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Abstract

Statistical theory frequently involves adding a parameter to standard distributions. This work
introduces a novel distribution called the Exponent Beta Exponential distribution. Several aspects of
the proposed distribution are determined, the moment generating function (mgf), mode, quantiles
and order statistics etc. The parameters were estimated the maximum likelihood estimation (MLE)
technique. The proposed distribution was evaluated on two datasets. The proposed distribution
outperforms over the various versions of Exponential distributions based on model selection
criteria’s.

Keywords: MLE; beta distribution; simulation; moments; distribution function

MSC: 60E05; 60E10

1. Introduction

In recent decades, the development of statistical theory has increasingly focused on extending
standard probability distributions. A common practice in this area involves the use of distribution
generators, which introduce additional parameters to existing baseline distributions or combine
multiple distributions, thereby enhancing flexibility and applicability [1]. Such modifications are
primarily aimed at achieving better fits for complex datasets and facilitating the analysis of intricate
data structures by refining classical models.

Pioneering contributions in this direction include the work of Mudholkar and Srivastava [2] and
Marshall and Olkin [3], who introduced methods for incorporating new parameters into existing
distributions. Eugene [4] advanced this line of research by proposing the beta-generated model,
which was subsequently extended by Jones [5], who replaced the beta distribution with the
Kumaraswamy distribution to construct a novel family of distributions. Further developments
include the introduction of generalized continuous distributions by Alzaatreh et al. [6] and a
comprehensive review of univariate distribution construction by Lee et al. [7]. More recently,
Mahdavi and Kundu [8] proposed the Exponentiated Beta Pareto Distribution, which provides an
additional mechanism for parameter insertion. The Exponentiated Beta Pareto Distribution is
formally defined as:

aﬁee_B(l_x_e)a(1—x“‘9)a_1x‘(1+9)

foo) = o

ot
PO ="

,x>1 2)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.1934.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 23 September 2025 d0i:10.20944/preprints202509.1934.v1

2 of 14

Nassar et al. [9] employed the alpha power distribution as a generator to derive new density
functions, which include the generalized exponential distribution [10], the Lindley distribution
[11,13], and the exponential distribution [12]. The Pareto distribution (PD) has gained prominence as
a model for data exhibiting heavy-tailed behavior [14] and has been applied across diverse fields,
including the social sciences [15-17]. For instance, Philbrick [18] demonstrated the effectiveness of
the PD in predicting insurance company losses and assessing hospital liability, while Levy and Levy
[19] applied the exponential distribution to estimate societal wealth. Similarly, Castillo and Hadi [20]
employed a generalized Pareto distribution to model flood control exceedances. The literature
documents a wide variety of Pareto distributions and their generalizations, reflecting their versatility
in statistical modeling. As noted by Johnson [21], the probability density function (pdf) of the
exponential distribution is given by:

f(x) = dexp(—Ax); x > 0,(3)

where 1 denotes the scale parameter of the distribution. The corresponding cumulative distribution
function (cdf) is expressed as:
ORI E x>0 4)

The reversed J-shaped, decreasing hazard function of the Pareto distribution (PD) does not
always provide an adequate fit to empirical data. In risk and reliability analysis, alternative
approaches are often required to model loss, risk, or life-cycle behavior. For example, Gupta et al.
[23] and Nadarajah [24] demonstrated that human mortality patterns can be more flexibly modeled
using adaptive distributions [17]. Notable alternatives include the Weibull distribution [27,28], the
Generalized distribution [22], the Exponentiated distribution, the Beta-Generalized distribution [26],
the Exponentiated Weibull distribution [31], the Burr X-P distribution [17], and the Exponentiated
Generalized distribution [14].

To enhance the flexibility of the basic PD, we introduce an additional parameter. The subsequent
sections examine several theoretical and practical aspects of the proposed Exponentiated Beta Pareto
(EBE) distribution. Specifically, stochastic ordering properties are established in Lemmas 1 and 2.
Parameter estimation is then addressed through the maximum likelihood method, supported by
simulation studies. Finally, the concluding section summarizes key findings and highlights directions
for further research.

