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Article

Mathematical Foundations of the Single Monad Model
of the Cosmos and Duality of Time Theory: Emergence
of Lorentzian Geometry from Unicity to Multiplicity
via Admissible Histories, Quadratic Carriers, and
Hilbert-Algebraic Structures

Mohamed Haj Yousef

Physics Department, United Arab Emirates University, Al-Ain, UAE

Abstract

This paper integrates a theorem-bearing dual-time core with an explicit reconstruction of Lorentzian
geometry from stabilized event statistics. Starting from a dual-time architecture — generative inner
time, completed outer time, and a completion/projection interface between them — the manuscript
develops admissible-history monads, completion and observation functors, Hilbert-fiber realizations,
quadratic carrier algebras, compact phase symmetry, a stabilization interface from completed histories
to candidate event structures, and a factorized geometry map from stabilized measures to weighted
discrete or continuum Lorentzian geometry. The central representation-theoretic result is retained
and sharpened in context: a strongly continuous action of S' on a real Hilbert space induces, on each
nontrivial irreducible sector, a canonical orthogonal complex structure, unique up to conjugation. A
further rigidity statement remains decisive: every symmetric bilinear form invariant under the compact
phase action on such a sector is a scalar multiple of the Euclidean one. Hence no nondegenerate split
form can be preserved on the same compact phase sector. This gives a concrete mathematical reason
that phase and causal readout must be carried by different algebraic branches. The new synthesis
supplied here is that completed observable histories can feed a stabilization stage whose output
is a probability measure on candidate event structures, and that this measure in turn determines
effective causal and metric observables. Around this bridge the paper proves local continuity of
the reconstruction data, threshold recovery of a sharp effective order, consistency of volume-based
and chain-based proper-time estimators, a continuum recovery theorem showing that reconstructed
order together with reconstructed volume determines a Lorentzian metric up to diffeomorphism and
coarse graining in a manifoldlike regime, and an exact light-cone-strip benchmark converging to flat
(1 + 1)-dimensional Minkowski geometry. The resulting contribution is structural and constraint-
based rather than elemental. Familiar ingredients are placed in one controlled emergence chain:
compact recurrence yields complex Hilbert phase sectors, completion and projection yield observable
irreversibility, stabilization yields persistent event statistics, and reconstructed order plus volume
yield Lorentzian geometry. The paper does not derive gravitational dynamics. It does show that
complex phase structure and spacetime geometry can arise in one framework at different levels, with a
mathematically forced separation between their invariant quadratic carriers.
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1. Introduction

This paper addresses a structural question rather than a purely technical one: to what extent can
complex Hilbert-space structure, observer-level irreversibility, and Lorentzian geometry be linked
within one controlled organization of time, completion, and event formation? In standard mathematical
physics these ingredients are usually introduced independently. Complex scalars are built into Hilbert
space, causal order is imposed geometrically, and irreversible semigroups appear only after reduction,
environment, or coarse-graining. The present work explores a different explanatory order.

The starting point is a dual-time framework with three basic ingredients: a generative inner time,
a completed outer time, and a completion/projection interface linking them. The first half of the
paper develops the theorem-bearing core attached to that architecture: admissible-history monads,
completion and observation functors, Hilbert-fiber realizations, quadratic carrier algebras, compact
inner-time symmetry, and a minimal split-quadratic causal readout. The second half adds the geometry
stage that the original core only pointed toward: a stabilization interface from completed histories
to candidate event structures, and from stabilized event statistics to weighted discrete or continuum
Lorentzian geometry. The structural organization of this framework is summarized in Figure 1.

One reason to pursue such a framework is that foundational physics repeatedly treats the follow-
ing three structures as separate primitives:

(1)  complex Hilbert structure, central to quantum theory;
(2)  Lorentzian or causal structure, central to relativity;
(3)  irreversible observable dynamics, central to statistical and open-systems descriptions.

The present paper argues that these can be linked without collapsing them into one undifferentiated
formalism. Complex structure arises from compact inner-time symmetry, irreversible observable
evolution arises from quotient merging under completion/projection, and Lorentzian geometry is
reconstructed from stabilized event statistics by means of effective causal order and volume data. The
resulting claim is not that the whole of physics has been reconstructed, but that these features can be
organized within one controlled chain of definitions and theorems.

The strongest inherited theorem is representation-theoretic: a strongly continuous S!-action on
a real Hilbert space forces a canonical orthogonal complex structure on each nontrivial irreducible
frequency sector, unique up to conjugation. A second inherited consequence is sharper than a mere
reinterpretation: every symmetric bilinear form invariant under the compact phase action on such a
sector is a scalar multiple of the Euclidean one. Hence no invariant split quadratic form can live on
the same compact phase sector. This is a concrete mathematical reason that the circular branch and
the hyperbolic branch must do different jobs. The circular branch governs recurrence and phase; the
hyperbolic branch governs causal readout and the seed of Lorentzian geometry.

The new step taken here is explicit and constructive. The paper introduces a stabilization in-
terface that turns completed observable histories into a stabilized probability measure on candidate
event structures. From that measure it reconstructs persistent labels, precedence and link kernels,
interval volumes, overlap-based slice geometry, manifoldlikeness diagnostics, and, in a globally hy-
perbolic manifoldlike regime, a continuum Lorentzian metric determined by reconstructed order and
reconstructed volume, in the sense of the causal-geometry results of Hawking-King-McCarthy and
Malament together with causal-set volume reconstruction [27-29,37].

A further aim is to make the algebraic-geometric side explicit rather than incidental. The carrier
algebras A, = R[u]/(u? — o) are finite real algebras and therefore affine schemes Spec A,; their norm-
one loci are affine conics; and the circular and hyperbolic branches correspond to the anisotropic and
split real forms of a one-dimensional torus [14-16]. The carrier level of the framework already lives in
real algebraic geometry before one reaches operator theory, stabilization, or spacetime interpretation.

The manuscript is deliberately organized so that the theorem-bearing core can be read indepen-
dently of the wider interpretation. Readers interested mainly in the compact-symmetry core may begin
with Sections 5-11. Readers interested in the geometry stage may then move to Sections 12-15, where
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stabilized event statistics are used to reconstruct effective Lorentzian geometry. The later Sections 16-20
summarize what is established, what the merged framework contributes, and what remains open.

1.1. The Structural Problem Addressed Here

A recurring difficulty in foundational physics is that phase, causality, and irreversibility are often
imported from different formalisms and only compared after the fact. The present paper asks whether
a minimal two-level organization of time can explain why these structures are related but not identical.

More concretely, the paper tests three claims.

@) Compact recurrence should force phase structure rather than merely coexist with it.

(ii) Completion and projection should explain why exact underlying composition can descend to
irreversible observer-level dynamics.

(iii) The split form used for causal readout should be incompatible with the compact phase
representation on the same nontrivial irreducible sector.

The first two claims organize familiar mathematics in a new way. The third yields a concrete constraint:
the framework does not merely say that phase and causal readout are different; it proves that they
cannot be represented by the same invariant quadratic geometry on a nontrivial compact irreducible
phase sector.

1.2. What This Paper is Trying to Accomplish
The paper has seven closely related goals.

(1) To isolate a theorem-bearing mathematical core for SMM/DTT that can be assessed without
prior commitment to the broader metaphysical programme.

(ii) To provide a disciplined translation from minimal structural assumptions to formal construc-
tions: admissible histories, completion, observation, operator realization, compact inner-time
symmetry, stabilized event statistics, and coarse-grained observable geometry.

(iii) To show that the carrier classification naturally separates the circular, nilpotent, and hyperbolic
regimes, and that only the first and third serve as nondegenerate branches of the theory.

(iv) To prove directly the strongest compatibility statements required to make the framework
mathematically legible, including sectorwise emergence of complex structure, invariant-form
rigidity, semigroup descent, and local continuity of reconstructed event statistics.

v) To construct an explicit bridge from completed histories to effective spacetime geometry by
introducing a stabilization interface and a factorized geometry reconstruction map.

(vi) To prove an integrated emergence theorem showing that the same dual-time framework can
support compact Hilbert phase structure at the generative level and Lorentzian geometry at
the observer level, while keeping those structures mathematically separated.

(vii)  To mark a sharp boundary between what is established here and what remains programmatic,
so that scope is not confused with overclaim.

The result is meant to be broad but disciplined. It does not ask the reader to accept a total
cosmology all at once. It asks whether a specific explanatory order can be formulated precisely,
whether its internal theorem chain is coherent, and whether that chain yields nontrivial constraints
that standard frameworks usually leave implicit.

This paper is intended as a foundational reference for a staged programme. Its aim is not to present
a complete physical theory, but to isolate and prove a minimal theorem-bearing core: admissible-
history composition, completion/projection descent, compact-symmetry-induced complex structure,
invariant-form rigidity on phase sectors, and a stabilization-to-geometry bridge. The wider physical
branches are included only insofar as the core makes them mathematically intelligible.

1.3. What Is New Here, and What Is Not

Several ingredients used in this paper are classical when viewed separately: the classification of
two-dimensional real quadratic algebras, the power-series derivation of circular and hyperbolic Euler
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identities, the real Fourier decomposition of LZ(S 1), the Stone and Hille-Yosida theorems, and the
scheme-theoretic description of norm-one conics and real tori. The manuscript does not claim novelty
for those facts in isolation.

The novelty lies in how those ingredients are made to interact. Four points matter most.

(1) A fixed explanatory chain. The paper links admissible histories, completion, quadratic carriers,
compact symmetry, and observable geometry in one explicit order.

(2) A mathematically forced division of labour. The circular branch carries recurrence and phase;
the hyperbolic branch carries causal readout. This is not only interpretive. Proposition 10 and
Corollary 1 show that a nondegenerate split form cannot be invariant on the same nontrivial
compact irreducible phase sector.

(3)  Derived rather than assumed structures. Complex Hilbert structure is derived from symmetry,
and observer-level irreversibility is derived from quotient structure.

(4)  Strict logical status. The theorem-bearing core is proved directly, while broader physical
branches are marked as conjectural or programmatic.

The contribution is therefore structural and constraint-based rather than elemental. The paper
does not offer new algebraic atoms. It identifies a minimal package of assumptions under which
familiar structures stop being independent choices and start constraining one another.

1.4. Main Theorems Proved in This Paper

The paper proves a theorem chain in two coupled stages. The first stage develops the dual-time
core; the second stage turns stabilized event statistics into effective Lorentzian geometry. The most
important results are the following.

(1) Carrier classification (Theorem 5): every two-dimensional commutative associative unital real
quadratic carrier generated by one non-scalar element is isomorphic to exactly one of the three
normal forms R[u]/(u? + 1), R[u]/ (u?), or R[u]/ (u® — 1).

(2) Affine-scheme and torus avatar (Proposition 2): these carriers define real affine schemes of
degree two over SpecR, while their norm-one loci are affine conics; the circular and hyperbolic
branches are, respectively, anisotropic and split real one-dimensional tori.

(3)  Unified Euler laws (Theorem 6): the ordinary Euler identity, the nilpotent tangent law, and the
hyperbolic Euler law are all instances of a single exponential theorem for quadratic carriers.

(4)  Observable semigroup descent (Theorem 7): under completion compatibility, complete histories
descend to a well-defined observable semigroup, with observer-level irreversibility arising
precisely by quotient merging.

(5) Canonical complex structure from compact inner time (Theorem 9, with uniqueness in The-
orem 10): a strongly continuous translation action of S! on a real Hilbert space canonically
induces, on every nontrivial irreducible sector, a compatible complex structure that is unique up
to conjugation.

(6) Invariant-form rigidity on compact phase sectors (Proposition 10): every symmetric bilinear
form invariant under the compact inner-time action on a nontrivial irreducible phase sector is a
scalar multiple of the Euclidean one; in particular, no invariant split quadratic form exists on the
same sector.

(7)  Observable causal inequality (Theorem 11): bounded local propagation together with a
completion-delay law yields an observable cone inequality, which is the first split-quadratic
datum from which Lorentzian structure can grow.

(8) Local continuity of reconstruction data (Proposition 14): the local kernels extracted from
stabilized event statistics vary Lipschitz-continuously in a local total-variation seminorm.

(9)  Threshold recovery of sharp effective order (Theorem 12): near-deterministic stabilized prece-
dence data recover a genuine partial order by thresholding at 1/2.

(10) Consistency of proper-time estimators (Proposition 15): interval-volume and longest-chain
proper-time estimators agree asymptotically in a manifoldlike regime.
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(11) Lorentzian recovery from reconstructed order and volume (Theorem 13): in a globally hy-
perbolic manifoldlike regime, reconstructed causal order together with reconstructed volume
determines a coarse-grained Lorentzian metric up to diffeomorphism and coarse graining.

(12) Integrated dual-time emergence theorem (Theorem 14): under a stabilization interface and
manifoldlike concentration, the same dual-time framework yields canonical complex Hilbert
phase sectors at the inner level and effective Lorentzian geometry at the observer level, with a
mathematically forced separation between their invariant quadratic carriers.

(13) Exact discrete strip benchmark (Proposition 18): the overlap-based reconstruction on a discrete
light-cone strip yields the exact Euclidean slice metric and converges to flat (1 4+ 1)-dimensional
Minkowski geometry, as illustrated in Figure 3..

The strongest inherited theorem is still the compact-inner-time theorem. Its importance is not
merely that Fourier modes exist — that part is classical — but that symmetry alone forces a compatible
complex structure sectorwise. The strongest new synthesis theorem is that this phase structure can
coexist with emergent Lorentzian geometry only by appearing at a different level of description.
Compact recurrence yields complex phase geometry; stabilized order plus volume yield spacetime
geometry; and the same invariant-form rigidity that produces the phase/readout separation prevents
those two from collapsing into one compact sector.

