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Abstract: Comparisons of power flows and efficiencies in two structurally quite similar cylindrical series-

parallel planetary gear systems (PGSs) were performed in three separate parts of this paper. Each of these 

single degree of freedom (DoF) systems consists of three different 2KH subsystems connected in series-parallel. 

The main goal was to prove that apart from complex, structurally and dynamically coupled PGSs, there are 

also complex and only structurally coupled PGSs, in which the phenomenon of power flow circulation inside 

closed loops does not occur. Such a half-coupled type of PGS is herein called pseudo-coupled. Therefore, Part 

I discusses in detail the geometry, kinematics and statics of coupled PGSs in order to determine power flow 

paths. A comparison of the directions of power flow in both types of PGSs can be made in Part II after 

determining the power flow paths in the second planetary gear in a similar way. The directions of power flow 

in both types of PGSs were determined in a relatively simple way, thanks to the distinction between active and 

passive torques and thus active and passive shafts of individual subsystems. The efficiency comparison made 

in Part III will show whether power circulation has an influence on the efficiency value, at least in these two 

types of PGSs. 

Keywords: compound and coupled planetary gear systems; series-parallel planetary gear systems; 

power flow; circulating power flow  

1. Introduction

Cylindrical series-parallel planetary gear systems (PGSs) are a special variety of complex and 

most commonly coupled planetary transmissions. They consist of at least two subsystems (units) in 

the form of elementary 2KH planetary gears connected in parallel and possibly in series. Each of the 

subsystems connected in parallel has mobility equal to two [1-6]. This means that they have all the 

gears moving along with the carriers. On the other hand, subsystems connected in series have 

mobility equal to 1, which means that they can work as typical planetary type with stationary rim 

gear. Very rarely, these are solar-type units with stationary sun gear or star-type units, i.e. multi-path 

with fixed satellite axes due to the stationary carrier. Depending on the number and types of 

subsystems connected in series, the entire series-parallel gearbox may have a mobility of 1 to 3. They 

are characterized by the fact that they have multiple paths of power transmission, which may cause 

the phenomenon of power closure inside at least one parallel connected elementary subsystem. Such 

power coupling in the form of its circulation [7-11] can be a source of even a large overload of gears, 

shafts and/or bearings of a closed subsystem. In the case of an unfavorable distribution of power on 

individual paths, an additional reduction in efficiency may be revealed. Therefore, after determining 

the directions of power flow, power losses caused by friction in the meshing and efficiency should be 

determined.  

This important problem was mentioned as early as in 1928 by Buckingham in the book [12], 

while H. Brandenberger is the author of the publication [13] from 1929, in which, on the occasion of 

calculating the efficiency of complex planetary gears, he proposed an analytical method of 

determining the directions of power flow. Then the power flow problem was subsequently made 

available in improved versions of analytical methods in books [13-24]. The analytical method uses 
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three basic equations of planetary transmissions, i.e. kinematics equation (usually the Willis 

dependence), statics equation (moment balance equation) and energy (power) balance equation. 

Thus, this method allows for direct analysis of kinematics, statics and thus for direct identification of 

power flow directions in coupled planetary gears with mobility of one or more [25-40], in automatic 

gearboxes [41-50] and in power-split hybrid systems consisting of planetary units with mechanical 

or hydro-mechanical continuously variable transmissions (CVT) [51-76] or in power-split hybrid 

electric vehicle (PSHEV) planetary transmission in single-motor (1-PG) or two-motor (2-PG) versions, 

sometimes with an additional internal combustion engine (ICE) [77-128]. In the last two types of 

transmission, i.e. in the power-split powertrain (with CVT applied, but without an additional motor) 

and PSHEV planetary transmission, the power flow occurs as power splitting and power circulation. 

A great facilitation of the analysis of such gear trains, as well as complex and coupled gear 

transmissions with any possible mobility, is the possibility of their decomposition into elementary 

subsystems, called blocks, branches or geared entities [53, 54, 56, 57, 72, 106, 214]. In the first modified 

version of the analytical method, the kinematics and statics are analyzed using the matrix method, 

which makes the form of equations more compact and easier to perform computer calculations [129, 

130]. In an equally popular variant, angular velocities and torques are determined using the lever 

analogy method and nomograms [131-139]. The analytical geometry method [140] consists in plotting 

circuit relationship graph (circuit lines on the angular speed plane) and circuit relationship graph 

with kinetic energy increment. The dimensionless angular velocity and dimensionless virtual angular 

velocity obtained respectively from these circuit relationship graphs, allow to determine the angular 

velocities, velocity ratios, torques, power flow and meshing efficiency of any planetary gear [141]. 

Also very interesting is the combined method of determining power flow and efficiency epicyclic 

transmission presented in Refs. [142-151], where the Lagrange multipliers and kinematic constraints 

are used to determine the power flow and to verify the normal power flow balance. Accuracy is 

increased by including virtual power in the analysis, where virtual power was determined in a non-

inertial frame of epicyclic planetary gear.  

The method based on the graph representation of planetary gears (based on the graph 

representation) is the best technique for analysing kinematics, statics and thus detecting the 

directions of power flow. The kinematic analysis of planetary gear trains is largely simplified. This 

applies in particular to complex and coupled planetary gear transmissions with mobility equal any 

number, automatic transmissions, power-split hybrid systems and power-split hybrid electric 

vehicles. Interactive computer programs for the global analysis of kinematics, statics and 

identification of active and passive gears, i.e. power flow directions, are very helpful and easy to 

develop. The most commonly used are undirected graph, directed graph, topological graphs, 

hypergraphs, signal flow graphs and bond graphs [90, 152-172]. Graphs or hypergraphs methods can 

be combined with the matrix method [84, 199]. There are also papers in which graphs were used 

primarily to synthesize the structure of the gear with the required ratio and possibly to determine the 

angular velocity, while the torques of the wheels and arms were determined by the method of torque 

balance or matrix, lever analogy or other techniques.  

The above review of the literature shows that when determining the directions of power flow in 

complex series-parallel transmissions, no cases of the lack of power circulation in closed loops were 

identified. Therefore, this paper will present the method of using the analytical, i.e. the classical 

method for determining the directions of power flow of power losses in such complex planetary 

gears. By the way, a serious difference in the values of loads on gears and carriers of two series-

parallel gears, very similar in terms of structure, will be shown.  

The rest of this paper is as follows. Section 2 (Materials and Methods) discusses in detail the 

problem of dividing complex serial-parallel PGSs into subsystems and familiarizes with the 

analytical method of determining the active and passive shafts of each subsystem, i.e. paths and 

directions of power flow. This method was used in Section 3 (Case study), where angular velocities, 

active and reaction torques as well as active and passive subsystem shafts were determined for the 

coupled and complex serial-parallel PGS. Verifying calculations of angular velocities, torques and 

powers along with power ratios are presented in Appendices A, B, C and D. The final result of the 
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analysis is shown in Figure 9. However, the main comments regarding the analysis are given in 

Conclusions.  

2. Materials and Methods  

2.1. Kinematic and block models of series-parallel PGSs  

2.1.1. Geometric structure of series-parallel PGSs  

Complex planetary gear systems can be divided into series and series-parallel gear systems 

(PGS) [18, 23]. Series gears are multi-stage gear systems, consisting of at least two single-stage gear 

subsystems called stages. Each gear stage, like the entire gear system, has mobility equal to one, 

which means that there is only one way to transmit the power stream. Therefore, in a relatively simple 

way, it is possible to carry out not only an analysis of the kinematics and statics of such gears, but 

also an assessment of power losses and efficiency. For example, the total gear ratio and the gear 

efficiency of a series gear resulting only from the power losses in the meshing are, respectively, the 

products of the gear ratios and the efficiency of the individual stages.  

Cylindrical PGSs are complex closed mechanisms and therefore are called coupled planetary 

gears with a mobility of at least one. They consist of at least one elementary planetary gear connected 

in parallel, hereinafter referred to as a subsystem, not a stage . Such complex and coupled gears are 

characterized by a constant ratio of relatively high value (Figure 1(a)). Methods of their synthesis are 

presented in [18-20, 22, 23]. Due to the series-parallel structure of such gears, they cannot be divided 

into kinematic stages, which means that their analysis cannot use the facilities associated with multi-

stage gears. Therefore, due to this and a more complex structure, they have not found such wide 

application in industrial practice as series multi-stage planetary gears. On the other hand, modified 

types of series-parallel gear systems are very popular. It is possible to attach an additional subsystem 

to such transmissions in the form of mechanical or hydro-mechanical CVT, thanks to which the 

obtained ratio can change continuously. In the synthesis process, series-parallel transmissions can 

also be relatively easily converted into step-variable transmissions, i.e. automatic gearboxes or power 

split hybrid electric vehicle planetary transmission in single-, two- and even three-motor versions 

plus one internal combustion engine (ICS). An example may be a gearbox with several gears (Figure 

1(b)) obtained from the transformation of the series-parallel gearbox shown in Figure 1(a). Other 

examples of such gearboxes are presented, for example, in papers [44, 77, 97, 98, 127, 135, 138, 161, 

202, 207, 208,209]. 

Most series-parallel transmissions are structurally and dynamically coupled. However, there are 

also only structurally coupled gear systems due to the fact that their subsystems connected in parallel 

have the form of closed loops. Dynamically coupled gears are characterized by the fact that part of 

their power locked in these loops simultaneously circulates in them [7-11, 31, 35, 64, 102]. In Part I of 

this paper, only series-parallel transmission is analysed, which turns out to be structurally and 

dynamically coupled.  

Figure 1 shows an exemplary kinematic diagram of a complex and coupled PGS. This system 

consists of three main shafts I, II and III. In the case of a reduction gear with mobility equal to one, 

the shaft I is the input shaft, the shaft II is the output shaft, and the hollow shaft III is fixed. When all 

three shafts are moving together with the ring gear 9, the gear has a mobility of two. The gear system 

consists of three sun gears 1, 4 and 7, three sets of planet gears 2, 5 and 8, three rim gears 3, 6, 9 and 

three carriers 2
h , 5

h  and 8
h .  
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Figure 1. Kinematic diagrams of (a) PGS and (b) automatic gear train. 

Mobility is an important parameter of each planetary gear, including each of its subsystems. This 

is the number of constraints that should be imposed on the kinematic chain composed of gear 

elements in order to lock it. The measure of mobility is therefore the number of DoF relative to the 

stationary base. In practice, however, it is the number of drives (input shafts) that must ensure a 

strictly defined movement of all its moving elements (gears and carriers). Thus, the number of 

independent input motions must equal the number of DoF, so that the basic condition of its correct 

structure, i.e. no redundant members, is ensured. The analysed cylindrical planetary gears are planar 

mechanisms, so their mobility M  calculated from the formula [1, 198]:  

5 4
M 3 n 2 p p= ⋅ − ⋅ − ,                                    (1) 

where n  is the number of active members, i.e. without frames, 5
p - number of lower pairs, i.e. with 

one DoF, 4
p - number of higher pairs, also called half pairs, i.e. with two DoF.  

