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Abstract: In this paper mathematical analysis of the HIV/AIDS deterministic model exposed in [Espi- 1
tia, C. et. al. Mathematical Model of HIV/AIDS Considering Sexual Preferences Under Antiretroviral 2
Therapy, a Case Study in San Juan de Pasto, Colombia, Journal of Computational Biology 29 (2022) s
483-493] is made. The objective is to gain insight into the qualitative dynamics of the model deter- 4
mining the conditions for the persistence or effective control of the disease in the community through s
the study of basic properties such as positiveness and boundedness, calculus of basic reproduction
number, stationary points such as disease free equilibrium (DFE), boundary equilibrium (BE) and -
endemic equilibrium (EE) are calculated, local stability (LAS) of disease free equilibrium. It research s
allow to conclude that the best way to reduce contagion and consequently to reach a DFE is thought ~ »
to be the reduction of homosexual partners rate as they are the most affected population by the 10
virus, and are therefore the most likely to become infected and to spread the infection. Increasing the 11
departure rate of infected individuals, leads to a decrease in untreated infected heterosexual men and 12
untreated infected women. 13

Keywords: HIV/AIDS Mathematical Model; Basic Reproduction Number; Stationary Points; Local 14
and Global Stability Analysis. 15

1. Introduction 16

Epidemiological evidence shows that HIV is transmitted only through the exchange 17
of body fluids such as blood, semen, vaginal or anal secretions and breast milk. Asa 1s
result, the highly common means of transmission are: unprotected sex, from mother to 1
child during pregnancy, childbirth or breast feeding, injecting drugs with a needle that has 2o
infected blood, infected blood donation or organ transplant, [22]. There are lots of myths 2
and misconceptions about how a person can get HIV. It is not transmitted through body =2
fluids such as sweat, tears or saliva, touching someone who has HIV, mosquito bites or  2s
others. 24

The sexual transmission of HIV is usually considered heterosexual, or homosexual =5
men by anal intercourse. Transmission from female to female is almost null, however 2
this form is possible by sharing toys such as sexual vibrators, [3,12]. Female homosexual 27
contact has not been demonstrated to pose appreciable HIV transmission risk and such  zs
transmission appears to be rare, [13,14]. According to communication with the HIV/AIDS 2
infectious disease specialist Dr. Alexandre Naime Barbosa; the sexual transmission bet- 30
ween men can occur three mechanisms; exclusive homosexual transmission, exclusive
heterosexual transmission or bisexual transmission, while in women the transmission is s
almost always heterosexual. The Center for Disease Control and Prevention estimates 33
that HIV rates in men who have sex with men (MSM) is higher than rate in heterosexual s
contacts. In part, these differences reflect the fact that an individual MSM can engage in s
both insertive and receptive sexual roles (versatility), while exclusively heterosexual men  se
and women each engage in only one of these roles, [2,9]. 37

When discussing transmission the term “Discordant Couples” will be used to represent s
a couple in which one partner has a sexually transmitted disease, while the other partner o
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does not. If two participants are infected the transmission could imply co-infection which 40
is not the objective in this investigation. However, if the two participants are susceptible a1
then there is no contagion. a2

The risk of acquiring HIV is: 22 times higher among men who have sex with men 4
(MSM), 22 times higher among individuals who are injectable drugs users (IDU) that 4.
shared needles, 21 times higher for sex workers, and 12 times higher for transgender people 45
compared to the risk of transmission in heterosexual contact [17,23]. One form of measuring s
how transmissible some disease is the “Basic Reproduction Number”, which describes 4
secondary infections from a first infection, it depends on the contagion form. For example, s
for HIV/AIDS transmission the basic reproduction number is 4 in homosexual population 4
in the United Kingdom, whereas the basic number is 11 for female prostitutes in Kenya, so
[11]. As a result of the varying in these statistics, we consider the homosexual transmission s
to be greater than heterosexual transmission. 52

In triangle transmission model, it is assumed that the only way to transmit HIV virus s
is through sexual intercourse, and it commonly considered that the contagion form takes s
into account heterosexuals and homosexuals in the dynamic of infection, but, Can the s
population be split into heterosexuals and homosexuals and thus the group of bisexuals  se
be ignored? and, What is the contribution of these group in the HIV transmission? To try  s-
to answer these questions we propose a different mathematical model considering HIV  ss
infected bisexuals under ART. Several articles have also focused on the whole population  se
of constant size when considering force of infection, although some studies such as [16,19] e
have stressed the importance of variable population size in epidemic dynamics. All these &
assumptions such as sexual preference and variable population in force of infection are e
considered in our model. 63

In regards sexual contact between homosexual men, heterosexual men and women s
[18,21] say: "There exist individuals that change their sexual behavior depending on the s
situation or at different stages in their life. A possibly common and transient example of s
situational sexuality is the person who self-identifies as heterosexual, but will sexually e
interact with a member of the same sex when lacking other opportunities. Less transient s
but also possibly common, a person who self-identifies as gay or lesbian (either at the time, oo
or later) may sexually interact with a member of the opposite sex if a same-sex relationship 7o
seems unfeasible". Thus, in our model we consider bisexual contact. 7

72

2. Materials and Methods 73

The epidemiological model under consideration was studied in [8], it contains three 7«
population groups: the first men with homosexual preference in men, the second one 7
men with heterosexual preference and the third one for women who may be homosexuals 7
or heterosexuals, but engage in sexual relations with homosexual or heterosexual men.
We supposed that eventually homosexual men had sexual contact with women, and that 7
heterosexual men had sexual relation with homosexual men. Consequently, we consider 7
bisexual behavior among these groups because the transmission from homosexuals to s
heterosexual men or women goes through the bisexuals. Female homosexual transmission &
is not considered in the dynamic of infection. For more information see references [3,12]. 2