Main theorem (informal). If a real Hilbert space carries a strongly continuous compact inner-
time translation symmetry by S!, then every nontrivial irreducible frequency sector carries
a canonical orthogonal complex structure J, unique up to conjugation, and the symmetry
acts on that sector by Euler phases e"®_ 1f, in addition, completion and observation feed a
stabilization stage whose output is manifoldlike in the precise sense of Sections 12-15, then
the corresponding stabilized event statistics reconstruct an effective Lorentzian geometry
from order and volume. Moreover, the only symmetric quadratic forms invariant on a
nontrivial compact phase sector are scalar multiples of the Euclidean one, so the Lorentzian
geometry cannot live there as invariant compact phase geometry. It appears only after
completion, stabilization, and observer-level reconstruction.

This theorem is the main bridge between the recurrence side of SMM/DTT, the complex Hilbert-
space formalism used in quantum theory, and the reconstructed Lorentzian geometry ordinarily taken
as primitive in relativity.

1.5. Claim-Status Discipline

Because the framework spans ontology, pure algebra, representation theory, operator theory,
relativity, and quantum foundations, the paper adopts an explicit claim-status discipline. This is
essential: a broad foundational paper is useful only if the reader can tell, at every stage, which
statements are definitions, which are proved results, and which remain directions for future work.

This discipline matters because the paper is intentionally asymmetric: the theorem-bearing core is
proved directly, whereas several wider applications are deliberately presented only as branches that
the core makes mathematically intelligible.
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Label Meaning in this paper
Principle / Structural commitments that fix the direction of explanation.
Postulate
Definition Formal mathematical notions introduced and used in the theorem chain.
Theorem / Results proved directly in the present manuscript.
Proposition /
Corollary
Explanatory or interpretive comments that are not themselves theorem
Remark / .
. . claims.
Discussion
Conjecture / Directions that are mathematically meaningful but not yet closed.
Research
Question

1.6. Why the Paper Has an Algebraic-Geometric Side

The present paper is not an algebraic-geometry paper in the narrow sense of moduli, birational
classification, or sheaf cohomology. Its contact with algebraic geometry is more elementary and more
structural. The dual-time carriers that support the circular and hyperbolic branches are quadratic
R-algebras; as such they define affine schemes, carry natural involutions, and possess norm-one loci
cut out by quadratic equations. These loci are conics, and in the nondegenerate cases they realize the
two basic real forms of a one-dimensional torus: the anisotropic form x? +y2 = 1 and the split form
x2 — y? = 1[14-16]. The carrier level of the framework is therefore already algebraic-geometric before
one reaches Hilbert spaces or coarse-grained physics.

A second algebraic-geometric point concerns character lattices and real forms. The compact
recurrence branch is expressed analytically through the circle group S!, but algebraically it is governed
by the same integer character lattice that governs one-dimensional tori. The split-complex readout
branch, by contrast, is governed by a split quadratic form whose null locus is a real quadric cone. The
language of conics, quadrics, and tori is therefore not decorative packaging. It is the natural algebraic
summary of the carrier-level geometry already present in the theory.

Representation-theoretic viewpoint.

The framework developed here may also be read as a hierarchy of representations. Admissible
histories act on generative states as a monoid representation; after Hilbert-fiber realization, they
become operator representations on local Hilbert spaces. Compact inner time is represented by a
strongly continuous orthogonal action of S' on a real Hilbert space, whose irreducible sectors carry
canonical complex structures and Euclidean invariant forms. Completion and projection descend
the generative action to observable semigroup dynamics, while the hyperbolic branch provides a
split-form-preserving representation adapted to causal readout. In this sense the paper links symmetry,
algebra, and observable geometry through a single representation-theoretic scaffold.

1.7. Relation to Existing Frameworks and Mathematical Models

The framework developed in this paper sits at the intersection of several well-established mathe-
matical and physical traditions. It is therefore important to clarify both its points of contact and its
points of departure in concrete rather than merely rhetorical terms.

Complex numbers and phase-based time.

In standard quantum theory and harmonic analysis, time evolution and internal symmetry are
expressed through complex phases e/? acting on complex Hilbert spaces [4,5]. In that setting the
complex structure is usually taken as primitive. Here the logical order is reversed: one begins with a
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real Hilbert space carrying a compact S'-symmetry, and the compatible complex structure is derived
sectorwise from that symmetry. Proposition 10 strengthens the distinction: a compact phase sector
carries only definite invariant quadratic data, so the Lorentzian split form needed for causal readout
cannot be invariant there.

Hyperbolic and split-complex geometry.

Alongside the circular complex branch i? = —1, the split-complex algebra j> = +1 plays a familiar
role in Lorentzian geometry and relativistic kinematics [6,7]. In many treatments the circular and
hyperbolic algebras enter for unrelated reasons. Here they appear together because the classification
of real quadratic carriers leaves exactly these two nondegenerate signs, together with a nilpotent
boundary case. The circular branch is used for compact recurrence and phase; the hyperbolic branch is
used for completion-compatible causal readout.

Algebraic-geometric models.

Each carrier A, defines an affine scheme Spec(A, ), and its norm-one locus defines a real conic
corresponding to an anisotropic or split real form of a one-dimensional torus [14-16]. The present
paper uses this language not for moduli theory or field configurations, but because it is the most
economical way to describe the carrier-level geometry already inherent in the framework.

Two-time and multi-time theories.

Various physical theories introduce additional time parameters, either as extra spacetime co-
ordinates or as independent evolution parameters [11]. The duality of time considered here differs
conceptually: inner and outer time are not two coordinates of the same type but two levels of organiza-
tion. Inner time governs generative composition and recurrence, while outer time orders completed
observable states. The distinction is therefore categorical and operational before it is geometric. Their
relationship and roles are schematically illustrated in Figure 1.

Categorical and process-based approaches.

The formulation of admissible histories as a monad and their observable descent as a semigroup
places the framework near categorical approaches to physics and operational reconstruction [12,13].
The difference is that the present construction ties those categorical structures explicitly to a dual-time
architecture, to Hilbert-fiber operator realizations, and to a carrier-level separation between phase and
causal readout.

Relativistic structure.

The causal theorem proved here is intentionally weaker than a full spacetime theory. It does
not produce the full Lorentz group, geodesic structure, or Einstein dynamics. What it does provide
is a split-quadratic cone inequality from bounded propagation and completion delay. The result is
therefore best understood as a metric-free seed from which a sharper relativistic branch would have to
grow.

Taken together, these comparisons show that the SMM/DTT framework is not offered as a re-
placement for standard mathematics. Its claim is that several familiar structures — complex phase,
split-complex boosts, monadic composition, operator dynamics, and cone geometry — can be re-
organized into one hierarchy with a fixed explanatory order and at least one genuine separation
principle.

1.8. How to Read the Paper

Different readers may wish to enter the paper at different points.

(1) Skeptical mathematical route. Read Sections 5-11 first, then Sections 12-15, and only after-
ward Sections 16-20. This route displays the theorem-bearing core and the stabilized-geometry
stage with minimal exposure to interpretive language.
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(ii) Conceptual route. Read Sections 2—4 before the core sections. This route keeps the motivating

roles of histories, completion, stabilization, and readout visible while the mathematics is
introduced.

(iii) Geometry-first route. After reading Sections 9-11 for the phase/readout separation principle,

move directly to Sections 12-15 for the reconstruction of Lorentzian geometry from stabilized
event statistics.

(iv) Programmatic route. After Sections 5-15, move to Sections 16-20 for the wider research map,
but keep Section 17 in view to distinguish established results from open branches.

1.9. Main synthesis thesis

The main synthesis thesis may be expressed schematically as follows:

generative source — admissible histories — completion and projection — stabilized event statistics,

compact recurrence = phase sectors and complex structure,
quotient merging =—> observer-level irreversibility,
local kernels and thresholding — effective causal order,

reconstructed order + reconstructed volume = Lorentzian geometry.

In compressed form, the framework may be read as a pipeline:
source — admissible histories — completion/projection — stabilized records =

compact recurrence — phase sectors and complex structure = split readout — causal cones
= stabilized statistics — order + volume — Lorentzian geometry.

Each arrow corresponds either to a proved construction or to a precisely delimited reconstruction
step.

What is distinctive here is not that every arrow has already been closed in one monolithic proof. It
is that the arrows are explicit enough, logically differentiated enough, and in two places rigid enough
— compact-phase rigidity and Lorentzian recovery from order plus volume — to organize a coherent
mathematical research programme.

2. Minimal Structural Commitments

The present section states the smallest interpretive input used later in the paper. These statements
are not theorems; their function is to fix the direction of explanation. Later sections translate them
into explicit algebraic, categorical, and operator-theoretic structures. Readers interested only in the
mathematics may treat this section as background and return to it after Sections 5-11.

2.1. From Oneness to Multiplicity

Theorem 1 (Ontological singularity). There exists a unique primitive source, called the Monad, which is
prior to spatial extension, measurable duration, and the plurality of observable physical objects.

In the present paper this principle is used only in a restricted way: it motivates a source-level
rather than constituent-level description. The Monad is not treated as a new particle or field variable.
It serves only to justify why the formalism begins from generative histories rather than from a fixed
plurality of already completed objects.

2.2. Continuous Re-Creation

Theorem 2 (Perpetual re-creation). Observable multiplicity is generated by ongoing re-creation of the Monad'’s
projection rather than by the autonomous persistence of pre-given spatial objects.
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The mathematical role of this postulate is to motivate composition at the generative level. Later,
this becomes admissible-history composition in a monoid or monad. The postulate is not itself a
theorem about matter or fields.

2.3. Duality of Time
Theorem 3 (Dual time). Time has two irreducible levels:

(a) inner time, which orders generative or re-creative succession;
(b)  outer time, which orders completed observable states after projection.

Inner time is prior in the direction of explanation. Outer time is derivative in the sense that it
orders completed outcomes rather than the underlying generative composition. This distinction is the
conceptual seed of the phase/readout split developed later.

2.4. Projection, Completion, and Observability

Theorem 4 (Completion and projection). Multiplicity becomes empirical only after a process of completion
and projection. Completion marks when a generative history is eligible to register as an event; projection forgets
part of the underlying chronology and retains only observer-level content.

This principle motivates two later mathematical constructions: quotient-induced irreversibility
and completion-delay laws relating generative succession to observable registration.

2.5. Compactness, Recurrence, and Internal Phase

A repeated mathematical motif in the theorem-bearing core is the appearance of compact internal
symmetry, especially S!. At the structural level, compactness models recurrence. If inner time is
not merely sequential but cycle-like, then compact phase symmetry becomes a natural mathematical
presentation of one aspect of the generative order. It is precisely this route through compactness that
later yields Fourier sectors, canonical complex structure, and the rigidity of invariant quadratic data
on irreducible phase sectors.

3. Core Structural Roles in SMM/DTT

The role of the present section is organizational rather than theorem-bearing. It identifies the
roles later played by histories, completion, recurrence, and readout. Formal definitions begin only in
Sections 5-11.

3.1. The Monad as Source Rather Than Constituent

The first clarification is that the Monad is not a constituent among constituents. It is a source
principle. In different presentations of SMM/DTT it has been related to a minimal monopole-like
source, to a zero-dimensional ontological origin, or to a hidden source of gauge and polarization
structures. What remains invariant across these readings is that the Monad is invoked only to explain
why apparently distinct physical structures may share a common generative root.

3.2. Inner and Outer Time as Complementary Orders

Inner and outer time are not two coordinates of equal status. Their roles differ.

o Inner time governs generation, recurrence, compact or discrete succession, and in suitable branches
phase.
o Outer time governs completion, persistence, observable duration, and the ordering of records or

realized frames.

In this sense DTT is not two-time physics in the ordinary sense of adding an extra timelike spacetime
coordinate. It is a theory of two temporal levels in the organization of becoming.
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Monad /
source principle

Inner time
generative order
recurrence

Completion / projection

Outer time
observable order
completed states

Admissible histories

) 1 chronology
generatiom

Observable events
records / chronology
Figure 1. Schematic organization of the dual-time framework. Inner time governs generative succession and

recurrence, while outer time orders completed observable states. Completion and projection mediate the passage
from admissible histories to observer-level events.

Figure 1 will serve as a guide to the passage from generative histories to observable events used
throughout the paper.

3.3. Hierarchical Projection and Spatial Formation

A recurring SMM/DTT idea is that space is not primitive but projected. One structural version of
this idea treats successive inner-time cycles as generating increasing spatial extension: one-dimensional
structures at an earliest projection stage, two-dimensional planes at the next, and extended three-
dimensional space after a larger coherence cycle. Within the present paper this hierarchy is used only
as a motivating structural hypothesis. It is not claimed as an isolated theorem independent of the later
constructions.

3.4. Discreteness and Continuity as Complementary Descriptions

Within SMM/DTT, discreteness and continuity belong to different descriptive levels. The genera-
tive layer is discrete or compact in the sense of recurrence and finite-cycle succession; the observable
layer appears continuous after projection, completion, and coarse-graining. This becomes mathemati-
cally concrete in several later branches:

(i) compact S' symmetry yields discrete Fourier sectors and a canonical complex structure;
(if) split-complex observable readout yields Lorentzian signature and hyperbolic kinematics;
(iii) quotient or hidden-mode elimination yields memory kernels and dissipative effective equa-

tions in projected dynamics;
(iv) stabilized recordhood yields a possible route from effect-space structure to the Born rule.

3.5. A Translation Dictionary from Structural Language to Mathematics

Because SMM/DTT begins from structural commitments rather than from a pre-chosen physical
state space, a stand-alone mathematical paper needs an explicit translation dictionary.

