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Abstract: The paper deals with the stability for a degenerate/singular beam equation in non-divergence
form. In particular, we assume that the degeneracy and the singularity are at the same boundary point
and we impose clamped conditions where the degeneracy occurs and dissipative conditions at the
other endpoint. Using the energy method, we provide some conditions to obtain the stability for the
considered problem.
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1. Introduction

This paper is devoted to study the stability of a beam-type degenerate equation with a small
singular perturbation through a linear boundary feedback. To be more precise, we consider the
following problem:

it (t, ) + ayeere (f, X) — %y(t, ¥) =0, (bx) € (0,400) x (0,1),
y(t,0) =0, y(t,0) =0, t>0,
By(t,1) — yxxx(t, 1) +y4(t,1) =0, t>0, (1.1)
VY« (£, 1) + yxx (£,1) + yix (£,1) =0, t>0,
¢(0,

y(0,x) = yo(x), ¥¢(0,x) = y1(x), x € (0,1),
where B and 7y are non negative constants and the function 7 is such that a(0) = 0 and a(x) > 0 for

all x € (0,1]. In particular, for the function 2 we consider two types of degeneracy according to the
following definitions.

Definition 1.1. A function g : [0, 1] — R is weakly degenerate at 0, (WD) for short, if g € Co [0, 1] N
C'(0,1] is such that g(0) = 0,¢ > 0 on (0,1] and, if

x|g'(%)]
su =K (1.2)
o 8@

= Ky,

then K¢ € (0,1).

Definition 1.2. A function g : [0,1] — R is strongly degenerate at 0, (SD) for short, if ¢ € C[0,1] is
such that g(0) = 0,¢ > 0 on (0,1] and in (1.2) we have K, € [1,2).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Roughly speaking, when g(x) ~ xX, itis (WD) if K € (0,1) and (SD) if K € [1,2).
Problems similar to (1.1) are considered in several papers (see, for example, [3,4,10-13,23]). In
particular, in [10,12] the following Euler-Bernoulli beam equation is considered

mys(t,x) + Elyxxxx(t,x) =0, x€(0,1), t >0, (1.3)
with clamped conditions at the left end
y(£,0) =0, yx(t,0) =0, (1.4)

and with dissipative conditions at the right end

—Elyxax(t,1) + maye(t,1) =0, w3 >0,

(1.5)
Elyxx(£,1) 4+ poyuc(t,1) =0,  up > 0.

Here y is the vertical displacement, y; is the velocity, y, is the rotation, y; is the angular velocity,
m is the mass density per unit length, EI is the flexural rigidity coefficient, —Elyyy is the bending
moment and —Elyyyy is the shear. In particular, the boundary conditions (1.5) mean that the shear
is proportional to the velocity and the bending moment is negatively proportional to the angular
moment. Observe that if we consider § = v = 0in (1.1), then we have boundary conditions analogous
to those in (1.5). Thus, the dissipative conditions at 1 are not surprising. We remark that the conditions
B, > 0 are necessary to study the well posedness of the problem and to prove the equivalence among
all the norms introduced in the paper and that are crucial to obtain the stability result.

Observe that in all the references above the equation is non-degenerate; however, there are some
papers where the equation is degenerate in the sense that a degenerate damping appears in the equation
of (1.3) (see, for example, [9,14,22]). The first paper where the equation is degenerate in the sense that
the fourth order operator degenerates in a point as in (1.1) is [7]. However, to our knowledge, [5] is the
first paper where the stability for (1.1) with A = 0 is considered. On the other hand, for degenerate
wave-equation we refer to [2] (see also the arxiv version of 2015), for problem in divergence form, and
to [16], for problem in non-divergence form.

As far as we know, for beam-type equations admitting simultaneously degeneracy and singularity,
only controllability probems have been faced (see the recent paper [1]), while nothing has been done
for stability. For this reason, in this paper we focus on such a problem, proving that (1.1) permits
boundary stabilization, provided that the singular term has a small coefficient (see Theorem 3.3 below).
Hence, we may regard this result as a natural continuation of [5] and a perturbation of the related one
in [1]. Clearly, the presence of the singular term Y introduces several difficulties with respect to [5],
which let us treat only the case of a function d with weak degeneracy, according to the definition above.
For a stability result for a degenerate/singular wave equation we refer to [19].