The total population N(t) is divided into 8 classes; Sj(t) represents susceptible ho- e
mosexual men, [;(t) untreated infected homosexual men, S, (t) susceptible women, I;(t)  sa
untreated infected women, S, (t) susceptible heterosexual men, I, (t) untreated infected s
heterosexual men, T(t) treated individuals on ART and A(t) individuals living with AIDS. s

Figure 1 represents the transmission dynamics between the three studied sexual pre- ez
ferences. Each vertex of the triangle represents one population, and the sides of triangle s
denote the different forms of transmission between the populations involved. To begin, the e
exclusive transmission among homosexual men is illustrated by the upper circular dotted o0
arrow labeled as Aj,. Then, the transmission between homosexual and heterosexual men, o
and the transmission between homosexual men and women are represented by dashed o2
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Figure 1. Triangle Transmission in Sexual Preferences: Homosexual Men, Heterosexual Men and
Women. Adapted of [8].
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lines identified as Ay, and Ay, respectively. Finally, heterosexual transmission between s
men and women is continuous line represented by A, ,». The direction of the arrows repre-  os
sents the sense of the analyzed contagion; nonetheless, contagions can biologically occur o5
in all directions. Consequently, it is assumed two following hypotheses: the only form e
of contagion among homosexuals is among themselves, and heterosexual people become o7
infected due to the contact with homosexual men or heterosexuals of the opposite sex. s
Thus, dashed lines have only one direction, while the continuous line between heterosexual s
men and women has two. The following assumed hypotheses in the model were evaluated 100
by HIV /AIDS specialist Dr. Alexandre Naime Barbosa in Stadual University of Sao Paulo, 10

UNESP, Botocatu, Brazil. 102
103

Assumed Hypotheses in Model 111 108

H1 Constant recruitment in all susceptible classes is assumed. 108
H2 Sexual transmission in discordant couples is considered. 106

H3 Homosexual individuals get infected among themselves. The HIV transmission o7
in female susceptible population happens through sexual relations with infected 1os
heterosexual men or with infected homosexual men. Susceptible heterosexual men 100

can get infected by infected women or infected homosexual men. 110
H4 There is no gender differentiation in either sexual preference in treated individuals or = 111
individuals living with AIDS. 112

H5 Individuals living with AIDS could be treated or untreated, noting that an individual 113
that developed AIDS during a hospital treatment will be diagnosed and enrolled in 114

ART. 115
Hé It is considered both natural mortality in all classes and induced mortality in individu- 116
als living with AIDS. 117
Parameters in the model 118

The constant recruitment in all susceptible classes is denoted by Y. Men proportion s
is labeled by 6, 0 < 8 < 1. Heterosexual proportion is represented by 7, 0 < ¢ < 1. 120
Proportion of initially treated individualsis p, 0 < p < 1, consequently (1 — p) denotes 1z
the proportion of untreated. Natural mortality rate is symbolized by u. Induced mortality 2=
rate in individuals living with AIDS is d. AIDS development rate in treated individuals is 123
6. Departure rate of infected individuals is . Subscripts s, h, hw, hm mean sexual contact 12s
between heterosexual men and women, among homosexual men, between homosexual 125
men and women and finally between homosexual men and heterosexual men, respectively; 126
thus B ;1 hm Tepresents probability of transmission and c j, jy, n Mean sexual partners 127
rate in the aforementioned contacts. By, = ¢85, Bs = ¢sBs, B = ChmPBhms Bhw = ChwPhw 128
rates will be considered for parameter simplification. All parameters are non negatives and  12o
are listed in table 1. 130
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| Parameter | Description
Y Constant Recruitment
0 Men Proportion
Y Heterosexual Proportion
p Proportion of Initially Treated Individuals
U Natural Mortality Rate
d Induced Disease Mortality Rate
0 AIDS Development Rate in Treated Individuals
x Departure Rate of infected individuals
Bshhwhm | Sexual Transmission Probability
Conmwhm | Sexual Partners Rate.

Table 1. Description of Parameters. Adapted of [8].

Initially treated individuals and individuals living with AIDS receiving ART are disre- 1s:
garded from the transmission because their viral load is negligible. In figure 1, we assume 132
that susceptible homosexual men only get infected by infected homosexual men, and sus-  1s:
ceptible women (or men) get infected by infected men (or women) or infected homosexual 13a
men. This means that susceptible homosexual men selects their partner randomly from the 135
infected homosexual population, while women or men selects her/his partner randomly 136
from the infected heterosexual or infected homosexual population. Adapted of [8].. 137

The force of infection or disease incidence function measures the susceptible person’s  1ss
risk to becoming infected. In some epidemic models, this function is assumed to be bilinear 1s»
in both the infected individuals and the susceptible individuals. Besides, a bilinear force 140
of infection or mass action law incidence may not yield appropriate results for several 1
reasons. In particular, this force of infection does not permit to consider the difference 1
among infected individuals. Thus, we decided that since this function represents the contact s
between an infected person and a susceptible one, the denominator would have to be only 14
formed by susceptible individuals, and those who can transmit the disease. Excluding both 145
treated individuals and people living with AIDS because under ART, their viral charge 14
is negligible; besides, people living whit AIDS are too sick, and their sexual life can be 17
considered as almost null. Therefore, the following infection forces by sexual contact are:  14s

Ap = By, h Exclusive Homosexual Contact,
Sy+ 1
I
Ahw = Brw S _]'7_ It 1, Contact between Homosexual Men and Women,
I
A = Bim h Contact between Homosexual Men and Heterosexual Men,
S+ Sp+ I+ Iy
Iﬁ’l w
A =Bs—"—— Het 1 Contact.
m,w s Sm,w i Im,w eterosexua ontac