2. Exponent Beta Exponential (EBE) Distribution

Let X be a random variable that follows the Exponentiated Beta Pareto (EBE) distribution. Its pdf
and cdf are defined, respectively, as:

_yBa(l = e™)(e PN (e )
foo = e

; 0 <x < o0.(6)

F(x) = (e PA-¢M —1)(e"f = 1) .(7)

Figure 1 belw presents the pdf and cdf of the EBE distribution for various values of the
parameters. These graphical representations illustrate the flexibility of the EBE distribution in
modeling diverse data patterns through variation in its parameter values.
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Figure 1. PDF and CDF of Exponent Beta Exponential Distribution.

The survival function S(x) and the hazard rate function h(x) corresponding to the (EBE)
distribution are expressed as:

o—B_g—B—e"V)X
SeBE = 5 ®)
e=F-1

—apyxeY¥(1—e Y¥)a—1g=B(1-e¥H)®

hgpe(x) = eB(1-e-r1)a—¢B 9

Figure 2 illustrates the hazard rate function of the EBE distribution for selected values of the
shape parameters a andf. The plots highlight the sensitivity of the hazard rate to changes in these
parameters, thereby demonstrating the flexibility of the EBE distribution in capturing diverse lifetime

behaviors.
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Figure 2. Hazard rate of Exponent Beta Exponential Distribution.

2.1. Quantile Function

For a random variable X~(a, 8,v), the quantile function Q(U), can be derived by inverting its
cumulative distribution function. Specifically,
QU =FY(),0<U<1,
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where U follows conventional uniform distribution and yield:

1/a
X= (— %) x log (1 - (%log (1+ue? - 1))) ,(10)

For median, substituting U = 1/ o into the quantile function (Equation (10)), which yield:

—y +ye ™ [(@ - 1)1 - e) — gpl-e"Ma"1] = 0, (11)

2.2. Mode

The mode of the distribution is determined as the solution to the first-order condition of the pdf,
obtained by setting the derivative of the log-likelihood with respect to xxx equal to zero. Explicitly, it
satisfies the following equation:

d
afEBE(X) =0

By differentiating Equation (6) with respect to x and equating the result to zero, the mode of the

distribution is obtained as the solution of the following expression:
—_ _ - (@-1) _ _ pa-e"¥a-1] _
fe) = —y+yer ({5 —apa=Te =0 (12)

2.3. rth Raw Moment
By definition, the rth raw moment of a random variable X with pdf f(x) is expressed as:

+ oo
U, =Ex" = f x" f(x)dx

1 e _ a1 _ﬂ(1—e"")u
o T, Vox _ y X
“r_—(l—e‘ﬁ)fo x"-e a,B]/(l e ) e dx

' Tow  (=BF K -
i = ey (7)) i SNy n(L=y)) -y aoidy (13)

2.4. Moment Generating Function
The moment generating function (mgf) of a random variable X is defined as:

M, (t) = E(e™¥) = J e™ f(x)dx

[oe]

N @B N R
MO=) 5 aen( ) 2w | anca—yyyearay

4
r=0

Simplifying the above expression yields the following result:

r T (_g3)k
M) = g B0 Sio (1) 2 fy (n @ —y)yye@-iay  (14)

Lemma 1: Let Xi~EBE (a1, 8, y) and X>~ EBE (a2, §, y).
If al < a2 then

" ¥ o - (1 e y x)a—l e_3<1—e— 4 x)
(1-eF)
log () = - X _ (¥ o7 x (1 - ey")H (15)

)

2.5. Order Statistics

f(x) =

The i order statistic, denoted X(i), of arandom sample X;,X;,-+-,X; from a distribution with
cdf F(x) and pdf f(x), has the pdf given by:

fin(9) = G (FGO)'HGO[1 — FGO)™ (16)

Here
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e (1o )
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By substituting the corresponding expressions for F(x)and f(x) from the EBE distribution into
Equation (16), the probability density function of the i*" order statistic is obtained as follows:

