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Abstract: A family of singularly perturbed g—difference-differential equations under the action of a
small complex perturbation parameter is studied. The action of the formal monodromy around the
origin is present in the equation, which suggests the construction of holomorphic solutions holding
logarithmic terms in both, the formal and the analytic level. We provide both solutions and describe
the asymptotic behavior relating them by means of g—gevrey asymptotic expansions of some positive
order, with respect to the perturbation parameter. On the way, the development of a space product of
Banach spaces in the Borel plane is needed to provide a fixed point for a coupled system of equations.
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1. Introduction

This work is devoted to the study of a family of singularly perturbed g—difference-differential
equations in the complex domain of the form

Q(0:2)u(t,z,€) = P(t,z,€,044,0; )u(t, z,€) + f(t,z,€)
+ H (log(et), z,€,u(t,z,€), viu(t,z,€)). (1)

Here, the action of a small complex perturbation parameter € € D(0, €p), for some ¢y > 0, is studied
when considering the unknown function u = u(t,z,€). The element Q stands for a polynomial with
complex coefficients.

The operator oy, stands for the dilation operator acting on  variable, i.e. 0y;h(t) = h(qt). Here,
q > 1is a fixed positive number. The previous Definitionition naturally extends to o7,.h(t) = h(q"t) for
re Q.

The map P(t,z,€ w1, wy) depends holomorphically on the perturbation parameter e, it is a
polynomial in ¢ variable and holomorphic on a horizontal strip in the complex plane with respect
to z. This function is polynomial with respect to w%/ *and w, variables. Indeed, k will be crucial in the
determination of the g—Gevrey order relating the formal and the analytic solutions of (1). The forcing
term f(t,z,€) is of logarithmic type in the sense that

t20) = folt2,0) + ilt 2.6 o ®

for some polynomials with respect to ¢ with coefficients being holomorphic functions on some horizontal
strip times D(0, €p). The concrete form of the forcing term is determined in Assumption (B1) in Section 3.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Finally, H(v, z, €, v1, v2) is a linear map with respect to v1, v, polynomial of degree at most two in vy and
holomorphic on a horizontal strip with respect to z variable and on D(0, €y) regarding the perturbation
parameter €.

The concrete form of (1) is precised in (9), together with the assumptions needed for the main results
of the work.

The appearance of the operator 7 is crucial in the asymptotic behavior of the analytic solutions with
respect to € at the origin. Indeed, the action of the so-called monodromy operator around the origin with
respect to €, y%, described in Section 2.1, has been proved to modify the form of the analytic solutions
of functional equations in the literature, such as [15,23]. In addition to this, the operator 7 is used to
construct the fundamental solutions to linear systems of differential equations showing an irregular
singularity at a point (see Levelt-Turrittin Theoremrem in [18], and the reference [3]). The appearance
of a monodromy matrix in the previous situation extends the one considered in the regular singular
framework which can be obtained by analytically continuing a holomorphic solution Definitioned on a
disc out of the origin and turn it counterclockwise around the origin (see [7]). In a more abstract setting,
the monodromy operator in the study of Picard-Vessiot rings has been proved to be important from an
algebraic point of view [18].

There exists another notion of monodromy used in the study of the meromorphic solutions of
g—difference equations, introduced in [19], which is not considered in the present study.

As a matter of fact, the appearance of the g—difference operator ¢y, and the monodromy operator ¢
can be reinterpreted as difference-q—difference actions on ¢ and € by the identification of ¢ with the shift
mapping of angles 6 — 6 + 27t in polar coordinates in the writing u(t,z,€) = v(t,z,r,0), with € = re® by

Yiu(t,z,e) = v(t,z,r,0 +2m).

In this sense, we refer to [21] and the references therein. In that work, the authors study systems
of linear differential and difference equations Y’ (x) = A(x)Y (x), together with 0, Y (x) = B(x)Y(x) or
Y(x +a) = B(x)Y(x) for some shift a. See also [20,22] among other researches in this direction. The study
of delay operators and g—difference operators is also a point of main interest for applied researchers
nowadays. See, for Example, the works [1,2,8,24] for the first operators, and [16,17] for the second type of
operators.

The present work can be seen as a linearized g—analog of the problem recently studied by the second
author in [15], where he provides the analytic and formal solutions to a problem of the form

Q(0z)u(t,z,€) = P(t,z,€,t0t,9;)u(t, z,€) + f(t,z,€)
+H (log(et), z, €, {P;(02)u(t,z, €) }je,, {Qj () veu(t 2, €) jep,)

(where {P;};cj,, {Q)}jej, are finite sets of complex polynomials and H is some nonlinear map in all its
arguments) in which the Fuchsian operator t0; is substituted by the g—difference operator. The procedure
followed in [15] rests on the substitution of the main equation by a decoupled system of equations in
the Borel plane, which can be solved recursively as it is a triangularized system of equations. On the
contrary, the g—analog treated in the present work is more involved, since the coupling of equations in
the present study does not allow to come up to a triangular problem. Indeed, the system is no longer
reducible in general. A further advance with respect to the preceding work, is that the general irreducible
case is solved, whereas a product Banach space of functions is needed in order to solve the problem.
This is the first appearance of such function space in the list of our joint works. We have also included
a simplified situation of (1) in which a decoupled system arises, and the solution can be obtained by
backward substitution of the partial solutions of a triangular system. The last section (Section 9) is
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motivated by the more relaxed assumptions needed on the g—Gevrey order, being able to solve the main
equation under less restrictive geometric conditions.

We have decided not to state our principal result in the most generality which would have introduced
high technical difficulties hiding the main Propositionerties of the analytic and formal solutions and their
asymptotic relations. In this respect, we have considered functions which remain constant with respect to
time variable (see b, and ¢ in (9)), while considering a forcing term of the form (2) instead of the more
general

f(tz¢€) Zf]tzelog(et)
log/(4)

The monodromy terms included in the main equation turn out to have an impact on the g-Gevrey
order of the asymptotic solution in the general case. In the more restrictive situation in which the
associated system is reducible, i.e. triangular, this influence is not so strong, being able to consider less
restrictive assumptions. Indeed, the general framework deals with an equation (9) where the g-difference
operator 0y, appears with rational powers strictly less than 1 in contrast to the usual settings found in
the literature where only integer powers arise. In our restrictive reducible case, it is worth noticing that
such integer powers are granted.

The procedure followed in the present study is to search for solutions of (1) in the form

u(t,z,e) = ug(t,z,€) +uy(t,z,€)

as a natural consequence not only of the form of the forcing term (2) (see Assumption (B1)), but also on the
appearance of the monodromy operator within the structure of the equation. This previous motivation
yields the pair {1, 41 } to be a solution of an auxiliary system of equations. At this point, one can search
for u; for j € {0,1} in the form of a so-called g-Laplace and inverse Fourier transform, which transforms
the previous system into an auxiliary system of equations in two auxiliary unknown functions {wy, w1 },

say
wp = 61 (wo,w1), w1 = Gy(wp,w1), 3)

(see (17), (18)).
More precisely, the solution is written in the form

| wj(u,m, €) du ,
ui(t,z,€) = or 1/2 log / /Ld O, () ?exp(zzm)dm j€{0,1},

for Ly = [0, 00)e™ for some d € R, and where ©(-) stands for Jacobi Theta function (see Section 2.2).

The existence of the analytic solution of the auxiliary system (3) needs an accurate description of
the geometry and further assumptions on it (see Assumption (D)). Indeed, strict minorations for the
auxiliary polynomial Py, (7) (see (19)) need to be provided (see Section 6). Such tight estimates are needed
to compensate the additional terms that come from the presence of logarithmic terms in the problem.
Notice that the lower bounds for such a polynomial reached in the works [5,14] are not sufficient in our
new setting.

The solution of the system (3) is attained via a fixed point argument of certain operator acting
on a Banach space product. As mentioned above, although the problem enbraces a wide family of
functional equations, the appearance of logarithmic terms makes it necessary to adopt several restrictive
assumptions on the elements involved in the problem, having a control on its geometry. For that reason,
we have decided to include an illustrative concrete Example at the end of Section 6. The first main result
of the work (Theorem 2) describes the form of the analytic solutions to (1). The asymptotic behavior of
such solutions is also analyzed with respect to the perturbation parameter € at the origin, through the
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application of a g—analog of the well-known Ramis-Sibuya Theorem (see Theorem (7—RS)). Indeed, the
g—exponential decrease at the intersection of two consecutive sectors in € uniformly on the rest of the
variables (Theorem 3) is the key point to prove the existence of a formal solution to (1) in the form

i(t,z,e) =1do(t,z,€) +i1(t,z,€)

In addition to this, for j € {0,1}, we prove that u; admits 7; as its g—Gevrey asymptotic expansion of
some g—Gevrey order (see the main result of the present work, Theorem 4).

We have included a final section, Section 9, in which the form of the main problem is slightly
simplified. Indeed, only one of the coefficients of the monodromy terms in the equation does not appear.
This slight simplification leads us to essential simplifications in the geometric assumptions of the problem.
More precisely, under these settings, the geometric Assumption (D) is no longer needed. Moreover, the
system (3) turns out to be triangular, and therefore much easier to solve. Also, a product Banach space is
no longer needed in order to solve the system, but two partial fixed point steps.

The work is structured as follows: In Section 2, we recall the main facts about the formal monodromy
operator, review some integral transforms and their related Propositionerties which are involved in the
transformation of the main problem into the auxiliary problem. We finally recall the notions of g—Gevrey
asymptotic expansions and a g—Gevrey analog of Ramis-Sibuya Theorem. In Section 3 we state the main
problem under study (9) and describe the concrete assumptions and constructions related to it. After
this, we show the strategy we follow to solve the main problem in Section 4 and describe the auxiliary
Banach spaces of functions involved in the construction of the solution of an auxiliary system in the next
section. The analytic solution to the main problem is constructed in Section 7 from the solution of the
auxiliary system in Section 6, where a geometric assumption linked to the solution is described. The
formal solution and the asymptotic study relating analytic and formal solution (Theorem 4) is studied in
detail in Section 8. The work concludes with Section 9, where the mentioned slight simplification of the
main problem is considered.

Notation:

Given r > 0, D(0,r) denotes the open disc centered at the origin and radius r, and D(0, r) stands for
its closure. Given an open sector S with vertex at the origin, we say that S; is a subsector of S, and denote
itby S; < S, if S1 is a bounded sector with vertex at the origin and S; \ {0} C S.

Given a complex Banach space [E, we write [E[[z]] for the vector space of formal power series in the
variable z, with coefficients in [E. For every open set U C C, we write O(U, E) for the set of holomorphic
functions in U with values in [E. We adopt the simplified notation O(U) whenever E = C.

Let g € C. We denote oy the dilation operator acting on t variable, i.e. oyf(t) = f(qt). This
Definitionition is naturally extended to o7, f(t) = f(q"t) for any positive rational number r.

2. Preliminary results

In this section, we recall some known results regarding the formal monodromy operator. We also
recall the Definitionition and some of the main Propositionerties about g—Laplace and inverse Fourier
transform. The section concludes with a brief review on g—Gevrey asymptotic expansions and related
results.

2.1. Formal monodromy operator

In this subsection, we describe the action of the formal monodromy operator ¢ around the origin.
The notion of this operator is stated in Section 3.2 [18].
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Let us fix ' > 0 and consider the horizontal strip Hg = {z € C : [Im(z)| < B'}, together with
a bounded sector 7" with vertex at the origin. We denote O,(7 x Hg ) the Banach space of bounded
holomorphic functions on Hg x 7 endowed with the sup norm. The next construction can also be
generalized in a natural way when substituting Oy, (7 x Hg/) by any other complex Banach space in ¢ (or
(t,z)) variable(s). We also set g > 1.