It is important to perceive that in exclusive homosexual contact, the fraction denotes 140
untreated infected homosexual men among susceptible and untreated infected homosexual 1so
men. Whereas, in the contact between homosexual men and women, the fraction denotes  1s:
untreated infected homosexual men among susceptible heterosexual men and untreated s:
homosexual men because in this contact, is considered bisexual behavior. The same 1ss
reasoning should be made for the contact between homosexual men and heterosexual men. 1sa
For heterosexual contact, the fraction denotes untreated infected heterosexual men (women) 1ss
among susceptible heterosexual men (women) and untreated infected heterosexual men 1se
(women). The compartmental model is presented in figure 2. The dynamic is governed s
by the system of nonlinear ordinary differential equations (1)—(8), where a dot represents  1ss
differentiation with respect to t. 189
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Figure 2. Diagram for Model. Adapted of [8].
Sp=Y0(1— )—BLS —uS 1)
h = Y hS 1, h — Woh,
I =B Sy, — I, 2
"+, + I (o + )1 2)
S —\P(1f9)f317”15 - B I Sw — 1S )
v T T SR Ay A
. Ly I
I —S B Sw— Iy, 4
w =B S By s e (i @
. Iy I
Sy =Y0y—B Snw—B S, 5
m Y SSw+Iw hms +Sh+lm+Ih — Hom 5)
. I, I
Iy = Bs—"—S Sm — L, 6
m=Bg St B g T @t ©)
T:zxp(lh—l—lw—i-lm) —(6+u)T, (7)
A=a(1—p)(Iy+ Lo+ L) + 6T — (d + u) A. (8)

With initial conditions

Sp(0)>0, I,(000>0 S,(00>0, I,0)>0,  S,(0)>0,
[n(0)>0, T(0)>0, A(0)>0.

Explanation of Equations

Susceptible individuals such as homosexual men, women, and heterosexual men
Su(t), Sw(t) and Sy, (t), grow in number with recruitment ¥6(1 — ), ¥(1 — 0) and ¥6vy
respectively, where Y is a constant recruitment, 6 is men proportion and y is heterosexual
proportion; these susceptible populations decrease due to contagion with the virus in con-
tact rates Ay, Ay, and Ay, respectively. Besides, women and heterosexual men additionally
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acquire the virus with rate Ay, and Ay,,. Finally, they can die from natural causes with rate 167
H. 168

Infected individuals such as homosexual men, women, and heterosexual men Ij; (), 170
I,(t) and I, (t), grows with the infection in rates Ay, Ay, and Ay,. However, women and  1n
heterosexual men grow with rates Ay, and Ay, respectively. This infected population 172
reduces because its individuals become treated or people living with AIDS in rates « and 17
a(1 — p), respectively. Finally, they die from natural causes with rate . 174

Treated individuals, T(t), grow because of the entrance of infected ones enrolled in 7
ART and they develop AIDS with rate ¢ or die from natural causes with rate p. 177

Individuals living with AIDS, A(t) grows due of the entrance of infected ones without 17
treatment or treated whom develop AIDS; they die from natural causes with rate y and  1s0
from induced disease death with rate d. 181

The correspondent mathematical analysis of this ordinary differential equations system  1e:
is developed as follows. 184

2.1. Positiveness and Boundedness 185

Theorem 1. Let be the initial conditions S, (0) > 0, I;,(0) > 0, S, (0) > 0,I;,(0) > 0,5, (0) > 186
0,L,(0) >0, T(0) >0, A(0) > 0. Then the solutions Sy, (t), I(t), Sw(t), Ly (t), Sm(t), In(t), T (37

A(t) of the system (1) to (8) will be positive for all time t > 0. 188

Proof. Let t; = sup{t > 0: S;(t) > 0,I,(t) > 0,Sw(t) > 0,Ix(t) > 0,5, (t) > 0, Lu(t) > 1e0

0,T(t) >0, A(t) > 0}. From the first equation (1), we have 100
s

(1) = ¥0(1 — ) - Bh’h“)(t)shu) Syt = ¥O(1 — ) — (Ay(5) + S (1),

dt Sn(t) + 1y

Which can be re-written as 101

%(Sh(t) exp [yt + /Ot Ah(r)dTD =Y9(1—)exp [yt + /Ot )\h(T)dT}

Su(tr) exp [t + /0 " An(T)d| = $,(0) = ¥0(1 — 7) /O " exp [y + /O ! Ay(m)d|dy

ty
5u(t1) = Su(0)exp [—pti = [ Ay(r)a]
t ty Y
+exp [—ytl - /0 )\h(r)dr] Yo(1—1y) /0 exp [yy + /0 Ah(r)dr] dy > 0.
Similarly, it can be shown that I, (t), Sw(t), L (t), S (t), Ln(t), T(t), A(t) are non-negativess:
for all time ¢ > 0. In this way all solutions of the system remain positive for all non-negative 1os

initial conditions. O 108

Theorem 2. All the solutions of the system (1) to (8) are uniformly bounded. It means any ios
trajectory stars in Ry remains in Ry for all time t > 0. 106

Proof. Adding all eight equations from (1) to (8), gives 107
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dN
=Y - A
ar uN —d
<Y -—uN.
Solving the differential in-equation , we have 108
Y Y
N(t) < (N(0) — — ) exp(—put) + —. 9)
(N©) = )exp(=pt) + -
Therefore all solutions of the system will enter into the region 199

Q= {(Sh(t),lh(t),Sw(t),Iw(t),Sm(t),Im(t),T(t),A(t)) eR{ : N(t) < ‘;} (10)

