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Article
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Abstract: In this study, we provide an exact solution to the Lindblad master equation that describes the interaction

of two quantized electromagnetic fields in a decaying cavity, coupled to a thermal reservoir at finite temperature.

The solution is obtained using the superoperator technique, leveraging commutation relations to express the

exponential of the Lindblad operators as a product of exponentials. This method allows for the solution to

be directly applied to any initial condition of the system, offering a versatile approach to a wide range of

configurations. To demonstrate its utility, we explore the case where the field modes are initially in non-entangled

coherent states and investigate how the interaction with the reservoir affects the preservation or modification of

the non-entanglement feature over time.

Keywords: Lindblad master equation; superoperators; entanglement

1. Introduction

The study of quantum systems in optical cavities has played a pivotal role in the advancement of
quantum optics [1,2]. Optical cavities provide a controlled environment that enables exploration of
non-classical behaviors of quantized electromagnetic fields, making them ideal platforms for observing
phenomena such as spontaneous emission, quantum decoherence, and system thermalization [3–6]. In
the absence of dissipation, the field modes within these cavities remain isolated and their dynamics can
be accurately described using the Schrödinger equation [7–12]. However, when the cavity experiences
decay and interacts with a thermal reservoir, the system undergoes irreversible processes, such as
dissipation and decoherence, requiring the use of the Lindblad master equation to describe its time
evolution [13–15].

Although the Lindblad master equation is a powerful tool for modeling open quantum systems,
obtaining exact solutions is often an intractable task. Recent advances, however, have employed
techniques based on superoperators and non-unitary transformations to derive exact solutions for
systems comprising two decaying field modes, both at zero and finite temperatures [16,17]. These
studies have shown that, in fact, at zero temperature, the dynamics of the system is dominated solely
by cavity dissipation, while at finite temperatures, thermal excitations from the reservoir introduce
significant modifications [17].

On the other hand, entanglement stands out due to its fundamental role in quantum technologies
such as quantum computing, cryptography, and communication [18–21]. Entangled states arise from
the interaction of quantized fields and exhibit correlations that challenge classical explanations, while
also being highly susceptible to environmental interactions, which can induce quantum decoherence
and even lead to loss of entanglement as the system interacts with a thermal reservoir [4,22]. This
sensitivity underscores the importance of understanding how entangled and unentangled states evolve
under dissipative conditions, as well as how the system transitions between quantum and classical
regimes [23,24].

This work aims to provide a detailed analysis of the Lindblad master equation describing the
interaction of two quantized field modes in an optical cavity coupled to a thermal reservoir. Us-
ing the superoperator formalism, we investigate how the initial states of the system—entangled or
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otherwise—affect its temporal evolution under thermal dissipation. In Section 2, we introduce the
theoretical framework that describes the physical system and the Lindblad equation governing its
dynamics. Section 3 details the solution methodology, employing superoperator techniques to express
the evolution operator in terms of commutation relations. In Section 4, we apply the derived solution
to analyze the time evolution of an initially unentangled coherent state. In Section ??, we present
and discuss the results obtained, evaluating the persistence or alteration of the entanglement. Finally,
Section 5 summarizes the main findings and outlines potential directions for future research.

2. Lindblad Master Equation

Consider the interaction between two quantized fields, denoted by â and b̂, each subject to
Markovian decay processes with a common loss rate, γ. Both fields are coupled to a thermal reservoir
characterized by an average thermal excitation number, n̄th ≥ 0, as shown in Figure 1.

n̄th

γ

â b̂

γ

n̄th

Figure 1. Schematic representation of two bosonic fields, â and b̂, both coupled to the same thermal
reservoir with average thermal photon number n̄th. The fields experience decay at the same rate,
denoted by γ, reflecting identical dissipation mechanisms for each field.

The Markovian dynamics of the reduced density matrix, ρ̂, in the interaction picture is described
by the Lindblad master equation [13–15]

dρ̂

dt
= − i gŜρ̂ + Laρ̂ + Lbρ̂, (1)

where Ŝρ̂ = [âb̂† + â† b̂, ρ̂] represents the coherent interaction between the two fields or light modes.
Here, â (â†) and b̂ (b̂†) are the annihilation (creation) operators for each mode, and g denotes the
coupling strength between the two bosonic modes [7–12]. The terms Lcρ̂, with c = a, b, represent the
Lindblad superoperators, also known as the Lindbladian for the decay processes of each field. The
Lindbladian is defined as:

Lcρ̂ ≡ γ
[
(n̄th + 1)