A characteristic feature of the series-parallel transmission shown in Figure 1 is that it comprises 

two closed loops. The first loop is bounded by carrier 2
h  and the gears 2, 3, 6, 5 and 4, while the 

second loop is bounded by carrier 5
h  and the gears 5, 6, 7 and 8. In the closed loops of most PGSs, 

power can circulate in a direction that can be determined by the method presented in this paper. In 

the exemplary transmission (Figure 1), all directions of power flows are possible with two exceptions. 

Namely, in the first loop, the power flows on carrier 2
h  and rim gear 3, cannot be directed towards 

each other at the same time (they cannot converge), as well as the power flows on rim gear 6, and 

carrier 8
h  in the second loop. The power circulating in a closed loop can even exceed the power 

applied to the subsystem, which can cause a devastating overload of the gears.  

2.1.2. Decomposition of series-parallel gear system into subsystems  

The series-parallel gear system can be decomposed into subsystems in the form of separate 

single planetary gears with mobility equal to 2 or 1, i.e. subsystems with two or one DoF respectively. 

The condition for including the planetary gear in the family of series-parallel gears is the possibility 

of separating from it at least one subsystem with the number of two DoF. 

Figure 2(a), (b), (c), (d), (e), (f) shows six basic types of two DoF subsystems in block form [52-

54, 56, 57, 214]. Each of these subsystems consists of a sun gear, rim gear and carrier (hidden in the 

block as in a "black box") and three movable shafts. At least one of these shafts must be the input shaft 

to the subsystem, i.e. the active shaft marked with an arrow pointing towards the block, and at least 

one - the output shaft of the subsystem, i.e. the passive shaft marked with an arrow pointing outwards 
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from the block. In addition, individual shafts are marked with the letters α , β, h , and specifically 

the letter α  - sun gear shaft, the letter β - rim gear shaft and the letter h  - carrier shaft.  

 
(a)              (b)            (c) 

 
(d)             (e)              (f) 

Figure 2. Block diagrams of possible types of subsystems with two DoF. 

In Figure 3, six basic types of subsystems with a single DoF are presented in block form. Also 

here, each of the subsystems, just like each stage in a multi-stage planetary gear (series), consists of a 

sun gear, a rim and several planet gears and a carrier (hidden in the block as in a "black box") and 

three coaxial shafts, one of which is it is locked together with the internal element of the subsystem 

connected to it. Thus, in a single DoF subsystems, only one shaft is active and one shaft is passive. 

The designations of these shafts are the same as the shafts in the two DoF subsystems. Subsystems 

with a fixed carrier (Figure 3(b), (d)) are multipath gears with fixed planet gear axes (so-called star 

gears). 

 

(a)            (b)             (c)  

 

 
(d)              (e)           (f) 

Figure 3. Block diagrams of possible types of single DOF subsystems. 

2.2. Analysis algorithm of the power stream flow in PGS without power loss  

2.2.1. Method algorithm  

During operation, the shafts of the subsystems of series-parallel planetary gear may rotate in 

directions consistent with or opposite to the directions of torque action. In the case of matching turns, 

the power on the shaft is called active power transferred to the analysed subsystem, and when the 

turns are opposite - reactive power transferred outside the subsystem. Since the power on the shaft 
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is equal to the product of angular velocity and torque, active power is assigned a plus sign ("+"), and 

reactive power - a minus sign ("-").  

The above simple principle is the basis for determining the flow directions of power streams in 

closed and complex planetary gears. It is enough to distinguish the active power from the reactive 

power and, accordingly, the active shaft from the passive one. Of course, each subsystem must have 

at least one active shaft and one passive shaft. In practice, determining the active and passive shafts 

in each subsystem is quite a laborious task, because beforehand, a detailed analysis of kinematics, i.e. 

determination of angular velocities) and statics, i.e. determination of torques without taking into 

account power losses, should be carried out.  

A detailed algorithm for determining the direction of power flow is presented below: 

a) gearbox geometry analysis - determination of gearbox mobility (1), decomposition of the 

gearbox into kinematic subsystems and their classification depending on the number of DoF - 

Figure 2, Figure 3, subsections 3.1 and 3.2,  

b) determination of the magnitudes and directions of angular velocities of gears and carriers in 

subsequent subsystems - subsubsections 2.2.3, 3.3.1 and Appendices A, B,  

c) determination of the magnitudes and directions of action of the torques loading the shafts of 

each of the subsystems (at this stage of calculations, without taking into account power losses) – 

subsubsections 2.2.4, 3.3.3 and Appendix C,  

d) determining the active and passive shafts of each of the transmission subsystems and the 

directions of the flow of power streams – subsubsections 2.2.5, 3.3.4, 3.3.5.  

Knowing the directions of power flow in each of the subsystems, it is possible to determine the 

torques and powers, taking into account friction in the meshing as well as power losses and 

transmission efficiency. The solution to this problem will be presented in Part III of this paper.  

2.2.2. Analysis of the geometry of series-parallel gear systems and classification of its components  

The presented method of identifying the directions of power flow of the analysed PGS, and later 

(in Part III) also power losses, consists in determining these directions and power losses separately 

for each subsystem from the input to the output of the gear. It is therefore necessary to start the 

analysis by dividing the gear into subsystems and determining their mobility. The classification of 

subsystems is carried out on the basis of the number of DoF in accordance with the formula (1). The 

method of dividing the example series-parallel transmission (Figure 1) into subsystems and the 

classification of possible subsystems of such transmissions (Figure 2 and Figure 3) are discussed in 

subsubsection 2.1.1. A detailed analysis of the geometry of the gear subsystems (Figure 4) was carried 

out in subsection 3.1.  

2.2.3. Analysis of the kinematics of series-parallel gears  

In order to determine the directions of the flow of power streams and to estimate the power 

losses in the meshing, it is necessary to determine the magnitudes and directions of the angular 

velocity vectors of the gears and carriers of each gear subsystem in advance (blocs, units or branches) 

[214]. In practice, the Willis formula [14-23, 191, 207, 217] is often used for this purpose, although 

graph methods (linear, contour, signal flow, bond graphs, matroids and hypergraphs) are gaining 

more and more recognition, thanks to their advantages [153, 174, 175, 177-182, 184-190, 192-200, 203, 

206, 207, 210, 212-216, 218]. The nomograph method and especially lever analogy are also promising 

as universal methods for kinematics, statics and power flow analysing of the most complex PSHEV 

planetary transmission [176, 201-203, 211]. The effectiveness of the above-mentioned methods can be 

additionally increased by the matrix notation of the obtained equations [204, 211, 215].  

Angular velocities of gears and carriers of analysed PGS subsystems are determined in 

subsubsections 3.3.1. A detailed analysis of the kinematics of these gears is presented in Appendices 

A, B. For this purpose, Willis formulas and other kinematic relations were used, which are briefly 

presented below. By the way, the method of saving individual parameters was also explained.  
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The gear ratio a,p
i  of each gear transmission, both with fixed axes and planetary gear with the 

single DoF, i.e. gears containing one active a and one passive p shaft, is determined from the formula:  

a
a,p

p

i
ω

=
ω

, (2)

where a
ω  and 

p
ω  are the absolute angular velocities of the active and passive shafts, respectively, 

i.e. in motion relative to the stationary gear housing.  

Two Willis formulas for two drive directions in the analyzed subsystems are presented below:  

h
h h

, h
h

i α α
α β

ββ

ω ω −ω
= =

ω −ωω
     or      

h
hh

, h
h

i
β β

β α

αα

ω ω −ω
= =

ω −ωω
,  (3)

where h
,

i
α β

 is the stationary transmission ratio (otherwise fixed carrier gear ratio), i.e. determined in the 

reference system associated with the carrier h, binding the angular velocity 
h

α
ω  of the active shaft 

with the sun gear α  and the angular velocity 
h

β
ω  of the passive shaft with rim gear β, while 

h

,
i

β α  

is the fixed carrier gear ratio, binding the angular velocity 
h

β
ω  of the active shaft with rim gear β and 

the angular velocity 
h

α
ω  of the passive shaft with sun gear α .  

In this way, two Willis formulas were derived for two possible directions of transmission of the 

drive, respectively from the shaft with the sun gear α  to the shaft with the rim gear β and vice 

versa in the reference system related to the carrier shaft h. The fixed carrier gear ratios 
h

,
i

α β  and 
h

,
i

β α  

can also be expressed by geometric formulas depending on the type and number of teeth of the sun 

and rim gears of the subsystem, such as for type 2K-H:  

h

,

z z z
i

z z z

γ β β

α β

α γ α

  
= − ⋅ − =        

     or      
h

,

z z z
i

z z z

γ α α
β α

β γ β

   
= − ⋅ − =      
   

.   (4)

where z
α , z

γ , z
β  are the tooth numbers of the sun, planet and rim gears, respectively. Comparing 

the left-hand sides of formulas (3) and (4) gives practical forms of Willis equations:  

h

h

z

z

βα

β α

ω − ω
=

ω − ω
     or     

h

h

z

z

β α

α β

ω − ω
=

ω − ω
.                     (5) 

The magnitudes and directions of the unknown angular velocity vectors of the gears and carriers 

are determined from a system of equations of the type (5) derived for each of the subsystems of the 

PGS and supplemented with equations enabling the determination of the position of instant centers 

of rotation (Appendix B).  

2.2.4. Static analysis without taking into account meshing friction  

To determine the active and passive shafts of each of the subsystems of the PGS, and thus to 

determine the directions of power flow, it is necessary to determine the magnitudes and directions 

of the torque vectors acting on the shafts of sun gears, ring gears and carriers of each subsystem. At 

this stage of calculations, it is possible to determine the magnitudes and directions of torque without 

taking into account power losses using graphical and analytical methods, including free body 

diagram [184, 185] and lever or nomograph methods [176, 201-203, 211]. The most popular techniques 

due to the possibility of automating calculations are the methods of classical directed or undirected 

graphs, signal graph and contour graphs [18, 154, 159, 175, 192]. In Appendix C of this paper, the free 

body diagram method was used. Especially in order to facilitate the detection of the active and 

passive shafts of the subsystems, reaction torques have been additionally included. However, on the 
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basis of only the data determined so far (angular velocities and torques), it is difficult to distinguish 

the active shaft(s) from the passive shaft(s). It is best to additionally use the equation of moment 

equilibrium and energy balance. 