In equation (9) if N(0) < % then N(t) < %, if N(0) > % then either the solution 200
enters in )y in finite time or N(t) approaches % asymptotically. Therefore (3j; attracts 2o

all solutions in RY.. 202
D 203

The previous theorems allow us to conclude that the region ()jy; is a positively invari- 204

ant set. 205
2.2. Basic Reproduction Number 206

The basic reproduction number, Ry, determines the ability of the virus to develop and 207
persist in the population. It is the average number of individuals that a single infected  20s
individual can infect during his life time when introduced into a wholly susceptible popu- 2o
lation. If Ry < 1 then on average a few infected individuals brought into a fully susceptible 210
population will not be able to replace themselves and the disease will not spread. If Rp > 1 211
then the number of infected individuals will increase with each generation and the disease 212

will spread. 213
In this research we use the next generation matrix method as presented in [7]. This =21s
method is as follows: 215

Letx = (xq,x2,..., xn)T be the number of individuals in each compartment, where the 216
first m < n compartments contain infected individuals. Consider these equations written 217
in the form 218

%= fi(x) = Fi(x) = Vi(x), for i=1,...,m. (11)

In this splitting, F;(x) is the rate of appearance of new infections in compartment =1
iand Vi(x) = V7 (x) — Vi (x), where V" (x) is the rate of transfer of individuals into 2z
compartment i by all other and V" (x) is the rate of transfer of individuals out of the i 22
compartment. 222

Note that F;(x) include only infections that are newly arising, but does not include 22
terms which describe the transfer of infectious individuals from one compartment to 224
another. Let Xs = {x > 0| x; =0, i = 1,...,m} be the DFE. Assume that F; and V) satisfy zzs

the following axioms outlined by [7]. 226
(A7) If x > 0 then F;, V+, Vi 20 fori=1,...,m 227
(A2)If x; = 0, then V. = 0. In particular, if x € X5 then V;” =0fori=1,...,m. 228
(A3) =0 if i >m. 220
(A4)Ifx€Xs,then]-'( )=0and V" =0fori=1,.. 230
(As) All eigenvalues of Df(xo) have negative real parts where Df(xg) is the Jacobian 23

matrix evaluated at the disease free equilibrium x. 232
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Theorem 3. Exposed in [7]
If xq is the disease free equilibrium (DFE) and f;(x) satisfies (A1) — (As), then the derivatives
DF(xg) and DY (xq) are partitioned as

D]—'(xo)—(g 8) DV(xo)—G; ](D

Where F and V are the m x m matrices defined by

P [8.7:

_ [9Vi , .
dx (x(]):| V= [TJCJ(XO)} with 1< 1] < m.

]
Further, F is non-negative, V is a non-singular M—matrix and all eigenvalues of J4 have
positive real part.

According to [6], FV ! is called the next generation matrix for model (11), and the
spectral radius (dominant eigenvalue) is the basic reproduction number.

Ry = p(FVh). (12)

Theorem 4. Exposed in [7]

Consider the disease transmission model given by (11) with f(x) satisfying conditions (A1) — (As).
If xg is a DFE of the model, then xq is locally asymptotically stable if Ry < 1, but unstable if Ry > 1,
where Ry is defined by equation (12).

The basic reproduction number is defined as the spectral radius of the matrix FV 1,
and denoted by

B B
Rozmax{ & h

_ het phom
a—l—y'zx—l—y} = max{R/!, RhomY (13)

Details are exposed in Appendix A.

2.3. Stationary Points

For calculate stationary points we solve the associated homogeneous system (14) —
(21), state variables with a star (*) superscript will be assumed to be equilibrium value.

.
0= Ay, — By, S*i " S — uS;, (14)
I*
0= Bhs* n 1*5 (e + )y, (15)
0=Agp— Bi=—"— In S — By A — uSs, (16)
Si, + I, Si+Si+ I+ Su
0 = Bs S* I_|_ I* S* + Bhw S* + S*I_ﬁl_ 1* T I* (‘X + V) (17)
0=Ay—B—Y— Ly S — Bium L — uS;, (18)
Sy 4+ In s*+s*+1*+1*
I* N I*
OZBss*+I*S +B hms* +S*+I*+I*S (“+V) (19)
O=ap(ly + I+ 1) — (0+u)T", (20)
0=a(l—p)(I} + I+ L) + 6T — (d+pu)A*. (21)

Where

d0i:10.20944/preprints202210.0440.v1

236

238

239

245

246

248
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Ah = ‘Y@(l — ’)’), Aw = T(l — 9), Am = TG’)’, Bh = Ch,Bh/ Bs = CS‘BS,
Bim = chmPrm:  Bhw = ChwPhw-
Thus, stationary points are
e Disease Free Equilibrium
This happens when I = I, = I;, = 0 and represents absence of infection. It is
A A A
Eo=(=1,0,2,0,",0,0,0). (22)
K K K

*  Boundary Equilibrium

zero, The subscript () means boundary equilibrium coordinate, it is

A
E, = (7’1,0, i, T, 55, T, T*,A*), where

5 = BAwoc' S = BAmzx'
s s
= Nw [ et = Am [ ohet
T = [R"—l], T — [R"—l],
w BS_DC 0 m BS_IX 0

. ‘I’zx[l —9(1 —'y)] [5+y(1 —p)]

This occurs when [7 = 0, the men homosexual population is null, and I3, Ij; are non

B ‘I’pzx{l —-0(1 —7)} {

Tx het Ax
=G merg Y A

(Bs —a) (0 + p)(d+p)

[Rget -

(23)

Note that the boundary equilibrium only exists when R}¢ > 1 (implying Bs > ).