(
2ĉρ̂ĉ† − ĉ† ĉρ̂ − ρ̂ĉ† ĉ

)
+ n̄th

(
2ĉ†ρ̂ĉ − ĉĉ†ρ̂ − ρ̂ĉĉ†

)]
. (2)

The Lindbladian describes how the bosonic system interacts with the thermal environment,
capturing both the loss and gain of excitations. The first term accounts for the loss of excitations
due to the interaction with the environment, where the factor n̄th + 1 represents the total number of
excitations, including those induced by the thermal reservoir. This dissipation is modeled through
the annihilation operators ĉ, with ĉ = â, b̂. The second term captures the gain of thermal excitations,
with n̄th representing the average number of excitations in equilibrium, and the creation operators ĉ†

modeling this gain. Together, these terms offer a comprehensive description of the dynamics of the
system influenced by both the mutual interaction and the thermal environment. It is also evident that
at zero temperature, where n̄th = 0, the Eq. (1) reduces to the case where only decay is present, as
analyzed in [16].
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3. Solution to the Lindblad Master Equation

In order to solve the Lindblad master equation (1), it is important to note that, although the
Lindbald operators individually do not commute with the interaction term, surprisingly, the sum of
the Lindblad superoperators Laρ̂ and Lbρ̂ commutes with the superoperator Ŝρ̂, that is,[

La + Lb, Ŝ
]
ρ̂ = 0, (3)

and, obviously, the Lindblad superoperators commute with each other. From this, we can derive the
formal solution to the Lindblad master equation (1), given an initial condition ρ̂(0), as

ρ̂(t) = eLat eLbt e− i gtŜ ρ̂(0). (4)

This solution implies that we must apply the exponential functions of the superoperators to the
initial condition in some manner. This is far from straightforward, as each superoperator is composed
of a product or sum of operators. To demonstrate how these can be applied, we need to separate each
exponential of the superoperators in a certain way. Therefore, we will show in detail how to separate
each of these superoperators as follows.

3.1. Decomposition of the First Exponential

To apply the first exponential term e− i gtŜ to an arbitrary initial condition ρ̂(0), it is necessary to
decompose or separate it in a way that allows its effective application. For this purpose, we define the
operators

Â =
â + b̂√

2
and B̂ =

â − b̂√
2

, (5)

which leads to the relation
âb̂† + â† b̂ = Â† Â − B̂† B̂ = N̂A − N̂B. (6)

Using this result, the first exponential in (4) applied to ρ̂(0) can be rewritten as

ρ̂S(t) = e− i gtŜ ρ̂(0) = |ψS(t)⟩ ⟨ψS(t)| , (7)

where
|ψS(t)⟩ = e− i gt(N̂A−N̂B) |ψS(0)⟩ . (8)

3.2. Decomposition of the Second and Third Exponentials

The application of the second and third exponentials, eLct with c = a, b, corresponds to the
dynamics of the modes â and b̂, respectively. Although their roles are analogous, the challenge lies in
decomposing the Lindbladian exponential eLct. To achieve this, we rewrite the Lindbladian operator
Lc, defined in (2), in the following form [17,25–27]

Lcρ̂ = 2γ(n̄th + 1) ĉρ̂ĉ† + 2 n̄th ĉ†ρ̂ĉ − γ(2 n̄th + 1)
(

ĉ† ĉρ̂ + ρ̂ĉ† ĉ
)
− 2γn̄th ρ̂

=
(

Ĵ− + Ĵ+ + L̂ − 2γn̄th
)
ρ̂, (9)

where we have used the identity ĉĉ† = ĉ† ĉ + 1 and defined the following superoperators [17,26–28]

Ĵ−ρ̂ = 2γ(n̄th + 1) ĉρ̂ĉ†, Ĵ+ρ̂ = 2γn̄th ĉ†ρ̂ĉ, L̂ρ̂ = −γ(2 n̄th + 1)
(

ĉ† ĉρ̂ + ρ̂ĉ† ĉ
)

. (10)

This reformulation allows us to express the Lindbladian exponential as

ρ̂L(t) = eLct ρ̂S(t) = e−2γn̄thte( Ĵ−+ Ĵ++L̂)t ρ̂S(t). (11)
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In this form, the term e−2γn̄tht corresponds to a straightforward exponential decay factor, while the

more intricate dynamics is encapsulated in the exponential operator e( Ĵ−+ Ĵ++L̂)t.
It is easy to show that these superoperators satisfy the commutation relations of the SU(1, 1)

algebra, given by

[
Ĵ+, Ĵ−

]
= 4γ2n̄th(n̄th + 1)

[
L̂

γ(2n̄th + 1)
− 1

]
ρ̂, (12a)[

Ĵ±, L̂
]
= ±2γ(2n̄th + 1) Ĵ±ρ̂. (12b)