Except where later sections make an entry precise by definition, these correspondences should
be read as role-translations rather than as literal identifications. This is deliberate: the paper uses the
structural language to motivate the mathematics, not to replace it.
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Structural notion Exact or heuristic mathematical role used in this paper

Monad Source principle; not modeled as a constituent, but used to motivate
ona
source-level generative description.

. Exact when formalized: ordered composition of admissible histo-
Re-creation . . .
ries in a monoid or writer monad.

Generative order parameter; represented by compact phase, dis-

Inner time crete cycle index, or algebraic carrier coordinate, depending on the
branch.
Outer time Completion parameter or observable registration coordinate.

. Exact when formalized: idempotent completion monad or
Completion .
completion-delay law.

L . Exact when formalized: quotient or functorial forgetting of hidden
Projection / observation
chronology.

Exact when formalized: equivalence class or image of a complete
Observable event . ; ]
history under the completion-observation map.

Recurrence / phase Exact in the core theorem chain: compact internal symmetry by S?.

Exact in the readout branch: split quadratic form and hyperbolic
Causal readout . .
carrier on observable increments.

4. From Structural Commitments to Formal Questions

The present paper treats the mathematical side of SMM/DTT as a multi-branch framework rather
than as a single formalism forced to do every job at once. There are now four principal theorem-bearing
questions.

Branch A: histories, completion, and observation.

How can exact generative composition descend to irreversible observable dynamics? In the
answer developed below, admissible histories form a writer monad, completed histories descend
under projection to observable semigroups, and quotient merging explains irreversibility without
requiring a failure of underlying composition.

Branch B: compact recurrence and complex structure.

What does compact inner-time symmetry force? The answer is sharper than a mere Fourier
decomposition. Compact recurrence yields integer sectors, canonical complex structures on nontrivial
irreducible planes, and rigidity of invariant quadratic data on those phase sectors.

Branch C: readout and cone geometry.

How can causal order appear before a spacetime metric is assumed? The answer developed in
Sections 10-11 uses split-complex carrier geometry together with bounded propagation and completion
delay to produce cone data for observable increments.

Branch D: stabilization and Lorentzian reconstruction.

How can the causal seed sharpen into effective spacetime geometry? The answer developed
in Sections 12-15 introduces a stabilization interface from completed histories to candidate event
structures and reconstructs weighted causal kernels, effective order, interval volume, spatial overlap
geometry, manifoldlikeness diagnostics, and, when justified, a continuum Lorentzian metric from
reconstructed order and volume.
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The rest of the paper is organized so that these branches are unified conceptually while remaining
logically distinguishable. No later theorem depends on the structural vocabulary except through the
explicit definitions, assumptions, and realizations introduced in the theorem-bearing sections.

These branches should not be read as competing formalisms but as layers in a single explanatory
hierarchy, with the stabilization-reconstruction branch completing the transition from generative
structure to observable geometry.

5. Algebraic Foundations of Dual Time

One of the main aims of the present rewrite is to expand the algebraic foundations of the frame-
work and to state their algebraic-geometric meaning explicitly. The guiding idea is simple: once dual
time is represented by a two-component real carrier, one must ask which two-dimensional real algebras
can serve as effective carriers, what quadratic forms they support, which exponential laws they induce,
and what geometric objects are cut out by their norm equations. This section answers that question at
a level detailed enough for a stand-alone mathematical paper.

5.1. Quadratic Carriers and Their Normal Forms

Consider a real two-dimensional commutative associative unital algebra A generated by one
non-scalar element. Such an algebra may be presented as A = R @ Re with multiplication determined
by a quadratic relation

e? =a+ Pe (a, B €R).

The next theorem gives the standard normal forms.

Theorem 5 (Classification of two-dimensional real quadratic carriers). Let A be a two-dimensional
commutative associative unital real algebra generated by one element e ¢ R1d. Then A is isomorphic to exactly
one of the following algebras:

Rlu]/(u?+1),  Ru]/(u?),  R[u]/@-1).
Equivalently, after a change of generator and rescaling, every such algebra admits a distinguished generator u
satisfying
w? =0, occ{-1,0+1}.

Proof. Write ¢> = & + Be and complete the square. If

_._B
vi=e 2Id,

then
B p
VZ_EZ—ﬁe+4Id—(lX+4>Id—AId

Thus A is generated by v subject to the single relation 1> = A. Equivalently,
A= R[]/ (v* - A).

The sign of the discriminant-like scalar A is the only invariant that remains after rescaling the
generator by a nonzero real scalar. If A < 0, set u := v/+/—A; then u?> = —1 and

A= R[u]/(u? +1).
If A = 0, take u := v; then u%2 = 0 and

A = R[u]/(u?).
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IfA>0,setu:=v/vVA; then u2 = +1 and
A= R[u]/(u? —1).

In each case the quotient map is generated by sending the class of u to the chosen generator in A;
because both source and target are two-dimensional over R, the map is automatically an isomorphism.
No fourth case can occur, since every quadratic relation over R has exactly one of the three signs A < 0,
A =0, or A > 0 after square completion. A coordinate-only restatement appears in Appendix B. [

The three cases are illustrated geometrically in Figure 2.

Theorem 5 is elementary, but it is foundationally useful. It shows that once one insists on a
two-dimensional real quadratic carrier, there are only three basic possibilities: circular, nilpotent, and
hyperbolic.

circular branch degenerate branch hyperbolic branch
Yy Yy Y

24+y2=1 22=1 22 —y2=1
u?=—1 u? =0 u? = +1

Figure 2. The three two-dimensional real quadratic carriers classified in Theorem 5. The circular and hyperbolic
branches are the two nondegenerate cases relevant to phase structure and causal readout, while the nilpotent case
appears as a degenerate boundary:.

5.2. Standard Conjugation, Multiplicative Norm, and Matrix Models

Each of the three normal forms admits a standard involution.
Definition 1 (Standard conjugation). Let A, = R[u]/(u? — o) with o € {—1,0,+1}. Define
a+bu:=a—bu.
The corresponding quadratic norm is
Ny(a+bu) = (a+bu)(a — bu) = a> — b

Proposition 1 (Multiplicativity of the quadratic norm). For every o € {—1,0, 41}, the quadratic form N,
is multiplicative:
Ny (zw) = Ny(z) No(w)  forallz,w € A,.

Proof. Since conjugation is an algebra involution,
Ny(zw) = zwzw = zw ZW = zZw® = Ny (z)Ng(w),
using commutativity. [

Remark 1 (Matrix models for the three carrier algebras). The quadratic carriers admit faithful real 2 x 2
matrix realizations:

a+ bi — a —b a+ be — a b a+bjr— a b
b a )’ 0 a)’ J b al’
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Their determinants are, respectively,
a + b2, a2, a% — b2,

Thus the norms on the circular, nilpotent, and hyperbolic carriers may equally be read as determinants in these
matrix models. In particular, Proposition 1 is parallel to the multiplicativity of determinants.

The sign of o determines the geometry carried by N;:

e o= —1: N_q(a+bu) = a® + b?*is positive definite and its unit locus is a circle.
e 0 =0:No(a+bu) = a?is degenerate.
e 0 =+41: Nyj(a+bu) = a® — b? is split and its unit locus is a hyperbola.
These geometries correspond to the circular, degenerate, and hyperbolic loci shown in Figure 2.
The nilpotent case therefore appears as a boundary or degeneration. It is mathematically im-
portant, but it does not support either nondegenerate Euclidean phase geometry or nondegenerate
Lorentzian readout. The circular and hyperbolic cases are the two branches that matter most for
SMM/DTT.

5.3. Affine Schemes, Conics, and Real Tori

The previous algebraic classification has a direct algebraic-geometric reading.

Proposition 2 (Scheme-theoretic avatar of the quadratic carriers). Let A, = R[u]/(u? — o) with o €
{=1,0,+1} and let
Xy := Spec(Ap).

Then:
(i) X, — SpecR is finite and flat of degree 2.
(ii) X_q is the spectrum of the quadratic field extension C /R, Xy is nonreduced, and X 11 = Spec(R x R)
is split étale.
(ii) The norm-one loci
T, := Spec(R[x,y]/ (x* — oy* — 1))

are affine conics. For o = +1, T4 =2 Gy, over R. For 0 = —1, T_1 is an anisotropic real form of G,
becoming isomorphic to G, after base change to C.

Proof. Each algebra A; is free of rank 2 as an R-module with basis 1, 1, hence the structure mor-
phism X, — SpecR is finite and flat of degree 2. The three cases are immediate from the quotient
presentations:

A =Rul/u?+1)=C, Ag=Ru]/W?), Agq=Rul/(u—1)(u+1)=RxR.

Thus X_1 is a quadratic field extension, Xy is nonreduced, and X is split étale.
For the norm-one loci, the defining equations x> — o> = 1 cut out affine conics in A%, with
projective closures

X?—oY? =7? C P}
Ifo = +1, set
p=x+y, q:=x-y.
Then pq = 1, so the coordinate ring becomes R[p, p~1], proving Ty1 = G,,. If ¢ = —1, then after base

change to C and writing
p;:x+iy, q::x—iy,

we again obtain pg = 1,50 T_1 ¢ & G,,. Over R it does not split; its real locus is the circle x> + y* = 1,
which is the standard anisotropic real form of a one-dimensional torus. [
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Remark 2 (Conics, quadrics, and degeneration). The projective closures X* + Y? = 72 and X*> — Y? = 72
are the circular and split conics underlying the two nondegenerate branches. The nilpotent boundary case
does not define a smooth torus-like object; it is best viewed as a singular degeneration that records the tangent
boundary between the circular and hyperbolic geometries.

5.4. Why the Circular and Hyperbolic Branches Both Appear

Within a purely algebraic classification, the ordinary complex numbers and the split-complex
numbers appear as siblings. Within SMM/DTT, they serve different structural tasks. The visual
distinction between these branches is summarized in Figure 2.

Remark 3 (Two effective “complex-time” branches). The dual-time framework should not be read as forcing
a single hypercomplex carrier for all purposes. Instead, different branches of the theory single out different
two-dimensional real algebras:

(i) the circular branch with i> = —1 is the natural carrier for compact recurrence, phase, Fourier
decomposition, and interference-like structure;

(ii) the hyperbolic branch with j2 = +1 is the natural carrier for split sign structure, causal readout, and
Lorentzian observable geometry;

(iii) the nilpotent branch with €2 = 0 appears as a useful degeneration or tangent limit, but not as a full
causal or phase carrier.

This distinction is mathematically clean and conceptually useful. It allows one to say that the
same re-creation framework has both a phase-like shadow and a causal shadow without pretending
that these must be represented by one and the same algebra in all contexts.

5.5. The Euclidean Complex Branch

Set i> = —1 and consider the algebra
C=R[i]={a+Dbi:abeR}

The norm
Ng(a + bi) = a* + b*

is positive definite. The unit locus
{z€ C:Ng(z) =1}

is the unit circle S', and multiplication by e'? rotates the plane. This is the canonical algebraic carrier
for compact internal recurrence. In a DTT reading, it is the mathematical shadow of an internal order
that returns upon itself and is therefore naturally described by phase.

5.6. The Split-Complex Branch
Set j2 = +1 and consider the algebra

D~ R[j] = {a+bj:abecR}

The norm
Ni(a+bj) =a® - 1?

is split. The unit locus is the hyperbola

{weD: NL(w) =1},
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and multiplication by e/ preserves it. This is the natural algebraic carrier for a two-level readout with
Lorentzian sign structure. In a DTT reading, it is the mathematical shadow of completion-compatible
observable geometry.

5.7. A Comparison Table

Carrier Algebraic relation Quadratic form Structural role in SMM/DTT

Compact recurrence, phase, in-
ternal rotations, Fourier sectors,
Ordinary complex 2=-1 a% + b2 canonical complex structure; alge-
braically, an anisotropic quadratic
extension and norm-one conic.

Degenerate or tangent limit; useful
Dual numbers £2=0 a? boundary case but not a full non-
degenerate phase or causal carrier.

Observable readout, causal sign
classes, Lorentzian geometry, hy-

Split-complex jF=+1 a? —b? perbolic boosts; algebraically, the
split degree-two algebra and its
split torus.

6. Euler Identities and Dual-Time Exponentials

The request to expand the Euler equation aspect of the theory should be understood, in the
present mathematical setting, as a request to make the exponential laws of the circular and hyperbolic
carriers explicit. These identities are not decorative. They are the algebraic bridge between re-creation,
symmetry, and geometry.

6.1. A Unified Exponential Theorem

The ordinary Euler formula and its hyperbolic analogue can be written in one theorem.

Theorem 6 (Unified Euler laws for quadratic carriers). Let u be a generator satisfying u> = o with
o € {—1,0,+1}. Then for every real parameter A,
eM = Cy(A) + 1Sy (A).

where
(C_1,5_1) = (cos,sin), (Co, So) = (1,A), (C11,S41) = (cosh, sinh).

Explicitly,
M = cosA +isinA, M =1+ Ag, eM = cosh A + jsinh A.

Proof. Expand the exponential in a power series. Since #?" = ¢ and u?"*! = ¢y,
Au)em Au)2m+1
gy P a2t
o (2m)! S0 (2m +1)!
If o = —1, the even and odd sums become cos A and usin A. If ¢ = 0, all powers beyond first order

vanish and e* = 1+ Au. If ¢ = 41, the even and odd sums become cosh A and usinh A. [

Theorem 6 compresses a large amount of intuition into one algebraic statement. The circular
branch gives oscillation and compact phase. The hyperbolic branch gives noncompact boost-like
evolution. The nilpotent branch gives a first-order tangent or infinitesimal limit.
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6.2. Euler Phase Law as a Recurrence Law

In the circular branch, multiplication by exp(i¢p) preserves the positive-definite norm and acts by
plane rotation. Its orbit is periodic. This is the algebraic reason that compact inner time is naturally
represented by S! and ordinary Euler phases..