*  Endemic Equilibrium
This represents persistence of the infection, it is

E, = (s;;,l,j,s;;, 1;,,5;,1;1,T*,A*), where

g i g )
S;:Aw—(zx%—y)lgj,l S;%:Am—(twy)l;;,
M "
o[ AWRE 1)+ (B — ) (0 + 1)
(Bp —a) (0 + p) '
» _a(5+ H(L = p)) [A(RE™ = 1)+ (B — ) (I + I |

(By — a) (0 + ) (d + )

Aw(ali — Ay) [BSI;,;(Bh — &) + Bpgp A (RE™ — 1)} — BsAp AR T,
I =

(24)

(25)

w

I}, is given by the roots of fourth degree polynomial

p(I) = aa(I)* + as(1)° + a2(1,)* + ar (I,) + ao.

Coefficients ag, a1, a2, a3 and a4 are shown in Appendix B.

(o + y){(ocl,*n —Aw) {(Bh —a) (1;;,(35 —a)+ A,,,) + By Ay (Rli™ — 1)} — AR <I;;(Bs —a)+ A,,,) } ‘

(26)

(27)

d0i:10.20944/preprints202210.0440.v1
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Figure 3. Stationary Points Existence

EE exists when Rl > 1. For infected males and females the following inequalities ze:
(28) must be satisfied. Otherwise the populations of susceptible male S}, and female S, 2
will be negatives. 263

A
0<I§;<a u

and 0<I[;< Ao .
+u o+ pu
Figure 3 shows the existence of equilibrium points, such as Disease Free Equilibrium 26
(DFE), Boundary Equilibrium (BE) and Endemic equilibrium (EE) in function of Rg"t and  zes
R’S"m. It shows two important aspects; First, the DFE is the only one stationary point that zes
exist when Rg‘”" or Ré‘” are less than one, it gives an idea of how stability can be. Second, 267
for existence of EE the R!°™ is more important that Rl because when R°™ is greater than  zes
1 the EE exit, whereas when Rg"t is greater than 1 is necessary that Rg"m will be greater than  zee

(28)

1. 270
2.4. Local stability of Disease Free Equilibrium a1
Theorem 5. The DFE Eg = (41,0, 42,0, %2,0,0,0) is LAS if RE™ < 1and R < 1, unstable =
when Rgom > 1. 273

Proof. LAS will be demonstrate with the eigenvalues of jacobian matrix related to the =rs

system (1) to (8) evaluated in Ey, it is 275
—u —By, 0 0 0 0 0 0
0 By—(a+pu) O 0 0 0 0 0
0 Bz -—nu 0 0 —Bs% 0 0
J(Eo) = 0 B 152 0 —(a+p) 0  Blgt 0 0
Y710  “Bwy 0 -BL —u 0 0 0
0 By 0  Bsiki 0 —(atp) 0 0
0 ap 0 ap 0 ap —(0+n) 0

0 a(1—p) 0 a(l—=p) 0 a(l-p) ) —(d+n)
(29)

The characteristic polynomial is
PA) = A+ PN +d+ ) (A+8+p)(A+a+p—By)|(«+A+p)?— B2,

Eigenvalues are 276
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| Parameter | Baseline | Range [ PDF | Source |
v 0.9 [1e=T,1] | Uniforme | Assumed
P 0.85 [1e72,1] | Uniforme | Assumed
u 0.0140 [0.01,0.02] | Uniforme [20]
o 0.3333 [1e=2,1] | Uniforme [1]
By, 2.64 [0.05,3.95] | Uniforme | Assumed
Bs 0.04 [1e73,0.5] | Uniforme [10]
Bhw 0.04 [1e73,0.5] | Uniforme | Assumed
B 0.3 [1e73,0.5] | Uniforme | Assumed

Table 2. Parameters used in Sensitivity Analysis through Latin Hipercube Sampling and Partial Rank
Correlation Coefficients (LHS/PRCC).

/\3: 7]4/
Ao = —(a+p+Bs),

/\1:*"11 )\2:*}1
Ay = —(d+p), As = —(0+u),

Ay = —(a+p) [1 —R’gﬂ, Ag = —(a+;4)[1 —R’gom].

(30)

Ro = max{Rl", RI*'} < 1imply RI™ < 1and R} < 1, thus, all eigenvalues are 277
negatives it follows that Ej is LAS. By other hand, if Ry > 1, then R’(}"m > 1or Ré‘et >1 27
implying that Ay or Ag will be positive respectively and in this case E is unstable. [ 279

2.5. Sensitivity Analysis 280

A sensitivity analysis will help us better understand which of the parameters in the = ze
model we should focus on estimating most precisely, answering the questions: Which  zs:
ones contribute most to output variability? and Which ones require additional research  zes
or are insignificant? These questions can be answered performing an analysis with Latin  zes
Hyerpcube Sampling (LHS) and Partial Rank Coefficient (PRCC). We use Matlab to solve  zss
the system or ordinary differential equations and to implement most of the SA func- =2s
tions described throughout the manuscript available in http:/ /malthus.micro.med.umich. zes
edu/lab/usanalysis.html. 208

The model contains 12 parameters, however to perform sensitivity analysis only zs
parameters related to HIV infection and related to a basic reproduction number are consi- 20
dered, they are: v, p, 4, &, By, Bs, By, Byy- According to [15] an uniform distribution was  ze1
chosen over the Gaussian (normal) because we have no evidence that the ends of the ranges, 2e2
and carrying out multiple runs (NR = 300), parameter, baseline, range and probability 2es
density function are listed in table 2. Partial Rank Correlation Coefficient was created for zes
each infected population, in addition scatterplots for each parameter aforementioned are =2es
presented in figures 4, 5 and 6. 206