Definition 1. Let W, be the set of formal power series of the form

)log(et) )

1(t,z,e) =1g(t,z,€)+11(tz€
(t2,) = o(t,2,€) + i (6,2,€) 120

with fi; € Oy (T x Hg)|[€]] for j = 0,1, and where log(-) stands for the principal value of the logarithm function
Definitioned in C\ (—oo,0]. The formal monodromy operator around the origin in C with respect to € is the
operator ¥ Definitioned on W, by

log(et) + Zm

5
log(q) ©

Yel(t, z,€) = 1o(t, z,€) + 1 (t, z, €)

Lemma 1. In the situation of the previous Definitionition, it holds that v (W) C Wy,

Proof. A rearrangement of the terms in 27 (¢, z, €) we write

YEa(t,z,€) = 0o(t,z,€) + 01(t, 2, €)

) . A 2
with UO(trZre? = fo(t,z,€) + IOgT‘li)
Hy)[fel] forj=0,1. O

21(t,z,€) and 9y(t,z,€) = 11(t,z,€). Observe that 9; € Op(T x
A natural Definitionition of sum of two elements of W, and the product with complex numbers

provides Wy with the structure of a vector space. It is straight to check the following result.

Lemma 2. The operator v : Wi — W is a linear endomorphism.

Remark: A more general Definitionition of v} can be extended to the set of formal power series of
the form

h
i(t,z,€) Z ay(t,z, € (ﬁgg((;)) , (6)

say Wy, with i, € O, (T x Hpgr)|[€]]. Tt is straight to check that for every 7(t,z,€) € W of the form (6),

the formal operator
K log(et) 2 )h
i(t,z,€) (t,z,€ +
= Lntt=0) (T2 i

is such that v Wx) C Wy after a rearrangement of the terms in the previous formula.

The previous Definitionitions in the formal setting can also be adapted to the analytic case, following
Section 16 in [7]. For this purpose, we fix a bounded open sector £ with vertex at the origin, and
consider the Banach space of holomorphic and bounded functions Definitioned on 7" x Hg x &, i.e.
Op(T x Hg x &), endowed with the sup norm.
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Definition 2. Let W be the set of holomorphic functions u(t,z,€) on the open set U := T x Hg x £\
{(t,z,€) € C3: et € (—o0,0]} of the form

u(t,z,e) = ug(t,z,€) +uy(t,z,€)

log(et) -
og(q) 7

with u; € Oy(U) for j = 0,1. The action of the formal monodromy operator around the origin in C with respect to
€, vZ, Definitioned on Wy by

log(et) + 27ti

venltiz,e) = moltiz €) + (k€)== s

Following Lemma 1 and Lemma 2, it is straight to check the next result.

Corollary 1. In the situation of the previous Definitionition, it holds that v (W;) C W and the operator
Y& : Wi — W) is a linear endomorphism, when endowing Wy with the usual operations of sum and product.

Again, the previous Definitionition can be extended to a higher number of terms, as declared
in the Remark after Lemma 2. It is also worth mentioning that the sets 7 x Hg (resp. 7 x Hg X &)
in the Definitionition of W; (resp. WW;) can be modified in accordance with other needs. Observe
moreover that 7¢ coincides with the analytic continuation of a function along a loop at the origin traveled
counterclockwise, whenever 1y and 11 are holomorphic functions on some neighborhood of the origin
with respect to €.

A direct inspection of the formal operator 7 allows us to write the terms # i j=0,1, of an element
i € W in the form (4) in terms of the operator -} applied on .

Lemma 3. Let i € W, of the form (4). Then, it holds that

fo(t,2,€) = At z,€) — <21m,('y;‘ - id)ﬁ(t,z,e)) log(et),

log(q)
27T

i (t,z,€) = (v —id)a(t, z,¢),
where id stands for the identity operator in Oy (T x Hg )[[€]].
Also, the previous representation is valid in the analytic case.
Lemma 4. Let u € W of the form (7). Then, it holds that
up(t,z,€) = u(t,z,€) — <21m('y;‘ - id)u(t,z,e)> log(et),

log(q)

271

uy(t,z,€) = (vE—id)u(t,z,¢),

where id stands for the identity operator in Oy (T x Hg x £).

2.2. Review on some integral transforms and related Propositionerties

In this subsection, we recall the integral transforms involved in the construction of the analytic
solution of the main problem under study in this work, together with some of their main Propositionerties
which will allow us to state asymptotic results linking them to the formal solution, as the perturbation
parameter approaches zero.
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Let k > 1 be an integer, and g4 > 1 be a real number. The next Definitionition of g—Laplace transform
has been successfully applied in previous researchs in order to solve functional equations, such as [5,14],
among others. The proofs of the next results can be found in these references, so we omit them.

Jacobi Theta function of order k is Definitioned by

1
®q1/k(z) == Z sz, z &€ (C*.
pEZq 2k

It turns out to be an analytic function in C*, with an essential singularity at the origin. The zeros of Jacobi
Theta function are given by the elements of the set {—¢"/ : m € Z} as it can be deduced from Jacobi’s
triple formula. The previous assertion can be refined as follows.

Lemma 5. Let A > 0. There exists Cyx > 0 (which does not depend on A) such that

klog®|z| \ | 1/2
N rlog™ |z|
|®q1/k(2)| = Cq,kAeXP <2 log(q) G

forall z € C* such that |1+ zq% | > A for every m € Z.

Definition 3. Let p > 0 and fix an unbounded sector S; with bisecting direction d € R and vertex at the origin,
and choose y € R such that L, = Rye'7 C S. Given f € O(D(0,p) U S,), continuous up to D(0, p) such that
there exist K, > 0and § > 1 with

klog?(|z| +9)

£()] < Kexp (2 og(e) .+ #108(12 +5>) :

forevery z € S; U D(0, p). We Definitione the q—Laplace transform of order k of f along direction -y as

__k f(u) du
- log(q) Jr, O,k (%) u’

£ (f2)(T)

The lower estimate of Jacobi Theta function stated in Lemma 5 guarantees the convergence of
g—Laplace operator acting on functions with apPropositionriate —exponential growth along well-chosen
directions.

It is worth remarking that

£ (@)(T) = (gh) T T, (8)

for every n > 0 and any direction d € R.

Lemma 6. In the situation of Lemma 5 and given f as in Definition 3, the q—Laplace transform of order k of f
2—u

Definitiones a holomorphic and bounded function on R., o N D(0,71), for every 0 < r; < ql/k /2, with

i'yr

eT ‘ zA,forallrEO}.

R%A:{TEC*: 1+

Remark: Direction 7 may vary among the directions contained in S; to provide the analytic extension of
g—Laplace transform of order k of f.

An important Propositionerty of g—Laplace transform which will allow us to transform the main
equation into a coupled system of auxiliary equations is the following.
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Proposition 1. Let f be as in Definition 3, and fix A > 0. For all o > 0.and j > 0 it holds that

Z(T

T(TO'{;;T([';;;l/kf(Z))(T) =Lk (Woé;zif&)) (T),

valid for all T € Ry 5 N D(0,71), with0 < rq < q(%_"‘)/k/Z.

We also consider in this work the inverse Fourier transform and related Banach spaces of functions
of exponential decrease at infinity, which have also been involved in the solution of functional equations
in previous works such as [11,12].

Definition 4. Let § > 0and p > 1. We Definitione the set E g ) of all continuous functions f : R — C such
that

£ )l g g0y = SUI];(l +[m|)F exp(Blm])|f (m)] < co.
me
E(g,y,) is a Banach space endowed with the norm ||-|[ g,y

Definition 5. Let > 0, u > land fix f € Eg . The inverse Fourier transform of f is Definitioned by

1 +

FHAHE) = @i |- Oof(m) exp(ixm)dm, x € R.

()

Proposition 2. In the previous situation, the following Propositionerties hold:

(i) F~Y(f) can be analytically extended to the set Hp ={z € C: |Im(z)| < p'} for every 0 < ' < B.
(ii) The function m — ¢(m) = imf(m) is an element of E(g ,,_1). It holds that 9. F1(f)(z) = F (o) (2).
(iii) Assume moreover that g € Eg ). The convolution product of f and g given by

(F8)m) = izs [ FOm = ma)gm)am,

is an element of E g ). It holds that
FUNH@RF 1)) = FH(f*8)(2), z€ Hy.

2.3. q—Gevrey asymptotic expansions and Ramis-Sibuya Theoremrem

In this section we recall the main elements in the Theoremry of holomorphic functions Definitioned
on sectors admitting g—Gevrey asymptotic expansion, including a g—Gevrey version of Ramis-Sibuya
Theoremrem.

The Definitionition of g—Gevrey asymptotic expansions and related results are slight modifications
of those considered in [9], successfully applied in a different problem in [14].

In the whole section, (E, ||-||g) denotes a complex Banach space. We also assume that g € R with
qg>1

Definition 6. Given a bounded sector £ C C* with vertex at the origin, and an integer k > 1, we say that
f € O(E,E) admits a formal power series f(€) = Y50 fu€" € E[[€]] as its g—Gevrey asymptotic expansion of
order 1/k if for any given subsector £ < & there exist C, A > 0 such that

N(N+1)
< CAN-‘rlq " |€|N+1’

N
fle) - Zofnen

E
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for every e € € and N > 0.

Remark: A g—Gevrey asymptotic expansion is said to be uniform if the estimates in the previous
Definitionition hold for all € € £. Observe that any function admitting §—Gevrey asymptotic expansion
of some order in a sector £ admits uniform g—Gevrey asymptotic expansion of the same order in any
subsector of £.

We recall the classical characterization of asymptotic expansions. Its proof is classical and can be
found in Proposition 8, p. 66 of [3], for Example. Hence, we omit its proof.

Proposition 3. Let f € O(E,E), for some bounded sector £ with vertex at the origin. The following statements
are equivalent.

a)  f admits the formal power series f(€) = Y n>0 fu€™ as its asymptotic expansion in &, i.e. for every subsector
E < Eandall N > 1 there exist C(N, E) > 0 such that

< C(N,&)|e|N T,
E

N
||f(€) - ;)fnen

for every e € £.
b)  For every integer n > 0 and every € < & the limit

lim (") (e)
e—0,eel

exists in E.

If one of the previous equivalent statements hold, then the previous limit equals n!f,,.

Remark 1. In other words, the previous result states that if f € O(E,E) admits f(€) = ¥,50 S2€" € E[[¢]] as
its asymptotic expansion in & (at the origin), then for every & < € and alln > 0

=0.

lim Hf(”)(e)—gn E

e—0,eeé

The set of functions with null asymptotic expansions coincide with those of g—exponential decrease
at the origin in the following sense.

Lemma 7 (Lemma 7, [14]). Let £ C C* be a bounded sector with vertex at the origin, and k > 1 be an integer
number. The following statements are equivalent, for any function f € O(&,E):

*  f admits the null formal power series as its q—Gevrey asymptotic expansion of order 1/k in .
e Forevery E < &, there exist C > 0and K € R such that

k
(€)|lg < Cex (— log? e|> elX,
fore €.
The cohomological criterion known as Ramis-Sibuya Theoremrem (see [6], Lemma XI-2-6) has a

g—analog which can be found in Theorem 25, [10]. See also Theorem (q-RS) in [14] for a detailed proof.
Before stating the result, we recall the notion of good covering in C*.
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Definition 7. Let { > 2 be an integer and (€ )o<p<¢—1 be a finite family of bounded sectors with vertex at the
origin under the following conditions:

(i) For every 0 < p < { — 1 one has that £, N Ep1q # @, forall 0 < p < 7 —1(& = &), and the
intersection of three of them is empty.
(ii) Ug;é &y contains a puntured disc at the origin, and it is contained in D(0, €y), for some € > 0.