Proposition 3 (Circular phase orbits). Let z(¢) = exp(i¢)zo with zy € C. Then
NE(2(¢)) = Ne(zo)
for all ¢, and the orbit of a unit vector is the unit circle. In particular the phase action is periodic with period 27t.
Proof. By multiplicativity of the norm and Theorem 6,
NE(exp(i¢)) = (cos¢ +isin¢)(cos¢p — isinp) = cos® ¢ + sin® ¢ = 1.
Hence Ng(z(¢)) = Ne(zp). O

Within SMM/DTT, this proposition should be read structurally: phase is not postulated first and
interpreted later; rather, a recurrent inner-time organization is what makes the circular exponential
law natural.

6.3. Hyperbolic Euler Law as a Completion Law

The hyperbolic branch is equally important. Here the orbits are noncompact and the preserved
form is split.

Proposition 4 (Hyperbolic phase or boost orbits). Let w(1) = e/Twqy with wy € D. Then
Ni(w()) = Ni(wo)
for all n, and the orbit of a unit vector lies on a branch of the unit hyperbola.
Proof. Again by multiplicativity,
N (e") = (cosh# 4 jsinh#)(cosh# — jsinh#) = cosh? 5y — sinh? 7 = 1.
Hence Np(w(n)) = Np(wp). O

In the DTT reading, this branch is not about internal recurrence but about observable separation
between generative and completed directions. The sign difference in the norm is what will later
support causal classification.

6.4. Operator-Valued Euler Laws

The algebraic Euler laws admit operator versions that are central for the later Hilbert-space theory.

Proposition 5 (Operator Euler identity). Let ] be a bounded real-linear operator on a real Banach or Hilbert
space such that J> = —1Id. Then
e?) = cospId +sing .

If K satisfies K> = +1d, then
e = coshy7Id + sinh 17 K.

Proof. Apply the same power-series argument as in Theorem 6, replacing u by J or K. O
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This observation is the bridge between the abstract Euler laws of the previous subsections and the
canonical complex-structure theorem proved later. On a nontrivial compact Fourier sector, the relevant
operator | is generated by the inner-time rotation itself.

7. Admissible Histories, Completion, and Observation

This section translates the ontological language of re-creation, completion, and projection into
explicit categorical structure. The framework used here is intentionally minimal. It is not meant to
exhaust category theory, only to supply the smallest theorem-bearing formal language in which the
SMM/DTT claims can be stated precisely [17,18].

7.1. Generative States and Admissible Histories

Definition 2 (Support category and admissible-history monad). Let State be a cartesian category of
generative state objects. Let M = X" be the free monoid generated by a set X of elementary recurrence acts, and
let Magm € M be a chosen submonoid of admissible histories. The associated admissible-history endofunctor is

Tadm (X) 1= Madm * X.
Equipped with the standard writer-monad unit and multiplication, T,q,, is the admissible-history monad.

Definition 3 (Eilenberg-Moore algebra for admissible histories). A T,qm-algebra on an object A € State
is a morphism
a: TogmA — A.

For each admissible history u € Maygm, define the induced endomorphism
ay(x) :=a(u,x).

Proposition 6 (Explicit algebra laws). A map a : TyqgmA — A is a Toqm-algebra if and only if the family

{autuem,y, satisfies
a. = Idy,, Ay = Ay 0ay (U, € Magm),

where ¢ is the empty history.

Proof. For the writer monad, the unit law yields a(e, x) = x, hence a; = Id 4. The multiplication law
a0 Thgm(a) = a oy evaluated on (u, (v, x)) gives

a(u,a(v,x)) = a(uv, x),

which is exactly a,,, = a, 0 a,. Conversely, these identities reconstruct the Eilenberg-Moore laws. [

This proposition may look small, but it does important conceptual work. It says that once
admissible histories are specified, their action on generative states is an ordinary algebraic structure
rather than a metaphor.

7.2. Completion and Observation

Definition 4 (Completion data). A completion sector consists of categories State and Comp, adjoint
functors
K : State = Comp : J,

and the induced idempotent completion monad
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An observation functor is a functor
P : Comp — Obs.

Heuristically, Q sends a generative state to its completed form, while P forgets hidden chronology
and retains only observer-level content.

Definition 5 (History-completion realization). A history-completion realization consists of the data
(State, Comp, J, K, P, Tagm, A, a,C),
where (A, a) is a Tygm-algebra and C C M,qn, is a distinguished submonoid of complete histories.

7.3. Observable Descent

LetF, :=a, : A — Aforu € Cand write 7 := PK : A — ObsA for the completion-observation
map. The key question is whether completed histories descend to well-defined observable maps.

Assumption 1 (Completion compatibility with observation). For each complete history u € C, the map
7t o Fy is constant on fibers of 1t; equivalently,

7i(x) = nt(y) = m(Fu(x)) = 7(Fu(y))-

Theorem 7 (Observable semigroup descent). Under completion compatibility, every u € C induces a unique
observable endomorphism
U, : ObsA — ObsA

such that
moF, =U,orn.

Moreover,
Uyy = Uy o Uy, U, = IdObsA-

Hence complete histories descend to a semigroup action on observable states.

Proof. Because 7 o F, is constant on fibers of 7, it factors uniquely through the quotient determined
by 7, producing U,,. For u,v € C,

7'[01:1,”,: ﬂoFquy :quT[OFU — Uuoquﬂ.
Uniqueness of factorization yields U, = U, o Uy. The identity law follows from F, =1d4. O

Proposition 7 (Observer-level irreversibility by quotient merging). If there exist x,y € A and u € C such
that

n(x) #ny),  7(Fu(x)) = 7(Fu(y)),

then U, is not injective and therefore not invertible.

Proof. Immediate from

Uy (7t(x)) = m(Fu(x)) = 7(Fu(y)) = Uu(7(y))-
O

This proposition captures one of the central SMM/DTT intuitions in a precise form: irreversibility
need not originate from a breakdown of underlying composition. It may arise because completion and
projection merge histories that remain distinct before observation.
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7.4. A Worked Toy Model of Completion-Induced Irreversibility

Example 1 (A minimal linear model). Let State be the category of real vector spaces, take A = R?, and let
Maam = No under addition. Define

ap = 1Id, ap = P forn >1, P(x,y) = (x,0).

Because P? = P, we have apy = @y 0 ay forall m,n € Ng. Thus A is a T,qm-algebra in the sense of
Proposition 6. Let C = Mg, and define the observation map

m:R? - R, (x,y) =y.

Then for every n > 1 one has 7t o a, = 0, so the completion-compatibility hypothesis holds. Theorem 7 therefore
yields descended observable maps

Uy = Idg, u,=0 (Tl > 1).

Hence any nontrivial complete history sends every observable state to the same record 0. Distinct generative
states with different visible coordinates therefore become observationally indistinguishable after completion. This
example is intentionally small, but it makes the logic of quotient-induced irreversibility entirely explicit.

Nothing essential in the example depends on the particular projector P. One may insert richer re-
versible or unitary pre-dynamics before the completion step without changing the descent mechanism
itself. The point here is simply that the categorical construction can be followed by hand in a concrete
finite-dimensional model.

8. Hilbert-Fiber Realization and Operator Dynamics

The categorical layer is not meant to replace operator theory. It determines when operator theory
becomes relevant.

8.1. Local Hilbert Fibers

Definition 6 (Hilbert-fiber realization). A Hilbert-fiber realization is a symmetric monoidal functor
H : State,. — FHilb
from a category of finite local supports to finite-dimensional Hilbert spaces, compatible with finite disjoint unions.

In the operator branch of the programme, this structure is used to turn admissible histories into
bounded operators on local Hilbert fibers, to isolate physically relevant submonoids, and to define
completed-cycle semigroups and Hamiltonians.

Proposition 8 (Local generator representation). Let X4y, C X be a dynamic generator alphabet for a fixed
local support, and assign a bounded operator Ws to each s € Lqyn. For a word u = sy - - - sy, define

Uu = Wsl e WSVL’ u‘c'_ = Id.

Then u — U, is a representation of the admissible-history monoid. If each W is unitary, then each U, is
unitary.

Proof. The identity is immediate. If u = s1---s; and v =t1 - - - £, then
Uy = Ws, - - - We, Wi, - - - Wi, = Uy, Uy

The unitarity claim follows because products of unitaries are unitary. [

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.1400.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2026 d0i:10.20944/preprints202604.1400.v1

21 of 47

8.2. Completed Cycles and Generators

The next step is continuous calibration.

Assumption 2 (Cycle calibration). There exists a family {V (t) }+>0 C B(Hp,
@  V(0)=1Id;

(b)  V(t+s)=V(t)V(s) forall s,t > 0;

(c)  tw V(t)y is norm-continuous for every Y € Hppys;

hys) such that

(d)  the family is obtained from calibrated completed-cycle evolution of the underlying history monoid.

Proposition 9 (Semigroup and Hamiltonian generation). If each V(t) is contractive, then there exists a
closed densely defined generator G such that V(t) = e!© in the semigroup sense. If the family extends to a
strongly continuous unitary group on t € R, then there exists a unique self-adjoint Hamiltonian H such that

V(t) =e ",

Proof. This is the standard Hille-Yosida theorem in the contractive case and Stone’s theorem in the
unitary case [19,20]. O

Taken together, the categorical and operator layers yield a minimal but nontrivial framework:
admissible histories compose exactly at the generative level; completion and observation descend
them to observer-level semigroup evolution; Hilbert-fiber realization supplies the operator content
from which local quantum, gauge, and continuum limits may later be built.

9. Compact Inner Time and the Emergence of Complex Hilbert Structure

This section is the mathematical hinge of the paper. The classical ingredient is Fourier theory on
S!; the nonstandard claim concerns logical status. Complex Hilbert structure is not assumed at the
outset. It is forced sectorwise by compact inner-time symmetry. A second consequence, proved below,
is rigid: the same compact irreducible phase sectors admit only definite invariant quadratic forms.
This is the point at which the paper moves beyond reinterpretation and obtains a concrete separation
principle.

9.1. Real-First Dual-Time Kinematics
Let
Hg := L?(X x S}, R).
For each ¢ € S1 define
(U(p)F)(x,0) := F(x,0 + ¢).

Because Haar measure on S is translation invariant, U(¢) is orthogonal on Hg and the map ¢ — U(¢)
is strongly continuous.

The methodological choice to begin over R is deliberate. It prevents complex structure from
entering by convention and forces it to appear, if at all, as a consequence of the representation.

9.2. Fourier Sectors

In the internal variable alone, the real Fourier decomposition reads

L2(SLR) =V @ P Vi, Vo := span{1}, w := span{cos(n0),sin(n6)}.

n>1
Tensoring with L?(X,R) yields

Hp =Hy® P Hy,  Hy 2L*(X,R)® V.

n>1
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Theorem 8 (Integer sectors from compactness). The strongly continuous translation representation of S!
on Hy decomposes orthogonally into invariant sectors indexed by integers (equivalently by n € Ny in the real
sine/cosine presentation). On V,, with n > 1, the restriction of U(¢) is rotation by angle ne.

Proof. Orthogonality and completeness of the real Fourier system give the decomposition. The
trigonometric addition formulas imply

cos(n(0 + ¢)) = cos(nb) cos(ng) — sin(nh) sin(ny),

sin(n(6 + ¢)) = sin(n) cos(ne) + cos(nd) sin(ne),

so in the ordered basis (cos(n6), sin(n0)), the operator U(¢)|y, is represented by the rotation matrix

(cos(n(p) —sin(n(p))
sin(ng)  cos(ne)

O

9.3. Canonical Complex Structure and Euler Phase Law

Definition 7 (Sectorwise complex structure). For each n > 1, define |, : V, — V,, by
Ju(cos(n)) = sin(nf), Ju(sin(n0)) = — cos(nd).
Then extend to H, = L*>(X,R) ® V,, by
I = 1dpa () ® e

Theorem 9 (Canonical complex structure from compact inner time). For each nontrivial frequency sector

H, withn > 1:
(i) ],SX) is orthogonal and satisfies ( ],(lx))2 = —Id;
(ii) the inner-time translation action satisfies

U(g)|, = cos(ng)ld + sin(ng) ] = enoli”,
(iii)  after identifying J\X) with multiplication by i, the action becomes multiplication by e,

Proof. On V,,, the operator J, is the standard 90° rotation, hence orthogonal with ],21 = —Id. The
formula for U(¢)|y, from the previous theorem is exactly

U(¢)|v, = cos(ng)ld + sin(ne)J,.

Tensoring with the identity on L?(X,R) yields the result on H,. The exponential form follows from
the operator Euler identity. [

The theorem is central for the programme because it gives a mathematically precise sense in
which complex Hilbert structure emerges from compact phase symmetry rather than being postulated
first.

Theorem 10 (Uniqueness up to conjugation). Let K, : H, — H,, be an orthogonal operator such that
K2 = —1d, K,U(9) = U(@)K, forall ¢ € S*.

Then
Ky = 4715,
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Thus the compatible complex structure on each nontrivial irreducible sector is unique up to conjugation.

Proof. On the real two-plane V;, the commuting algebra of the rotation representation consists of
matrices of the form ald + bJ,. If K;, commutes with all rotations and satisfies I<,21 = —Id, then on each
irreducible two-plane it must have the form ald + bJ, with

(ald 4 bJ,)? = (a® — b*)Id 4 2ab], = —1d.