2.2.5. Identification of active and passive shafts and power flow directions  

It is known that the dot product of the same-directed vectors of torque and angular velocity 

j j
0⋅ >T ω , where j , , h= α β , i.e. power j

P 0>  is active, and this means that power is supplied to the 

subsystem through the active shaft. In the case of these vectors oppositely directed, their product 

j j
0⋅ <T ω  , i.e. the power j

P 0<  is reactive and this means that the power is discharged from the 

subsystem through the passive shaft. Then, the torque vector is a reaction torque, marked jR
T  as the 

resistance moment of the shaft of the adjacent driven subsystem. Thus, when identifying the active 

and passive shafts of subsystems connected in series or in parallel, two basic conditions for 

transferring power from or to a subsystem are used: 

(1) for the driving shaft, the vectors of the angular velocity j
ω  and the torque j

T  are in the same 

direction ( j j
0⋅ >T ω ),  

(2) for the driven shaft, the vectors of the angular velocity j
ω  and the reaction torque jR

T  are 

oppositely directed ( j j
0⋅ <T ω ).  

Unfortunately, these are only the conditions necessary to be met. Sufficient conditions is a 

system of governing equations derived separately for each of the subsystems with mobility equal to 

1 or 2. Each such system consists of a torque equilibrium equation and practically one energy balance 

equation in the reference system related to the stationary body, because the second equation of the 

energy balance in the system associated with the carrier can only be used for verification. A certain 

difficulty in deriving these equations for the subsystem with mobility equal to 2 is the lack of 

identified characters of the two shafts (Figure 2). The nature of the third shaft is known because it is 

either the input or output shaft of the PGS, or it is an extension of the shaft of the adjacent subsystem 

whose shafts have been identified earlier (Figure 4 to Figure 7). If for instance the shaft of an adjacent 

subsystem is passive, then the shaft of the analyzed subsystem is active.  

In the general case, there are three versions of the governing equations, assuming that the shaft 

of the sun gear is active.  

First version modelling the type 2(a) subsystem:  

R hR
T T T 0

α β
+ + = ,                                    (6) 

R hR h
T T T 0

α α β β
⋅ω + ⋅ω + ⋅ω = ,                               (7) 

where conditions for active and passive shafts are as follows: T 0
α α

⋅ω > , R
T 0

β β
⋅ω <  and 

hR h
T 0⋅ω < .  

Second version modelling the type 2(e) subsystem:  

R h
T T T 0

α β
+ + = ,                                     (8) 

R h h
T T T 0

α α β β
⋅ω + ⋅ω + ⋅ω = ,                               (9) 

where conditions for active and passive shafts are as follows: T 0
α α

⋅ω > , R
T 0

β β
⋅ω <  and 

hR h
T 0⋅ω > .  

Third version modelling the type 2(f) subsystem:  

hR
T T T 0

α β
+ + = ,                                    (10) 

hR h
T T T 0

α α β β
⋅ω + ⋅ω + ⋅ω = ,                               (11) 
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where conditions for active and passive shafts are as follows: T 0
α α

⋅ω > , T 0
β β

⋅ω >  and 

hR h
T 0⋅ω < .  

The fourth version with three active shafts is impossible to implement, both from a mathematical 

and technical point of view. Reasons: the positive terms of the sum cannot be zero and each gear 

transmission must have at least one input and one output.  

Using the "trial and error" method, it is possible to choose the right version of governing 

equations, because the magnitude of active j
T  and reactive torques jR

T , as well as the products of 

torques and angular velocities ( j j
T 0⋅ω > ) and ( jR j

T 0⋅ω < ) are known.  

Of course, in the case of subsystems with mobility equal to 1, there is no problem with 

identifying the power flow path, because such a subsystem depending on the type (Figure 3) has 

known input and output shafts. Moreover, its third shaft is fixed and hence its angular velocity and 

power are respectively j
0ω =  and j jR j

P T 0= ⋅ω = , where j = α , β  or h. Then the subsystem 

equilibrium equations are determined directly without fitting the conditions for active and passive 

shafts with one of the three versions of the equations ((6),(7)), ((8), (9)) or ((10), (11)).  

The directions of power flow in PGS are independent of whether power losses are taken into 

account or not when calculating the torques. The reason is that the active and reactive torque vectors 

calculated without taking into account the power losses j
T  and jR

T , respectively, differ only in 

magnitude from the corresponding torque vectors calculated taking into account these losses 
j

T  and 

jR
T , respectively. This will be demonstrated in Part III of this paper.  

The active and passive shafts of the transmission subsystems of the PGS determined in the above 

manner are presented in subsubsection 3.3.4, based on the data collected in Table 6 to Table 9 and 

Figure 6 to Figure 8.  

3. Case Study  

3.1. Case study subjects  

The purpose of this chapter is to present in detail the graphical and analytical method of 

determining the directions of power stream flow in PGS. In Part II will be presented a very similar 

planetary gear in terms of geometric structure. However, such important parameters as gear ratios 

in,out
i , input angular velocities 1

ω  and input torques 1
T  of both systems will be the same. The forms 

of PGSs have been specially selected so that their kinematic and dynamic similarities and differences 

could be demonstrated.  

Figures 4 shows the diagrams of analysed PGSs in forms of (a) kinematic and (b) block.  

 

(a)                                           (b) 

1

2

3

4

5

6

8

9

7

ω

TI

I

h8 h5

III

II

h2

I

ωII
T IIR

ABC

α=7

h

β=6

output

8

α=4

β=3

input

h5 h2
C B A

β=9

α=1
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Figure 4. Diagrams of the analysed PGS (a) – Kinematic, (b) – Block. 

The subsystem blocks A, B, C are additionally separated in the kinematic diagrams in Figure 6 

and Figure 7. The names of subsystem types (according to Figure 2 and Figure 3) are shown in Table 

1. For example, the subsystem A of type (2a) belonging to analysed PGS corresponds to the block 

shown in Figure 2(a). 

 

(a)                (b)               (c) 

Figure 5. Kinematic diagrams of analysed PGS subsystems C, B, A. 

Table 1. Numbers of DoF of the PGS subsystems. 

Subsystem A  B  C  

DoF 2  2  1  

Subsystem type  2(a)  2(e)  1(a)  

All blocks shown in Figure 2 correspond to three-shaft subsystems, i.e. they contain three 

moving shafts and thus have two DoF each. On the other hand, all blocks shown in Figure 3 

correspond to two-shaft subsystems, i.e. they contain two movable shafts and thus have one DoF 

each.  

3.2. Data  

Table 2 presents data on the geometry of the gears of the analysed PGS.  

Parameter symbols:  

i
z , i

d , i
m  - number of teeth and pitch diameters and gear modules ( i 1=  to 9),  

jhr , j
s  - carriers radii and number of planet gears ( j 2, 5, 8= ), respectively. There is also input 

torque 1
T 10 N m= ⋅  and input angular velocity (rotation velocity) 1

153.938 rad sω =  (

1
n 1470 RPM= ).  

Table 2. Data on PGS. 

Subsystem A  Subsystem B  Subsystem C  

1
z 18=  2

z 72=  3
z 162= −  4

z 18=  5
z 99=  6

z 216= −  7
z 24=  8

z 99=  9
z 222= −  

1
d 18=  2

d 72=  3
d 162= −  4

d 27=  5
d 148.5=  6

d 324= −  7
d 60=  8

d 247.5=  9
d 555= −  

A 1 2 3
m m m m 1mm= = = =  B 4 5 6

m m m m 1.5mm= = = =  C 7 8 9
m m m m 2.5 mm= = = =  

( )
2h 1 2

r d d 2 45mm= + =  ( )
5h 4 5

r d d 2 87.75mm= + =  ( )
8h 7 8

r d d 2 153.75mm= + =  

2
s 3=  5

s 3=  8
s 3=  

1

2

3

II

h2
4

5

6
h5

8

9

7
III

I

h8

I I
ABC
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I 1
T T 10 N m= = ⋅  I 1

153.938 rad sω = ω =  ( I 1
n n 1470 RPM= = ) 

3.3. Power flow paths in PGS  

3.3.1. Calculations of angular and tangential velocities  

The values of the fixed carrier transmission ratios of the subsystems A, B, C and pairs of sun and 

planet gears are listed in Table 3 based on calculations in Appendix A. These parameters are 

necessary to determine the angular velocity of the gears and the carriers of the PGS.  

Table 3. Values of fixed carrier transmission ratio of subsystems of analysed PGS. 

=2h

1, 3 3 1
i z z  =5h

4, 6 6 4
i z z  =8h

7, 9 9 7
i z z  = −2h

1, 2 2 1
i z z  = −5h

4, 5 5 4
i z z  = −8h

7 , 8 8 7
i z z  

9−  12−  9.25−  4−  5.5−  4.125−  

Designations of fixed carrier transmission ratios from Table 5: 2h

1, 3
i , 5h

4 , 6
i , 8h

7 , 9
i  - the ratios of the 

subsystems A, B, C, respectively, 2h

1, 2
i , 5h

4, 5
i , 8h

7, 8
i  - the ratios of the sun – planet gear pairs 1 2− , 

4 5−  and 7 8− , respectively.  

Detailed calculations of the angular and tangential velocities of sun, ring, planet gears and 

carriers are provided in Appendices A and B. In addition, the angular velocity magnitudes are 

presented in Table 4 and their directions are shown in Figure 8 to Figure 10 and Figure B1 to Figure 

B3. Also the direction of tangential velocity vectors are shown in Figure B1 to Figure B3 and their 

magnitudes in Table B1 and Table B2.  

Table 4. Magnitudes of angular velocities of the PGS in rad s . 

ω = ω = ω = ω
2 5 8II h h h ω 2

 ω = ω3 4
 ω 5

 ω = ω6 7
 ω 8

 

0.154  38.292−  16.933−  3.261  1.578  0.191−  

From the equations (A1), (A2), (A3) and (A4) the formula for the total gear ratio of the PGS can 

be derived:  

( ) 8

8
9

8

h 3 6 91
1, h 1, 9

0
h 1 4 7

z z z
i 1 i 1 1000.0

z z zω =

ω
= = − = − ⋅ ⋅ =

ω
    for  9

0ω = ,                 (12) 

where the fixed carrier transmission ratio is:  

( )
ω =

= − = ⋅ ⋅ = −8

8
9

h 3 6 9
1, 9 1, h

0
1 4 7

z z z
i 1 i 999.0

z z z
.                          (13) 

3.3.2. Transmission ratios on power flow paths in subsystems of analysed PGS  

According to Figure 4(a),(b), Figure 5 and Table 1 PGS consists of subsystems A, B with two DoF 

each and subsystem C with single DoF. Each single DoF subsystem has only one power flow path, so 

the transmission ratio on power flow paths of such subsystem is equal to its gear ratio. In contrast, 

each two DoF subsystem has two power flow paths. For this reason, for subsystems with two DoF, it 

is possible to determine only the transmission ratios on individual paths of the power flow, taking 

into account the angular velocity of the third element of each subsystem. The values of these ratios 

have been calculated in the Appendix D and presented in Table 5. According to the algorithm 

(subsubsection 2.2.1), they will be used to determine the torque acting on the sun and rim gears and 

carriers of each of the subsystems A, B, C and the power on individual power flow paths (Appendix 

D).  
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Table 5. The transmission ratios on the power flow paths in subsystems of analysed PGS. 