3. Discussion 207

This analysis focuses on identifying the main parameters that play a dominant role 2es
in three different response outputs such as, I, untreated infected homosexual men, I;, =200
untreated infected women and, I;;, untreated infected heterosexual men. These more 300
sensitive parameters are: Departure Rate of infected individuals, «, Infection rates in o
homosexuals and heterosexuals, Bj, and B;, respectively. Scatterplots show the variation in oz
the infected populations size with changes in parameters when examined, thus providing  sos
specific qualitative information on the relationship between an infected population and  sos
a parameter. Parameters with positive PRCCs will increase Iy, , ,, when their value is o5
increased, whereas parameters with negative PRCCs will decrease I, ;, ,, when their value o6
is increased. PRCC values are represented in figures 4, 5 and 6. 307
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Figure 4. Prcc Diagram and Scatterplot for each Parameter in table 2 respect to Untreated Infected

Homosexual Men, Ij,.
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Figure 5. Prcc Diagram and Scatterplot for each Parameter in table 2 respect to Untreated Infected

Women, [.
PRCCs [PRCC , p-value] = [-0.038169 , 0.51016].
0.8 T T T T T T T T 200 . T T . T
0.6 150 1
0.4
100 J
0.2
80 1
0 T
or - 1
0.2 ce
50+ . N i
04 Sl
L [y A - . ]
06 -100 LI K .
08 150 F : 1
4 . ‘ ‘ . ‘ ‘ ‘ 200 ‘ . . ‘ .
- [ I I Bh Bs En\v Bhrr 60 -40 =20 0 20 40

150

100

50

-100

-150

-200
-6

150

100

50

-100

-150

-200

-200

200
150
100

50

-100
-150

-200

200

-100
-150

-200

-150

-200
B

20

40

-150 -100 50

150

100

50

-40 40

60

-150

20 40 60

60

60

80

-200

-60

60


https://doi.org/10.20944/preprints202210.0440.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 October 2022

d0i:10.20944/preprints202210.0440.v1

14 of 21

Figure 6. Prcc Diagram and Scatterplot for each Parameter in table 2 respect to Untreated Infected
Heterosexual Men, I;,.
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It follows from figure 4 that untreated infected homosexuals, I, has a negative correla-  sos
tion with & parameter, in fact PRCC = —0.98023, allow us to conclude that an increase in & = 300
parameter means a decrease in untreated infected men homosexual untreated, in figure 5 310
untreated infected women untreated, I;,, has a positive correlation with rate of infection in 311
heterosexuals B;, in fact PRCC=0.68725, thus an increase of heterosexual contact implies an 312
increase of women infected, analogously, this population has a negative correlation with & = 312
parameter. Figure 6 allow us to conclude that 7y parameter does not influence untreated s
infected heterosexual men, I;, in fact PRCC=-0.0063685, showing that an increase in this s1s
parameter has little influence on the number of infected heterosexual men. In addition s
infection rates such as Bs and By, have similar behavior in infected heterosexual men, I,;;, as 17
above for infected women population, I,. 318

4. Conclusions 310

Models will be a tool for understanding the disease dynamics and for predicting sz
possible trends. Obviously, more accurate predictions require more complex models with sz
more classes and compartments; although such models are relatively easy to formulate, sz
their mathematical analysis is difficult and obtaining the necessary social and sexual 323
behavior data is more complicated. Several key features could be included to create more sz
realistic HIV / AIDS models in human population, such as infectious class or injectable drug  szs
users through needle sharing transmission. 326

Sensitivity analysis for the eight parameters related to infection population allow to 27
conclude that most influential parameter in the HIV dynamic is the departure rate for sz
infected individuals, a, because it presents the highest PRCC coefficient. This behavior can 2o
be explained because a parameter is present in the basic reproduction number and governs  sso
how those infected people are emerging from untreated status to obtain treatment or to  ss:
develop AIDS. 332

Bisexual parameters such as those of the probability of infection by sexual contact s
between homosexual men with heterosexual men, By, and between homosexual men s
and women, By, allow to conclude that higher values of By, and fj,,, parameters imply a 35
high infection in untreated infected women and heterosexual men. For decision-makers in  sss
establishing health policies. 337

Mathematics can provide for the decision maker, would it be the case to promote s
awareness campaigns aimed at this specific population. It research allow to conclude that 3o
the best way to reduce contagion and consequently to reach a DFE is thought to be the 34
reduction of homosexual partners rate as they are the most affected population by the s
virus, and are therefore the most likely to become infected and to spread the infection. sa
Increasing the departure rate of infected individuals, leads to a decrease in untreated sas
infected heterosexual men and untreated infected women. However, it is not the only s
to prevent and curb the rate of contagion in San Juan de Pasto. Consequently, it is also  sas
necessary increasing antiretroviral treatment. 346

With the population parameters of San Juan de Pasto, several numerical simulations sz
were performed by modifying parameters that turn the basic reproduction number greater = sas
than or less than one. This seems to suggest that when Rl < 1and Rl" > 1, thereisa s
general decline in the HIV infection over in the next few years, but the infection persists. As s
a result, we can conclude that the most important observation from our findings is thatin s
the population, there is a short-term rise in HIV infection in which there exists a significant ss:
increase in new HIV infections followed by a decline in the generation of new infections.  sss

The dynamic of HIV/AIDS epidemic, to a large extent, depends on changes of basic  sss
reproduction number for homosexuals, R, which was also evidenced by modifying sss
several parameters in the scenarios above. In the background section, it was mentioned that sse
probability of HIV infection in homosexuals is bigger than in heterosexuals, thus, the basic s
reproduction number in heterosexuals, RS”, is less influential. In addition, investigations sss
such as [4] and [5] permits to conclude that sexual partners rate in homosexuals is greater sso
than sexual partners rate in heterosexuals, thus, Rg"”‘ > Rg“. This suggests that HIV 360
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infection can be controlled or eliminated from the community if control programs are se:
directed towards reducing Rl to values less than one. The model shows the persistence ~ se
of the disease when Ri™ > 1. 363