Hence 2ab = 0 and a® — b> = —1. The case b = 0 is impossible over R, so 2 = 0 and b = +1. Therefore
Ky = £y Tensoring with Id; 2 x ) gives the result on H,. [

9.4. Invariant Forms on Compact Phase Sectors

The previous theorem shows that compact symmetry forces complex structure. The next result
supplies the paper’s sharpest constraint: the same nontrivial compact irreducible sectors admit only
definite invariant quadratic data.

Proposition 10 (Invariant-form rigidity on irreducible compact sectors). Let W be a nontrivial irreducible
real two-dimensional S'-sector for the compact inner-time representation. If B is a symmetric bilinear form on
W satisfying

B(U(p)x,U()y) = B(x,y)  forallx,y € W, ¢ € S,

then there exists A € R such that
B(x,y) = A{x,y)y  forallx,y € W.

In particular, every nonzero invariant quadratic form on W is definite, and no nondegenerate split quadratic
form is preserved on the same compact phase sector.

Proof. Choose an orthonormal basis of W in which the representation is the standard rotation rep-
resentation. Let S be the symmetric matrix representing B in this basis. The invariance condition
is
RgSRQ =S forall ¢ € S,

where R, is the rotation matrix. Equivalently, S commutes with every Ry. The commutant of the
rotation representation consists of matrices of the form al 4+ b]J. Since S is symmetric while | is skew-
symmetric, one must have b = 0. Hence S = al, so B = A (-, )y with A = a. If A # 0, the quadratic
form is definite. Therefore no nondegenerate split form can be invariant under the full compact phase
actionon W. [

Corollary 1 (Phase-readout separation on irreducible sectors). The split quadratic data required for
hyperbolic causal readout cannot be realized as an invariant quadratic form on a nontrivial irreducible compact
inner-time sector. Hence phase and causal readout require different carriers, or equivalently different structural
levels, within the dual-time framework.

Proof. Immediate from Proposition 10. O
Example 2 (Why a rotation does not preserve a Lorentzian form). On

V1 = span{cos#,sinf},

R _ [cose —sin ¢ 5— 1 0
7 \sing cose |’ ~\0 1)

let
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Then
[ cos(2¢) —sin(2¢)
RpSRy = (— sin(2¢) — cos(2(p)> )

This equals S only for discrete angles, not for the full compact action. By contrast, RgIR(P = [ for all ¢.
The calculation makes concrete why a nontrivial compact phase sector preserves Euclidean but not Lorentzian
quadratic data.

Remark 4 (What is and is not unique). The uniqueness statement does not say that all quantum descriptions
must globally use one canonical complex Hilbert space. It says something narrower and precise: given compact
inner-time symmetry by S!, each nontrivial irreducible real sector carries a symmetry-compatible complex
structure, and that structure is unique up to conjugation. Proposition 10 adds that the invariant quadratic
geometry on such a sector is likewise rigid up to scale.

Example 3 (The first nontrivial Fourier sector). On
V; = span{cos#,sin6},

the translation action is the ordinary rotation representation

Ccos — sin
Ug)lv, = ( ’ “”)

sing cos¢@

0 -1
]1=<1 0)

U((P)|V1 =cos@l+sing]; = P,

in the basis (cos 0,sin 6). The operator

satisfies ]% = —I, and one has

Thus the first nontrivial real sector is already a two-plane carrying the ordinary complex rotation law. After
identifying |, with multiplication by i, or equivalently choosing one of the two conjugate orientations permitted
by Theorem 10, the same real rotation becomes the standard phase action z — e'z. The substantive point is that
the complex scalar enters only after the real symmetry has already fixed the structure.

9.5. Why Euler’s Formula is Structurally Important Here

The significance of Theorem 9 is not merely that it recovers the usual phase factor e?. It reverses
the explanatory order. In ordinary quantum mechanics one begins with complex phase and writes
rotations using Euler’s formula. In the present framework one begins with recurrence and compact
symmetry on a real Hilbert space; Euler’s formula then appears as the compressed algebraic expression
of that real rotation structure. Proposition 10 sharpens the point: once the compact sector is fixed, the
invariant quadratic geometry is fixed up to scale as well. In that sense the ordinary Euler identity is
not external decoration but an emergent bookkeeping law for inner-time recurrence.

10. Split-Complex Readout and Lorentzian Observable Geometry

The circular phase branch is not the whole story. Corollary 1 shows that the split form needed
for causal readout cannot be preserved on the same nontrivial compact irreducible phase sector. The
hyperbolic branch therefore enters not as a rival complex structure, but as a distinct readout geometry
adapted to completed observable increments.

10.1. A Split-Complex Dual-Time Carrier

Let
D:={a+bj:abeR, >=+1}.
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Write a dual-time carrier variable as
z=T+4]jt,

where, in the present stand-alone discussion, T denotes the generative coordinate and ¢ the completed
observable coordinate. The split norm is

N(z) =zz = 12 — 2.

The sign classes N(z) > 0, N(z) = 0, and N(z) < 0 already divide the carrier into timelike, null, and
spacelike sectors in the algebraic sense.

Proposition 11 (Hyperbolic rotations). For every rapidity parameter € R, multiplication by
e/l = cosh# + jsinhy
preserves the split norm and acts on (T, t) by
v/ = tcoshy +tsinhy,  t =tcoshy + Tsinhy.
Proof. Multiply directly:
(coshn + jsinhy) (T + jt) = (tcoshy + tsinh#) + j(t cosh + Tsinh 7).
Norm preservation follows from N(e/’) = 1. O

10.2. Observable Calibration and Minkowskian Readout

To compare the split-complex carrier with ordinary relativistic coordinates, choose a calibration
constant ¢ > 0 and identify
X 1= CT.
Then
N(z)=1>-# =5 -1,

2) S
SO

—2N(z) = 2 — x2,

This is the one-dimensional Minkowski interval. The split-complex norm therefore yields Lorentzian
signature after a simple calibration.

Proposition 12 (One-dimensional Lorentz boost formulas). Under the calibration x = ct, the hyperbolic
carrier transformation induced by multiplication by e~/ becomes

X =q(x-ot), :fy<t— C%x),

where
v = coshy, g = tanh7.

Proof. Using the previous proposition with the passive sign convention  — —# gives
v/ = tcoshy —tsinhy,  + =tcoshy — Tsinhy.

Multiplying the first by ¢ yields
x" = xcoshn — ctsinhy.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.1400.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2026 d0i:10.20944/preprints202604.1400.v1

26 of 47

Now set v = cosh# and § = tanh# = v/c, so sinh# = v = yv/c. Then

x'=q(x—ot), t :’y(t— C%x)
0

Remark 5 (Hyperbolic angle as rapidity). The previous proposition identifies the hyperbolic carrier angle
with relativistic rapidity on the observable branch. This is an exact representation statement, not merely a
qualitative analogy.

10.3. Why the Lorentzian Branch Must be Separate from the Phase Branch

The circular and hyperbolic carriers should not be conflated. The first is compact and periodic; the
second is noncompact and preserves a split form. The difference is not merely verbal. Proposition 10
rules out an invariant split quadratic form on a nontrivial compact irreducible phase sector. Therefore
the Lorentzian readout branch cannot be obtained by simply “relabeling” the compact phase geometry.
It requires a distinct carrier or a distinct structural level.

This is the paper’s clearest answer to the apparent two-carrier tension in earlier formulations.
The circular branch is not abandoned when the hyperbolic branch appears, and the hyperbolic branch
is not a second version of phase. The two branches are mathematically complementary because the
compact phase representation and the split readout geometry obey different invariance requirements.

11. Completion Delay, Propagation Bounds, and Observable Causal Structure

A second mathematically controlled branch of the framework derives causal order from comple-
tion and bounded propagation rather than postulating a spacetime metric in advance. This section
states the minimal theorem chain in a self-contained way.

11.1. Metricized Support Sector

Let (A, a) be a concrete T,q,-algebra and suppose A carries a pseudometric
6:AXA—= Ry

measuring observable displacement of a tracked localized excitation between two generative states.
Let
w:X—N

be a generator-weight function extended to a monoid homomorphism
n
W: Magm = N, w(sy---s0) =) w(sj),  w(e) =0.
j=1

Assumption 3 (Microlocal propagation bound). There exists a fundamental recreated length £, > 0 such
that for every elementary generator s € ¥ and every x € A,

d(as(x),x) < w(s)l.

Proposition 13 (Global propagation from local generation). Under the microlocal propagation bound,
every admissible history u € Maygn satisfies

O(au(x),x) <w(u)l,  forallx € A.
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Proof. Induct on the word length of u. The empty word is immediate. If # = sv, then by the triangle
inequality,

O(ay(x),x) < dé(as(ay(x)),an(x)) + (an(x), x) < w(s)ly +w(v)ly = w(u)ls.
O

11.2. Completion-Delay Law and Vacuum Calibration

Definition 8 (Completion-delay law). A completion-delay law is a map
O:C—= Ry
assigning to each complete history the outer delay required for it to become observable.
Definition 9 (Vacuum calibration). A vacuum completion cycle is a distinguished element v € C with
At :=0O(v) >0, my = w(v) > 0.
The associated calibrated speed is

o My ly
TTUOAL

Assumption 4 (Delay compatibility). Every complete history u € C satisfies

At

O(u) > o

w(u).

Theorem 11 (Observable causal inequality). Under the propagation bound, vacuum calibration, and delay
compatibility assumptions, every complete history u € C satisfies

S(au(x),x) <c®(u)  forallx € A.

Consequently, if a projected event is assigned observable increment (At, Ax) with ||Ax|| := é(ay(x), x) and
At := ©O(u), then
|Ax|| < c.At.

Hence the observable increments lie in the future cone of the split quadratic form
Q(At, Ax) = c2(At)? — || Ax]*.

Proof. By global propagation,
0(ay(x),x) <w(u)l,.

Delay compatibility gives

K

< .

w(u) < 2-0)
Combining them yields

S(ay(x),x) < E*Z—:@(u) — c.O(u).

Rearranging gives Q(At,Ax) > 0. O

Remark 6 (The causal inequality as the seed of Lorentzian structure). Theorem 11 does not yet produce full
Minkowski space or exact Lorentz symmetry. What it does produce is the first split-quadratic datum from which
a Lorentzian geometry can grow: a nontrivial inequality Q > 0, its null quadric Q = 0, and the associated
future cone. In this precise sense the causal inequality is the seed of a Lorentzian structure. A natural next
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step is to determine additional admissibility or calibration hypotheses under which this seed sharpens into exact
observable Minkowskian kinematics.

This theorem is intentionally minimal, but it already captures the causal logic of the framework:
completion delay plus bounded propagation defines an observable cone before any background
Minkowski metric is assumed.

|AX]| = c.At]|Azx|| = ¢

I Ax

observable increments

Figure 3. Observable causal cone obtained from bounded propagation and completion delay. The inequality
| Ax|| < c.At defines the future cone of the split quadratic form Q(At, Ax) = c2(At)? — ||Ax]|?.

11.3. Further relativistic sharpening

The cone theorem is intentionally minimal. A natural strengthening would identify conditions
under which the completed observable branch carries the full invariant structure of special relativity,
including an exact Minkowski interval, Lorentz transformations, and inertial worldlines. The present
paper does not assume or prove that sharpening. Its role in the current framework is therefore
methodological: the split-complex carrier and the causal inequality specify the algebraic and geometric
seed from which such a relativistic branch would have to grow.

12. Stabilized Event Statistics and Reconstruction Strategy

Sections 5-11 identify the theorem-bearing dual-time core and prove the separation principle
between compact phase and split causal readout. Those sections deliberately stopped short of recon-
structing full spacetime geometry. The present section and the next three close that gap by adding an
explicit stabilization stage and a factorized geometry map.

12.1. Why the Dual-Time Core Still Needs a Geometry Stage

The constructions of Sections 5-11 yield algebraic, operator, and causal seed structures. What
they do not yet supply is a mechanism by which these structures stabilize into persistent observable
records. The present section introduces that additional layer.

The observable cone theorem of Section 11 yields the first split-quadratic datum from which
Lorentzian geometry can grow, but it does not yet produce a metric, curvature observables, or a
continuum manifold. To obtain those one needs a level of structure that remembers not just whether
observable increments satisfy a cone inequality, but how candidate events co-occur, which labels persist,
how frequently one event precedes another, what interval volumes are seen after stabilization, and
how causal futures and pasts overlap on reconstructed slices. These are not phase-sector observables.
They are observer-level statistics of completed and stabilized events.
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12.2. Candidate Event Structures and Stabilized Measures

Definition 10 (Candidate event structure). A candidate event structure in context I is a tuple
e = (Ve; )\e/ <81 re)/

where V; is a finite or countable set of event-nodes, A, is a label assignment, <. is a candidate partial order, and
1 stores record data relevant to admissibility and stabilization.

Definition 11 (Stabilization interface). A stabilization interface for a dual-time realization in context T
consists of:

(l) a measurable space Ecand of candidate event structures;
T
(ll) a measurable map
HHI“ . f”;f’mp ; Elgand

from completed observable histories to candidate event structures;
(iii) a family of empirical or repeated-cycle laws v 5 on HeF such that the pushforwards
Yy p p Yy ) r p

prN == (Er)svrN
converge weakly to a stabilized probability measure
ir € My (Estb)
on a stabilized sector E%tab C E%and.

This definition is intentionally abstract. In repeated-interaction models the stabilized measure may
live on ordered record strings; in redundancy-bearing environment models it may live on fragment
record patterns. The present manuscript assumes only that such a stabilization stage exists.