( )
2

3
1,h

16.933
i

ω =−
 ( )

h2

1,3
0.154

i
ω =

 ( )
h5

4,6
0.154

i
ω =

 ( )
5

4
h ,6

16.933
i

ω =−
 ( )

8
9

7,h
0

i
ω =

 

1000  ( )9.09 09−  10.732−  0.098  10.247  

3.3.3. Calculations of the shaft torques of subsystems A, B, C  

• Shaft torques of the two DoF subsystem A  

According to Figure 4(a) and Table 3, the torque acting on the input shaft I of the PGS is given 

I 1
T T 10 N m= = ⋅ . Therefore, it was used to calculate the active and reactive torques 

2h
T , 

2h R
T  and 

3
T , 3R

T  on the shafts of carrier 2
h  and rim gear 3, respectively in Appendix C. Equilibrium 

equations (C2) and (C11) to (C13) were derived using the free body diagram based on Figure C1. The 

magnitudes of the calculated torques are presented in Table 6. In subsubsection 3.3.4 they will be 

used together with the magnitudes of angular velocities 
2h

ω  and 3
ω  (from Table 4) to select the 

appropriate system of equations to determine the two power flow paths in subsystem A.  

Table 6. Torque magnitudes 
2h

T , 
2h R

T  and 3
T , 3R

T . 

( )2

2

h

h 1 1,3
T T 1 i= ⋅ −  ( )2

2

h

h R 1 1,3
T T 1 i= − ⋅ −  2h

3 1 1,3
T T i= ⋅  2h

3R 1 1,3
T T i= − ⋅  

100.0 N m⋅  100.0 N m− ⋅  90.0 N m− ⋅  90.0 N m⋅  

• Shaft torques of the two DoF subsystem B  

According to equation (C15) and Figure C2 the torque 4
T  acting on the input shaft of the sun 

gear 4 is equal to 4 3R
T T 90N m= − = − ⋅ . Therefore, it was used to calculate the active and reactive 

torques 
5h

T , 
5Rh

T  and 6
T , 6R

T  of the carrier 5
h  and rim gear 6 shafts, respectively. The 

magnitudes and vector directions of these torques were determined in Appendix C from the 

equilibrium equations (C16), (C25) to (C28) based on Figure C3. The magnitudes of the calculated 

torques are presented in Table 7. In subsubsection 3.3.4 they will be used together with the angular 

velocities 
5h

ω  and 6
ω  (from Table 6) to select the appropriate system of equations to determine the 

two power flow paths in subsystem B.  

Table 7. Torque magnitudes 
5h

T , 
5h R

T  and 6
T , 6R

T . 

( )52

5

hh

h 1 1, 3 4, 6
T T i 1 i= − ⋅ ⋅ −  ( )52

5

hh

h R 1 1, 3 4, 6
T T i 1 i= ⋅ ⋅ −  52 hh

6 1 1, 3 4, 6
T T i i= ⋅ ⋅  52 hh

6R 1 1, 3 4, 6
T T i i= − ⋅ ⋅  

1170.0 N m⋅  1170.0 N m− ⋅  1080.0 N m⋅  1080.0 N m− ⋅  

• Shaft torques of the single DoF subsystem C  

According to equations (C29), (C30) and Figure C4, the torque acting on the shaft of the rim gear 

7 is given 7 6R
T T 1080 N m= − = ⋅ . Therefore, it was used to calculate the active and reactive torques 

8h
T , 

8h R
T  and 9

T , 9R
T  of the shafts of carrier 8

h  and rim gear 9, respectively. Magnitudes and 

directions of these torques were determined in Appendix C from the equilibrium equations (C37), 

(C38), (C41), (C42) based on Figure C5. The magnitudes of the calculated torques are presented in 

Table 8. In subsubsection 3.3.4 they will be used together with the angular velocities 
8h

ω  and 9
0ω =  

(from Table 4) to select the appropriate equation to determine the one power flow path in subsystem 

C.  
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Table 8. Torque magnitudes 
8h

T , 
8h R

T  and 9
T , 9R

T . 

( )5 82

8

h hh

h 1 1, 3 4, 6 7 ,9
T T i i 1 i= ⋅ ⋅ ⋅ − ( )5 82

8

h hh

h R 1 1, 3 4, 6 7,9
T T i i 1 i= − ⋅ ⋅ ⋅ −  5 82 h hh

9 1 1, 3 4, 6 7,9T T i i i= ⋅ ⋅ ⋅  5 82 h hh

9R 1 1, 3 4, 6 7,9
T T i i i=− ⋅ ⋅ ⋅  

11070.0 N m⋅  11070.0 N m− ⋅  9990.0 N m− ⋅  9990.0 N m⋅  

3.3.4. Power flow paths in the subsystems A, B, C of the PGS  

• Identification of the power flow paths in type 2(a), 2(e) or 2(f) subsystem A  

In subsubsection 2.2.5 it was shown that one of the three versions of the system of equations 

((6),(7)), ((8), (9)) or ((10), (11)) can be a great help in identifying active and passive shafts in series-

parallel connected PGS subsystems. Each system of equations in these three versions models the 

subsystems of type 2(a), 2(e ) and 2(f) in order. The chosen version of the system of equations is the 

one that is satisfied by one of the following pairs of necessary conditions:  

3R 3
T 1523.987 W 0⋅ω = − <    and   

2 2h R h
T 15,394W 0⋅ω = − < ,                  (14) 

3R 3
T 1523,987W 0⋅ω = − <    and   

2 2h h
T 15,394W 0⋅ω = > ,                   (15) 

3 3
T 1523,987W 0⋅ω = >      and   

2 2h R h
T 15,394W 0⋅ω = − < .                  (16) 

It can be easily shown that the system of equations ((6), (7)) is satisfied by a pair of conditions 

(14). The adapted version of the selected system of equations ((6), (7)) for the new indices of 

subsystem A elements took the form:  

21 3R h R
T T T 0+ + = ,                                    (17) 

2 21 1 3R 3 h R h
T T T 0⋅ω + ⋅ω + ⋅ω = ,                               (18) 

where adapted new indices 1α = , 3β =  and 2
h h=  (according to Figure 2a).  

The above two equations are a mathematical model of subsystem A type 2(a), in which the input 

shaft of sun gear 1 is assumed to be driving ( 1 1
T 1539.380 W 0⋅ω = > ), while the shafts of carrier 2

h  

and ring gear 3 are driven ( 3R 3
T 0⋅ω <  and 

2 2h R h
T 0⋅ω < ). The directions of the torques 1

T , 
2h R

T  and 

3R
T  are shown in Figure 6.  

Torque 3R
T  must also satisfy the additional equation of energy balance in the carrier 2

h  mobile 

frame of reference (19), so there is a second way to check its magnitude in addition to the free body 

diagram used in Appendix C (equation (C14)):  

( ) ( )
2 21 1 h 3R 3 h

T T 0⋅ ω −ω + ⋅ ω −ω = .                              (19) 

 

(a)                   (b) 

ω1

ω2

C2

1

2

3

ω3

h2

Τ3R

Τ1

Th   R2

ωh2

O

O2

ω4
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3

ω3

=ω3

Τ3R

Τ4 O
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Figure 6. Angular velocities and torques (a) of elements of subsystem A (b) of gear pair 3, 4 . 

• Identification of the power flow paths in type 2(a), 2(e) or 2(f) subsystems B  

A possible condition to satisfy one of the three versions of equation pairs ((6),(7)), ((8), (9)) or 

((10), (11)) for the subsystem B is among the three below: 

6R 6
T 1704.094W 0⋅ω = − <    and   

5 5h R hT 180.107W 0⋅ω =− < ,                  (20) 

6R 6
T 1704.094 W 0⋅ω = − <    and   

5 5h hT 180.107 W 0⋅ω = > ,                   (21) 

6 6
T 1704,094W 0⋅ω = >      and   

5 5h R h
T 180.107 W 0⋅ω = − < .                  (22) 

The system of equations ((8), (9)) is satisfied by a pair of conditions (21), and therefore the 

adapted version of these equations takes the following form for subsystem B indices:  

54 6R h
T T T 0+ + = ,                                    (23) 

5 54 4 6R 6 h h
T T T 0⋅ω + ⋅ω + ⋅ω = ,                               (24) 

where adapted new indices 4α = , 6β =  and 5
h h=  (according to Figure 2(e).  

The equations (23) and (24) are a mathematical model of subsystem B type 2(e), in which the 

input shaft of sun gear 4 must be driving ( 4 4 3 3
T T 1523,987 W 0⋅ω = ⋅ω = > ), while the shaft of rim 

gear 6 is driven ( 6R 6
T 0⋅ω < ), and the shaft of carrier 5

h  is driving (
5 5h h

T 0⋅ω > ). The directions of 

torque vectors 4
T , 

5h
T and 6R

T  are shown in Figure 9.  

The torque 6R
T  must also satisfy the additional equation of the energy balance in the mobile 

reference frame related to the carrier 5
h  (25), so there is a second way to check its magnitude in 

addition to the free body diagram used in Appendix C (equation (C28)):  

( ) ( )
54 4 h5 6R 6 h

T T 0⋅ ω − ω + ⋅ ω −ω = .                                 (25) 

 

(a) (b) 

Figure 7. Angular velocities and torques (a) of elements of subsystem B (b) of gear pair 6, 7. 

• Identification of the power flow path in the type 1(a) subsystem C  

According to Figure 3(a), Figure 4, Figure 6(a) and Table 1, the subsystem C has one DoF and is 

type 1(a). Therefore, it has one power flow path from the input shaft of sun gear 7 to the output shaft 

of carrier 8
h  because the shaft of ring gear 9 is fixed. In this case, the governing equation can be 

determined directly without fitting the conditions for active and passive shafts with one of the three 

versions of the equations ((6),(7)), ((8), (9)) or ((10), (11)):  

O5

ωh5
ω4

h5

O

ω5
5

6

ω6

C5

4

Τ6R

T 4

Τh5 ω  =ω7       6

O

6
ω6

7

T 7

T 6R
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87 9R h R
T T T 0+ + = ,                                     (26) 

8 87 7 9R 9 h R h
T T T 0⋅ω + ⋅ω + ⋅ω = ,                                (27) 

where adapted new indices 7α = , 9β = , 8
h h=  (according to Figure 3(a)) and 

7 6 6R
T T T 1080 N m= = − = ⋅  (according to equations (C27) and (C30)).  

The form of these equations is consistent with the assumption that in this subsystem having one 

DoF the shaft of sun gear 7 is driving, the shaft of carrier 8
h  is driven, and the ring gear 9 is fixed (

9
0ω = ). These assumptions correspond to the conditions, 

7 7T 1704.094 W⋅ ω = , 
8 8h R h

T 0⋅ω <  and 

9R 9
T 0⋅ω = . The directions of the torque vectors 

8h R
T  and 9R

T  are shown in Figure 10 and Figure 

C5. The torque 9R
T  must also satisfy the additional energy balance equation in the reference frame 

related to the carrier 8
h  (28), so there is a second way to check its magnitude in addition to the free 

body diagram used in Appendix C (equation (C38): 

( ) ( )
8 87 7 h 9R 9 h

T T 0⋅ ω − ω + ⋅ ω − ω = .                               (28) 

 

Figure 8. Angular velocities and torques of elements of subsystem C. 