The family (Ep)o<p<c—1 is know as a good covering in C*.

Theorem 1 (q-RS). Let { > 2 be an integer and (gp)ngggfl be a good covering in C*. Forall0 < p < {—1
we consider G, € O(Ep, E) and Definitione Ay = Gpi1 — Gp € O(Ep N Ep11, E), where by convention we have
put & := & and G := Gg. Assume that for every 0 < p < —1

a) Gy is bounded as € approaches 0 in &y,
b) Ay admits uniform null q—Geovrey asymptotic expansion of order 1/kin £, N Ep 1.

Then, there exists G € E[[€]] which is the common q—Gevrey asymptotic expansion of order 1/k of G in &, for
every0 <p <7—1

3. Main problem under study

Let D > 2, k > 1 be integer numbers and g € R with g > 1.

Let dy,Apfor 1 < ¢ < D —1 and dp be non negative integers and J; be a non negative rational
number for1 < ¢ < D —1. Let B > 0 and fix 0 < g’ < B. We also choose 0 < ¢y < 1, and y > 1. These
parameters are chosen to satisfy Assumption (A) below. We also assume that ¢y > 0 is small enough in
terms of the elements involved in the problem. The precise value will be precised in this section. We also
fix polynomials R, for 1 < ¢ < D and Q satisfying the second part of Assumption (A) and Assumption
©).

The forcing term f(t,z,€) and the coefficients c/(z,€) for 1 < ¢ < D —1and by(z,€) for j, k € {0,1}
are assumed to be holomorphic functions of certain nature and Definitioned on some domain to be
precised (see Assumptions (B1) and (B2)).

The main problem under study in the present work is the equation

dp D-1
Q(a)u(t,z,€) = (et)dDUJRD(az)u(t,z,e) + EZ; eBetdic(z, e)RZ(az)(T;fiu(t,z,e)
=1
+ f(t,z,e) + <b00(z,e) + bm(z,e)ll(:)gg(((;t))) [u(t, z,€) — (217“(')/;‘ —id)u(t,z, e)) log(et)}
+ (b(ze) + bu O T2 ) D (o iyt z0)] . ©)

We make the following assumptions on the elements involved in the previous equation:

Assumption (A):

Ay >dy > képand dp > kéy, forevery1 < ¢ <D —1.

u>deg(Ry) +1, 1<¢<D-1.

Assumption (B1): The forcing term is of the form

log(et)

Flt2,€) = foltz.€) 4 filtze) 15 ).
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where fy, fi are polynomials on their first variable with coefficients being holomorphic functions on
Hg x D(0,€9). For h € {0,1}, we write

mh(mhfl)

fu(t,z,€) = Fyet,z,e) = Y By, (z€ (q%) P (et)™

muENy,

where Ay, C Ny is a finite set. In addition to this, Fj, ,, (z, €) is assumed to be of the form

1 o ,
Fy,m, (z,€) = W /_Oo Fpmy, (m,e)e“"dm,

for some R > m — F ,,, (m,€). The previous function is assumed to be holomorphic for € € D(0, ). We
write
Fy(u,me) = Y By, (m,e)u™

my, EAh

We assume moreover uniform bounds with respect to the perturbation parameter as follows

sup  (1+ |m|)!ef™ |y, (m,€)| < C,
e€eD(0,69),meR

for some Cr > 0, valid for every h € {0,1} and m;, € A, (in other words, m — F, ,, € Eg ) with
uniform holomorphic bounds with respect to the perturbation parameter, see Definition 4).

This entails that F, ,,, (z, €) is holomorphic on Hg x D(0, &), for every 0 < g’ < B. Observe from (8)
and the previous construction that Fj, is built as the g—Laplace of order k and inverse Fourier transform
of some function, along a direction d € R. Indeed,

1 ooy f m, € d
Fh(Gt,Z,(—:) 7 / / hmh ) 1zmdml
log @2m)l/2 =, 1/k ) u

1 //”Fhume szdmdl
log @2n)172 Ji, Ok ( u

for h € {0,1}. The expression of F, actually does not depend on the choice of the direction d since it is a
polynomial in ¢.

Assumption (B2): The coefficients c/(z,€) for 1 < £ < D —1, and bj(z,¢€) for j,k € {0,1} are
holomorphic functions Definitioned in H g X D(0, €p), constructed as a inverse Fourier transform. More
precisely, there exist m — C,(m, €) and m — bj(m, €) holomorphic with respect to € € D(0, &) such that
there exist Cg > 0 with

sup (14 |m|)Fefl™ |y (m, e)| < Cs, (10)
eeD(0,e9),meR

for j,k € {0,1} and Cc > 0 such that

sup (1 |m|)!ePI™l|Co(m,€)| < Cc,
eeD(0,e9),meR

forevery 1 < ¢ < D —1 (these functions belong to E (Bu)’ S€€ Definition 4 of Section 2.2, with uniform
bounds with respect to the perturbation parameter). We Definitione

1 > :
72 /_oo Ci(m,€)e*dm, 1<£<D-1,

co(z€) = W
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1 ® ; .
bi(z,€) = )i /_oo bi(m,e)e dm, j ke {0,1}.
Regarding the polynomials R; and Q, we make the next
Assumption (C):
deg(Rp) = deg(Q)-

Moreover, there exist D1, 9, > 0 such that

. lQ(m) 1Q(im)|
21 = 0 Ro )] = 528 TRp (m)] =

There exist d € R and some small enough ¢ > 0, to be determined by the geometric configuration of the
problem, which do not depend on m € R such that arg(Q(im)/Rp(im)) € [d —¢,d + ¢]. Observe from
the previous condition that Q(im) # 0 and Rp(im) # 0 for m € R. In addition to this, we assume that

deg(Ry) < deg(Q) foralll1 < /<D —1.

4. Problem-solving strategy

In this section, we describe the steps followed to solve the main problem under study, stated in
Section 3. The strategy is divided in different steps modifying the initial equation into an equivalent one,
and searching for solutions of a special shape. All the elements involved in the construction of the main
problem described in Section 3 are maintained in this section.

First, we search for a formal solution to (9) in the form

u(t,z,e) = Up(et, z,€) + Uy (et, z,€) log(et) (11)

motivated by the form of the forcing term in (9) and the action of the monodromy operator. Let us write
ui(t,z,€) := Uj(et, z,€), j€{0,1}. (12)
By plugging u(t,z, €) into (9), and taking into account Lemma 3, one can rewrite (9) in the form

dp

Q(0:)uo(t,2,€) + Q(@=)us (1,2 €) lﬁ)gg((j)) — (et Rp(2.)0 {uo(t, 2€) +uilt, z,e)ll"ogg(&t))

D-1
Mg ydy 5 log(et) log(et)
+ g; e t%cy(z,€)Ry(0z)0p, |uo(t,z,€) +ui(t, z,€) Tog(2) + fo(t,z,€) + fi(t,z,€) Tog(2)

+ boo(z, €)up(t, z,€) + bio(z, €)ur(t,z,€) + (b1 (z,€)uo(t, z,€) + b11(z, €)us(t, z, €)) lloogg((zt))

which is equivalent to
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log(et)
log(q)

log(et)
log(q)

Q(3:)uo(t,2,€) + Q(3:)us (2, €) — (et)™PRp(3s) [uo(qdl?t, z€) +u1(g Ptz €)

log(et)
log(q)

+ bOO (Z, €)u0(t/ z, 6) + blO (Zr €)M1(t, z, 6)

+ dpuq (q‘sft, Z,€)

p D-1
+dTDu1(qTDt,z, e)| + Z eAftdZCg(z,e)Rg(az) {uo(q‘sft,z, €) + ul(q‘sf‘t,z,e)
/=1

log(et)
log(q)

+ fo(t,z,€) + fi(t, z,€)

log(et)
log(q)

+ (bo1(z, €)up(t, z,€) + by1(z,€)ui(t, z,€))

The coupling of two equations emerges from the previous equality by identification of the terms
with and without the term log(et). More precisely, the previous equation splits into (13),(14):

d dp dD dp
Q(92)ug(t,z,€) = (et)"PRp(97) [uo(q ktz€)+ Tul(q k t,z,e)]

D-1
+ Z eAftdZCg(z,e)Rg(az) [uo(q‘sft,z,e) +5gu1(q‘sft,z,e)}
=1

+ fo(t,z,€) + boo(z,€)ug(t,z,€) + bip(z,€)us(t, z,€), (13)

D-1
Q(0z)ui(t, z,€) = (et)dDRD(az)ul(daDt,z, €)+ Z eAf‘tdfc@(z,e)Rg(az)ul(q‘sft,z, €)
(=1

+ fi(t,z,€) + bo1(z,€)up(t, z,€) + by1(z,€)uy(t, z,€).  (14)
We recall the expression (12) to rewrite the system of coupled equations (13),(14) in the form
d i dp dp
Q(02)Up(T,z,€) = T"PRp(0;) |Up(q* T,z,€) + 7U1(q kT,z,€)
D-1
+) e, (2,€)Ry(9s) [Ug(q‘s‘v’T,z,e) +55U1(q‘5fT,z,e)}
(=1

+ Fo(T,z,€) + boo(z,€)Uo(T, z,€) + brg(z,€)Us(T,z,€), (15)

p D-1
Q(0:)Uy(T,z,€) = TdDRD(E)Z)LIl(qTD T,z,€)+ Z e, (2,€)Ry(0,) Uy (47T, 2, €)
(=1

+ Fi(T,z,€) + bo1(z,€)Up(T,z,€) + by1(z,€)Us (T, z,€). (16)

At this point, we search for the solution of the coupled system of equations (15),(16) in the form of
an inverse Fourier and g—Laplace transform (see Section 2.2). We write U;(T, z, €) in (11) in the form

1 k o0 wi(u,m,€) du
U‘ T, y = 77/ ]77 / d ,
1128 = 72 Tog(@) J-o Jr, @ (8) w SPUZ™
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for j € {0,1}, and for some direction d € R to be precised.

In view of the Propositionerties of g—Laplace and inverse Fourier transform described in
Proposition 1 and Proposition 2, one has that finding a solution {Uy, U;} of the system (15),(16) is
reduced to finding a solution {wy, wj } of the following system of convolution equations, (17),(18):

d i d
) TDRp (im dp . 7D
Q(im)wy(t, m,e) = Tlgrl))wo(r, m, €) + —=Rp(im)— PR wi (T, m,€)
(g™ CeH™
1 +oo . e _4
+ Z EAZ b 1/2 Cf(m _mlre)RZ(lml) 1 dg(d—1) aq,‘r , CU(](T, myq, €)
(27) (g% =5
d d
T 5,— 2L
+(5g( T Ogre *wri(T,my,€) | dmy
gk 2

- 1 too -
+ Fo(,m, €) + 1/2/ boo (m — my, €)wo (T, my,€) + bio(m — my, €)wy (T, my, €)dmy,  (17)

(27)

TdDRD (zm)
1 dD(d?q)

(q%)
+ 2 eDe—de ___ — 2 1 /+°° C[(m—ml,e)Rg(iml)
[

Q(im)wy (T, m, €) = w1 (T, m,€)

dp dy

Tt Op— 7
W‘Tq’ w1<T/ my, €)dm;

1/ 1
(2m)1/2 (q*
1

+ b(t,me) + (

27_[)1/2 bOl (m - ml,E)(UO(T, mlle) +Ell (m - m1,€)a]1 (T/ mlre)dml‘ (18)

5. Auxiliary Banach spaces of functions

This section is devoted to search adequate Banach spaces of functions in which the solutions of the
coupled system of equations (17),(18) can be found, together with the description of the action of some
continuous operators acting on such spaces. These Propositionerties will allow us to state the existence of
analytic solutions of the main equation by means of a fixed point argument. Such functional spaces have
already been successfully applied in previous studies such as [5,9,13], under slight modifications adapted
to each concrete problem.