The dynamics of HIV/AIDS are, in general, too complex to allow for intuitive predic- ses
tions and require the support of mathematical modeling for qualitatively and quantitatively ses
assessing and understanding the functioning system. Furthermore, one of the most difficult see
tasks of mathematical modeling is obtaining parameters for a chosen model. Moreover, by e
using real parameter values to study and analyze the behavior in San Juan de Pasto, the  zes
proposed HIV /AIDS model tries to be as approximate as possible to the current situation e
of this infection. The emphasis was not on the accuracy of the scenarios, but on the actions 7
that can be taken as a result of comprehending the state of the epidemic in the future. sz
For example, scenario 5 shows that when the number of sexual partners is high, the basic a7
reproduction number is greater than 1 and the infection spreads more easily, implying that s7s
more and more people are being treated with higher public health costs and, therefore, 37
it is better and a lot more economical to invest in educational campaigns. These actions 75
can involve, among other things, the prevention of new infections, provision and delivery 7
of antiretroviral therapy and educational campaigns such as those that aim to reduce the 77
number of sexual partners or the use of condom for self-protection. 378

This application in San Juan de Pasto show the effects of modifying the parameters sz
related to infected populations. These variations imply in huge social and economic s
expenses which can be !and should be avoided through government actions such as e
educational campaigns. In this way, this research aims to be a useful tool in the design s
of establishing strategies for implementing valid public health policies and introducing  ses

efficient public health campaigns. 3se
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Abbreviations 267
The following abbreviations are used in this manuscript: 388

389
HIV Human Immunodefideficiency virus

AIDS  Acquired Immunodeficiency Sindrome
MSM  Men who have sex with men

DU Injectable Drug Users

LHS Latin Hipercube Sampling

PRCC Partial Rank Correlation Coefficients

390

Appendix A 301

Calculus of Basic Reproduction number 302

According to Lemma 3 to find the basic reproduction number is necessary to know ses

the disease free equilibrium (DFE) of the model, it is 304
Eo = (Te(ly v, mﬂ 9.0, Tﬁy,o,o,0>. (A1)

Let be x = (I}, Ly, I;, T, A) the vector of infected population, and F(x) the vector s
with new infections, V' (x) rate of transfer of individuals into compartment, V= (x) rate  ses
of transfer of individuals out of compartment and V(x) = V™ (x) — VT (x) the transfer 3o
vector and regarding terms. Thus if ¥ denotes the derivative of vector x, then X = f;j(x) = 308
F(x) —V(x), where 300
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I
o BesanSi (+ )
Bs smﬂ-’lm Sw + Bro 5o gty Sw - (& + p) L
0
0 (d+pu)A
0 (a4 p)Iy
0 (o + )L
VH(x) = 0 , V(x) = (a+ )L (A.3)
ap(Iy + Ly + In) (64 uw)T —ap(l + Ly + L)
ST+ a(l—p)(In+ v+ In) (d+u)A—=6T—a(l—p)(I + Lw + Ln)

400

Jacobian matrices for F(x) and V(x) evaluated in disease free equilibrium, xg = Eg, 4o

are given by 402
B, 0 0 00
Biw'g® 0 Bdg' 00
DF(x0) = F(Eo) = | cjBimy Bsidy 0 0 O, (A.4)
0 0 0 00
0 0 0 00
« 4 p 0 0 0 0
0 X+ 0 0 0
DV (xo) = V(Eg) = 0 0 &+ p 0 0 (A.5)
—ap —ap —ap o+u 0
—a(l-p) —a(l-p) —a(l—-p) -6 d+pu

The following is the verification of the fulfillment of the assumptions (A1) — (As): 403
From previous basic properties we can conclude that F(x), V™ (x), VT (x) and V(x) are 4o
positives, it means (A1) is true. Trivially if x = 0 then V~ = 0 follows (A;). Notice that sos
F; = 0if i > 3, thus (A3) is true. If x € X; then F;(x) = 0and V;" (x) = 0ifi = 1,2,3. then 406

(Ay) is true. Finally eigenvalues of Df;(x) are calculated as: 407
Ifx= (Ih/ Iw.Im, T, A) then 409
B, — (a4 p) 0 0 0 0
Biwig?  —(a+p) Bzl 0 0
Df(x0) = Df(Ea) = | Bjuy By  —(atp) 0 0
ap ap ap —(6+pu) 0
a(l=p)  al—p) a(l—p) s —(d+p)
(A.6)
Its characteristic polynomial is: a10

p(A) = (d+/\+y)(5+)\+y)(—tx+3h—/\—y)[(och)Hry)z—Bsﬂ.
Its eigenvalues are: a1

AM=By,—(a+pu), Aa=Bs—(a+p), Az=—(d+pu), As=-Bs—(a+pu), As=—(0+u). (A7)
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; hom _ B het _B ; ;
Since Ry™™" = 77 <1 and Rj g <1 eigenvalues above has negative real part.