For the previously determined torques acting on the shafts of carriers 2
h , 5

h  and 8
h , it is 

possible to calculate the total torque on the output shaft II of analysed PGS:  

2 5 8IIR II h R h h R
T T T T T 10000 N m= − = + + = − ⋅ .                        (29) 

and check the total gear ratio (for efficiency I ,II
1η = ):  

II
I ,II

I I ,II

T 10000
i 1000

T 10 1
= = =

⋅η ⋅
.                               (30) 

• Identification of the power flow path in analysed PGS (summary)  

Based on equations (17), (18), (23), (24) and (28), (29) and Table 6 collective Table 9 was prepared, 

which presents the active and passive gears and carriers of analysed PGS, and thus the active and 

passive shafts of these elements.  

Table 9. Active and reactive shafts of analysed PGS. 

Parameter 
Shafts of gear or carrier No.  

1  3  2
h  4  6  5

h  7  8
h  

ωh

O

9 ω8

7

C8

8

O8

h8

8

ω  =09

ω7

T9R

T7

Th  R8
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i
ω  1

0ω >  3
0ω <  

2h
0ω >  

4
0ω <  6

0ω >  
5h

0ω >  
7

0ω >  
8h

0ω >  

i
T  1

T 0>  3
T 0<  

2h
T 0>  

4
T 0<   6

T 0>  
5h

T 0>  
7

T 0>  
8h

T 0>  

iR
T  1R

T 0<  3R
T 0>  

2h R
T 0<  

4,R
T 0>  

6,R
T 0<  

5h R
T 0<  

7 R
T 0<  

8h R
T 0<  

Charakter  Active Reactive Reactive Active Reactive Active Active Reactive 

Type  2(a) 2(a) 2(a) 2(e) 2(e) 2(e) 1(a) 1(a) 

3.3.5. Powers and power ratios on the shafts of subsystems A, B, C of analysed PGS  

• Calculations of powers and power ratios on the shafts of subsystem A  

Power calculations and power ratios in the subsystem A were made in Appendix D (equations 

D1 to D7). The values of the power and power ratios are presented in Table 10 and Table 11, 

respectively, and in Figure 9.  

Table 10. Values of active and reactive power on the shafts of subsystem A. 

1 1 1
P T= ⋅ω

. 3R 3R 3
P T= ⋅ω  

2 2 2h R h R h
P T= ⋅ω  

1539.380 W  1523.987 W−  15.394 W−  

Table 11. Power ratios on the shafts of subsystem A. 

2h R 1
P P 100%⋅  

3R 1
P P 100%⋅  ( )

2h R 3R 1
P P P 100%+ ⋅  

1%  99%  100 %  

Table 11 shows that only 1% of the power supplied to the subsystem A is transferred to the PGS 

output shaft, while the rest to the subsystem B through the shafts of rim gear 3 and sun gear 4.  

• Calculations of powers and power ratios of the subsystem B  

Power calculations and power ratios in the subsystem B were made in Appendix D (equations 

D8 to D15). The values of the power and power ratios are presented in Table 12 and Table 13, 

respectively, and in Figure 9. 

Table 12. Values of active and reactive power on the shafts of subsystem B. 

4 4 4
P T= ⋅ω  

5 5 5h h h
P T= ⋅ω  

6R 6R 6
P T= ⋅ω  

1523.987 W  180.107W  1704.094 W−  

Table 13. Power ratios on the shafts of subsystem B. 

4 1
P P 100%⋅  

5h 1
P P 100%⋅  6R 1

P P 100%⋅  ( )
56R 4 h

P P P 100%+ ⋅  

99%  11.7 %  110.7 %  100 %  

Table 12 shows that the shafts of the sun gear 4 and the carrier 5
h  of subsystem B are active 

because the powers 4
P 0>  and 5

P 0> . However, Table 13 and Table 15 show that the bearings and 

shafts of the ring gear 6, the sun gear 7, the planet gears 8 and the carriers 8
h  and 5

h  are overloaded 

by more than 10%. The reason is that the above-mentioned elements of the B and C subsystems form 

a closed loop inside which the power transmitted by the carrier 5
h  shaft is closed. Colloquially, it is 

often said that this power circulates in a closed loop, but unfortunately it is not a vector.  

• Calculations of powers and power ratios on the shafts of subsystem C  
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Power calculations and power ratios in the subsystem C were made in Appendix D (equations 

D16 to D23). The values of the power and power ratios are presented in Table 14 and Table 15, 

respectively, and in Figure 9.  

Table 14. Values of active and reactive power on the shafts of subsystem C. 

7 7 7
P T= ⋅ω  

8 8 8h R h R h
P T= ⋅ω  

9R 9 9
P T= ⋅ω  

1704.094 W  1704.094 W−  0  

Table 15. Power ratios on the shafts of subsystem C. 

7 1
P P  

8h R 1
P P  

9R 1
P P  

8 5h h 1
P P P+  II 1

P P  

110.7 %  110.7 %  0 %  99.0%  100 %  

where 
8 5 2II h h h

P P P P 1539.380 W= + + = −  (according to (D23)).  

The shaft of the rim gear 9 is fixed, so the power 9
P 0=  (Table 14). Table 15 shows, among 

others, the value of the power ratio equal to 
II 1

P P 100% 100%⋅ = , which means that, according to 

the assumption, in the analysed PGS no power loss occurred.  

4. Results 

Figure 9 shows the paths and directions of the flow of power streams in the coupled serial-

parallel planetary gear system without taking friction losses into account. To determine these paths, 

a modified classical method was used by explicitly introducing reaction moments (subsubsection 

3.3.4 and Table 9). The calculations showed that the analyzed PGS is coupled not only structurally 

through two closed circuits, but also dynamically. Namely, in the second circuit there is a 

phenomenon of power circulation, because the shaft of carrier 5
h  is active in contrast to the shafts 

of carriers 2
h  and 8

h , which are passive. Through the shaft of carrier 5
h , the power is transmitted 

to the inside of the second PGS circuit according to the calculation results (D9) and (D13) presented 

in Table 15, which increased the power ratio to 110.7% according to the calculation results (D14), 

(D19) and (D20). Through the shafts of carriers 2
h  and 8

h , the power is transmitted to the output 

shaft II PGS, i.e. outside according to the calculation results (D3) and D20). As a result of the power 

circulation, the meshing of the gears 5-6, 7-8, 8-9 and the adjacent rolling bearings are overloaded. 

The output power, despite the power circulation in a closed circuit, reached 100% of the input power.  
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Figure 9. Directions of power streams flow and power ratios in the coupled PGS. 

5. Conclusions  

In this paper, which is the first part of a three-part study, a systematic methodology of 

determining the paths and directions of power flow in coupled serial-parallel PGS has been 

presented. These single degree of freedom PGSs consisted of three 2KH type subsystems and two 

closed circuits. The aim of developing the three parts of the study was:  

1) comparison of power flow paths and directions without taking into account power losses in 

two structurally similar PGSs, the first of which turned out to be structurally coupled (with a closed 

circuit) and dynamically coupled (with the power circulation phenomenon) during the analysis 

carried out in Part I, while the second PGS analyzed in part II - only structurally coupled without 

power circulation,  

2) comparison of power flow paths and directions, taking into account power losses in gear 

meshing, and determination of power ratios and efficiency of these two PGSs (in Part III).  

The algorithm of the method was as follows (assuming that the geometric parameters of PGS 

are already given):  

1) checking the PGS mobility, dividing the PGS structure into blocks (subsystems) and closed 

circuits, determining the fixed carrier transmission ratio of individual subsystems,  

2) determination of the magnitudes of angular velocities of gears and carriers as well as gear 

ratios of individual subsystems and PGS using the Willis relationship,  

3) determining the magnitudes of active and reactive torques, as well as tangential and radial 

forces, using the free body diagram, necessary to calculate the active or reactive powers transmitted 

by the shafts of individual subsystems, 

4) determination of paths with power flow directions by defining the role of individual 

subsystem shafts (active shafts - supplying power to the subsystem, passive shafts discharging power 

from the subsystem) - an original method using the concepts of active and reactive torques, as well 

as active and reactive powers, 

5) calculation of power values and power ratios as a check of the algorithm.  
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Appendix A 

1

2

3

4

5

6
8

9

7

110.70% 99.00%

110.70%

11.70%

99.00%

100%

ω

TI

I

ωII

T IIR

h8

h2

h5

1%

100%

III

I
II

110.70%
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A.1. Willis formulas for subsystems A, B, C and PGS  

• Equation for subsystem A (Figure B1):  

22

2

1 hh

1, 3

3 h

i
ω − ω

=
ω − ω

,                                      (A1) 

where: 2h

1, 3 3 1
i z z 9= = − , 1

153.938rad sω = , 3 4
ω = ω , 

2h II
ω = ω  (Figure 5(c), Table 2).  

• Equation for subsystem B (Figure B2):  

55

5

4 hh

4, 6

6 h

i
ω − ω

=
ω − ω

,                                      (A2) 

where: 5h

4, 6 6 4
i z z 12= = − , 6 7

ω = ω , 
5 2h II h

ω = ω = ω  (Figure 5(b), Table 2).  

• Equation for subsystem C (Figure B3):  

88

8

7 hh

7 , 9

9 h

i
ω − ω

=
ω − ω

,                                      (A3) 

where: 8h

7 , 9 9 7
i z z 9.25= = − , 

2 5 8h h h II
ω = ω = ω = ω , 9

0ω =  (Figure 5(a), Table 2).  

• Equation for PGS (Figure 4(a), Figure 5):  

88

8

1 hh

1, 9

9 h

i
ω − ω

=
ω − ω

,                                      (A4) 

A.2. Willis formulas for sun gear and planet gear pairs  

• Equation for the sun gear 1 and the planet gear 2:  

22

2

1 hh

1, 2

2 h

i
ω −ω

=
ω −ω

,                                    (A5) 

where: 2h

1, 2 2 1
i z z 4= − = −  (Figure 5(c)).  

• Equation for the sun gear 4 and the planet gear 5:  

55

5

4 hh

4, 5

5 h

i
ω −ω

=
ω −ω

,                                    (A6) 

where: 5h

4, 5 5 4
i z z 5.5= − = −  (Figure 5(b)).  

• Equation for the sun gear 7 and the planet gear 8:  

88

8

7 hh

7, 8

8 h

i
ω − ω

=
ω −ω

,                                       (A7) 

where: 8h

7 , 8 8 7
i z z 4.125= − −  (Figure 5(a)).  