In the whole section, we assume S; is an open unbounded sector with vertex at the origin and
bisecting direction d € R. We also fix p, 6 > 0 such that dist(S; U D(0,p), —6) > 1, which is possible as
long as ¢ is large enough and S; is not bisected by the negative real axis. We also fix 8, y,a > 0,9 > 1,
and an integer number k > 1.

We omit the proofs of the results included in this section, which can be found in detail in the
references mentioned before.

Definition 8. The set Exp‘gk B 10, COTISISES of all complex valued functions (t,m) — h(t, m) Definitioned on
(S4UD(0,p)) x R, holomorphic w.r.t. T on S; U D(0, p) such that

1h(T,m)

1 2
nap = Sup (L |m]) el exp (kwamgwﬂ) (e, m)| < oo

7€5,;UD(0,0) 2 10g<q)
meR

The pair (Exp?

K Bp) II1] (k,ﬁ%“,p)) is a Banach space.
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Lemma 8. Let (t,m) — a(t,m) be a bounded continuous function Definitioned on (S; U D(0,p)) x R,
holomorphic w.r.t. the first variable on Sy U D(0, p). Then,

o mh (@)l < | sup altm)l BT op )
T€S4UD(0,0)
meR
q
forallh € Expy ., o

Proposition 4. Let v; > 0 for j = 1,2,3 with 1 + k73 > 2. Assume that a,, (T) is a holomorphic function on
S4UD(0,p), continuous up to S; U D(0, p) such that

1 _
|ay, (T)] < Ax T € S5;UD(0,p).

Then, there exists C; = C1(k, q, «, {’Yj}?zl) > 0 such that

< Cy [[r(T, m)]

Ha” (T)T”qugsh(r, m) ‘

(k,B.pt,0) (kB ap0) 7

q
forallh € Exp(k’ﬁ%a/p).

In a parallel way, one can consider the Banach space Exp?k Bue) in which the set S; U D(0, p) in the

Definitionition of Exp‘g is substituted by S;. Proposition 4 reads as follows in this settings.

k.pp,p)
Corollary 2. Let v; > 0 for j = 1,2,3 with 1 + k73 > 7y2. Assume that a,, (7) is a holomorphic function on

Sg, continuous up to its boundary, such that

1
< .
|u"/1(T)| = (1+ |T|)’Yl' TE Sd

Then, there exists C1 = C1(k, g, «, {’Yj}?zl) > 0 such that

Ha% (T)T”O’D;-?Sh('f, m) H < Cq||h(T, m)|| (kB )7

(ko)

q
forallh € Exp(k/ﬁ%“).

We extend the Definitionition of the convolution operator acting on the previous Banach space.

Definition 9. Let b, f,g : R — Cand h : iR — C. We Definitione the convolution product

b g = b(m) /j:of(m — mq)h(imy)g(my)dm;.

This operator coincides with the convolution product f x g Definitioned in Proposition 2 for b =

(Z;Tandhzl.
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Proposition 5. Let m — b(m) be a real continuous function such that |b(m)| < m for every m € R and

some polynomial Qq with complex coefficients. Assume that

deg(Qu) = deg(Q2),  Qi(im) #0, meR.

Let Q5 be a polynomial with complex coefficients, f € Eg ) and g € Exp?kl
that 4 > deg(Q2) + 1. Then, the function f 22 ¢ belongs to Exp{g

constant Cy = Cp(b, Qa, i) such that Hf Q2 gH(

. In addition to this, assume
Bi.p)

kB jup)” Moreover, there exists a positive
< .
kB up) ) Hf”(ﬁ,y) ”gH(k,ﬁ,y,tx,p)
Proof. We observe there exist Cg,, Co, > 0 such that |Qq(m)| > Cp, (1+ im|)9e8(Q1) and |Q, (im)| <
Co,(1+ m|)9€8(Q2) for every m € R.
From the Definitionition of the Banach spaces E(g ) and Exp‘gk B0) and the convolution operator,
one derives

< sup (1_|_ |m|)l‘>eﬁ‘m‘ exp
(kB ma,p) T€S,;UD(0,0)
meR

oy

_klog2 |T+ 9]
2 log(q)

—alog|T—|—(5|>

—+o00
< o) [ — o)l Qain) g ) |dmy

1 o0 B
< sup (14 el Gora [ = B o — )
7€5,UD(0,0) CQ1(1+|m|) Z(Q1 —00
meR
2
deg(Q) 1 Bl _klog™|t+4|
X Co, (14 |ml) (Ut fmafe™ exp | =3 =07y — alog|T+4]
1 1
—B(|lm—mq|+|mq|)
x |g(t,my)le A+ m—m|)F (1+|m1|)ydm1
dm1

CQ _d +o00
< == fllggp llS] sup (1 + |m|)" eg<Q1>/
Co, (Bn) (kB pmp) ek -

Lt [ — g [ (1 g~ o820
In this last step, we have taken into account that |m| < |m —my| 4 |m;| for all m, m; € R. We conclude

the result by upper estimating the previous integral by a positive constant in virtue of Lemma 2.2 [4],
from the hypotheses made. [J

As a direct consequence of the previous result with b = W, Q1 = Q2 = 1 one has the next result.

Corollary 3. Let f € Eg ) and g € Exp?k‘[iyap)

exists CZ(V) > 0 such that ”f*g”(k,ﬁ,y,a,p) <G Hf||(ﬁ,;4) HgH(k,/S,y,oc,p)'

. Assume that y > 1. Then, f xg € Exp'z ) and there

k,B.u.0,0

6. Analytic solutions of the auxiliary system

In this section we prove the existence of analytic solutions to the auxiliary system of coupled
Equations (17) and (18). All the elements and assumptions involved in the statement of the main problem
described in Section 3 are maintained in this section. In particular, we take for granted Assumptions (A),
(B1), (B2) and (C).

As a first step, we provide lower bounds for the polynomial

Pu(7) = Q(im) — WRD(im)TdDI (19)
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uniformly for m € R. Let {gy(m) : £ =0,...,dp — 1} denote the set of roots of T +— Py, (7) for any m € R.
We have that

' dpp-1) \ /4D )
qu(m) = (Q(ﬁﬁ'@mn ) exp (i(arg(é((l?;z));jﬁtzg)), (20)

for 0 < ¢ <dp —1and m € R. Consider ¢ > 0 in Assumption (C) small enough in order that an infinite
sector S, of bisecting direction d € R exists, avoiding all the roots of Py, i.e. SgN (Uper0<i<d,-19¢(m)) =
@.Let0 < p < min{1, %q(dD_l)/ZkCD}/dD}, where D1 is given in Assumption (C). We recall that § > 0 is
such that dist(S; U D(0,p), —d) > 1.

Lemma 9. The following statements hold, concerning Py, (T) Definitioned in (19).

(i) Let T € Sy. There exists u = u(t,m) > 0and 0 & 21tZ such that
|Pu(T)| = [Q(im)[|1 — ufPete?],

forallm € R.
(ii) Let T € D(0,p). Then,

Pu)] = IUim)| (1= 577 ).

Proof. The first statement holds in virtue of Assumption (C) and by writting T = ue'®q,(m) for some
well chosen u = u(t) > 0, 6 and some root q,(m) of P, (7). It holds that

dp . '
1Ba(7)] = Q(im)—fl)liiﬁi"?) = QUim)|[1 — uoeide?|

(q*

For the proof of the second statement, we write T = uemqg(m), forsome 0 <u <1/2,60 € R and some
root q;(m) of Py (7). Indeed, observe from the choice of p and Assumption (C) that

O<u<

1 dp(dp—1)

S
|qe(m)[" = 1qe(m)| 2 1Q(im)|qg >

1/dp
"DZklgl/dD_( [Rp (im)| ) %ngiglg%/dg

The conclusion follows from analogous estimates as for the first part and the choice of p. [

The following is a direct consequence of the previous result.

Corollary 4. (i) There exists Cp > 0 such that |Py(7)| > |Q(im)|Cp for every m € R and all T €
SqU D(O,p).‘
(ii) Write T = ue’®q,(m) as in the proof of the previous Lemma. Then, there exists D3 > 0 such that

_dp idpd
|1 — ufpetdn?|

- >%
(1+[ehPo =77

for every T € S.
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Proof. The first statement is a straightforward consequence of Lemma 9. The second statement follows
from Assumption (C). Indeed,

|1 _ udDeidD9| |1 _ udDeidD9| |1 _ udDeidD9|

A+ A+ ulgem)D® = (1 + upl/#qo /2y

Observe that the numerator of the last quotient does not vanish for any u > 0, so given R > 2 it is lower
bounded by a positive constant, say D33, for all u € [0, R]. For u > R, it holds that

|1 _udDeldD9| udD ‘ ;
17d - 2 YR mindist(1/u",C(0,1))
(1+u®, Dq(dD 1)/2k)dD (1+uD, Dq(dD 1)/2k)dD ISR
1 dp
> —min " =: @32.

2 >R (1 U/ g(dp—1)/2k)dp

Take D3 = min{®31, D3, }. In the previous estimates, C(0, 1) stands for the circle centered at 0 and radius
1. O

We finally consider the following technical assumption, needed for the proof of Proposition 9

Assumption (D):

1
dTD < 591 min{CD, @3},

where D is determined in Assumption (A) and ©3 and Cp are linked to the geometry of the problem,
determined in Corollary 4.

In the following results, we fix e € D(0,¢€p) \ {0} and a« > 0.

Proposition 6. Let 1 < ¢ < D — 1. There exists a constant C3 o > 0 (only depending on the parameters involved
in the problem, not depending on €) such that the function

Hi(w) = L ! ! /+OOC (m —my,€e)Ry(im )leaérd%w(T my)dm
¢ = Pu(0) (2m)172 (q%)d/;(dzf—l) o ! 1,€)Re(1my 0T ,my)dmy
q i q
belongs to Exp(k, Biuap) provided that w € Exp(k, Biap)” It holds that
||Hg((d)| (k,B,1,2,0) < C3,€ |w| (k,B,t,,0) 7

q
forallw € Exp(k,ﬁrw,p).
Proof. In view of the different lower bounds obtained for P,,(7) when considering T € S;or T € D(0,p)
(see Lemma 9), we divide the proof into two parts.