12.3. Persistent Labels and the Factorized Reconstruction Map

Let Ar denote the union of all labels that occur with nonzero stabilized probability,

Ar:= |J (Vo).
e€supp(fir)

Fix a persistence threshold p.(I') € (0,1] and define the persistent-label sector

Vio= {oc € Ar: fir(a € Ae(V2)) > p*(F)}.
Definition 12 (Factorized geometry map). The stabilized geometry map is defined in stages by
Gr =CroMroSroOroPr,

with the following roles.

(1) Pr extracts persistent labels and local statistics from fir.

(2)  Or reconstructs a weighted causal kernel and, when justified, a sharp effective order.

(3) Sr calibrates scale from interval statistics, density, and chain data.

(4)  Mr tests whether a continuum lift is warranted.

(5)  Cr returns either a weighted discrete causal geometry or a continuum Lorentzian geometry.

The factorization is methodological rather than decorative. It isolates which parts of the recon-
struction are always available and which require additional manifoldlike structure.
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12.4. Why Coarse Outcomes are Too Weak

The input to Gr is intentionally stronger than a push-forward to a coarse outcome space. A coarse
map may retain only the final label of a record while discarding multiplicity, internal ordering, interval
structure, and overlap data. The reconstruction below depends precisely on those discarded data. This
is the sense in which emergent geometry here is tied to stabilized event structure rather than to coarse
outcomes alone.

13. Local Reconstruction Data and Lorentzian Recovery
13.1. Co-Occurrence, Precedence, and Interval Kernels

For «, B € Vr, define the co-occurrence frequency

Gap = fir(, B € Ae(Ve)).
Whenever g, > 0, define the conditional precedence and link kernels
P = ir(a < B | 0, B € Ae(V2)),
W = fir(e < pand (e, ) = @ | 4, B € Ae(Ve)),
where the interval between two labelled events in a candidate structure is

L(a,B) :={y € Ae(Ve) : ¢ <o v <e B}

The corresponding conditional interval cardinality is

Nup = Epp [[L(a, B) | & <e B, &, B € Ae(Ve) ],

whenever the conditioning event has positive probability.
For continuity estimates it is useful to introduce the affine, unconditioned versions

onfﬁ = fir(« <e B), 15%11( = fir(a < Band L(a, B) = 9),

N“ﬁ = Eﬁl‘ UIQ(DC, ﬁ)| 1{11'<eﬁ}] .

These kernels are already geometric in embryo: they measure how often labels coexist, how often one
precedes another, how often they are linked, and how large their intervening intervals are.

13.2. Local Continuity

Let S C Vr be finite, and let %5 denote the cylinder o-algebra generated by restricting candidate
structures to labels in S. For stabilized measures y and v, define the local total-variation seminorm

ds(p,v) == AS:; In(A) —v(A)|.

Proposition 14 (Local Lipschitz bounds for stabilized reconstruction data). 1.  Fora,p € S,
P (1) = Py ()| < dyapy (1),

and likewise for I%igk.

2. If|Ie(a,B)| < Bug on the support of both measures, then

’Naﬁ(ﬂ) - Naﬁ(v)} < Baﬁ dS(V/V)

forany S containing all labels that can occur in intervals between o and .
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3. Ifqug(1),qap(v) > Gmin > O, then

2
[P () — Pos(v)] < ——dgu ) (v),

Jmin

and likewise for P;igk.
Proof. The events {a <, } and {« <, p and L.(x, f) = @} are cylinder events, giving part (i). Part (ii)
follows by expanding the bounded expectation over interval-cardinality events and using the maximal
interval size on support. Part (iii) follows from the quotient identity
D=
< _ %
P/xﬁ =

qzxﬁ

and the elementary bound |a/b —c/d| <|a—c|/b+|c||b—d|/(bd) forb,d > gmin. U

The importance of this proposition is structural: the raw data entering geometry reconstruction
are already local and continuous at the level of stabilized measures. Any later discontinuity comes
only from thresholding or branch decisions.

13.3. Weighted Causal Kernel and Sharp-Order Regime
The generic output of stabilized statistics is not a deterministic order but a weighted causal kernel,

W;g = P>

aﬁ’ DC,IB (S Vr.

Because each candidate structure carries a partial order, one always has

0< W

B<L W+ Wi <1

The remaining weight
I w= — =
W 1= Wy —Wg,

L7 o

represents stabilized incomparability.

Definition 13 (e-sharp stabilized sector). A stabilized measure fir is e-sharp around a reference poset
(Vr, <*) ife < % and, for all distinct a, B € V.,
(i) if o <* B, then

r(a <e pla,pcre(Ve)) 21-¢

(ii) if o and B are incomparable in <*, then
r(a <e Bl a,pere(Ve)) <e ar(p <eala,per(Ve)) <e

Theorem 12 (Threshold recovery of sharp order). Suppose fir is e-sharp around a reference poset (Vr, <*)
with e < }. Define the threshold relation

eff

1
a <} /3<:>Pljﬁ>§.

Then <£ff coincides with <* and is therefore a partial order.

Proof. If &« <* B, then P;ﬁ >1—e> %, soa <£ff B. If a and B are incomparable in <*, both directional

probabilities are at most ¢ < %, so neither threshold inequality holds. Thus the threshold relation
agrees pairwise with <*. [
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13.4. Scale Reconstruction and Manifoldlikeness Diagnostics

To reconstruct scale one also needs a volume element. The minimal choice is the counting measure
on persistent labels, calibrated by a density parameter pr > 0:

vr(A) := pr_1|A|, A C Vr finite.

For comparable labels a <&ff B, the empirical interval volume is
p T p

Vel = o By [|Le(, )|+ cr | & <e B,

where cr absorbs endpoint conventions.
For a finite reconstructed interval

Lg = {7 € Vr:a =5y <5 g}

with 1,5 := [Inp], let Co(I,p) denote the number of related pairs in the interval. The ordering fraction
is
L 2Ca(lp)
P (g — 1)

In manifoldlike causal sets approximating flat Lorentzian intervals, the expectation of r, is a monotone
function of the continuum dimension [30-32,37]. Whenever rap lies in the range of that family, define
the local dimension estimate

B = £ (1),

A context-level estimate is then obtained by averaging or taking the median over a mesoscale family
of intervals.

Let {; denote the volume of a unit Alexandrov interval in d-dimensional Minkowski spacetime.
In a manifoldlike regime one expects

ff d
Vig = CaT(a, )
for scales large compared with discreteness and small compared with curvature radii. This motivates

yeffy 1/4r
sen=(3)
T

For comparable labels define the longest-chain observable

the volume-based estimator

Lyg :=max{k: Ja =yo <y <. < 9 = g}

In manifoldlike causal sets one expects
1/d
Log = mdPr/ T(a, B)
with dimension-dependent constant 1, [33,37]. This motivates the chain-based estimator

L

h — ap

T (e, B) = ) i
r-r

Proposition 15 (Consistency of proper-time estimators). Suppose that for a family of reconstructed compa-
rable pairs (ay, Bn) one has

V:rffﬁn = ngg(l + 571)’ L’Xn,Bn = mdp%/d’r”(]' + 51/1)/

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202604.1400.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 April 2026 d0i:10.20944/preprints202604.1400.v1

33 of 47

with 8,,8), — 0and dr — d. Then

TIYOI(an,ﬁn) — Ty, Tfh(an,/%n) — T

Proof. Both statements are immediate from the definitions and continuity of the functions x x1/d

and division by the asymptotically correct calibration constants. []

The mismatch

A= sup  [4wB) 1 (e )]
(o, B) €W

is itself a manifoldlikeness diagnostic: small mismatch supports continuum behaviour, while large
mismatch indicates that the discrete branch should be retained.

13.5. Spatial Geometry on Reconstructed Antichains

Assume for the moment that a sharp effective order <§ff has been reconstructed. Let My C Vi be
the set of minimal elements or, more generally, a context-selected initial antichain. Define the layer
function

Tr(a) := max ht(m, a),

where ht(m, a) is the length of the longest chain from m to « and is taken to be zero if no such chain
exists. The canonical layer antichains are then

Yy:={a € Vr:Tr(a) =n}.
Choose a truncation depth K > 1 and define
Fx(a) :={x € Vr:a < x, 1 < Tr(x) — Tr(a) < K},

Px(a) :={x e Vr:x <ffa, 1< Tr(a) — Tr(x) < K}.
For a,b € %, define the causal-overlap dissimilarity

X9 (a,b) 1= vr (F(a) AFk (b)) + vr (Px (a) AP (b)),

where A denotes symmetric difference. Let ¢r : [0,00) — [0, 00) be strictly increasing with ¢r(0) =0,
and define provisional edge lengths

05 (a,b) == pr(x(a,1)).

Retaining kr nearest neighbours per node and symmetrizing defines a graph Gg(). The corresponding
path metric is
d(ZK) (a,b) := infb ) E(ZK) (u,v).
T (wo)ey
13.6. Manifoldlike Concentration and Continuum Lorentzian Recovery

Definition 14 ((¢, {;)-manifoldlike concentration). A stabilized measure jir is (¢, {;)-manifoldlike with
respect to a globally hyperbolic spacetime (M, g) if there exist measurable embeddings

¢e:Vr = M, e € supp(fir),

and a density pr > 0 such that for all mesoscale pairs («, B) above the cutoff {.:

(i) the candidate order agrees with the spacetime causal order with probability at least 1 — ¢;
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(ii) the reconstructed interval volume satisfies
Vil = Volg (7 (9e(@)) N (9e(B)))] < eV
(iii) the local dimension estimate obeys
g’ —d| <e  d=dimM.

This definition is operational rather than metaphysical. It does not require exact faithful embed-
ding at arbitrarily small scales; it requires only that stabilized intervals above a cutoff behave like those
of a globally hyperbolic spacetime to controlled accuracy.

Theorem 13 (Lorentzian recovery from reconstructed order and volume). Let fir be (g, {.)-manifoldlike
with respect to a globally hyperbolic, past-and-future distinguishing spacetime (M, g). Suppose in addition that
the ambiguity diagnostic remains below 1/2 on the mesoscale window, so that a sharp effective order <$ is
reconstructed. Then:

(1) the reconstructed order determines the conformal class [g] of the continuum metric on scales above L., up
to diffeomorphism and O(e) errors;

(2)  the reconstructed counting measure vr, equivalently the interval-volume functional V;g, fixes the
conformal factor on those scales;

(3)  therefore there exists a coarse-grained Lorentzian metric g&ff on M, unique up to diffeomorphism and

coarse-graining ambiguities of order O(e + pp /%), such that (M, g2ff) is statistically close to (M, g).
Proof. Because the stabilized sector is manifoldlike, the reconstructed order agrees with the continuum
causal order on mesoscale pairs up to O(e) error. The Hawking-King-McCarthy and Malament
theorems then imply that the causal order determines the conformal spacetime geometry of a past-and-
future distinguishing spacetime [27,28]. The interval-volume functional fixes the missing conformal
factor because a Lorentzian metric in a fixed conformal class is determined by its volume measure.
Finite density and residual stabilization noise introduce controlled errors of order e and o Vi 0o
Proposition 16 (Curvature access in the manifoldlike branch). Suppose the hypotheses of Theorem 13
hold, and let B;dr) denote the Benincasa—Dowker operator built from the reconstructed causal set (Vr, <$ff) at
dimension dr. Then for slowly varying scalar fields ¢,

(@r) ) A, Lo oeff
Br' g ~ Ugerg — S RgT -
In particular,
Reff(x) := —2BU)1(x)

serves as an effective scalar-curvature observable up to the usual coarse-graining errors.

Proof. This is the standard causal-set curvature approximation applied to the reconstructed manifold-
like branch [36,37]. O

14. Integrated Dual-Time-to-Geometry Synthesis
14.1. The Integrated Context

The first half of the paper provides admissible histories, completion and observation, compact
phase sectors, and a minimal causal seed. Sections 12-13 provide stabilized event measures and
Lorentzian reconstruction from reconstructed order and volume. The present section composes them
into one statement.
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Definition 15 (Integrated emergent-geometry context). A dual-time realization in context I' is an inte-
grated emergent-geometry context if:

(i) the local real Hilbert realization carries a strongly continuous compact inner-time action of S';
(ii) admissible and complete histories satisfy completion compatibility in the sense of Theorem 7;
(iii) a stabilization interface exists and yields a stabilized measure fir on candidate event structures;

(iv) the stabilized sector is e-sharp and (e, (. )-manifoldlike, with e < 1/2.

Theorem 14 (Integrated dual-time emergence theorem). Let I be an integrated emergent-geometry context.
Then:

(1) every nontrivial irreducible compact frequency sector carries a canonical orthogonal complex structure,
unique up to conjugation;

(2)  complete histories descend to an observable semigroup, and observer-level irreversibility occurs whenever
quotient merging identifies distinct generative histories;

(3)  the stabilized measure fir determines a weighted discrete causal geometry;

(4)  thresholding reconstructs a sharp effective order <£ff;

(5)  on scales above ¢, reconstructed order together with reconstructed volume determines a coarse-grained
Lorentzian metric g&ff up to diffeomorphism and O (e + or 1/dy ambiguities;

(6)  because no invariant split quadratic form exists on any nontrivial compact phase sector, the Lorentzian
metric cannot arise there as invariant compact phase geometry. It appears only after completion, projection,
stabilization, and geometric reconstruction.

Proof. Item (1) is Theorems 9 and 10. Item (2) is Theorem 7 together with the quotient-merging
mechanism of Proposition 7. Item (3) follows from the factorized reconstruction map and the local
kernels extracted from fir. Item (4) is Theorem 12. Item (5) is Theorem 13. Item (6) is Proposition 10:
on a nontrivial compact phase sector every invariant symmetric bilinear form is Euclidean up to scale,
so a split Lorentzian form cannot live there as invariant compact geometry. [

Corollary 2 (Phase and spacetime are outputs at different levels). In an integrated emergent-geometry
context, complex Hilbert structure and Lorentzian spacetime are not two primitive choices inserted by hand. The
former is forced by compact inner-time symmetry on generative sectors; the latter is reconstructed from stabilized
event statistics after completion and observation.