A.3. Calculations of angular velocities of gears and carriers of PGS  

• Angular velocities of the carriers 2
h , 5

h  and 8
h :  
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2 5 8

8

1
h h h II 9

1,h

0.154 rad s
i

ω
ω = ω = ω = ω = = .                          (A8) 

• Angular velocities of the rim gear 3 and the sun gear 4:  

( )
2 2

1
3 1 h h

3

z
16.933 rad s

z
ω = ω − ω ⋅ + ω = −                           (A9) 

or  

5

5

9 6 9 61
4 h 9

7 4 7 41 h

z z z z
1 1 16.933 rad s

z z z zi

   ω
ω = ω ⋅ − ⋅ = ⋅ − ⋅ = −   

   
.                (A10) 

• Angular velocities of the rim gear 6 and the sun gear 7:  

( )
2 2

1 4
6 7 1 h h

3 6

z z
1.578 rad s

z z
ω = ω = ω − ω ⋅ ⋅ + ω =                      (A11) 

or  

8

8

9 91
7 h 7 69

7 71 h

z z
1 1 1.578 rad s

z zi

   ω
ω = ω ⋅ − ω = ⋅ − = ω =   

   
.                (A12) 

• Angular velocity of the planet gear 2:  

2

1 1
2 1 h

2 2

z z
1 38.292rad s

z z

 
ω = − ⋅ω + ω ⋅ + = − 

 
.                     (A13) 

• Angular velocity of the planet gear 5:  

5

4 4
5 4 h

5 5

z z
1 3.261 rad s

z z

 
ω = − ⋅ω + ω ⋅ + =  

 
,                      (A14) 

• Angular velocity of the planet gear 8:  

8

7 7
8 7 h

8 8

z z
1 0.191 rad s

z z

 
ω = − ⋅ω + ω ⋅ + = −  

 
.                    (A15) 

Appendix B  

B.1. Calculation of tangential velocities of the gears of PGS  

• Tangential velocities 1,2
v , 4,5

v , 7,8
v  of the sun gears 1, 4, 7 respectively at the points of contact 

with the planet gears 2, 5, 8 are determined from the following formulas (according to Figure 

B1, Figure B2 and Figure B3):  

i
i ,i 1 i

d
v

2+
= ω ⋅ ,                                (B1) 

where i 1, 4, 7= .  

• Tangential velocities 3,2
v , 6,5

v , 9,8
v  of rim gears 3, 6, 9 respectively at the points of contact 

with the planet gears 2, 5, 8 (according to Figure B1, Figure B2 and Figure B3:  

i

i ,i 1 i

d
v

2−
= ω ⋅ ,                               (B2) 

where i 3, 6, 9= .  
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• Assumption that the tangential velocities of the planet gears 2,1
v , 2,3

v , 5,4
v , 5,6

v , 8,7
v , 8,9

v  

are equal to the respective velocities of the sun and rim gears at their points of contact (according 

to Figure B1, Figure B2 and Figure B3):  

2,1 1,2
v v= ,   2,3 3,2

v v= ,   5,4 4,5
v v= ,   5,6 6,5

v v= ,   8,7 7 ,8
v v= ,   8,9 9,8

v v= .  

The calculated magnitudes of these velocities are given in Table B1.  

Table B1. Calculated magnitudes of tangential velocities in m s . 

2,1 1,2
v v=  2,3 3,2

v v=  5,4 4,5
v v=  5,6 6,5

v v=  8,7 7 ,8
v v=  8,9 9,8

v v=  

1.385 -1.372 -0,229 0.256 0.047 0 

B.2. Determination of instantaneous centre of zero velocity 2
C  and velocities of the carrier 2

h   

• The coordinate 2
x  of the instantaneous centre of zero velocity 2

C  of the planet gear 2 (Figure 

B1(a)): 

2,1 2,3 2,1 2

2

2 2 2 2,1 2,3

v v v d
x 0.036 m

x d x v v

− ⋅
=  = =

− −
.                          (B3) 

         

(a)                               (b) 

Figure B1. Angular and tangential velocities (a) of the elements of subsystem A (b) of the pair of gears 

3, 4. 

• Angular velocity 2
ω  of the planet gear 2 (check (A13)):  

2,1 2,3

2

2 2 2

v v
38.292 rad s

x d x
ω = − = = −

−
.                           (B4) 

• Tangential velocities 
22,h

v  and 
2h ,2

v  of the centre 2
O  of the planet gear 2 and the carrier 2

h , 

respectively (Figure B1(a)):  

2 2

2
2,h h ,2 2 2

d
v v x 0.007 m s

2

 
= = −ω ⋅ − = 

 
.                          (B5) 

• Angular velocities 
2h

ω  of the carrier 2
h  (Figure B1(a)):  

2 2 2 2

1 2
h ,2 h h h ,2 1 2

d d
v v 2 (d d ) 0.154 rad s

2

+
= ω ⋅  ω = ⋅ + = .                (B6) 

• Tangential velocity 4,5
v  of the sun gear 4 at the point of contact with the planet gears 5 (Figure 

B1(b)):  

( )4 3 4,5 4 3,2 3 4,5 3,2 4 3
v d 2 v ( d 2) v v d d 0.229 m sω = ω  =  = ⋅ = − .       (B7) 

ωh

ω1

v     = v2,h         h  ,2

ω2

x2

C2

1

2

v    = v2,3       3,2

3

3

h2

2

2 2

O

v    = v2,1       1,2

O2

O

v4,5

ω4

4

3,2
3

ω3

=ω3
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B.3. Determination of instantaneous centre of zero velocity 5
C  and velocities of the carrier 5

h   

• The coordinate 5
x  of the instantaneous centre of zero velocity 5

C  of the planet gear 5 (Figure 

B2(a)):  

5,4 5,6 5,4 5

5

5 5 5 5,4 5,6

v v v d
x 0.070 m

x d x v v

− − ⋅
=  = =

− − +
.                  (B8) 

       

(a)                (b) 

Figure B2. Angular and tangential velocities (a) of the elements of subsystem B (b) of the pair of gears 

6, 7. 

• Angular velocity 5
ω  of the planet gear 5 (check (A14)):  

5,4 5,6

5

5 5 5

v v
3.261 rad s

x d x

−
ω = = =

−
,                           (B9) 

• Tangential velocities 
55,h

v  and 
5h ,5

v  of the centre 5
O  of the planet gear 5 and the carrier 5

h , 

respectively (Figure B2(a)):  

5 5

5
5,h h ,5 5 5

d
v v x 0.014 m s

2

 
= = −ω ⋅ − = 

 
.                          (B10) 

• Angular velocity 
5h

ω  of the carrier 5
h  (Figure B2(a)):  

5 5 5 5

4 5
h ,5 h h h ,5 4 5

d d
v v 2 (d d ) 0.154 rad s

2

+
= ω ⋅  ω = ⋅ + = .                (B11) 

• Tangential velocity 7,8
v  of the sun gear 7 at the point of contact with the planet gears 8 (Figure 

B2(b)):  

( )7 6 7 ,8 7 6,5 6 7 ,8 6,5 7 6
v d 2 v (|d | 2) v v d |d | 0,047 m sω = ω  =  = ⋅ = .        (B12) 

B.4. Determination of instantaneous centre of zero velocity 8
C  and velocities of the carrier 8

h   

• The coordinate of the instantaneous centre of zero velocity 8
C  of the planet gear 8 (Figure B3):  

Instantaneous centre of zero velocity of the gear 8 is at the point 8
C  of contact with the 

stationary ring gear 8, because 9
0ω =  (Figure B3). Thus tangential velocities 8,9

v  and 9,8
v  are 

equal 8,9 9,8
v v 0= = .  

x5

v    =v6,5      5,6

O5
v     =v5,h       h  ,55 5

v    =v4,5      5,4

ωh5
ω4

h5

O

ω5
5

6

ω6

C5

4

v6,5

ω  =ω7       6

O

6
ω6

v7,8

7
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Figure B3. Angular and tangential velocities of subsystem C. 

• Angular velocity 8
ω  of the planet gear 8 (check (A15)):  

8,7

8

8

v
0.191 rad s

d
ω = − = − ,                           (B13) 

where: 8,7 7 ,8
v v 0.047 m s= =  (according to (B12)).  

• Magnitude of velocities 
88,h

v  and 
8h ,8

v , respectively, of the center 8
O  of the planet gear 8 and 

the carrier 8
h  (Figure B3):  

8 8

8
8,h h ,8 8

d
v v 0.024 m s

2
= = −ω ⋅ = .                      (B14) 

• Angular velocity 
8h

ω  of the carrier 8
h  (Figure B3):  

8 8 8 8

7 8
h ,8 h h h ,8 7 8

d d
v v 2 (d d ) 0.154 rad s

2

+
= ω ⋅  ω = ⋅ + = .                (B15) 

Table B2. Velocity magnitudes of the centres of planet gears 2, 5, 8 and the carriers 2
h , 5

h  and 8
h  

in m s . 

2 22,h h ,2
v v=  

5 55,h h ,5
v v=  

8 88,h h ,8
v v=  

0.007 0.014 0.024 

Appendix C  

C.1. Calculation of torques, tangential and radial forces acting on gears 1, 2, 3 and carrier 2
h   

• The reaction torque 1R
T  balancing the given active torque 1

T  according to Table 2 and Figure 
C1(a):  

1 1R 1R 1
T T 0 T T 10 N m+ =  = − = − ⋅ .                        (C1) 

• The tangential force t 2 ,1
F  exerted by the planet gear 2 on the sun gear 1 (Figure C1(a)):  

1 1R
1R 2 t 2 ,1 t 2 ,1

2 1

d 2 T
T s F F 370.370 N

2 s d

⋅
= ⋅ ⋅  = = −

⋅
.                (C2) 

• The radial force r 2 ,1
F  exerted by the planet gear 2 on sun gear 1:  

r 2,1 t2,1
F F tan 134.804 N= ⋅ α = ,                                  (C3) 

where pressure angle 20α = ° .  

O

9 ω8

v7,8

7

C8

8

v    =7,8 v8,7

v      =8,h8
vh  ,88O8

h8

8

ω  =09

ω7
ωh
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            (a)                (b) 

Figure C1. Free body diagrams of the subsystem A elements: (a) gears 1, 2, 3, (b) carrier 2
h . 