First, let T € Sy and m € R. Following the proof of Lemma 9, we adopt the writing T = ueg,(m).
We observe from Lemma 9 (i) and Corollary 4 (ii) that

1 1 1

[Pu(] Q) [T — wloeo0] = [QGim) (1 + 1))
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for all m € R. Observe from the previous assertion that the function T +— Q(im) /Py, (7) admits uniform
upper bounds for m € R. Due to Assumption (A) holds, we may fix m € R and apply Corollary 2 to the

function ‘ .
Q(im) ngaézr—%
Py (7) ¥

On the other hand, for T € D(0, p), one derives from Lemma 9 (ii) that the function (21) satisfies

(t,my) = H(t,m,my) =

w(T,my). 21)

klog2 |T+ 4|
2 log(q)
o exp (’”ng g% /KT 4 6] —log? [T + 4|

|H(T,m,m1)|(l—|—|m1|)Veﬁ‘m1‘eXp (— —alog|r+5|>

2 log(q)
(_klogz |q(5Z7dé/kT 4 5'

+a(log g%~ ¥t + 6| — log | + 5|)>

2 log(q)

—alog |¢°~"/kT + 5|> w(g’ ke, ml)]

1
< 1— %pd[ exp (94) ”w'l(k,ﬁ,y,a,p)
2D

for some ®4 > 0, valid for all m, m; € R. Here,

k1 2| 6p—dy/k Sl =1 2 5
max  Klog”lq T+0| —log”|t+4]

log |g% %/t 1 5| —log|T+ 6
X 2 Tog(7) (log|q | —log | )

< (log?(p +6) + alog(p +0)) =: D4

k
2log(q)

The proof is concluded by applying Proposition 5 with Q; := Q, Q2 := Ry, f := Cy and g := H, which
can be applied regarding the restrictions appearing in Assumption (A). We finally observe that one can
choose

1
Cs¢ := max { T o exp(’D4),C1} CCc,

-2
where Cc is the constant appearing in Assumption (B2), C; is given in Corollary 2 and C; is determined
in Proposition 5. O

Proposition 7. The function

1 RD(im) dD d
Hp(wr) = — — 10wy (T, m)
(qh) 2" Pu(T) K

belongs to Exp'gk, Biuap) provided that wq € Exp‘zk, Bip)” Moreover, one has that

dp 1 o dp 1 1 1
IHp (W)l (k) < & D, X {CDI©3 o lleon g ppap) < * o max{g, 53} o1l kg, 11,0,p) -
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Proof. We divide the proof into two parts. We first choose T € D(0,p) and m € R. Then, in view of
Corollary 4 (i), and Assumption (C), it holds that

Rp(im) dp 4, Bl _klog?|t+4]
Pu(7) 0w (T, m)| (1+ |m|) el exp 2 log(d) alog |t + 9|

|RD(im)| dp 4 k10g2|T+(5|
< DAV 2D odp H oBlm| _2De 1O L
< T0(m)Cp " Plws (T, m)| (14 |m])FeP™ exp 2 1og(d) alog |t + 6|

D
=%k D, Cp ”wl”(k,ﬁ,y,/x,p) .

On the other hand, for all T € S; and m € R, regarding Corollary 4 (ii) , Lemma 9, and Assumption (C),
one has that

Rp(im)dp 4 klog? |t + 9|
ZD 2dp o1 (1, m)| (1 + [m)FePlmexp | -2 =0 =T plog |t +6
|Rp(im)| 1 dp  |7|%

klog? |t + 4|
Ro(im)l 1 dp __|T1__\ ) o (1 + )bl exp | —K10BITH0L_ oozt
= TQGm)] D5 k (@ e 1IN e | =5 gy s lTe el

< dp 1
= T@lgs ”wl”(k,ﬁ,y,a,p) .

The previous bounds yield

H Folm) 0 chouy (1,m)

Pu(t) k

dp 1 pfo 1
< ——max<{ —, — w ,
(kB p,0) — k @1 {CD @3 ” 1||(k,l3,y,a,p)

valid for all T € D(0,p) US; and m € R. We conclude the proof by taking into account the choice
0<p<1 O

Proposition 8. There exists Cr > 0 (only depending on the parameters involved in the problem, not depending

on €) such that for h € {0,1}, the function F,(t, m,€)/Py(T) belongs to Exp'gk B 1) with

E,(t,m,€)
Py (7)

IN

Cr.
(kB ma,p)
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Proof. Leth € {0,1}. In view of Assumption (C), Lemma 9 and Corollary 4 one arrives at
| Bl < s F (Rl e T
(kBuwp)  TeS;UD(0,0),meR ny €Ay, m
X exp (—;W —alog|t+ (5|>
2 B Wl e (- g st )

myENy 2dp TEE(O,P)

1 1
<Cpsup{ ——— sup{ ——— su " exp(—alog |T + J]),
rsup { o b T P{1  sup [t exp(~alog|t+ )

1 || klog? |t + 4|
su ——— X —*7—0610 T+(S
@sTesli((mrndD p< 2 log(g) glv+4l

1 1
< my, ,—alog |T+4|
_Cpsup{|Q(i )|} ) sup{l_ 7 max [7|™e ,

meR = ) eD(0,0)

1 k

sup ( (x +6)™ exp(—=—— log*(x) — alog(x ) .
a5 (540" expl 570 log?(x) — alog(x)
We observe that the last expression is upper bounded to conclude the result. O

2
Let us consider the product Banach space (Exp'gk B p)) endowed with the norm

H <£> H = max{”f”(k,ﬁ,y,a,p) 2 Hg”(k,ﬁpr)} '

We work with the operator

2 2
. q q
He: (EXp(k,ﬁ,wfp)) - (EXp(k,ﬁwc,P))
Definitioned by

Ho(wn) + T M (o) + 6 Ho(n)) + RO L1 v
2 (wo(r,m)) Py () i=0

_ =1 Pun(7)
wi(t,m)) E=— Fi(t,m,e€) J L ’
(_; € H(’(wl) + P (T) + P (T) Jg) bﬂ e

where Hp(-) is given in Proposition 7, H,(-) for 1 < ¢ < D — 1 is Definitioned in Proposition 6, and the
convolution product is stated in Proposition 2.

Proposition 9. There exist €y, @, g, > 0 such that for every € € D(0,¢eg) \ {0} and Cp < ¢}, (recall that Cy is
determined by (10)), the operator H. satisfies that

He(B(0,@) x B(0,@)) C (B(0,@) x B(0,@)),
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where B(0,@) C Exp‘zk B10) stands for the closed disc of radius @ centered at the origin in Exp?k Biap)” In
addition to this, for every wj. € B(0, @), for (j, k) € {0,1} x {1,2} it holds that

wor (T, m) woa (T, m) wor (T, m) woa (T, m)
He - He -
w11 (T, m) w1z (T, m) w1 (T, m) wia (T, m)
Proof. For the first part of the proof, let us consider @ > 0 such that Cr < @/2 and choose ¢y > 0 and
¢p > 0 such that

1
< Z
-2

dp 1 —d, 1 2 1
— Cye(1+96 | =6 < o, 22
k@ {C :D }+Z€ 32 + f)+f’nl;§ |Q(zm)| CDgh 2_2 ( )
where C; is the constant determined in Corollary 3. Observe that Assumption (D) is needed in order that
(22) holds for adequate €y, Gp.
Let w; € B(0,@) for j € {0,1}. We apply Lemma 8, Proposition 6, Proposition 7, Assumptions (B1)
and (B2), together with Corollary 3, Corollary 4 and Proposition 8 to obtain that

D=1 = Eo(t,m, e 1 &
H?ﬁﬂaq)+ Y MU (Hy(wo) + S H(wr)) + 0; 6 ) | (T)Ejho*aﬁ
=1 " m\t) j=

(kB p.0,0)
< dTD,Di max{c1 @1 Hlewll e ey T lzzl edidie,, (”w()”(k,ﬁ,y,a,p) +6 le”(k,ﬁrm,p))
+Cp+ilé% (Q( )|> —CpCy (||<Uo|| kB T llwrl] kﬁy,ap))
< df; {c @}+Z€ dfc3fl+5£)+ilé§<|g(lm)|>c2,3%c2 @+ Cr

@ )
<— —_— = .
_2+2 @. (23)

The choice in (22) allows us to conclude. An analogous reasoning yields

D-1 B (t,m, 1 1
Z ebe df’}-[g(ah) + 11(;[ (n;)e) + () ijl * Wj
=1 " =0 (kB )
3 +Cr+su ( ) —CgC
; ap) + Gt sup {1y ) 560 ( pan)

LD 6

@+ Cr <
tlrs 515

meR

D-1
Ap—d
< 4y
< L; €' “Csy+sup (Q(lm)|) —CpCy

From (23) and (24) we conclude that

< max{w, o} = ®.

The first statement is proved.

doi:10.20944/preprints202306.2012.v1
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For the second part of the proof, let wj € B(0,@) C Exp'gkﬁy wp)’ for (j,k) € {0,1} x {1,2}. We
2. wor(t,m)\ e wea (T, m)
w11 (T, m) w1 (T, m)

D-1 1 4
Hp(wn —wi2) + Y, € (Hy(wor — woz) + 6 H(wnn — wia)) + Pu(T) Y bjo* (wj — wjp)
=1 m(T) ;2o

have

equals

D-1 1
_ 1 -
Y MU H  (wiy — wa) + P Y bjy * (wj1 — wpp)
=1 n (T) i—0

An analogous reasoning as above yields

-1 1
HHP((UH —wi)+ Y MU (Hy(wor — wor) + S He (w11 — wp)) Z bjo * (wj1 — wp)
=1 (kBopp)
dp 1 11
<D~ el _
— k @1 maX{ CD’ @3} ||('(')11 4 )

D-1
A
+ )€ Gy (||w01 -
=

)+ [|wn —

ws)

1
’ S“%E <|Q(im)|> 75 CoC (ltn = woal ) + leon = )
me
dp 1 —dy 1 > 2
1
Pa Gyt B R et o0 o (1o ) G

X }23){(“(0]-1 —w

2| (k,B,1,,0) )

1
< g max([ @ = @pll g np) 2

together with

oA 1 L.

L, e Hulwon —wn) + g @) Y bj x (wjy — wpp)

- A (k,Bopt,0)

D—-1 Ard
< Y ey flwy — )

/=1

1
+ su — CnC w Tl —
me{é<|Q< 1) 2505 (1o~ wll g + oo o)

D—
Ap—d 2
< el " Cyp+su ( ) —CgC
Lzl o e NQlm)) ¢

;naX ||w]1 ‘UjZH(k,ﬁ,y,a,p))

1
< 5 max((lwp - wpllppep) 26)
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Regarding (25) and (26), we conclude that

wor(t,m)\ wea (T, m)
H” (wnw) . (ww,m)) H

1
< max{y maxjwj — wp|

1
5 max |wjr — wp|

(g2 T (k)

wor(T,m)\ _ (woa(t,m)
w1 (T, m) wi2(T,m) '

Remark: We stress the availability of choice of the elements satisfying (22):

1

2

O

* Fix Q, Rp to obtain ®; and ©; in Assumption (C). Fix all the parameters in the problem except k
and dp.

* Take dp to arrive at the bounds 3 and Cp provided in Corollary 4. Then, fix k and assume that
the ratio dp /k is small enough so Assumption (D) holds (the first term in the sum of (22) can be as

close to zero as needed).

* Choose small enough €p. Assumption (A) guarantees that the terms of the sum in ¢ of (22) can be
chosen as close to zero as needed.

* Once the previous values are fixed, choose the coefficients b, in such a way that C is small enough
to have (22).

Example 1. In order to illustrate the previous remark, we depart from a problem (17),(18) such that € together
with the constant Cp in (10), involved in the construction of the coefficients by for j,k € {0,1}, are close to zero.
Assume dp = 1, and take Q(z) = 1 — 22, Rp(z) = —2 + z%. We observe that

1 _ Q(im) 14 m?

—-<
D1 5 <

= < 1 = .
Rp(im) — 2+ m2 = D2
Assume d = 0. The polynomial

Pu(t) =m? + 14 (m* +2)7

admits qo(m) = 7:;2.;21 as its only root. We take d = 0 and S; of small enough opening. 0 < p < 1/4and 6 > 0

is large enough to fulfill the conditions at the beginning of Section 6. Observe that arg(qo) = 7 for all m € R.
Therefore, from the writing T = ue®qqo(m) for all T € S, one has that 6 is close to 7. The geometric conditions of
Corollary 4 provide the following constants for R = 2:

_ i7r
min w >1=:D3,
uelo2] 1+u

and
u 1 21

M itu2 32

= @32.
We take D3 = min{D3, D3} = % Observe that Cp = 1/2 is a valid choice due to

2
Ru(0)] = [+ 1+ (n? +2)] 2 2 1= (% +2) = [QUim) | 3oy 2 Qi) 5.
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In order that (22) holds, the valid values of k are determined by

dp 1 1 1 1

7 —~ 7N < "’

r o, e, <

i.e. k > 12. A more accurate limit value for the valid values of k can be given when providing more information on
the geometric elements involved in the problem. From Assumption (A), the values of the other elements involved

in the problem should satisfy in this situation that 6y < 1/12 and Ay > d; > 1 with deg(R;) < 2 for all
1<¢/<D-1

7. Analytic solutions of the main problem

In this section we construct analytic solutions of the main problem under study.