Proposition 17 (Coarse outcomes do not fix geometry). Let 77 : Ef° — Q) be a measurable coarse-graining
and let p,v € My (E§) satisfy 7. = m.v. Suppose, however, that on some persistent-label subset S at least
one local precedence, link, interval, or overlap kernel differs between y and v. Then there exists a bounded local
geometric observable Og of the reconstruction data such that

Os(Gr[u]) # Os(Gr[v]).

Proof. Choose Og to read out the differing local kernel directly, or a derived local observable such
as a link weight or slice edge length built from it. Since Gr is constructed from these kernels before
coarse-graining to (), the observable distinguishes the two reconstructions. [

This proposition is physically important. It shows that the geometry reconstructed here is sensitive
to stabilized event structure that is invisible to coarse outcome statistics. The reconstruction procedure
may be visualized directly on the configuration shown in Figure 3.

15. Exact Benchmark: Discrete Causal Strip

Consider the persistent-label set

Vr={(n,j):neN,jeZ},
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with effective order
(n,j) < (m,k) <= m>nand |k—j| <m—n.

This is the causal order of an infinite discrete light-cone strip. Assume the stabilized measure is sharply
concentrated on this order so that thresholding recovers it exactly. The minimal elements are those at
layer n = 0, and the layer function is simply Tr(n, j) = n. Hence the canonical antichains are

X, ={(nj):jeZ}.

Fix a slice X, and a truncation depth K > 1. For a = (n,i) and b = (n,j) withr := |i — j| < K, the
truncated futures satisfy

Fx(n,i)={(n+s,0):1<s<K, [{—i| <s},

Fe(nj) = {(n+5,0):1<s <K [(—j| <s).

At each future layer n + s, the two spatial intervals have equal size 2s + 1 and relative shift r, so their
symmetric difference has cardinality 2r. Summing overs = 1,..., K gives

|Fx(n,i)AFg(n,j)| = 2Kr.

The same computation holds for the truncated pasts, so with unit counting measure,

A (i), (n,)) = 4Kr.

Choose
lpl"(x) = Rxl

where a > 0 is a lattice spacing. Then

(8 ((n,1), (n, ) = ali— .

Restricting to nearest-neighbour edges therefore yields

K . . o
4y ((n,1), (n.)) = ali — |
The discrete configuration used in this benchmark is depicted in Figure 3.

Proposition 18 (Exact slice reconstruction on the strip). For the discrete causal strip above, the overlap-based
reconstruction yields the exact Euclidean slice metric on every canonical antichain.

Proof. The symmetric-difference computation is exact, and the induced path metric on the nearest-
neighbour graph reproduces the lattice distance exactly. [J

Assign temporal spacing 6t and map (n,j) — (t,x) = (ndt, ja). Then the order relation becomes

a

Ax| <
Ax < 5

At.

Choosing the relativistic calibration @ = 4t makes the causal-cone speed unity. In the joint limit
a,6t — 0 with macroscopic coordinates fixed, the reconstructed geometry converges to

ds? = —df? + dx2.
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The benchmark is intentionally elementary, but it demonstrates two key points: the reconstruction can
be exact in a discrete setting, and its continuum interpretation does not require an additional ad hoc
embedding rule.

16. Research Branches Opened by the Core Results

The following directions are not established results of the present paper. They are mathematically
meaningful extensions suggested by the proven core, and are listed to indicate scope without implying
completion.

The preceding sections define the theorem-bearing core and prove its strongest internal stand-
alone results. The purpose of the present section is not to turn unproved directions into conclusions by
rhetoric. It is to state, as precisely as possible, the mathematical continuation problems that the core
results make intelligible.

16.1. Non-Equilibrium Dynamics and Temporal Asymmetry

A first continuation problem concerns irreversible dynamics, memory kernels, non-Markovianity,
and temporal asymmetry. The mathematical question is whether a dual-time organization can produce
effective irreversible equations by eliminating hidden generative variables while retaining a controlled
relation to the underlying exact dynamics. A related geometric route, developed from a complementary
topological perspective, appears in [3]. The present paper contributes the algebraic and categorical
side of that story: completion and projection already provide the minimal mechanism by which exact
composition can descend to irreversible observer-level evolution.

16.2. Quantum Probability and the Born Rule

A second continuation problem concerns record-based probability. The compact-inner-time
theorem proved above yields canonical complex structure on nontrivial phase sectors, but it does
not by itself derive the Born rule. A plausible next step would distinguish possibility-side evolution
from stabilized record formation, reconstruct an effect-space description for those records, and then
apply Gleason- or Busch-type theorems once that effect space admits Hilbert realization [21,22]. In that
branch the Born rule would not be postulated at the level of records; it would appear as the unique
probability representation compatible with the recovered effect structure.

16.3. Projection-Induced Memory, Dissipation, and Entropy

A third continuation problem studies how hidden-sector elimination can generate memory, dissi-
pation, and entropy production. In this perspective, removing inaccessible dual-time variables yields
reduced equations with memory kernels; under suitable scaling regimes the reduced dynamics may
become local but no longer reversible. The conceptual point for the present paper is straightforward:
the same framework that explains why completion and projection can produce semigroup dynamics
also supplies a natural mechanism by which observable dynamics can lose recoverability.

16.4. Lorentzian Geometry and Einstein Universality

The geometric branch of the programme aims to go beyond cone data. One natural problem
is to specify a universality class of microscopic dual-time realization models — with locally finite
configurations, bounded microscopic updates, appropriate cylinder-history measures, and mixing
hypotheses — and then ask whether the coarse-grained quotient produces Lorentzian conformal
causal structure, infrared Lorentz covariance, and, under additional locality and effective-field-theory
hypotheses, Einstein-Hilbert dynamics as the leading infrared term. These developments are not
proved here. They are included because the core formalism now makes such a derivation programme
mathematically formulable rather than merely rhetorical.
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16.5. Noncommutative Geometry and Dimensional Stability

A distinct but complementary branch places SMM/DTT inside noncommutative geometry. In
that direction, spectral triples over a dual-time space could encode the algebra of re-creation, internal
symmetries, and dimensional stability [23]. The open problem is to determine whether inner-time
cycles and their ordering generate operator algebras whose spectral properties control effective spatial
dimensionality and observable structure in a theorem-bearing way.

16.6. Gauge Structures, Monopole Interpretation, and Polarization

Another branch interprets the Monad as a minimal hidden source with possible connections
to gauge structures, polarization topology, and charge quantization [24-26]. The point of including
this branch in the present article is not to present it as a closed theorem. It is to indicate a concrete
mathematical question: can the source language of the framework be translated into bundle-theoretic
or phase-geometric data in a way that is both rigorous and empirically nontrivial?

16.7. The Projected Yang—Mills Programme

The most technically ambitious continuation problem is an operator-based gauge programme.
Its guiding idea is that admissible histories should be realized as operators, that compact auxiliary
directions should organize mixed operators and holonomy data, and that low-energy effective sectors
should be isolated by coercive or band-structure arguments until only a finite-rank obstruction remains.
The significance of this branch here is modest but real: the core machinery of histories, completion,
operator realization, and internal compact directions is already strong enough to support a serious
constructive programme rather than only a conceptual sketch.

16.8. Quadratic Stabilization and Dynamically Selected Geometry

The reconstruction framework developed in Sections 12-15 takes as input a stabilized probability
measure jir on candidate event structures and produces effective causal and metric observables. This
raises a natural structural question: to what extent is the stabilized measure itself constrained by the
dual-time framework?

The present subsection formulates a theorem-level target for the programme. The result identifies
a set of conditions under which stabilized event weights are forced to be quadratic in the underly-
ing Hilbert amplitudes, thereby linking compact inner-time symmetry, completion/projection, and
emergent geometry.

Definition 16 (Durable event sectors). Let Hr be the real Hilbert space obtained from the Hilbert-fiber
realization of a dual-time context I'. A family of durable event sectors is a countable collection of closed,
mutually orthogonal subspaces

{Erx}:xeAr/ Ey L E/S (a # :B),

with associated orthogonal projectors
P, : Hr — Hr.

These sectors represent mutually exclusive stabilized observable outcomes after completion and projection.

Definition 17 (Stabilized event weight functional). Let ﬁ? denote the stabilized measure obtained from
repeated completion dynamics starting from a normalized state 1 € Hr. For each durable event sector E, define
the weight functional

wi(y) = if (Ea).

Theorem 15 (Quadratic stabilization and dynamically selected geometry). Let I' be a dual-time context

equipped with:

1. areal Hilbert space Hr carrying a strongly continuous compact inner-time action of S, inducing canonical
complex structures on nontrivial irreducible sectors;
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admissible-history dynamics with completion and observation maps as in Section 7;
a stabilization interface producing empirical measures y? N on candidate event structures;
4. afamily of durable event sectors { E, } with projectors P,.

Assume the following conditions hold:

(H1) (Stability convergence) For every normalized ¢ € Hr,
y?{N = ﬁ? as N — oo,
(H2) (Orthogonal additivity) If 1, ¢ have support in mutually orthogonal durable sectors, then

wi (Y + ¢) = wr () + wr(9).

(H3) (Compact-phase invariance) For every 6 € R,
wi () = wi(y)

on each nontrivial irreducible compact phase sector.
(H4) (Completion consistency) The functional wi depends only on the completed observable content and not on
hidden pre-completion chronology.

Then there exist nonnegative constants c,(T') such that

¥ (Ex) = wi(y) = ca(T) || Patp

for all normalized ¢ € Hr.
If the sectors { E, } are exhaustive and normalized so that

ZV (Ex) =1,

then
an ) || Pap[|* =

In the unbiased calibrated case one has ¢, (T') = 1, hence

b (Ex) = [|Pay||.

Finally, if ﬁ# satisfies the sharp-order and manifoldlike conditions of Sections 1314, then the reconstructed
geometry
Grlpf)

is determined by this quadratic stabilization law.

Remark 7 (Structural role of compact symmetry). The proof strategy relies critically on the rigidity result of
Section 9: on any nontrivial irreducible compact phase sector, every invariant symmetric bilinear form is a scalar
multiple of the Euclidean one. This eliminates all non-quadratic and non-Euclidean candidates for wt, forcing
the quadratic form.

Remark 8 (Relation to irreversibility). Completion and projection identify distinct generative histories that
lead to the same durable event sector. The stabilization weights therefore arise from equivalence classes under
observable completion, linking the quadratic law to the same quotient structure that produces irreversibility.
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Corollary 3 (Quadratically selected Lorentzian branch). Under the hypotheses of the theorem and the
manifoldlike conditions of the Lorentzian reconstruction stage, the effective spacetime geometry

Grlf]
is selected by the quadratic stabilization law
At (Ex) = || Pyl

Hence spacetime geometry is determined not by coarse outcomes alone, but by stabilized event sectors whose
weights are fixed by the underlying Hilbert structure.

Remark 9 (Status). Theorem 15 is a theorem-level target for the programme. The present manuscript identifies
the precise hypotheses under which it would follow. A complete proof requires an explicit stabilization model
satisfying (H1)—(H4), which is left for future work.

17. Established Results, Suggested Directions, and Open Problems

A broad foundational paper is useful only if it is honest about logical status. The following
summary is therefore not rhetorical; it is part of the framework itself.

17.1. Established Directly Here

The following results are proved directly in the present manuscript:

1) the normal-form classification of two-dimensional real quadratic carriers (Theorem 5);

(ii) multiplicativity of the associated quadratic norm and the comparison of circular, nilpotent,
and hyperbolic branches;

(iii) the unified Euler laws for these carriers (Theorem 6);

(iv) the algebra laws for admissible-history monads;

v) observable semigroup descent under completion compatibility;

(vi) observer-level irreversibility by quotient merging;

(vii) local operator realization of admissible histories;
(viii)  the Fourier-sector decomposition of compact inner time and the canonical complex-structure
theorem, including uniqueness up to conjugation;

(ix) invariant-form rigidity on nontrivial compact irreducible phase sectors, and hence phase/readout
separation at the level of invariant quadratic data;

(x) the observable causal inequality from local propagation plus completion delay;

(xi) the definition of a stabilization interface from completed histories to candidate event structures;

(xii)  local Lipschitz continuity of the reconstruction data extracted from stabilized measures (Propo-
sition 14);

(xiii) ~ threshold recovery of sharp effective order from stabilized precedence data (Theorem 12);

(xiv)  consistency of volume-based and chain-based proper-time estimators (Proposition 15);

(xv) continuum Lorentzian recovery from reconstructed order and reconstructed volume in a
manifoldlike regime (Theorem 13);

(xvi)  access to effective scalar curvature in the manifoldlike branch through standard causal-set
operators (Proposition 16);

(xvii)  the integrated dual-time emergence theorem linking compact phase sectors, observable semi-
group descent, stabilization, and Lorentzian reconstruction (Theorem 14);

(xviii) the exact discrete light-cone-strip benchmark and its (1 + 1)-dimensional Minkowski limit
(Proposition 18).

These results are sufficient to establish that SMM/DTT has a nontrivial theorem-bearing mathe-
matical core, that the core supports a concrete geometry stage rather than only a cone seed, and that
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the resulting integrated framework yields at least one genuine separation principle beyond a mere
repackaging of familiar facts.