• The tangential force t1,2
F  exerted by the sun gear 1 on the planet gear 2:  

1 1
1 2 t1,2 t1,2 t 2 ,1

2 1

d 2 T
T s F F F 370.370 N

2 s d

⋅
= ⋅ ⋅  = = − =

⋅
.             (C4) 

• The radial force r1,2
F  exerted by the sun gear 1 on the planet gear 2:  

r1,2 t1,2
F F tan 134.804 N= ⋅ α = .                      (C5) 

• The tangential force t3,2
F  exerted by the ring gear 3 on the planet gear 2:  

2 2
t1,2 t3,2 t3,2 t1,2

d d
F F 0 F F 370.370 N

2 2
⋅ − ⋅ =  = = .              (C6) 

• The tangential force t2 ,3
F  exerted by the planet gear 2 on the ring gear 3:  

t2,3 t3,2 t1,2
F F F 370.370 N= − = − = − .                            (C7) 

• The radial forces r2 ,3
F  and r3,2

F  exerted respectively by the planet gear 2 on the ring gear 3 

and vice versa by the ring gear 3 on the planet gear 2:  

r2,3 r3,2 r1,2
F F F 134.804 N= = = .                            (C8) 

• The force 
2h ,2

F  exerted by the carrier 2
h  on the center of planet gear 2 (Figure C1(b)):  

2 2

1
h ,2 t1,2 t 3,2 h ,2

2 1

4 T
F F F = 0 F 740.741 N

s d

⋅
+ +  = − = −

⋅
.                (C9) 

• The tangential force 
2t2,h

F  exerted by the center of planet gear 2 on the carrier 2
h :  

2 2

1
t2,h h ,2

2 1

4 T
F F 740.741 N

s d

⋅
= − = =

⋅
.                            (C10) 

• The active torque 
2h

T  transmitted to the shaft of the working machine II through the shaft of 

carrier 2
h :  

( )
( )2

2 2

1 1 2 h1 2
h t 2,h 2 1 1,2

1

2 T z zd d
T F s 2 T 1 i 100 N m

2 z

⋅ ⋅ ++
= ⋅ ⋅ = = ⋅ ⋅ − = ⋅ .          (C11) 

O2

O

T 1R

Ft1,2
h2

Ft2,1 1

2

Ft2,3

Ft3,2

3

T3

T3R

T 1

ω1

Th2

Th  R2
ωh2

O

Fr1,2

Fr2,1

Fr3,2

Fr2,3

Ft2,h2

Ft2,h2

Ft2,h2

ω3

O2

h2

O2

O2

h2

h2

Fh  ,22
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• The reaction torque 
2h R

T  (generated by the resistance of the working machine) balancing the 

active torque 
2h

T :  

( )2

2 2

h1 2
h R t h ,2 2 1 1,2

d d
T F s 2 T 1 i 100 N m

2

+
= ⋅ ⋅ = − ⋅ ⋅ − = − ⋅ .               (C12) 

• The active torque 3
T  transmitted to the shaft of sun gear 4 through the shaft of ring gear 3):  

2
t 2,3 2 3 1 3 h1 3

3 1 1,3

1 1

F s d T z T z
T T i 90 N m

2 z z

⋅ ⋅ ⋅ ⋅
= = − = = ⋅ = − ⋅ .             (C13) 

• The reaction torque 3R
T  (generated by the resistance of subsystem B) balancing the active 

torque 3
T :  

2
t 3,2 2 3 h1 3

3R 1 1,3

1

F s d T z
T T i 90 N m

2 z

⋅ ⋅ ⋅
= = − = − ⋅ = ⋅ .                  (C14) 

C.2. Calculation of torques, tangential and radial forces acting on gears 4, 5, 6 and carrier 5
h   

• The active torque 4
T  driving the shaft of sun gear 4 according to Figures C1(a) and C2:  

2h

4 3R 4 1 1,3
T T T T i 90 N m= −  = − ⋅ = − ⋅ .                           (C15) 

 

Figure C2. Balance of active and reaction torques acting on ring gear 3 and sun gear 4. 

• The reaction torque 4R
T  balancing the active torque 4

T :  

2h

4R 4 4R 4 1 1,3
T T 0 T T T i 90 N m+ =  = − = − ⋅ = ⋅ .                    (C16) 

• The tangential force t 5,4
F  exerted by the planet gear 5 on the sun gear 4 (Figure C3(a)):  

21 3 h4 4R 1
4R t 5,4 5 t 5,4 1,3

5 4 5 4 1 5 4

2 T zd 2 T 2 T
T F s F i 2222.222 N

2 s d s d z s d

⋅ ⋅⋅ ⋅
= ⋅ ⋅  = = = − ⋅ =

⋅ ⋅ ⋅ ⋅
.    (C17) 

• The tangential force t 4 ,5
F  exerted by the sun gear 4 on the planet gear 5:  

2h4 4 1
4 t 4,5 5 t 4,5 t 5,4 1,3

5 4 5 4

d 2 T 2 T
T F s F F i 2222.222 N

2 s d s d

⋅ ⋅
= ⋅ ⋅  = − = = ⋅ = −

⋅ ⋅
.     (C18) 

Ft5,4

Ft2,3

O

Ft 2,3

Ft5,4
3

4

T3R
T3

3

4
T  =T4 3

T    =T4R 3R
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(a)  (b) 

Figure C3. Free body diagrams of the subsystem B elements: (a) gears 4, 5, 6, (b) carrier 
5

h . 

• The radial forces r 5,4
F  and r 4 ,5

F  exerted respectively by the planet gear 5 on the sun gear 4 and 

vice versa by the sun gear 4 on the planet gear 5 (Figure C3(a)):  

r5,4 r4,5 t 5,4
F F F tan 808.823 N= = ⋅ α = .                        (C19) 

• The tangential force t 6 ,5
F  exerted by the ring gear 6 on the planet gear 5:  

2h5 5 1
t 4,5 t 6,5 t 6,5 t 4,5 1,3

5 4

d d 2 T
F F 0 F F i 2222.222 N

2 2 s d

⋅
⋅ − ⋅ =  = = ⋅ = −

⋅
.          (C20) 

• The tangential force t 5,6
F  exerted by the planet gear 5 on the ring gear 6:  

2h1
t 5,6 t 6,5 t 5,6 t 6,5 1,3

5 4

2 T
F F 0 F F i 2222.222 N

s d

⋅
+ =  = − = − ⋅ =

⋅
.             (C21) 

• The radial forces r 5,6
F  and r 6 ,5

F  exerted respectively by the planet gear 5 on the ring gear 6 

and vice versa by the ring gear 6 on the planet gear 5 (Figure C3(a)):  

r 5,6 r6,5 t 5,6
F F F tan 808.823 N= = ⋅ α = .                           (C22) 

• The force 
5h ,5

F  exerted by the carrier 5
h  on the center of planet gear 5 (Figure C3(b)):  

2

5 5

h1
h ,5 t 4,5 t 6,5 h ,5 t 4,5 t 6,5 1,3

5 4

4 T
F F F = 0 F F F i 4444.444 N

s d

⋅
+ +  = − − = − ⋅ =

⋅
.      (C23) 

• The tangential force 
5t5,h

F  exerted by the center of planet gear 5 on the carrier 5
h :  

2

5 5 5 5

h1
t5,h h ,5 t5,h h ,5 1,3

5 4

4 T
F F 0 F F i 4444.444 N

s d

⋅
+ =  = − = ⋅ = −

⋅
.            (C24) 

• The active torque 
5h

T  driving the shaft of carrier 5
h  and carrier 5

h  according to Figure C3(b):  

( )
( )

2

5 2

5 5

h

1 4 5 1,3 h h4 5
h h ,5 5 1 4,5 1,3

4

2 T z z id d
T F s 2 T 1 i i 1170 N m

2 z

⋅ ⋅ + ⋅+
= ⋅ ⋅ = − = − ⋅ ⋅ − ⋅ = ⋅ .      (C25) 

• The reaction torque 
5h R

T  balancing the active torque 
5h

T :  

O5

O
T4

Ft5,4

h5

Ft4,5

4

5

Ft5,6

Ft6,5

T6

ω6

T6R

T4R

ω4

Ft5,h5

Th5
ωh5

O

Th  R5
Fr4,5

Fr5,4

Fr6,5

Ft5,h5

Fr5,6

h5

Ft5,h5

6

O5

ωh5

O5

O5

Fh   ,55
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( )5 2

5 5

h h4 5
h R t5,h 5 1 4,5 1,3

d d
T F s 2 T 1 i i 1170 N m

2

+
= ⋅ ⋅ = ⋅ ⋅ − ⋅ = − ⋅ .          (C26) 

• The active torque 6
T  driving the shaft of sun gear 7 through the shaft of ring gear 6 (Figure C4):  

2

52

h

t 5,6 5 6 1 1,3 6 hh

6 1 1,3 4,6

4

F s d T i z
T T i i 1080 N m

2 z

⋅ ⋅ ⋅ ⋅
= = − = ⋅ ⋅ = ⋅ .                 (C27) 

• The reaction torque 6R
T  balancing the active torque 6

T :  

52
t6 ,5 5 6 hh

6R 6R 6 1 1,3 4 ,6

F s d
T T T T i i 1080 N m

2

⋅ ⋅
=  = − = − ⋅ ⋅ = − ⋅ .                  (C28) 

C.3. Calculation of torques, tangential and radial loads acting on gears 7,8, 9 and carrier 8
h  

• The reaction torque 7R
T  balancing the active torque 6

T  (Figure C4):  

52 hh

6 7R 7R 6 6R 1 1,3 4 ,6
T T 0 T T T T i i 1080 N m+ =  = − = = − ⋅ ⋅ = − ⋅ .                (C29) 

 

Figure C4. Balance of active and reaction torques acting on ring gear 6 and sun gear 7. 

• The active torque 7
T  driving the shaft of sun gear 7 (Figure C4):  

52 hh

7 6 7 7R 6 1 1,3 4 ,6
T T 0 T T T T i i 1080 N m= =  = − = = ⋅ ⋅ = ⋅ .             (C30) 

• The tangential force t 8 ,7
F  exerted by the planet gear 8 on the sun gear 7 according to Figure 

C5(a):  

52 hh

1 1,3 4,67 7R
7R t 8,7 8 t 8,7

8 7 8 7

2 T i id 2 T
T F s F 12000 N

2 s d s d

⋅ ⋅ ⋅⋅
= ⋅ ⋅  = = − = −

⋅ ⋅
.          (C31) 

• The tangential force t 7 ,8
F  exerted by the sun gear 7 on the planet gear 8:  

52 hh

1 1,3 4,67 7
7 t 7 ,8 8 t 7 ,8

8 7 8 7

2 T i id 2 T
T F s F 12000 N

2 s d s d

⋅ ⋅ ⋅⋅
= ⋅ ⋅  = = =

⋅ ⋅
.               (C32) 

• The radial forces r 8 ,7
F  and r 7 ,8

F  exerted respectively by the planet gear 8 on the sun gear 7 and 

vice versa by the sun gear 7 on the planet gear 8 (Figure C5(a)):  

r8,7 r7,8 t8,7
F F F tan 4367.643 N= = ⋅ α = .                           (C33) 

• The tangential force t 9 ,8
F  exerted by the ring gear 9 on the planet gear 8:  

52 hh

1 1,3 4 ,68 8
t 7 ,8 t 9,8 t 9,8 t 7 ,8

8 7

2 T i id d
F F 0 F F 12000 N

2 2 s d

⋅ ⋅ ⋅
⋅ − ⋅ =  = = =

⋅
.         (C34) 

7

Ft8,7

Ft5,6

ω  =ω6       7

7

Ft8,7

Ft5,6

O

6

T6
T6R

T =T7     6T   =T7R     6R
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(a)                      (b) 

Figure C5. Free body diagrams of the subsystem C elements: (a) gears 7 8, 9, (b) carriers 8
h . 