« i-1
e—8<1—e‘ X) -1
n!
TG-Dim-D! (ePF-Dr1

o e
aB7eJx(1—eJx) e ¢
' (1—eB) '

o, h—=i

(e=P — e'B(HJ ) ) (17)

By setting i =1 in Equation (17), the density function of the smallest (first) order statistic is
obtained as:

a-1 -g 1-e~ X
7/ —-7x _ —-7x < >
_ n! 1 af’ e (1 e ) e o b

(n—1)!(e P —-1)n1 (1—ePB)

oy n—1

—B(l—e_ r X>
— €

By setting i = n in Equation (17), the density function of the largest order statistic is obtained

—B(l—e_yx> 1 y o
e - a—1 _B<1_e_ X)
n! aB7eJX(1—eJX) e

(n—1)! (e=P —1)n-1 (1—e"B)

as:
n-1

2.6. Stress-Strength Parameter (SSP)

If X; and X, are two independent random variables, where X; ~EBE( ay,B,y ) and
X,~EBE(ay, B,Y), the SSP is given by:

R= f+°° fi(x)F,(x)dx

— 00
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Using series

—By%1 _ (_Byal)l —By%z _ (_Byaz)m
¢ = TR m!
1=0 m=0

Substituting the series expansion into Equation (19) yield:

_ @B 1 g1 °° =Byt ﬂ)l al U7 (pmytem -
R=emerh ™ . Z T (1)
I+m
a; ( ) f oy —1+aql+a;m dy—;
T U—eP(ePf-1 1' m! (eP—1)

B Z (GOl 1
(1 e B)(e B-1) m=o m!{a; 1+ +azm} (e—B—l)

2.7. Parameter Estimations

In this part, we use a complete sample to determine the maximum probability estimates of the
unknown parameters o, 3, and y. Assume that we have a basic random sample from EBE(«, 3,y) with

the following values: X;, X;, -+, X,.
n
L= [f@py
i=2 N

a—-1 _ A 4 X
aBye_y"(l—e_y") eB<1e )
f(x) = a—ch
Taking the likelihood of the sample glves

(1 iBeY B) 1_[ _V’“l_[(l — eTyxha- 11_[ e B(1 — e vxi)a
B (1 iBeY—B)n' Z n(l—e retef [Z(l—e vy ]
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logL(f(x)) = nlog(afy) — nlog(l - e_B) - YZ Xj

i=1
+(a—1)( ZL log(1-e~Y%i)«1 — B[ZL(l — e )] (20)

By differentiating Equation (20) with respect to the parameter o, we obtain:
d —yx; . —yx;
—logL(fx) = aiﬁy +2(a— 1) X, log(1—e ") — B 3" (1—er™)log(l—e7%) (21)

By differentiating Equation (20) with respect to the parameter 5, we obtain:

neP

n — .
T - T e @)

d =1
ElogLf(x) =3

By differentiating Equation (20) with respect to the parameter y, we obtain:

d _n n T xieY¥i n xje¥*i
aylogl(fx) = - =i X+ (a—1) i=1(1_ ) — Ba (et (23)

By differentiating Equation (21) with respect to the parameter o, we obtain:

2 n

%dﬁlogLf(x) S arnsz _ Z (1 e Xi)log (1 e xi)

i=1

By differentiating Equation (21) with respect to the parameter y, we obtain:

n

= - e~ YXi(1 — e¥Xi)a-1
dydBlogLf(x) alee (1 —e¥®i)

i=1

2

By differentiating Equation (21) with respect to the parameter o, we obtain:

n

+ ZZ log<1 - e_y"i)
Bz =

2

4 og LiG) = ——"
o108 LI0) = ——

By differentiating Equation (22) with respect to the parameter 5, we obtain:

2 ne#

n
ag = Tt ey
By differentiating Equation (23) with respect to the parameter y, we obtain:

V..
xfe™" %

d? -
gy7l0sLf () = yi —(@-1 Z

y 2
=1 (1—9‘ xi)

