa)? = b(wa)?, we have a(wa)? = b(wa)?. As (wa)® = [(wa)?)?((wa)?)(13), we get
a(wa)® = b(wa)®. This implies that

awa®® = awal(wa)®]?
= awa[(wa)®)?wa(wa)®
a(wa)®wa(wa)®
b(wa)®wa(wa)®
bwa((wa)®)?wa(wa)®
= bwa[(wa)®]?
bwa®®.

Therefore a <®“ b .

(2) Analogously to the preceding discussion, the result follows. [
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Lemma 2. Leta,b € Aanda € A®. Then

(1) aa® = ba® if and only if aa? = ba.
(2) a®a = a®b if and only if a®a® = a®ab.
Proof. (1) Assume that aa® = ba®. As in the proof of Lemma 5.2, we have aa® = ba’. Conversely,
assume that aa? = ba?. In view of ([1] Theorem 1.2), we have a® = [a®]%a = (ad)z(ad)(l’s)a@a.
Therefore aa® = (aad)[ad(ad)(l’g)a@u] = (bad)[ad(ad)(l'3)a@a] = ba®, as required.
(2) This is proved in the similar way to the above. [

We are ready to prove:
Theorem 10. Let a,b,w € Aanda € A® Y. Then

(1) a <®@%p,
) a(wa)? = b(wa)? and (wa)®(wa)? = (wa)® (wa)(wb).
(3) a(wa)® = b(wa)® and (wa)®(wa) = (wa)® (wb).

Proof. (1) = (2) This is obvious by combing (1) and (2) in Lemma 5.2.

(2) = (3) Since a(wa)? = b(wa)?, we have wa(wa)? = wb(wa)?. The implication is obtained by
Lemma 5.3.

(3) = (1) Since a(wa)® = b(wa)®, by virtue of Lemma 5.3, a(wa)? = b(wa)?. According to
Lemma 5.2, 2 <®™ b. On the other hand, (wa)® (wa) = (wa)® (wb). Since a®® = a[(wa)®]?, we have
a®"(wa) = a®(wb). Then a <™ b. So the theorem is true. [

The relation <®*¥ is a pre-order as the following shows.
Corollary 13. Ifa <®% band b <®v ¢, then a <®v c.

Proof. In view of Theorem 5.4, we have

Then

[(wa)®)? (wa)®

(
(wb)"[(wa)®]"*!
(
)

I
o
g
2

g
&
2
B

AN
®

I
=
(ol

wa)®]”+1 +b(wb)d(wb)”H[(wa)@]"H;
® = clwb(wa)®](wa)®

(
cl(wb)" — (wb)? (wb)"*][(wa)®

Since be(wb)? = c(wb)? and

L c(wb)? (wb)" [ (wa) @],

. n_ d n+1 % 13 . d 2\n % _
Tim [|(wb)" — (wb)? (wb)" [+ = lim || (wb — (wb)* (wb)?)"||* =0,
we see that

1
; ® _ ®||r —
nhﬁmoo ||a(wa) c(wa)®|| 0.

Therefore a(wa)® = ¢(wa)®. By a similar route, we check that (wa)®(wa) = (wa)® (wc). Therefore
a <® ¢, the corollary is true. O
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Letaw, wa € A®. Thena € A®% and a®” = (aw)®a(wa)®. We are now ready to prove the main
result of this section.

Theorem 11. Let aw, wa € A®. Then the following statements are equivalent:
(1) a < bif and only if wa <® wb.
(2) a <% bif and only if aw <® bw.
(3) a <®¥ pif and only if wa <® wb and aw <® bw.

Proof. (1) = (2) Since a <®% b, we have

(aw)a®® = (bw)a®",a®" (wa) = a®™(wb).

In view of Theorem 2.1, a®® = a[(wa)®]?. Hence

(wa)(wa)® = w(aw)a[(wa)®]?
= w(aw)a®"
= w(bw)a®"
= w(bw)al(wa)®]?
wb) (wa)®
Furthermore, we check that
(wa)®(wa) = wal(wa)®]?(wa)
= wla((wa)®)?](wa)
= w[a®"(wb)
= wlal(wa)®]*(wb)]

I
T
3
g
N
®
=
g
=

Therefore wa <® wb. Analogously, we show that aw <® bw, as required.
(2) = (1) Since wa <® wb and aw <® bw, we have

In view of ([2] Theorem 2.1),

and so
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We infer that aw[(aw)?]?(aw) (aw)? = bw[(aw)?]?(aw)(aw)?, hence aw(aw)? = bw(aw)?. By using
Cline’s formula and ([2] Theorem 2.1), we derive

a(wa)® = a(wa)?[(wa)(wa)?)13)
= aw|(aw)"Pal(wa) (wa)*] 13
= [aw(aw)’)(aw)a (wa) (wa)?) 13
= [bw(aw)] (aw)a[(wa) (wa)*] 1)
= bw[(aw)"Pal(wa) (wa)*] 3
= b(wa)?[(wa)(wa)d]13)
= b(wa)®
Since a®® = a[(wa)®]?, we verify that
(aw)a®® = (aw)a[(wa)®]?
= a[wa((wa)®)?]
= a(wa)®
= b(wa)®
= (bw)a[(wa)®]?
(bw)a®®

Likewise, we prove that a®® (wa) = a® ¥ (wb). Therefore a <®¥ b, as asserted. [

Let p,q € Abe projections and x € A. Thenx = pxqg+ px(1 —q) + (1 — p)xg+ (1 — p)x(1 —q).
We write x as in the matrix form:

x:< pxq px(1—q) ) ‘
=p)xqg A-px1-q) )