Let us consider the main equation (9), and assume the elements involved in the equation satisfy
Assumptions (A), (B1), (B2) and (C).

Let £ C D(0,¢p) be a bounded sector with small opening. We also fix 7 C D(0,r7) another
bounded sector of small opening, for some 0 < 77 < 1. Both sectors have their vertex at the origin. The
choice of d € R is made according to the prescriptions in Section 6 in such a way that Assumption (D)
is satisfied. Moreover, the freedom of choice for d, and consequently of S;, allows us to assume that
d # 7t can also be chosen in such a way that for every e € £ and all t € T, then et € Ry, N D(0,r7), for
some small enough A, r; > 0 (see Lemma 6 for the precise Definitionition of this set). One may consider
a subset of R 5 in such a way that it contains a sector not crossing the set of negative real numbers,
provided that the opening of £ and 7 are small enough.

The numbers €, @, g, > 0 are chosen in accordance with Proposition 9. We additionally choose
« > 0 such that

<3- 1gk(q> (log(1+26/p) +log(r7)) . 27)

The previous technical condition will be used in the proof of Theorem 3 at the time of giving upper
bounds for the difference of two solutions in a common domain. Observe it is possible to choose such « if
the radius r is small enough.

The first main result of the present work states the existence of an analytic solution of the main
equation (9).

Theorem 2. The equation (9) admits a solution u(t,z,€) of the form

u(t,z,€) = ug(t,z,€) +uy(t, ze€) l(;)g(et) (28)

holomorphic on T x Hg x &, for every 0 < B’ < B.

Proof. For every € € £, Proposition 9 guarantees that H. is a contractive map from a closed disc in
a Banach space into itself. This entails the existence of a unique fixed point for H.. We observe this
maps depends holomorphically on € € £. As a consequence, we arrive at the existence of (wp, w1) €
(B(0,0))% C (Exp‘zk,ﬁ,%a,p) )2 such that He(wp, w1) = (wp, w1). Let us consider the functions

(t,m,€) — wj(t,me),
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for j € {0,1}, which are continuous on (S; U D(0,p)) x R x &, holomorphic with respect to their first
and third variable on S; U D(0, p) and &, respectively. We observe that for j € {0,1}

1 _ klog? [T+ 4|
sup  |wi(t,m,e)| < @—————e FlMexp [ =0 "1 L ylog|T+ 4] |, (29)
o leitmm el < @t T P (2 Toglg) T8I
meR

for every T € S; UD(0,p), m € R and € € £. Regarding the results on integral transforms in Section 2.2
one can Definitione

ui(t,z,€) = ——+7 — exp(izm)dm,

1 k /°° wi(u,m,€) du
(271)1/21og(q) J-co J1y Ok () u

for j € {0,1}, which turns out to be a holomorphic function Definitioned on 7" x Hg x &, for any fixed
0 < B’ < B. We observe from the strategy followed in the transformation of the main equation in
Section 4, together with the Propositionerties of inverse Fourier and g—Laplace transform of order k
stated in Section 2.2, that (28) is an analytic solution of (9). [

8. Asymptotic study of the solutions

In this section we prove the existence of a formal solution to the main problem, and we state the
asymptotic relation joining the analytic and the formal. This is possible by means of the application of
a g—analog of the cohomological criteria known as Ramis-Sibuya Theorem. The classical result can be
found in [6], Lemma XI-2-6, whereas a g—analog of this result was recalled in Section 2.3.

We depart from the main equation (9), with its elements satisfying Assumptions (A), (B2) and (C).
The forcing term, f is constructed in the same fashion as in Assumption (B1), with direction d be chosen
among the elements in the finite set (dp)o<p<¢—1 to be determined.

We first consider an apPropositionriate geometric framework for the domain of Definitionition of
the perturbation parameter e.

Definition 10. Let { > 2 be an integer and (Ep)o<p<g—1 be a good covering in C* (see Definition 7) and an
open bounded sector T with vertex at the origin and radius r+ > 0. We consider a family of unbounded sectors
(Sdp)ogpgg'fl/ with vertex at the origin and bisecting direction d), € R for every 0 < p < { — 1. The direction d),
is chosen so that the geometric conditions for d in Section 6 are satisfied. More precisely, for all 0 < p < ¢ —1, one
assumes the following statements regarding d,:

(iii) Sg, avoids the roots of Py Definitioned in (19) and dist(S;, U D(0,p), —6) > 1.
(iv) Assumption (D) holds.
(v) Foreverye € Epandallt € T, et € de/A N D(0, r1) for some small enough A,r1 > 0.

The family {(Ra,a)o<p<¢—1,D(0,p), T} is said to be associated to the good covering (Ep)o<p<g—1-

Let (€p)o<p<¢—1 be a good covering in C* and fix a set {(Ry,,a)o<p<z—1,D(0,p), T}, associated to
the previous good covering.

We choose the numbers €9, @, g, > 0 in order that Proposition 9 holds for every choice of £, among
the elements in the good covering. Due to the nature of the forcing term f, forevery 0 < p < ¢ —1,
we may vary the value of d in Assumption (B1) among the elements in (dy)o<p<;—1- We recall that any
choice of d, € R can be made which does not vary the Definitionition of f due to its polynomial nature.

Fix 0 < B’ < Band for every 0 < p < { — 1 we build the solution of (9) in the form

log(et)
, 30
log(q) 0

uy(t,z,€) = M()/p(t,z,é’) + ullp(t,z,e)
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where 10, and uy , are constructed following Theorem 2. More precisely one has that

. wjp(u,m, €) ‘L”‘
ujp(t,z,€) = on 1/2 log / /Ld 5 w ” exp(izm)dm,

for j € {0,1}, and where w; , (1, m, €) is constructed from the fixed point argument, mimicking Section 6.
Therefore, it satisfies that

1 klog? |t + 4|

su w; (T, m, € §a)76 Blml ex —2  _  talogl|t+d |,

i e e cEaTT p<2 log(q)  + 1B+
meR

for every € € £, N Ep11. Werecall that up € O(T x Hg x &) forevery 0 < p < {—1.

Theorem 3. In the previous situation, there exist constants K > 0and & € R such that

_ k -
su Uj t,z,e) —u;,(t,z,e)| < Kex <— log? e) el®
teT,ng/| ],p+1( ) ],p( ) p 210g(7) g lel ) |l

fore € E,NEpy1,and all 0 < p < § — 1 (by identifying u;j; with u;y), for j € {0,1}.

Proof. Fix 0 < p < { — 1. We observe that for j € {0,1}, everyt € T,z € Hgy and € € £, N E, 1 the
difference u;,,1(t,z,€) — u;,(t,z,€) is given by

1 k /00 / Wi py1(u,m, €) du wjp(u,m,e) du
T T S AR A — exp(izm)dm. (31)
(2m)1/21og(q) J- [ L Opn(l) u Ju, ©uu(f) u p(izm)

An analogous reasoning as in the construction of the analytic solutions to the main problem,
substituting the Banach space Exp'gk B1u0,0) by the same Banach space substituting the bounds on the set

D(0, p) with respect to T, instead of D(0, p) U S; guarantees the existence of a unique solution of the main
problem in such Banach space. On the other hand, the restriction of w; , and w; .1 to D(0, p) are both
solutions to the same problem. Therefore, both functions coincide in the set D(0,0) x R x (£, N Ep11).
Let us denote w; , 11 the common function Definitioned in D(0,0) x R x (&, N &py1).

A path deformation of the Laplace integrals Definitioning the difference in (31) together with Cauchy
Theoremrem allows to write this difference in the form

1 k /°° / wj,p+1(u/m/€)dl+ / Wjpp+1 (1, m,€) du
(2m)1/2 log(q) J-eo Lay10r2 ®q1/k (&) u Cipp+1(0/2) ®q1/k (&) u

]p(u m,e€) du
- B T exp(izm)dm =: I + L — I3, (32
/Ldp,p/Z O (&) o p(izm) 1+h—1 (32)

where the paths are given by Ly, ,/2 = {ren : r € [p/2,00)} for h € {p,p+ 1}, and the arc
Cippi1(0/2) = {p/2¢:0 € [d,, dpi1]}. We now provide upper estimates for |I;| for £ = 1,2,3.
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First, observe from (29) and Lemma 5 that

/ / P‘H u,m, 6) dueizmdm
1/2 108(’1 La, 1012 Ok (u) u
/ / |wjpi1 (re®es,m, )| dr dr —mIm(z) 4,
p/2 reldl’“ r
ql/k et

@ k 1 © 1 ’
< —m|(B—p") }
= (2m)1/2 log(q) Coxr Uoo 1+ |m)r* dm

|| =

- 1/2 log

k log? |re pi1 +6|
1/2 P ( log(q)
X |et| /
p/2

1 r 7’37
o (57

The previous to the last line is a constant. We proceed to upper estimate the last line of the previous
expression by observing that

+ alog |rer1 4 f5|> J

1 .
d
|€t|1/2

10g(r1)
/2 /et 1372
)
k r (r+0)~
< 1/2/ k- 2 g2 T (r+9)"
o2 7o rogqy (1080 +0) 1082 () ) ) e

—k og? klog? (14+26/p)
_ <|t|1/2e Tiog(a) 18 t) le|1/2e 208@)

klog(1+246/p)

)) (r+8) =0

372

0 k
X ex —2log |e|log |t| + 21og(r) log |e| + 21og(r) log |t r
/p/Z P(zmg(q)( gle|log |t| +2log(r) log e[ +2log(r) log |

k
X exp <210g(q) log? |e|) . (33)

The choice 0 < ¢p < 1and 0 < ry < 1 yields
exp (—klog|e|log|t|) <le| 8@ log(rT)
log(q)
exp < k log(r) log ’€|> < |€|10g%10g(P/2),
log(q)
foreveryt € T,e € E,NEpy1 and r > p/2, together with

k 77 log(p/2)
< log(q) <r<
exp< fog(7) log(r )log|t> < |t|loslg , p/2<r<1,

and
exp [ X log(r)log t] ) < rms@ 80T ;51
log(4) = R
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for all t € T This entails that (33) is upper bounded by

R S K klog? (1-+26/p)
<|t|1/2e Ty 08 |t|) o] /2" T (~log(rr)og(p/2)) e

klog(1+25/p) at klog(1+246/p)

1 A+ o
y / | oay) log(p/2) (r+9) 1og(4) dr i /00 rlogk(q) log(rr) (1 +90) log(q) 0
p/2 1

1372 /372

X exp —Llog2 le] ) -
2log(q)

It is straight to check the existence of a positive constant K such that

_k _k _1oe? .
sup max{|t|1/2+1°g(ﬂ) logle/2), |£|1/2} e 2108 log Il < K. (34)
[t|>0

In addition to this, there exists a constant K» > 0 such that
klog(14+25/p)

L (r+ 5)“+ Tog(q) L<R
3/2 = 02
p/2 r

and from the choice made on the value of a in (27), there exists another constant K3 > 0 such that

+ klog(1+25/p)

o _k__ ® log(q) .
B0 log(r7) (1’ + (5) dr < &s.
1 r3/2

_ klog?(1+26/p)

We take Kp, := Kje~ 2@ (K 4+ K3) and &, = % + logk(q) (log(p/2) —log(r7)) to conclude that

~ k 2 Zi
< S I,
] < Riyexp (~goer log? el ) e @5)