[
- V4 Y “ 1+(a—1)e‘y"i
+aﬁz xfe™" i (1—9_ xi) I
i=1
|

2(a-1)
(1—e‘}/"i) <1—e‘7"i

A Monte Carlo simulation study was conducted to examine the bias, mean square error (MSE),
and average values of the maximum likelihood estimators (MLEs). Specifically, W = 100 random

L ]

3. Simulations Study
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samples were generated from the EBE distribution for sample sizesn = 70,110, and 170. The random
variates were obtained using the following transformation formula:

1
Ula—1)+1)\] B
. [log (a/( (@ 1) ))}
loga
where U denotes the standard uniform random variate.

The bias and MSE of the maximum likelihood estimators were computed using the following
expressions:

1 w
Bias = WZ(B1 —b)
1=1

MSE = ! i(ﬁ b)?
W& '

In the above expressions, brepresents the true value of the parameter, while b denotes its
corresponding maximum likelihood estimate obtained from the simulated samples.

Table 1 presents the average bias and MSE values of the estimators. The results indicate that the
estimates are consistent and remain close to the true parameter values across all scenarios.
Furthermore, an increase in sample size leads to a reduction in both MSE and bias for all parameter
combinations, demonstrating the efficiency of the estimators. Overall, the maximum likelihood
estimation procedure provides accurate and reliable estimates of the parameters of the EBE
distribution.

Table 1. Bias and MSE of EBE Distribution.

Parameters N MSEo MSE: MSE.: BIASo BIAS: BIAS:
a=2 60 0.25942 9.90072 7.8970 0.03388 -0.83549 1.49541
p=3 150 0.08497 4.96927 3.9120 0.03255 -0.41015 0.75848
y=4 230 0.05041 3.70697 2.9987 0.00723 -0.08396 0.50724
a=2 40 0.22716 15.6961 7.0710 0.11502 -0.66054 1.48416
p=3 130 0.08807 8.56222 4.6855 0.02997 -0.05309 0.81565
y=4 210 0.03797 3.81034 2.4992 -0.02088 -0.04777 0.44718
a=2 120 0.07721 5.25017 4.3567 0.10494 -0.79556 1.18455
p=3 220 0.03589 2.01053 2.0358 0.03613 -0.07332 0.38506
y=4 380 0.03043 2.32888 2.0092 -0.0011 -0.02987 0.37981

4. Real Data Application

To assess the practical performance of the proposed EBE distribution, two real data sets are
analyzed. The objective of this section is to evaluate the goodness-of-fit of the EBE distribution and
to compare its performance with other related models, including the exponential [35], Beta
Generalized Exponential (BGE) [22], and Alpha Power Exponentiated Inverse Exponential (APEIE)
[14,29,36] distributions. Parameter estimates are obtained using the method of maximum likelihood,
and model comparisons are conducted based on standard statistical criteria such as the log-
likelihood, Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), and
Kolmogorov-Smirnov (K-S) test. These measures provide a comprehensive assessment of the
adequacy of the proposed model in fitting real-world data. For clarity, the corresponding probability
density functions (pdfs) of these distributions are provided below:

e  Exponential distribution (ED)
f(x) = Aexp(—Ax);x > 0,

where A is the parameter of ED.

e  BGE distribution
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fx) = % [1-(1- e(—xx))“]b_l(l — (M) T, x>

where A,a,a and B are parameters of BGE distribution
e  APEIE distribution

f(x) = ak.log(a). <(°‘_X—21)_1> . (e_a?k> ‘ <ae_a?k)’

where x,a,k,a > 0and a # 1.

To demonstrate the practical applicability and effectiveness of the proposed model, two real data
sets are analyzed.