Theorem 12. Let aw, wa € A®. Then the following statements are equivalent:

(1) a <& b.
(2) a,w and b are represented as

a; ap w, Wy ay by
= , = ,b = ’
4 ( 0 as ) v < 0 w3 ) ( 0 b3 )
pxq qxp pxq

p = (aw)(aw)®,q = (wa)(wa)®,
a1 € (pAg)~" wi € (gAp) 7,
azws € ((1—p)A(1— P))q"fl/
w3az € ((1—q)A(1—q))™m,
(a2 — by)ws + (ayw1) ! (aywy + aws) (a3 — bs)ws = 0.

where

Proof. Let p = (aw)(aw)® and g = (wa)(wa)®. Then we have

[1 - (aw)(aw)®](aw)® = 0, [1 — (wa)(wa)®](wa)? = 0.
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Moreover, we verify that

(1=plag = [1—(aw)(aw)®]a(wa)(wa)®
= [1- (aw)(aw)®](aw)a(wa)(wa)? (wa)®
= [1- (aw)(aw)®](aw)>[(aw)"]a(wa)®
— 1 - (aw) (aw)®] (aw) (aw)a(wa)®
= 0
(1—quwp = [1—(wa)(wa)®w(aw)(aw)®
= [1— (wa)(wa)®](wa)?(wa)?a(aw)®
aw; = (aw)(aw)®a(wa)(wa)®w(aw)(aw)®
= (aw)(aw)®a(wa)(wa)®w(aw)(aw)®
€ (pAp)7Y;
wia = (wa)(wa)®w(aw)(aw)®
€ (qAq)7h
mw, = [1— (aw)(aw)®]all - (wa)(wa)®]w[l — (aw) (aw)®]
€ [1-p)AQ-p)™;
waay = [1— (wa)(wa)®]w[l — (aw)(aw)®]a[l — (wa)(wa)®]
€ [(1-qA1—q)m.
i L en we have
Write b = ( by bs )pxq.Th h,
mwy AWy + aw
aw:< 101 1 zswgz 3 )pxp.
Thus,
(aw)® = ( (‘117/‘(7)1)71 (ﬂ1w1)72(06w2+ﬂ2w3) ) )
pxp
and so

o_ (1 (mw) H(aws +arws)
0 0 ’
pxp

Furthermore, we have

[ b
bw = ( bywq

Then

-1 -2
bw(aw)® . b1w1 (ﬂ]ZU1) b1w1 (alwl) (611’602 + leZUg)
= 1 o .
b4w1 (alwl) b4w1 (alwl) (ﬂﬂz(]z + a2w3) pxp
Moreover, we have
(aw)®aw
— ( (aqwq)~ n1w2+u27v3) (glwl)’z(alwz +apwg)azws ) ,
pxp
(aw)®bw
— ( (aqwq)~ b1w2 +bywz) + (‘71"’1) Z(alwz +ayws) (bywy + bzws) )
pxp

bywy + byws
b4’LU2 + b3ZU3 ’
pxp
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(1) = (2) By Lemma 5.2 and Lemma 5.3, we have aw(aw)® = bw(aw)®, hence, byw; (ayw;) ! =

1, and so bywy = a;w;. Since wy is invertible, we obtain a; = b;. Since byw, (alwl)*1 = 0, we see that
b+ 4wy = 0, and so by = 0. On the other hand, we have (aw)®aw = (aw)®bw. This implies that

(aywy) ~Haywa + apws) + (aywq) ~2(a1w; + axws )azws
= (aywr) Y (bywy + byws) + (ayw1) "2 (a1w; + ayws) baws.

Hence,
(a1w; + axws) + (ayw1r) ~ (aywy + apws)azws
= (mwy + byws) + (aywy) " (aywr + axws ) baws.

Accordingly, (a3 — by)ws + (alwl)‘l(alwz + apws) (a3 — bs)ws = 0.

(2) = (1) By direct computations, we have

1 (qqwr) Y ayws + ayws)

o= ¢ ) - e
pxp

Likewise, we check that (aw)® (aw) = (bw)® (aw). Therefore a <®% b, as asserted. []
Corollary 14. Let A, B € C"*". Then the following are equivalent:

(1) A <2V B.
(2) A, W and B are represented as

A1 Ap Wi W, Ar By

A= W = ,B = ,
( 0 As ) < 0 Ws 0 B;

PxQ QxP PxQ

P = (AW)(AW)®,Q = (WA)(WA)®,
Al c (pcnan)—lrwl c (qcnxnp)—lr
A3Ws € N((I, — P)C"™"(I, — P)),
W3A3 € N((In - Q)Cnxn(ln - Q))/
(AZ — BQ)W3 + (Alwl)il(A1W2 + Ang)(A3 — Bg)Wg =0.

where

Proof. This is obvious by Theorem 5.7. [J

Analogously, we now derive
Theorem 13. Let aw,wa € A®. Then the following statements are equivalent:

(1) a <™ b.
(2) a,w and b are represented as
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where
p = (aw)(aw)®,q = (wa)(wa)®,
a1 € (pAq)~! w1 € (gAp) Y,
azws € ((1—p)A(1—p))™,
w3as € ((1—q)A(1—q))", wsby =0,
by = ay +wy 'wa (a3 — bs) + (wiarwr) " (wian + woaz)ws(as — bs).
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