Based on these commutation relations, we propose an ansatz to separate the sum of the superoperators
in (11), expressed as a product of exponentials involving the superoperators. It is important to note that
the order of application of these operators can be chosen freely. However, for simplicity and to facilitate
the application of the solution to initial conditions where the field modes are in coherent states, it is
convenient to act first with powers of the annihilation operator, represented by the superoperator Ĵ−,
and finally with powers of the creation operator, represented by Ĵ+. This leads to the following ansatz:

ρ̂L(t) = e−2γn̄thtes(t)er(t) Ĵ+ eq(t)L̂ep(t) Ĵ− ρ̂S(t). (13)

Taking the time derivative of (11) and (13), equating terms, and solving the resulting system of
coupled equations, we obtain the following solutions [27]

p(t) = r(t) =
1

2γ

1 − e−2γt

n̄th(1 − e−2γt) + 1
, (14a)

q(t) =
1

γ(2n̄th + 1)

{
γt + ln

[
n̄th

(
1 − e−2γt

)
+ 1

]}
, (14b)

s(t) = 2γn̄tht − ln
[
n̄th

(
1 − e−2γt

)
+ 1

]
. (14c)

Substituting these results into (13), we obtain the final solution to the Lindblad master equation,
as given in (4). This result holds for both La and Lb, as their action is analogous. Importantly, this
solution is now ready to be applied to any initial condition of the cavity, making it particularly useful
for studying a variety of quantum systems.

4. Time Evolution of Non-Entangled Coherent States

In this section, we analyze the temporal evolution of a system consisting of two field modes
initially prepared in a non-entangled state described by

ρ̂(0) = |α⟩a ⟨α| ⊗ |β⟩b ⟨β| . (15)

This initial condition serves as the basis for studying how nonentangled coherent states evolve
under the influence of the Lindblad dynamics, particularly focusing on the effects of dissipation and
thermalization in the presence of a thermal reservoir.

4.1. Action of the First Exponential Operator

We begin by applying the first exponential operator, as expressed in Eq. (7). Using the results of
Eqs. (8) and (A4), along with the property eitn̂ |α⟩ = |αei t⟩ (where n̂ = ĉ† ĉ is the number operator), we
find that the transformed state evolves as

|ψS(t)⟩ = e− i gtN̂A

∣∣∣∣α + β√
2

〉
A
⊗ ei gtN̂B

∣∣∣∣α − β√
2

〉
B
=

∣∣∣∣α + β√
2

e− i gt
〉

A
⊗

∣∣∣∣α − β√
2

ei gt
〉

B
. (16)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 November 2024 doi:10.20944/preprints202411.1949.v1

https://doi.org/10.20944/preprints202411.1949.v1


5 of 8

Using the transformation derived from Eq. (A6), we map the evolved state back to the original
field modes â and b̂. This yields the following expression for the state after the application of the first
exponential operator

e−igtŜρ̂(0) = |α′⟩a ⟨α′| ⊗ |β′⟩b ⟨β′| , (17)

where

|α′⟩a =

∣∣∣∣α + β

2
e− i gt +

α − β

2
ei gt

〉
a
, (18a)

|β′⟩b =

∣∣∣∣α + β

2
e− i gt − α − β

2
ei gt

〉
b
. (18b)

This result demonstrates how the initial nonentangled state evolves under the influence of the first
exponential operator, effectively incorporating the interactions between the modes. The transformed
coherent states, |α′⟩a and |β′⟩b, now reflect the effects of the interaction parameters and the temporal
evolution while preserving the nonentangled structure of the system. This shows that the action of the
operator Ŝ transforms the initial state into another nonentangled state, with its coherent amplitudes
modified by the dynamics of the system. This property is crucial for understanding the subsequent
evolution of the system under dissipation and thermal excitation.

4.2. Action of the Second and Third Exponential Operators

As mentioned above, since the decay rate and the number of thermal excitations in the reservoir
are the same for each mode in the cavity, the action of the exponential operators of the Lindblad
superoperators La and Lb is practically identical. Therefore, it is sufficient to derive the results for
a single mode (for example, for the operator â) and then perform the tensor product with the other
mode (b̂).