Data Set 1: Application on Cancer data

The first data set consists of survival times (in months) of 121 breast cancer patients treated at a
large hospital during the period 1929-1938, as originally reported by [38]. These observations have
been widely used in the statistical literature to evaluate lifetime distributions and serve as a
benchmark for comparing model performance. The data are presented as follows:

0.3,0.3,4.0,5.0,5.6,6.2,6.3,6.6,6.8,7.4,7.5,8.4,84,10.3,11.0,11.8,12.2,12.3,13.5,14.4, 14.4, 14.8,
15.5,15.7,16.2,16.3,16.5,16.8,17.2,17.3,17.5,17.9, 19.8, 20.4, 20.9, 21.0, 21.0, 21.1, 23.0, 23.4, 23.6, 24.0,
24.0,27.9,28.2,29.1, 30.0, 31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0, 38.0, 38.0, 39.0, 39.0, 40.0, 40.0,
40.0, 41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 46.0, 47.0, 48.0, 49.0, 51.0, 51.0, 51.0, 52.0,
54.0, 55.0, 56.0, 57.0, 58.0, 59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0, 65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0, 83.0,
88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0, 111.0, 115.0, 117.0, 125.0, 126.0, 127.0, 129.0, 129.0,
139.0, 154.0

Table 2 reports the model diagnostics for Data Set 1 based on the fitted EBE distribution and its
competing models. The results show that the EBE achieves the lowest AIC, BIC, CAIC, and HQIC
values among all candidate models, indicating superior overall fit. Moreover, the K-S test yields a p-
value of 0.3501 for the EBE, which is considerably higher than those obtained for the alternative
models, thereby supporting its adequacy in describing the data. In contrast, the BGE and APEIE
exhibit much larger information criteria values and extremely small p-values, suggesting poor fit.
While the exponential distribution (ED) performs moderately well, its fit is still inferior to that of the
EBE, as reflected by both higher information criteria and a lower p-value (0.05971). Taken together,
these diagnostics confirm that the proposed EBED provides the best fit to the breast cancer survival
data compared to the considered competing models. Hence, the EBED can be regarded as a more
flexible and reliable alternative to the exponential and related lifetime distributions for modeling
survival data.

Table 2. Model Diagnostics for Data Set 1.

Distribution MLE AIC CAIC BIC HQIC P-value
EBE 1.454518 0.205884 0.025538 1166.945 1167.15 1175.333 1170.352  0.3501
ED 0.021593 1172.256 1172.28 1175.051 1173.391 0.05971
BGED 0.560161 6.3926366 1332.248 1332.35 1337.84 1334.519 1.141e-08

APEIED  3.587380 24.433696 1.533854 1264.878 1265.083 1273.266 1268.285 2.2e-16

A graphical assessment of the fitted EBE distribution was also carried out using histograms of
the empirical data overlaid with the fitted density curves, Q-Q plots, and empirical versus theoretical
cumulative distribution functions (CDFs). Figure 3 shows that the EBE closely follows the observed
frequency distribution, while QQ-plot values deviate from the fitted line, this is typical of heavy-
tailed distributions [37]. In addition, the empirical and fitted CDFs display a close match across the
entire range of the data. These graphical diagnostics further support the numerical results,
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confirming that the EBE distribution provides an excellent fit to the data compared to competing

models.

Empirical and theoretical dens. Q-Q plot
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Figure 3. QQ-plot and PP-plot for data set 1.

Figure 4 presents graphical diagnostics for Data Set 1. The left panel compares the histogram of
the empirical data with the fitted theoretical densities of the competing models (EBE, ED, BGE, and
APEIE). The EBE curve (solid red) aligns closely with the shape of the observed data across the entire
range, whereas the alternative models either underestimate the peak or fail to capture the tail
behavior effectively. The right panel shows the empirical cumulative distribution function (CDF)
plotted against the fitted CDFs of the competing models. Once again, the EBE provides the best
agreement, with its theoretical cdf (solid red) almost overlapping the empirical cdf throughout. In
contrast, the BGE and APEIE curves deviate substantially from the empirical distribution,
particularly in the lower and middle quantiles, while the ED shows moderate but inferior fit
compared to EBE. Overall, both the pdf and cdf plots confirm that the EBE offers a superior fit to the
breast cancer survival data relative to the competing models.

Histogram and theoretical densitie Empirical and theoretical CDFs
— —
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s 2 ) ED
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Figure 4. Comparison of EBE Distribution with other competitive models for data set 1.
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Data Set 2: Application on earthquakes in the last century

The second dataset consists of the time intervals of the successive earthquakes in the last century
in the North Anatolia fault zone originally reported by [17,34].