• The tangential force t 8 ,9
F  exerted by the planet gear 8 on the ring gear 9:  

52 hh

1 1,3 4,6

t 8,9 t 9,8 t 8,9 t 9,8

8 7

2 T i i
F F 0 F F 12000 N

s d

⋅ ⋅ ⋅
+ =  = − = − = −

⋅
.             (C35) 

• The radial forces r 9 ,8
F  and r 8 ,9

F  exerted respectively by the ring gear 9 on the planet gear 8 

and vice versa by the planet gear 8 on the ring gear 9 (Figure C5(a)):  

r9,8 r8,9 t 9,8
F F F tan 4367.643 N= = ⋅ α = .                           (C36) 

• The active torque 9
T  loading the fixed ring gear 9:  

52

5 82

hh

t 8,9 8 9 1 1,3 4,6 9 h hh

9 1 1,3 4,6 7 ,9

7

F s d T i i z
T T i i i 9990 N m

2 z

⋅ ⋅ ⋅ ⋅ ⋅
= = − = ⋅ ⋅ ⋅ = − ⋅ .               (C37) 

• The reaction torque 9R
T  balancing the active torque 9

T :  

5 82
t 9 ,8 8 9 h hh

9R 9 1 1,3 4 ,6 7 ,9

F s d
T T T i i i 9990 N m

2

⋅ ⋅
= − = = − ⋅ ⋅ ⋅ = ⋅ .                   (C38) 

• The force 
8h ,8

F  exerted by the carrier 8
h  on the center of planet gear 8 (Figure C5(a)):  

52

8 8

hh

1 1,3 4,6

h ,8 t 7 ,8 t 9,8 h ,8 t 7 ,8 t 9,8

8 7

4 T i i
F F F = 0 F F F 24000 N

s d

⋅ ⋅ ⋅
+ +  = − − = − = −

⋅
.        (C39) 

• The tangential force 
8t8,h

F  exerted by the center of planet gear 8 on the carrier 8
h  (Figure 

C5(b)):  

52

8 8 8 8

hh

1 1,3 4,6

t8,h h ,8 t 8,h h ,8

8 7

4 T i i
F F 0 F F 24000 N

s d

⋅ ⋅ ⋅
+ =  = − = =

⋅
.              (C40) 

• The active torque 
8h

T  driving the shaft of carrier 8
h :  

( )
( )

52

8 52

8 8

hh

1 7 8 1,3 4,6 h hh7 8
h t 8,h 8 1 7 ,8 1,3 4 ,6

7

2 T z z i id d
T F s 2 T 1 i i i 11070 N m

2 z

⋅ ⋅ + ⋅ ⋅+
= ⋅ ⋅ = = ⋅ ⋅ − ⋅ ⋅ = ⋅ . (C41) 

Fh  ,88

O8

O
T7R

Ft7,8

h8

Ft8,7

8

Ft8,9

Fr9,8

9
T9

T9R

T7

ω7

Ft8,h8

Th8

Th  R8

ωh8

O

r8,9

Ft9,8

Fr8,7

Fr7,8

7

Ft8,h8

Ft8,h8

ω  =09

O8

O8O8

h8

h8

h8
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• The reaction torque 
8h R

T  balancing the active torque 
8h

T :  

( )8 52

8 8

h hh7 9
h R h ,8 8 1 7 ,8 1,3 4 ,6

d d
T F s 2 T 1 i i i 11070 N m

2

+
= ⋅ ⋅ = − ⋅ ⋅ − ⋅ ⋅ = − ⋅ .             (C42) 

Appendix D  

D.1. Calculations of powers and power ratios of subsystem A  

• Power 1
P  transmitted to subsystem A by the shaft I of sun gear 1 ( 1

P 0> ):  

1 1 1
P T 1539.380 W= ⋅ω = .                                    (D1) 

• Power 3
P  transmitted outside subsystem A by the shaft of ring gear 3 ( 3

P 0< ):  

( )

2

h 2

h

1, 3

3 3R 3 1

1,3

i
P T P 1523.987 W

i
ω

= ⋅ω = − ⋅ = − ,                          (D2) 

where: ( ) ( )
h 2

h 2 0.154 rad s

1
1, 3

3

i 9.09 09

=

ω
ω

 ω
= = −  ω 

.  

• Power 
2h

P  transmitted outside subsystem A by the shaft of carrier 2
h  (

2h
P 0< ):  

( )

2

2 2 2

h 2

h

1, 3

h h R h 1

1,3

i
P T P 1 15.394 W

i
ω

 
 

= ⋅ω = − ⋅ − = − 
 
 

                         (D3) 

or  

2h 1 3
P P P 15.394 W= − − = − .                              (D4) 

• Power ratio in the power flow path from the input shaft I  to the shaft of carrier 1
2h  (Figure 

9):  

2h

1

P 15.394
100% 100% 1%

P 1539.380
⋅ = ⋅ = .                              (D5) 

• Power ratio in the power flow path from the input shaft I to the shaft of ring gear 3 (Figure 9):  

3

1

P 1523.987
100% 100% 99%

P 1539.380
⋅ = ⋅ = .                             (D6) 

• Power ratio in the power flow paths from the input shaft I to the shafts of carrier 2
h  and rim 

gear 3 (checking the absence of the power losses in subsystem A):  

2h 3

1

P P 1539.380
100% 100% 100%

P 1539.380

+
⋅ = ⋅ = .                          (D7) 

D.2. Calculations of powers and power ratios of subsystem B  

• Power 4
P  transferred to subsystem B by the shaft of sun gear 4:  
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( )

2

h 2

h

1, 3

4 3 4 4 1

1,3

i
P P T P 1523.987 W

i
ω

= − = ⋅ω = ⋅ = .                          (D8) 

• Power 
5h

P  transmitted to subsystem B by the shaft of carrier 5
h :  

( ) ( ) ( )

5 52

5 5 5

h h 2 h5 5

h hh

4, 6 1, 3 4, 6

h h h 4 1

4,6 1,3 4,6

i i i
P T P 1 P 1 180.107 W

i i i
ω ω ω

   
   

= ⋅ω = − ⋅ − = − ⋅ ⋅ − =   
   
   

.       (D9 

where: ( )
h5

h 5

4
4,6

6 0.154rad s

i 10.732
ω

ω =

 ω
= = −  ω 

.  

• Power 6
P  transmitted outside subsystem B by the shaft of ring gear 6:  

( ) ( ) ( )

5 52

h h 2 h5 5

h hh

4, 6 1, 3 4 , 6

6 6R 6 4 1

4,6 1,3 4,6

i i i
P T P P 1704.094 W

i i i
ω ω ω

= ⋅ ω = − ⋅ = − ⋅ ⋅ = − .             (D10) 

or  

( )
56 4 h

P P P 1704.094 W= − + = − .                               (D11) 

• Power ratio in the power flow path from the shaft of rim gear 3 to the shaft of sun gear 4 i.e. from 

subsystem A to subsystem B (Figure 9) :  

34

1 1

PP
100% 100% 99%

P P
⋅ = ⋅ = .                                (D12) 

• Power ratio in the power flow path from the shaft of carrier 5
h  to subsystem B due to the 

coupling phenomenon (Figure 9):  

5h

1

P
100% 11.7 %

P
⋅ = .                                 (D13) 

• Power ratio in the power flow path from the shaft of rim gear 6 to the shaft of sun gear 7 i.e. from 

subsystem B to subsystem C (Figure 9):  

6

1

P
100% 110.7 %

P
⋅ = .                                 (D14) 

• Power ratio in the power flow paths from the shafts of sun gear 4 and carrier 5
h  to the shaft of 

rim gear 6 (checking for no power loss in subsystem B):  

5

6

4 h

P
100% 100 %

P P
⋅ =

+
.                                   (D15 

D.3. Calculations of powers and power ratios of subsystem C  

• Power 7
P  transmitted to subsystem C by the shaft of sun gear 7:  

( ) ( )

52

h 2 h5

hh

1, 3 4 , 6

7 6 7 7 1

1,3 4 ,6

i i
P P T P 1704.094 W

i i
ω ω

= − = ⋅ ω = ⋅ ⋅ = .                     (D16) 
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• Power 9
P  transmitted to the fixed shaft of ring gear 9 ( 9

0ω = ):  

9 9R 9
P T 0= ⋅ω = .                                   (D17) 

• Power 
8h

P  transmitted to the outside of the subsystem C by the shaft of carrier 8
h :  

( ) ( )

52

8 8 8

h 2 h5

hh

1, 3 4 , 6

h h R h 1

1,3 4 ,6

i i
P T P 1704.094 W

i i
ω ω

= ⋅ ω = − ⋅ ⋅ = − .                    (D18) 

• Power ratio in the power flow path from the shaft of rim gear 6 to the shaft of sun gear 7 i.e. from 

subsystem B to subsystem C (Figure 9): 

7

1

P 1704.094
100% 100% 110.7%

P 1539.380
⋅ = ⋅ = .                              (D19) 

• Power ratio in the power flow path from the shaft of sun gear 7 to the shaft of carrier 8
h  (Figure 

9):  

8h

1

P 1704.094
100% 100% 110.7%

P 1539.380
⋅ = ⋅ = .                             (D20) 

• Power transmitted by the shaft of carrier 8
h  from connection point with the shaft of carrier 5

h  

and before connection point with the carrier 2
h  (Figure 4(a), Figure 5): 

8 5h h
P P 1523.9865W+ = − .                                 (D21) 

• Power ratio in the power flow path along the shaft of carrier 8
h  from connection point with the 

carriers shafts 5
h  and before connection point with the carrier 2

h  (Figure 9): 

8 5h h

1

P P 1523.986
100% 100% 99.0%

P 1539.380

+
⋅ = ⋅ = .                         (D22) 

• Power transmitted by the output shaft II of the PGS:  

8 5 2II h h h
P P P P 1539.380 W= + + = − .                              (D23) 

• Power ratio in the power flow paths between input shaft I and output shaft II (confirmation of 

no power loss):  

II

1

P 1539.380
100% 100% 100.0%

P 1539.380
⋅ = ⋅ = .                            (D24) 

• The efficiency of the PGS (confirmation of no power loss):  

8 5 2h h h

I ,II

1

P P P
1

P

+ +
η = = .                                   (D25) 

• Torque acting on the output shaft II:  

( )
8 5 2II IIR h R h h R

T T T T T 10000 N m= − = − + + = ⋅ .                       (D26) 

• Total gear ratio (for I ,II
1η = ): 

II
I ,II

I I ,II

T 10000
i 1000

T 10 1
= = =

⋅η ⋅
.                               (D27) 
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