An analogous reasoning guarantees that

: £ o) e
< o~ I
1l < Riyexp (—gpon s 1og? e ) el @6)

for IZ[ = IZ] and Ap, = A&, .
3 1 3 1
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We conclude the proof by estimating |I;|. Analogous computations as above yield

]pp+1<um€> du .
|| = 1/2 log / / 0/2) 1 k( 0w — exp(izm)dm
]pp+1 P q /

/ / p+1 |w]pp+1 P/2/32 lgm €)|d96—m1m(z)dm
dp ‘(9 1/k (p 5 )

@ k 1 0 1 /
—[ml(B=B") g
~ (2m)1/21og(q) Coxd [/oo (1 + [m)r¢ m}

- 1/2 log

i0
log plpesdl 2o 1 alogp/26? + 5 |)
de

s e exp <
x |et]*"=(2/p) /d k log?(p/ (2let]))
p eXP( log()>

@ k 1 o0 1 ,
—|m|(B-§) _
= (2m)V/21og(q) CyxA [/oo 1+ ’m|)ye dm} ldpi1—dpl

klog®(p/2+9) 1/2,1/2 1/2 klog®(p/ (2let]))

At this point, we apply (34) and the fact that 0 < €, r7 < 1 to arrive at

klog?(o/ (2[et]))
|€|1/2€Xp<_2 log(q) >

_ kK 2 3+ 1oar 108(0/2) | |1 1oae l08(0/2) k
= oxp (~ 5100y 08 0/2) ) el RS 1580 exp (= 7t log? |

k 2
X exp (Zk)g(q)(_log le| —2log |e|log |t\)>

k + log(p/z) ( k 2
§ex< lo (/2)62“’5 Kiexp | ==—(—1log”le]) |,
P\ ~Z10g(q) 108 (0/2) ) I€l P | 270g(qy (7108
to obtain the existence of K L, > 0and &, € R with
L] < Ry, exp [ —————log? [e] ) [e|*® 37)
=R Taloglg) ® '
In accordance to (32) and the estimates (36), (35) and (37), the result follows.
O

We are in conditions to state the main result of the present work.
Let 0 < B’ < B and consider be the Banach space E of bounded holomorphic functions on 7 x H Bl
with the norm of the supremum.

Theorem 4. There exist ilo, 1y € E[[€]] such that the function € ~— u;y, Definitioned in (30), admits 1i; as its
q—Gevrey asymptotic expansion of order 1/k on &, for every0 < p < —1andj € {0,1}.
In addition to this, the formal expression

i(t,z,€) =do(t,z,€) + iy (¢, z,e)log(et) (38)
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is a formal solution of

ip D-1 5
Q(a,)i(t, z,€) = (ef)dD(Tqﬁ Rp(02)a(t,z,€) + Y eitdecy(z, €)Ry(9:)0,ii(t, 2, €)
=1

1

7T
+ (b10(z,e)+b11(z,e) 1{(’;‘?&?) [lozgg) (v —id)ﬁ(t,z,e)] (39)

+ft,z€) + (boo(z,e) + bo1(z,€) lﬁ)gg((j))> [ﬁ(t,z,e) - (1( —id)a(t,z, e)) log(et)]

with v} being the formal monodromy operator Definitioned in (5).

Proof. Regarding Theorem 3 and Theorem (4-RS) in Section 2.3 there exist 7y, 17 € E[[€]] such that
u;, admits 1; as its g—Gevrey asymptotic expansion of order 1/k in &y, for every 0 < p < { —1 and
je{0,1}.

It only rests to prove that (38) is a formal solution to (39). Let us write

i(t,z,€) Zu]ntz —, j€1{0,1}, (40)
n>0

with 7 im € E. In view of Proposition 3 one has that for every 0 < p < { — 1 and every ffp <&

lim ||0fu;j,(t, z,€) — il (t, 2 (41)

=0
e—0,e€&p ) ||E ’

for j € {0,1} and every integer m > 0. The fact that u,, is a solution of (9) guarantees that 1, is a solution
of (13) Definitioned in 7" x Hg x &y and u, is a solution of (14) in 7 x Hg x &p.

Let m > max{dp, maxy—; _p_1{As}}. Let &, < &,. We plug u into (13) and apply the operator 97"
at both sides of the equation to arrive at

m
9,)0Mug ,(t,z,€) = oM ep) DR (9
Q(02)0¢"ug,p(t, z, €) ml+m2:mm1'n12< )t*PRp(9z)
my d—D dD my d—D
X |0¢%ug (g t,z,€) + 785 up(q % t,z,€)
|
+ Z Y (@Mt (a2 (2, €) )Ry (2:)

| |
—1 my+mytmy=m 112 ms!

X [8213u0,p(q‘51 t,z,€) + 5482”3u1,p(q‘55 t, z,e)}
m!

+ 3" fo(t, z,€) + i Y

j=0my+my=m

o 04 (2, €) 02 (1,2,€)), - (42)

forall (t,z,€) € T x Hg x &p. Let us write ¢/(z,€) = Zn>0 e"forl1 <{<D-—1withcy, € Eg).

Also, we write b]-k(z,e) Y >0 ’k" 2) e" for j, k € {0,1}, with bjk,n € Eg) for all n > 0. Observe from
the holomorphy of ¢, and bj; at the orlgin that

lim aé”lw(z, e) = Clm (Z)/
e—0 ’

and
llg(l] 8211 b]'k(Z, 6') = Ojk,my (Z>

doi:10.20944/preprints202306.2012.v1
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for all nonnegative integer m;. We also write

n

filt:z,€) = ¥ fun(t,2) o,

n>0

for h € {0,1} and (t,z) € C x Hg, arriving at
lim 9¢" fi,(t,2,€) = fpm, (,2)
e—0 g

for all nonnegative integer ;.
Taking the previous facts into account and (41), we get that for all € € Sp one can tend € — 0 in (42)
to arrive at

_ p _ ap
Bom—dp (G ¥ t2) | dp Bm-ap(q*t2)
(m—dD)! k (m—dD)!

Qo) 02 _ ok a,)

v (5[1. 7 (5gt
+ 2 2 td[ Cf,mz(z) R[(az) uO,mS(q ’Z) +5£u11m3(q ’Z)

| | |
=1 my+mz=m— A(/ mz. m3. m3.

1 .
fomtz +Z v biom, (2) ],mz(tz). 3)

=0 my iy =m ml! T}’lz!
In an analogous manner we derive from (14) the equation
9,)a" - M miednypo R (2.)00"
Q(92)9¢"u1,p(t 2, €) = 7 ( )10 Ry (32)22 (4 F 1,7, €)
my+ry=m MM
= m! LG A[ dy "2 e ms oy
+) Y W(a )t (0e%ce(z,€))Rp(02)0e *u1 (gt z, €)

(=1 my+my+mz=

1 I
iz Y Y (b (2 €) (3 ui(t, 2 €)),

j=0my+my=m m1'm2'
which leads to

_ ip
ul,m—dD (q k tr Z)

(m—dp)!
+ Z Y tdéwlze(az)w

| |
=1 my+mz=m—»7y my: ms:

ﬂl,m (t, Z)

ml tPRp (2,)

Q(9z)

flm (t,z) 4 i Z bjl,ml (z) ﬂj,mz(tlz). (44)

| [
j=0 my+my=m my: ma:

On the other hand, it is straight to check that the formal power series Definitioned by (40) formally
satisfy (13) and (14) by direct inspection. Indeed, one arrives at (43) and (44), respectively. This allows us
to conclude that (38) is a formal solution of (9). O
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9. A problem associated to a triangular coupled system

In this section, we consider a simplified version of the main equation under study, for which the
coupled system appearing in the construction of the analytic solution turns out to be triangularized, and
the solution can be found in a more simpler way. Indeed, the assumptions to be made can be relaxed as
we may observe.

The problem is presented, focusing on that parts in which there is a remarkable change in the
procedure or in the results. Otherwise, the steps are skipped.

As in the general case, we fix an integer number D > 2 and g € R with g > 1.

Letdy, Ay for 1 < ¢ < D —1 and dp be non negative integers, and J, a non negative rational number
for1<¢<D-1.LetB > 0and fix0 < g/ < B. Wealso choose 0 < ¢y < 1,and y > 1. These parameters
satisfy Assumption (A). We also take a small ¢y > 0. The polynomials Ry for 1 < ¢ < D and Q satisfy
Assumptions (A) and (C).

The forcing term f(t,z,€) and the coefficients c/(z,€) for 1 < ¢ < D —1and by (z,¢€) for j, k € {0,1}
with (j, k) # (0,1) are determined by Assumptions (B1) and (B2). Observe that the only difference with
respect to the general case is that we assume in this section that

b01 = 0,

it is to say, there is an absence of logarithmic term at one of the coefficients of the operators involving the
formal monodromy. The simplified version of the equation under study is

ip D-1 5
Q(a)u(t,z,€) = (et)dD‘Tq;I; Rp(02)u(t,z,€) + Y eitdecy(z, €)Ry(9z)0 ;u(t,z,€)
(=1

4—f<hz,e>+—bmmz,e)[u(nz,e)—-(2;j(7:-—id)u(nz,e)>1og(eo]

+ (blo(z, €)+ bll(z,e)ll(:)gg((zt))) Fozg;?) (vi—id)u(t, z, e)} . (45)

Assumption (B2) is substituted by the following assumption.

Assumption (B2'): The coefficients c/(z,€) for 1 < ¢ < D —1, and bj(z,¢€) for j, k € {0,1} with
(j,k) # (0,1) are holomorphic functions Definitioned in Hg x D(0, €9) which belong to E 4 ), and are
constructed as the inverse Fourier transform of functions n — Cy(m, €) and m +~ bj(m, €) respectively,
holomorphic with respect to € € D(0, €) such that there exists Cg > 0 with

e [, <o

forall j,k € {0,1} with (j, k) # (0,1), and Cc > 0 such that

sup [|Cy(m, €)ll(5,) < Cc,
eeD(0,p) (B4

forevery 1 < ¢ < D — 1. We Definitione

c1(z,€) = cgryiza | Colm e dm, 1< £ <D -1
1 ®© - ; . .
W@dzaam[mWW@ﬁmmJ*EW”WM¢wM'
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as in the general framework of the problem.

On the other hand, the geometric assumption on the choice of d € R and the need of small ratio
dp/k needed for Assumption (D) are no longer needed in this framework. Therefore, a wider choice in
the geometry of the problem is available, together with a larger family of parameters involved in the

problem.
The strategy to solve the problem is the same as that detailed in Section 4, by writing the solution of
(45) in the form
log(et)
u(t,z,e) =uglt,z,€) +uy(t, z e ,
(h2.€) = w(t,2€) 4t 2.0 15

for certain functions uo, uy with u;(t,z,€) := U;(et, z,€), for j € {0,1} and U; given by the inverse Fourier
transform and g—Laplace transform of adequate functions, i.e.

uj(t,z,e)

1 / 7]@ me) d—uex (izm)dm,
2 )mk,g L O (&) w OF

along some direction d. From analogous steps as in Section 4, the problem is reduced to searching
solutions of the following system of convolution equations:

d H d
. TDRp(im dp 79D
Q(im)wo (T, m, €) = Tﬂ(lm)) wo(t,m,€) + —RD(zm)T wi(t,m,€)
(F) 2 q%)
GAe—d Foo _Q
Z o [ 1/2/ Co(m — my, €)Ry(imy) BENCT= + Fwo(t,my,e€)
qr)
_4
+‘SZW%T Fwy(T,my,€)| dm
(ge) 2

. 1 +oo -
+ FO(T/ m, 6) + W Loo bOO(m - mlle)wo(T/ ml/e) + blo(m —m, €)(U1(T, ml,e)dml (46)

dD /
] TDRp(im)
Q(im)wy (T, m, €) = le(”f/ m,€)

(qk S —

+o0 . Tt 5 —""3
+ Z Al dl 1/2/ Cf(m—ml,e)Rg(Zml)WU—qr wl(szlle)dml
(q*
- 1

+ EF(t,me)+ 72 /_oo bi1(m — my, €)w: (T, my, €)dm;  (47)

(271)

Observe that equation (46) remains unchanged with respect to (17) whereas equation (47) does not
depend on wy when compared with (18). This is the key point of the simplified problem, as the system
(46), (47) is triangular. One can proceed by solving (47) first and obtain wj, and then solve (46) in wy.