3.70,2.74,2.73,2.50,3.60,3.11,3.27, 2.87, 1.47, 3.11, 4.42, 2.41, 3.19, 3.22, 1.69, 3.28, 3.09, 1.87,
3.15,4.90,3.75,2.43,2.95,2.97,3.39,2.96,2.53,2.67,2.93,3.22,3.39,2.81,4.20,3.33,2.55,3.31,3.31,
2.85,2.56,3.56,3.15,2.35,2.55,2.59,2.38,2.81,2.77,2.17,2.83,1.92,1.41,3.68,2.97,1.36,0.98,2.76,4.91,3.68,1.84,
1.59,3.19,1.57,0.81,5.56,1.73,1.59,2.00,1.22,1.12,1.71,2.17,1.17,5.08,2.48,1.18,3.51,2.17,1.69,1.25,4.38,1.84,
0.39,3.68,2.48,0.85,1.61,2.79,4.70,2.03,1.80,1.57,1.08,2.03,1.61,2.12, 1.89,2.88,2.82,2.05,3.65

The goodness-of-fit results provided in Table 3 show that among the considered models, the
EBED distribution provides the best fit to the dataset. It achieves the lowest AIC, CAIC, BIC, and
HQIC values compared to the other competing models. Moreover, its p-value (0.4091) is well above
the conventional significance level (0.05), indicating that the EBED cannot be rejected as a plausible
model. In contrast, the ED and APEIED models yield very low p-values, suggesting a poor fit, while
the BGED performs moderately well but still inferior to EBED based on both information criteria and
p-value.

Table 3. Model Diagnostics for Data Set 2.

Distribution MLE AIC CAIC BIC HQIC  P-value
EBE 4.724535 -3.409094 1.244129 291.6781 291.9281 299.4936 294.8412  0.4091
ED 0.3814557 394.7417 394.7825 397.3469 395.7961 2.369e-09
BGED 9.060031 6.196268 306.4821 306.6058 311.6924 308.5908 0.06698
APEIED 1.057584  2.023400 402.7912 402.9149 408.0015 404.8999 2.315e-11

Figure 5 show that the proposed distribution fits the data well. The histogram of the data is
closely matched by the fitted theoretical density curve (red line), showing a good alignment between
observed and expected frequencies. The points lie approximately along the 45° reference line,
indicating that the quantiles of the fitted distribution are in strong agreement with the sample
quantiles. The empirical cumulative distribution function (black circles) aligns well with the
theoretical CDF (red line), further confirming the adequacy of the model. The observed probabilities
track the theoretical probabilities closely along the diagonal, suggesting no major deviations in fit.
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Figure 5. QQ-plot and PP-plot for data set 2.
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5. Discussion

The Exponentiated Beta Exponential (EBE) distribution was introduced and studied through its
fundamental properties, including order statistics, stress—strength reliability, mode, and stochastic
ordering. Parameter estimation was carried out using the Maximum Likelihood Estimation (MLE)
method. The performance of the proposed EBE distribution was evaluated against other competing
probability models using two real-life datasets.

Model comparison criteria (AIC, BIC, CAIC, and HQIC) consistently indicated that the EBE
distribution provided a superior fit. Furthermore, goodness-of-fit diagnostics; such as histograms
with fitted densities, Q-Q plots, CDF plots, and P-P plots; demonstrated that the EBE model closely
matched the empirical data, confirming its suitability. Overall, the findings highlight that the EBE
distribution is a flexible and reliable model that outperformed other well-known distributions in
capturing the characteristics of the studied datasets.

6. Conclusions

The distribution, known as the EBE, is introduced using Exponent Beta Exponential
Distribution. Topics covered include function, order statistics, stress strength, mode, stochastic
ordering. The maximum likelihood estimation approach was utilized to obtain parameter estimates
for unknown parameters. The proposed distribution outperformed other Exponential distributions
on two real datasets.
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