17.2. Further Directions Suggested by the Framework

The following developments are not established in the present manuscript, but they arise naturally
as continuations of the framework:

@) exact relativistic sharpening of the observable branch;

(ii) coarse-grained Lorentzian geometry and Einstein infrared universality;
(iii) a record-based route to Born-form probability;

(iv) projection-induced memory, dissipation, and entropy;

(v) a noncommutative spectral-triple route to dimensional stability;

(vi) an operator-based gauge or Yang-Mills programme.

None of these directions is used as a premise in the theorem chain above. They are included only
to indicate the range of mathematically meaningful questions that the present core formalism opens.

17.3. Still Open
Several important questions remain genuinely open.

(i) Can the admissibility and observable-readout conditions yielding exact relativistic kinematics
be derived from a microscopic dual-time dynamics rather than introduced operationally?

(ii) Can the spectral-triple branch be sharpened so that dimensional stability is controlled rather
than merely suggestive?

(iii) Can a record-stabilization branch derive Hilbert realizability of reconstructed effect spaces
under physically natural hypotheses broad enough to make the Born route internal?

(iv) Can the operator-based gauge programme close its remaining low-energy obstruction and
complete a Yang-Mills transfer?

(v) Can the gauge or polarization interpretation of the Monad be expressed in a way that is both
mathematically rigorous and empirically nontrivial?

Listing these questions explicitly does not weaken the framework. It prevents broad scope from
being confused with theorem-bearing overreach.

18. A Research Map

At the theorem-bearing level, the SMM/DTT programme can be summarized schematically as
follows:

generative source = admissible histories = completion / projection
compact carrier = phase sectors and complex structure,
quotient merging = observer-level irreversibility,

= { split carrier = causal readout and cone geometry,

operator realization = Hamiltonians and gauge sectors,

record stabilization = probability questions.

The importance of this map is methodological. It fixes the direction of explanation. Instead of taking
spacetime, complex Hilbert structure, and irreversible dynamics as unrelated primitives, it asks
whether they can be understood as different shadows of one organization of generation, completion,
and readout. The crucial new point is that the first two visible branches — compact phase and split
readout — are not merely juxtaposed; Proposition 10 shows why they cannot be represented by the
same invariant quadratic geometry on a nontrivial compact irreducible sector.
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19. What the Paper Actually Contributes

The contribution of this paper is not the introduction of new algebraic structures in isolation,
but the establishment of a fixed explanatory chain linking them. Its principal contribution lies in
showing that a small number of familiar mathematical constructions constrain one another once they
are organized by a dual-time architecture. Several ingredients are classical. What matters here is the
package they form and the rigidity statements that package implies.

19.1. The Contribution is Structural, But Not Only Structural

The paper does not claim that the individual carrier classification, Euler formulas, Fourier de-
composition, or semigroup theorems are new in isolation. Those facts belong to standard algebra,
harmonic analysis, operator theory, and real algebraic geometry. The stronger claim is that there exists
a minimal explanatory chain in which those facts cease to be independent modeling choices.

Two concrete consequences matter. First, compact symmetry forces sectorwise complex structure.
Second, compact irreducible phase sectors admit only definite invariant quadratic forms. The second
point is what prevents the paper from being only a reinterpretation: it yields a genuine separation
principle between phase and causal readout.

19.2. The Carrier Classification Fixes the Minimal Algebraic Menu

Theorem 5 shows that every two-dimensional real commutative unital quadratic algebra gener-
ated by one non-scalar element is isomorphic to exactly one of the three normal forms

Rlu)/(u*+1),  Rlu]/u?),  Rlu]/(u?-1).

While these algebras are individually classical, their interpretation as minimal dual-time carriers fixes
the algebraic menu of the framework: circular, nilpotent, and hyperbolic, with only the first and third
nondegenerate for the purposes of phase and causal readout.

19.3. The Algebraic-Geometric Interface is Explicit

Proposition 2 shows that the quadratic carriers admit a natural interpretation as affine schemes
of degree two over Spec R, with norm-one loci given by affine conics. The circular and hyperbolic
branches correspond, respectively, to anisotropic and split real one-dimensional tori.

This matters because phase structure and causal readout are already visible at the level of quadratic
forms, conics, and real tori. The paper’s algebraic-geometric language is therefore not ornamental
packaging added after the main argument; it is part of the carrier-level substance.

19.4. Euler Laws Unify Three Regimes

Theorem 6 expresses the exponential map for all quadratic carriers in a single formula
eM = Cy(A) + uSy(A),

which simultaneously yields the ordinary Euler identity, the nilpotent tangent law, and the hyperbolic
Euler law.

The formulas themselves are classical. What is nonstandard here is their use as one organizing
law across the three carrier classes. Oscillatory, tangent, and hyperbolic behaviours are presented not
as unrelated tricks but as the three sign-regimes of one quadratic mechanism.

19.5. Compact Symmetry Forces Complex structure

Theorem 9 shows that a strongly continuous translation action of S' on a real Hilbert space
induces, on each nontrivial irreducible sector, a canonical orthogonal complex structure, unique up to
conjugation by Theorem 10.
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This reverses the usual explanatory order in quantum theory. Instead of assuming complex
scalars at the outset, complex structure is derived from compact symmetry. The result is representation-
theoretic and fully controlled: the Euler phase law appears as the exponential form of a real rotation
generator.

19.6. Compact Phase Sectors Admit no Invariant Split Form

Proposition 10 supplies the paper’s sharpest new consequence. On a nontrivial irreducible
compact phase sector, every invariant symmetric bilinear form is a scalar multiple of the Euclidean
one. Consequently no invariant split form exists there.

This yields Corollary 1: the hyperbolic geometry needed for causal readout cannot be realized as
an invariant compact phase geometry on the same sector. The circular and hyperbolic branches are
therefore not merely two stylistic descriptions of the same representation. They are mathematically
separated by different invariance requirements.

19.7. Completion and Observation are Realized Categorically

Sections 7.1-8.1 provide a minimal categorical framework in which admissible histories form a
monad, completion is encoded by an idempotent monad, and observation is realized as a functorial
quotient.

Under a precise compatibility condition, complete histories descend to a semigroup action on
observable states (Theorem 7). Irreversibility then arises from quotient merging rather than from a
breakdown of underlying composition. This gives a mathematically explicit translation of re-creation,
completion, and projection into category theory and operator theory.

19.8. Cone Data Arise Without a Background Metric

Theorem 11 shows that bounded local propagation together with a completion-delay law yields
an observable cone inequality defined by a split quadratic form.

This does not reconstruct full relativity. It does show that nontrivial causal cone data can arise
before a background metric is assumed. The theorem therefore supplies a metric-free seed from which
a sharper Lorentzian branch would have to grow.

19.9. Stabilized Event Statistics Complete the Geometry Stage

The original dual-time core ended with a split-quadratic causal seed. The present version adds
the missing observer-level bridge: a stabilization interface from completed histories to candidate event
structures and a factorized map from stabilized event statistics to effective geometry. This is the point
at which the framework stops saying only that Lorentzian structure could grow and starts showing
how weighted causal kernels, interval volumes, overlap metrics, and continuum Lorentzian data are
reconstructed.

The significance of this addition is twofold. First, it makes precise which information must survive
projection for geometry to emerge: persistent labels, precedence frequencies, interval statistics, and
causal overlaps, not merely coarse outcome probabilities. Second, it clarifies why the geometry belongs
to the observer-level branch rather than to compact phase sectors. The reconstruction is built from
stabilized event structure after completion, not from invariant phase geometry before completion.

19.10. Order Plus Volume Sharpen the Causal Seed

Theorem 13 strengthens the status of the causal branch. Theorem 11 supplies the first split-
quadratic cone datum from bounded propagation and completion delay. The Lorentzian recovery
theorem then shows that, once stabilization yields a manifoldlike regime, reconstructed causal order
together with reconstructed volume determine a coarse-grained Lorentzian metric up to diffeomor-
phism and coarse graining. The two theorems therefore play different but complementary roles: one
isolates the causal seed, the other describes the conditions under which that seed sharpens into explicit
spacetime geometry.
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19.11. Mathematical Implications of the Framework

The preceding results suggest several structural consequences.

(i) Derived rather than assumed formalism.

Complex Hilbert structure can be treated as a theorem of compact symmetry rather than as a
primitive axiom.

(ii) Separated invariant geometries.

Compact phase and hyperbolic readout obey different invariant-form requirements. The frame-
work therefore predicts a split between phase geometry and causal readout rather than collapsing
them into one carrier.

(iii) Algebraic origin of geometry.
Circles, hyperbolas, and cone data arise naturally as norm loci of quadratic algebras before
manifolds or metric tensors are introduced.

(iv) Quotient-based irreversibility.

Observer-level irreversibility can be explained by descent through completion and projection
rather than by assuming broken microscopic composition.

(v) Layered mathematical structure.

Different mathematical objects naturally attach to different levels of description — generative,
completed, and observed — and are related by explicit functorial or quotient maps.

Taken together, these points indicate that the framework does not alter the content of pure
mathematics, but proposes a reorganization in which algebraic, geometric, and analytic structures are
no longer independent choices. They become interrelated components of a common structural scheme
linking symmetry, composition, and observable geometry.

20. Conclusions

The paper makes one precise proposal: treat dual time not as an extra coordinate, but as a
two-level organization of generation and completion, and then add a stabilization stage between
completion and geometry. Once that proposal is translated into mathematics, a coherent theorem chain
emerges. Admissible histories compose exactly at the generative level; completion and projection
produce observable semigroup dynamics; compact recurrence produces canonical complex structure;
and stabilized event statistics produce weighted causal kernels, reconstructed order, reconstructed
volume, and, in a manifoldlike regime, Lorentzian geometry.

The sharpest inherited consequence is not the existence of Fourier modes or the classification of
quadratic carriers, both of which are classical. It is the combination of two facts: compact symmetry
forces complex structure on nontrivial irreducible sectors, and the same compact sectors admit only
definite invariant quadratic forms. That is why the framework uses two nondegenerate carrier branches
rather than one. The circular branch governs recurrence and phase. The hyperbolic branch governs
causal readout. The present paper adds the next step: stabilized event statistics convert that causal
readout branch into a reconstructive geometry stage.

The strongest new conclusion is therefore a separation-and-reconstruction statement. Complex
Hilbert phase structure and Lorentzian spacetime can arise in one framework, but they arise at
different levels. The former is attached to compact inner-time sectors. The latter is attached to
completed, stabilized, observer-level event structure. The invariant-form rigidity of compact phase
sectors explains why the Lorentzian metric cannot be realized there as invariant compact phase
geometry; the Lorentzian recovery theorem explains how it appears instead from reconstructed order
and reconstructed volume.
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The paper also keeps its boundaries clear. It does not derive the Born rule, full gravitational
dynamics, universal threshold laws, or the stabilization stage from a single microscopic law. What it
does provide is a controlled foundation on which those questions can now be posed without conflating
proved results with programmatic ambition. In that sense the value of the paper is methodological
as well as mathematical: it turns a broad foundational programme into something that can now be
argued about theorem by theorem, stage by stage, and reconstruction by reconstruction.

For a sceptical reader, that is the appropriate standard. The manuscript does not ask for assent
to a total cosmology. It asks whether the direction of explanation — from generative composition to
completion, from compact recurrence to phase, from stabilization to persistent event structure, and
from reconstructed order plus volume to Lorentzian geometry — is mathematically coherent, logically
disciplined, and fertile enough to justify further work. The answer defended here is yes.

Appendix A Notation and Terminology

For ease of reference, we summarize the main symbols used in the paper.

Symbol Meaning

M= Free monoid of histories generated by elementary recurrence acts.

Madm Distinguished submonoid of admissible histories.

Tadm Admissible-history writer monad T,qm (X) = Magm X X.

C Submonoid of complete histories.

Q=JK Idempotent completion monad.

p Observation functor.

m=PK Completion-observation map to observable states.

st Compact internal symmetry used in the phase branch.

| Orthogonal operator with J?> = —Id inducing complex structure on a
real sector.

D Split-complex algebra R[j]/ (j> — 1).

Ng, Ny Euclidean and split quadratic norms on the circular and hyperbolic
branches.

C) Completion-delay law.

Cx Calibrated observable speed from vacuum cycle data.

Appendix B A Short Proof of the Carrier Classification in Coordinate Form

For readers who prefer a coordinate-based proof of Theorem 5, here is the normal-form reduction
written explicitly. Let A = R @ Re and write

e? = a+ Be.

Ifu=e—p/2, then
2 p
ut=at tA

Thus the discriminant A controls the algebra completely up to scaling. The cases A < 0, A =0, and
A > 0 correspond respectively to the complex, dual, and split-complex algebras. No fourth case exists.
In particular, any other two-dimensional real commutative unital quadratic carrier is just a disguised
version of one of these three.
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Appendix C Circular and Hyperbolic Geometries from the Unified Euler Law

The unified Euler law yields two different unit-orbit geometries.
For the circular branch,

e =cos¢+ising,  Ng(e)=1.
The orbit is periodic and compact. For the hyperbolic branch,
el = coshy + jsinhy, NL(ej”) =1.

The orbit is noncompact and hyperbolic. These are not rival geometries imposed from outside; they
are the two nondegenerate signatures available to quadratic carriers of dual-time organization.

Appendix D Why the Nilpotent Case Is a Boundary Rather than a Full Branch

The dual-number case ¢ = 0 is mathematically legitimate and often useful in tangent or jet-
theoretic constructions. Its role in the present framework is different. Because

M =1+ Ag, No(a + be) = a?,

the associated quadratic form is degenerate. There is therefore no nondegenerate circle/hyperbola
distinction and no full causal or phase geometry. For this reason the nilpotent case is best regarded as
a boundary or infinitesimal limit between the circular and hyperbolic branches rather than as the main
effective carrier of a complete branch of the theory.
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