9.1. Analytic solution of the auxiliary system

The geometry of the problem needs less restrictive conditions, as we proceed to show. We choose
0 < p < min{1, %q(dD’l)/ZkD%/dD} as in the general situation, and we choose d € R such that S; U D(0, p)
circumvents all the roots of Py, (7) for every m € R. We observe that the statements of Lemma 9 hold.
The number 6 > 0 is chosen to satisfy dist(S; U D(0,p), —4) > 1.
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In the following, we fix e € D(0,€p) \ {0} and & > 0 satisfying (27). We remark that Proposition 6
regarding the operator H, and Proposition 8 concerning the forcing term are still valid in this situation.
Proposition 7 is also valid, but in this framework a deep control of the norm of the operator Hp is not
needed, which entangles more freedom on the coefficients and the geometry of the problem.

At this point, we Definitione the operator

1. q q
Heo: EXp(k,ﬁ,M,P) — Exp (k,B.p.00)

by
Fi(t,m,e)
Py ()

D-1
Hgl)(wl(r,m)) =) M (wr) + +

(=1

Pml(T) (Ell * (U])-

Proposition 10. There exists €y, @1, Gy, > 0 such that for every € € D(0,¢€9) \ {0} and Cp < ¢}, (recall that Cp is

determined by (10)), the operator ne satisfies that e (B(0,1)) C B(0,@1), where B(0,@1) C Exp‘gk Ba)
q

stands for the closed disc of radius @ centered at the origin in Exp(kﬁ ap)” For every w1y, w1n € B(0,@y) it

holds that

1
|18 @, m)) = HED (@ia(r,m)) H(W oy = 2 ln(@m) —@n@mlig -

Proof. Let @; > 0 such that Cr < @;/2 and assume that €, ¢, > 0 are such that

D-1
Ap—d, 1 1 1
E € C3,g + su ( ) 7gbC2 < -,
(=1 0 me@% |Q(Zm)| C'D 2

(recall C; is determined in Corollary 3). An analogous proof as that for (24) and (26) yields the result. O

As a direct consequence of the previous result, the operator 7-[21) is contractive in B(0,@;) C

Expl(ik,ﬁ,y,a,p)' Therefore, there exists a fixed point w; € Expi’

B p) for such operator, with

lleorll g g0 < @1
We observe from the construction that the solution depends holomorphically with respect to € €

D(0,€p) \ {0}, as in the general situation. We Definitione the function (t,m, €) — w1 (T, m,€), where w;

is the fixed point for ’Hgl), and adopt the same notation for such function. We recall that

1 _ klog? |t + |
su wi(t,me)| <@01———c¢ Plm| ox ,g7+a10 T+9| |, (48)
osp | Jermm el < @nge T e (z loglg) oIt el

forevery T € S; UD(0,p), m € Rand € € D(0,€p) \ {0}.
Lete € D(0,¢ep) \ {0}. We Definitione the operator

). q q
He Exp(k/ﬁ/%“/P) - Exp(k/ﬁrllr“/f’)
by
(0) = d 1 -
He (wo(T,m)) =Y eMH y(wp) + (boo * wo) + Ge(T,m),
= Pu(7)
where

Eo(t,m,€) 1
Py (7) P (7)

D-1
Ge(T,m) := Hp(wr) + Y € 5, H(wr) + (1o * wy).
-1

l
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Lemma 10. The function G belongs to Exp? for every € € D(0,¢€p) \ {0}. Moreover, for every T €

_ kB p )
S;UD(0,p) and m € R, the map € — Ge (T, m) is holomorphic on D(0,¢€p) \ {0}.

Proof. Recall that for every e € D(0,¢p) \ {0}, the function (7, m) — w1 (T, m, €) belongs to Exp'gk Bip)’
Therefore, a direct application of Proposition 6, Proposition 7, Proposition 8, and Corollary 3 together
with Lemma 8 allows us to conclude that G (7, m) € Explzk Buu0)" The holomorphic dependence with

respect to the perturbation parameter is a consequence of the construction involved in such results. O

Proposition 11. There exists €y, Do, G, > 0 such that for every € € D(0,¢€p) \ {0} and Cp < gy, the operator

0 satisfies that s )( B(0,@)) C B(0,@q), where B(0,@g) C Exp?kﬁ ap

For every w1, woy € B(0, @) it holds that

) stands for the closed disc of radius

@ centered at the origin in Exp'zk B i)’

1
| (@or (2, m)) = 1 (@oalr, m) H(kﬁy 1 COCAD R CADI S

Proof. Let @y > 0 large enough in order that

dp 1 1 1

~ (DO
2D - < 20
k D, max {CD s cpCo| @1 +Cp < X

= de5c 1 1
5T geo o m6R<IQ(1m)|

where @; is determined in Proposition 10, C; is fixed in Corollary 3, and gy, €9, C; > 0 are such that

D—-1
Ag—dy 1 1 <1
,El 0 Cortsup (IQ(im)|> o2 =7

meR

Then, in view of Proposition 6, Proposition 7, Corollary 3 and Proposition 8, we have that

Fo(t,m,€)
Py (7T)

(510 *wl)

D—1
Ap—d
‘|G€||(k,ﬁ,y,a,p) < HHP(wl)H(k,ﬁ,y,a,p) + Z 60[ [56 HHZ(wl)H(k,ﬁ,y,a,p)
=1
(kpauap) || Pm(T)

+
dp 1 11 . 1 1 )
< | === e s,C CgC C
—<k o, M o, T 260 Gt e m meR<|Q(zm)|> B 2>‘Ol+ F

ip 1 11 L 1 1 _
< (% =g, C —— J¢cC Cr < @y/2,
= < k @1 {C @ }+ Zeo l 3£+CD meR(Q(zmﬂ)Qb 2) 1 + F_(OO/

"

(k,B,p,0,0)

for every € € D(0,€p) \ {0}. Take wy € B(0,@p). An analogous argument as before allows us to arrive at

HH&O) (wolT, m)) H(k,ﬁ,mp)

+ 1Ge (T, m)|| (k. p,100,
(6 ap) (kB mep)

< Dz_:leArd"C + su ( 1 ) 1 CsCh | @ +cD0
< Cap A7 ) =Bl 0+ &
& o e PR\ lom)] ) Cp 2

D-1
Ar—d, 1 1
< €yt 'Czp+su ( )gbCZ (Do+*_7+f @y.
(E o LS\ Jaim)] ) ¢ 2 =2 "2

D—-1
Ay—d 1 -
< L b M) i png) + Hmm(”“*‘%)
=1

meR
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The second part of the proof follows analogous arguments as in the previous results. [

The operator 7—[20) is contractive in E(O @g) C Exp‘gk Bip)’

wp) < @o- The assignment of wy departing from e

Therefore, there exists a fixed point

for such operator,

q

(k.B,1.,0)
can be done holomorphically with respect to € 6 D(O €o) \ {0}, following the same reasoning as in the
general case. We Definitione the function (t,m, €) — wo(T,m, €), where wy is the fixed point for Hgo),

and adopt the notation wy for such function, as above. We have

1 _ klog? |T + 4|
su lwo(t,m, €)| < @g—e PlMexp | 222" %1 4 plog|T+46] |, (49)
eeD(O,eop)\{O} (14 [m[)* P27 108(9) &

for every T € S; UD(0,p), m € Rand € € D(0,€p) \ {0}.

At this point, one can derive the existence of a solution to equation (45). Indeed, let us fix a good
covering (€p)o<p<z—1in C* and let { (R4, a)o<p<z—1, D(0,p), T } be a set associated to the previous good
covering, where { > 2 and with A, p and dj, for 0 < p <  — 1 as in Section 8. We choose & as in (27).

Theorem 5. In the previous situation, for every 0 < p < { — 1, the equation (45) admits a solution u,(t,z,€) of
the form

log(et

oglet), (50)
log(q)

holomorphic on T x Hg x &y, for every 0 < B’ < B. Moreover, there exist constants K > 0and & € R such that

up(t,z,€) = uofp(t,z,e) + ul,p(t,z,e)

= k 5 _
su uip+1(t,z,€) —uj,(t,z,€)] < Kex (— lo e) el 1)
tET,ng/| pealtz€) —uip(t 2 €)] P\ " 2log(q) 8 ) el

fore € E,NEpy1,and all 0 < p < ¢ — 1 (by identifying u; ¢ with u;p), for j € {0,1}.

Proof. Let 0, be determined in Proposition 10 and @ as in Proposition 11. We choose ¢y > 0 and ¢;, > 0
small enough which guarantee the existence of a fixed point for Hél), say wy,, € B(0,@1) C Exp'gk Buu0)"

(1)

In view of Proposition 10, H¢ ’ is a contractive map from a closed disc contained in a Banach space into
itself, which depends holomorphically on €. The estimates (48) allow us to construct

w1 (1, m,€) du
on 1/2 10g / /Ld ®p1/k " exp(izm)dm,

which is holomorphic on 7 x Hy x &, for any fixed 0 < g < B as in Section 8. Finally, a second fixed

point argument applied to ’H,éo) guarantees the existence of a fixed point for ’Héo), say wo,p € B(0,@p) C

Exp/ . After adopting the same notation with respect to €, one can Definitione the function
(k.. pu.a0p0)

ul,p(t/ z,€) =

exp(izm)dm,

1 k o0 wo,p (1, m,€) du
uop(t,z,€) = q)/ ; Wop\W, 1M, €) du
d

(2m)1/21log(q) J- O (&) u

which is holomorphic on 7" x Hg x &p, for any fixed 0 < g’ < B. The function (50) turns out to be a
solution of (45) from the Propositionerties stated in Section 2.2 on the integral transforms.
The statement (51) follows from a word-by-word proof with respect to that of Theorem 3. [

The same steps allow us to conclude the main result in this particularized framework. The proof is
omitted. As in the main result of the present work, Theorem 4, we fix 0 < ' < B and consider be the
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https://doi.org/10.20944/preprints202306.2012.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 June 2023 doi:10.20944/preprints202306.2012.v1

38 of 39

Banach space of bounded holomorphic functions on 7 x H B with the norm of the supremum, denoted
by E.

Theorem 6. There exist 6y, 11 € E[[€]] such that the function € v u; ,,, constructed in Theorem 5, admits il; as
its q—Gevrey asymptotic expansion of order 1/k on &, for every 0 < p < ¢ —1and j € {0,1}.
In addition to this, the formal expression

log(et) 52)

itz €) = fio(t,z,€) + i (t,z €)7o

is a formal solution of

p D-1
Q(a)it(t,z,€) = (et)dDUq,_’; Rp(dz)a(t,z,€) + Y| eAftdfq(z,e)Rg(az)a;ftﬁ(t,z,e)
=1

+F(bz,€) +boo(z,€) [ﬁ(t, z€) — (Zlm.(y; —id)a(tz, e)) log(et)}

4 (bw(z,e) +bi(z€) ll‘z)gg((i;))> F"Zgg )y —idya(t, z,e)} .

with % being the formal monodromy operator Definitioned in (5).
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