These eigenvalues have negative real part if Ry < 1, being fulfilled (As). Thus,
(A1) — (As) are satisfied, according [7], Therefore, we have

By
thTy 0 0 00
Bhw(lfe) 0 Bs(lfe) 0 0
4 Olatp) 0y (atp)
Fv = Chm,ma'Y Bsv0 0 00 (A 8)
atp (1-0)(a+p)
0 0 0 00
0 0 0 00
The characteristic polynomial of FV ! is
5 By 4 B: 3 ByBZ .,
p(A) =A0 — ——A%— A+ 3)L. (A.9)
o+ p (e +p) (+p)
The eigenvalues are
B B B
M=0, A=0, Az=—1—, N=—", Ag=-——> (A.10)
0+ u 0+ u o+ u

The basic reproduction number is defined as the spectral radius of the matrix FV !
and denoted by

B B
Rozmax{ s h

_ het phom
a+y'a+y} = max{R/!?t, RhomY (A.11)

Appendix B
Endemic Equilibrium

Iy, is given by the roots of fourth degree polynomial
p(I) = as(Ip)* + as(1,)° + az(I3,)? + a1 (1) + ap. (B.1)
ay = o (a+ ) (By — a)*(Bs — &) (a + Bs + 1),
az = a(B), — zx){(:x +Bs+ ) {BzxAm(Bh —a)(a—Bs) + y(Am(a — By,)(2Bs — 3a) 4 20 A, RE™ (& — Bs)>

+ 2A, 2 RE™ (0 — Bs)} + B Ap (RE™ — 1) (s + 1) (zx(a +u) — Bsy) + @By Ay (RE™ — 1) (o + 1) (Bs + ;4)},

d0i:10.20944/preprints202210.0440.v1
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ay = 3aAy (B, — ) {Am(rx — By,) (% — B2) — aA (RE™ — 1) (aByyy, + Bths)}
1 B0y (R~ )| (8. — 220 (BB — 00 + xMaRE™ ) ~ B (RE™ 1)
+2A A (B, — ) {thw + Rlom <fzx(4u¢ + Bj) + B2+ aBsﬂ + AZ(B, — a)?(Bs — 3a)
+ aA2REO™ (& 4 By) <Bhw(1 — Rlo™y 4 REo™(Bs — oc)) } + AypP RO {ZA,,I(B;, —a)(Bs — 2&)
+ Ay (ma(R’gom —1)(Bs — &) 4 aBygy + RE™ [—a(20 + By) + B2 + ths]ﬂ
+ y{zxA;,Am(Bh —a) {ma(R’gm —1)(2Bs — 5a) +2(a + Bs) (Bhw(l — Rlomy - oRhom (B, — zx))}
+ A2, (B, — a)?(3 + Bs)(Bs — 2a) — a® A2 (RIo™ — 1) (maBhw(Rgﬂm —1) + aBy,, Riom 4 BthSRgU'") }
+ At (RG™™)* (Bs — w),
az3
a = Am{Am(Bh —a) {Am(Bh —a)(a® — B2) +3aA, (Rl — 1) (aBj,y, + Bths)} +u? {A;(Bh —a)?
+ ApAp(By — ) <(R’5°m —1) (B + Broo) + 4,xR’5""‘> +A2 ([ma(Rg"’" —1) + BsRE™] (B (RE™ — 1)
— BsRE™) + a(RE™ — 1)RE™ 3By + Byo) + az(Rga"')z)] +u {mA%n(Bh —a)?
A= ) (0 BB (RE™ = 1)+ 2R (3 = Bo)] = B (RE™ = 1) (B, 40 )
+ 20 A (Rhom 1) <ma3hw(lz’g"m —1) + aBy,, RI™ + Bthng"m” + ApPREO™ {2/\,”(3,, —0)
4 (R = 1) B + B + 200" ) | -+ A (R,
ag = —ApAL (R — 1) {Am(Bh — ) (ma(“ +u)+ Bths> + B At <ma(R8°m -+ R80m3s>

+ maAhVBh }

Using Descartes’ rule, we have the number of untreated infected heterosexual men a2s
in equilibrium EE is given by positive roots of polynomial p(I;;,) in equation (27). This a2
equilibrium point exists when R’S"’” > 1, note that ag coefficient is negative when Rg‘"” >1 e
and a4 coefficient depends on term (Bs — ). The number of possible positive roots in a2
polynomial p(I;;,) depends on the signs of the coefficients a_3. Our purpose is to guarantee a2
when the polynomial p(I;;,) has positive roots. Table A1 shows the number of possible a0
positive roots according to coefficients signs. Note that if Rg”m > 1 infection rate in a1
homosexual men is greater than rate out of infected, it means B, > a. Analogously if 432
Rget > 1 infection rate in heterosexual men is greater than rate out of infected, B; > «. 433

Note that when Rl > 1 the existence of EE is always guaranteed. 435

Table of number of possible positive roots of p(I,) allows to conclude the following sa7

theorem 438
Theorem Al. If Rgom > 1 the triangle transmission model in equations (1) — (8) 430
(i)  Has a unique EE if R’g” > 1 and whenever cases al, a4, a6 and a7 of table A1 holds, 440

(ii)  Could have more than one EE if Rl > 1 and whenever cases a2, a3, a5 and a8 of table A1 aa
hOldS, 442
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Case | ag | a1 | ap | a3 ay Number of | Possible
sign changes | positive roots

al -+ ]+ + 1 1

a2 -+ |+ -+ 3 1,3

a3 S S I S 3 1,3

a4 -l - |+ ]|+ | +Bs>u 1 1

a5 | - |+ | - | - | +@REE>T 3 1,3

a6 - - -+ |+ 1 1

a7 S e N s 1 1

a8 - - + - |+ 3 1,3

b1 - + |+ | + |- 2 0,2

b2 - + | + - - 2 0,2

b3 S e R 0 0

b4 -+ -] - |-Bs<u 2 0,2

b5 - + - + | - 4 0,2,4
b6 - -+ ]+ 2 0,2

b7 - - - + | - 2 0,2

b8 S e 2 0,2

Table A1. Number of possible positive roots of p(I};,).

(iii) Could have two or none EE if Bs < a and whenever cases b1, b2, b4, b6, b7 and b8 of table A1
holds,

(iv) Could have forth EE if Ri" < 1 and whenever case b5 of table A1 holds,

(v) There is not EE if R}t < 1 and whenever case b3 of table A1 holds.
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