Thus, we are now interested in showing how to apply the solution (13) to the previous result
given by Eq. (17). To do this, we will use the following results (for a more detailed derivation, the
reader may refer to references [7,26,27]):

e−2γn̄thtes(t) =
1

N(t) + 1
, (19a)

ep(t) Ĵ− |α′⟩ ⟨α′| = exp
[
|α′|2 N(t)

N(t) + 1
n̄th + 1

n̄th

]
|α′⟩ ⟨α′| , (19b)

eq(t)L̂ |α′⟩ ⟨α′| = exp
[
|α̃(t)|2 − |α′|2

]
|α̃(t)⟩ ⟨α̃(t)| , (19c)

ep(t) Ĵ+ |α̃(t)⟩ ⟨α̃(t)| =
∞

∑
n=0

1
n!

[
N(t)

N(t) + 1

]n n

∑
k=0

n

∑
m=0

(
n
k

)(
n
m

)
×
√

k!
√

n! α̃∗(t)n−k α̃(t)n−m |α̃(t), k⟩ ⟨α̃(t), m| , (19d)

where N(t) = n̄th(1 − e−2γt), α̃(t) = αe−γt

N(t)+1 , and |α̃(t), k⟩ = D̂[α̃(t)] |k⟩ is the displaced number
operator [7–12].

Finally,

ρ̂L(t) =
exp

[
|α̃(t)|2 − |α′|2

]
exp

[
|α′|2 N(t)

N(t)+1
n̄th+1

n̄th

]
N(t) + 1

∞

∑
n=0

1
n!

[
N(t)

N(t) + 1

]n

×
n

∑
k=0

n

∑
m=0

(
n
k

)(
n
m

)√
k!
√

n! α̃∗(t)n−k α̃(t)n−m |α̃(t), k⟩ ⟨α̃(t), m| . (20)
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Note that as t → ∞, α̃(t) → 0 and N(t) → n̄th. Therefore, we recover the probability distribution
associated with a thermal distribution

ρ̂L(t → ∞) =
1

n̄th + 1

∞

∑
n=0

(
n̄th

n̄th + 1

)n
|n⟩ ⟨n| . (21)

5. Conclusions

In this study, we have derived an exact solution to the Lindblad master equation describing the
interaction of two electromagnetic field modes in a decaying cavity coupled to a thermal reservoir
at finite temperature. The results show that when the system begins in an entangled coherent state,
the entanglement is preserved throughout the temporal evolution, even in the presence of decay and
finite temperature, highlighting the robustness of entangled states against certain types of dissipation.
In contrast, when the system starts in a nonentangled coherent state, no entanglement is generated
during the evolution, and the system remains nonentangled. The final state is not entangled and its
coherent nature is relatively preserved as a mixture of displaced number states, albeit modified by
decay and environmental effects.

These findings have significant implications for the study of dissipative quantum systems, particu-
larly in fields such as quantum optics and quantum computing, where the preservation of entanglement
is crucial for the advancement of quantum technologies. Future work will aim to extend the anal-
ysis to more complex systems, incorporating additional interactions in the cavity and variations in
environmental conditions.
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Appendix A. Properties and Representation of Non-Entangled Coherent States

It is well-known that the Glauber displacement operator [29,30] defines coherent states as:

|α⟩ = D̂(α)|0⟩, (A1)

where D̂(α) = eαâ†−α∗ â, and |0⟩ represents the vacuum state [7–12].
A state composed of two independent coherent states, |α⟩ (associated with mode â) and |β⟩

(associated with mode b̂), can be written as a non-entangled state of the form [31]

|ψ⟩ = |α⟩a ⊗ |β⟩b = D̂a(α)D̂b(β)|0⟩a ⊗ |0⟩b. (A2)
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Using the definitions for the operators Â and B̂, introduced in Eq. (5), the product of the displace-
ment operators can be rewritten as

D̂a(α)D̂b(β) = exp
[(

αâ† − α∗ â
)
+

(
βb̂† − β∗ b̂

)]
= exp

[(
α + β√

2
Â† − α∗ + β∗

√
2

Â
)
+

(
α − β√

2
B̂† − α∗ − β∗

√
2

B̂
)]

= D̂A

(
α + β√

2

)
D̂B

(
α − β√

2

)
. (A3)

Thus, the state in Eq. (A2) can be expressed as

|ψ⟩ =
∣∣∣∣α + β√

2

〉
A
⊗

∣∣∣∣α − β√
2

〉
B

. (A4)

Similarly, if we introduce a relative phase between the components of the state, it becomes

|ψ⟩ =
∣∣∣∣α + β√

2
e− i η

〉
A
⊗

∣∣∣∣α − β√
2

ei η

〉
B

, (A5)

which can be rewritten in terms of the original modes â and b̂ as

|ψ⟩ =
∣∣∣∣α + β

2
e− i η +

α − β

2
ei η

〉
a
⊗

∣∣∣∣α + β

2
e− i η − α − β

2
ei η

〉
b
. (A6)
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