The paper is organized as follows: in Section 2 we give the functional setting and some preliminary
results that we will use in the rest of the paper, together with the existence of solutions. In Section 3 we
introduce the energy associated to a solution of the problem and, by a multiplier method, we show
that it decays exponentially as time diverges. The last section is devoted to the conclusions and to
some open problems.

2. Preliminary Results and Well-Posedness

In this section we introduce the functional setting needed to treat (1.1). However, here our
assumptions are more general than those required to obtain the stability result in the next section.
We start assuming a very modest requirement.

Hypothesis 1. The functions a,d € C°[0,1] are such that
1. a(0)=d(0)=0,a,d>00n(0,1],
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2. there exist Ky, Ky € (0,2) such that the functions
Ka
X 2 @.1)
a(x)
and
Eal 22
X — 6] (2.2)
are nondecreasing in a right neighborhood of x = 0.
It is clear that, if Hypothesis 1 holds, then
v
lim ~— =0, 2.3)
x—0 a(x)
for all v > K,, and
lim =0 24
hm i = @4)
forall v > K;.

Let us remark that if a is (WD) or (SD), then (1.2) implies that (2.1) holds on the whole domain
(0,1]. Analogously for d.

In order to treat (1.1), let us introduce the following Hilbert spaces with the related inner products
and norms given by:

13 (01) = {u c LZ(O,l)‘ lulls < oo},

(u,0)

Q=

1 1 142
::/ uo—dx, ||ul3 */ u—dx,
0o a a Jo

N a
forall u,v € L3(0,1);

Hi(0,1):=L%(0,1)NH(0,1),i = 1,2,

and

i 1
(u,0),1 = (o)1 + Y / u® (x)0® (x)dx
" T §=1/0

i

k

s o) = Il + 30 [
7 a k=1

2
12(0,1)"

Y u,v € H (0,1),i = 1,2. In addition to the previous ones, we introduce the following important
Hilbert spauces:

H},O(O,l) = {u € HY(0,1) : u(0) = 0} and

Hi (0,1) := {u € Hi ,(0,1) N H*(0,1) : u/(0) = 0},
with the previous inner products (-, -)

i1 and norms || - ||Hi1 (01), ¢ = 1,2. Now, consider the scalar
a
product

(1,0)0 := /01 u (x)o® (x)dx

forallu,v ¢ H 11 (0,1), which induces the norm

a

[

io i< ||u(i)||L2(0,1)/ Vue Hi% (0,1),
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i = 1,2. Observe that, if a is continuous, a(0) = 0 and (2.1) is satisfied, then the norms || - || Hi (01)7 -l

and | - ||; - are equivalent in H} 0(0,1). Here
luellF = ||MH 2 01) T D720y Ve Hi (0,1),

i = 1,2 (see, e.g., [7]). Clearly, if i = 1, the previous equivalence is obviously satisfied. Indeed,
Il HL (01) and || - |1 coincide and, by [8, Proposition 2.6], one has that there exists C > 0 such that

1 u2 ! N2
/0 ;dx < C/o (u')%dx, (2.5)
forallu € H! O(0,1). Let
' Cyp be the best constant of (2.5). (2.6)

Now, assume i = 2 and fix u € H% 0(0, 1). Proceeding as for i = 1 and applying the classical Hardy’s
inequality to z := u/ (observe that z € H} O(0, 1)), we have

1
/(u’)2dx§/ —dx<4/ 2dx-4/ u'")?dx = 4f|u ||20
0 0

Hence, || - || H2 (01) and || - || are equivalent in Héo(o’ 1) (actually they are equivalent in Hi (0,1), see,

e.g., [7]). Morueover, by the previous inequality,

1,2 1
/ Ldx < Cup / (u')2dx < 4Cypull3, 2.7)
0 0 ’
and the thesis follows. In particular, ||u||3 < (Cyp + 1) ||u|| forallu € H! 0(O, 1) and

]l < (4Chp + 1)[[ull3, 238)

forallu € H2 ,(0,1) (see [5, Proposition 2.1]).

Asin[1, Proposmon 2.3], one can prove the next result

Proposition 2.1. Assume Hypothesis 1 and take K,, K; such that K, + K; < 2. Ifu € H% O(O, 1), then

u
—— € [%(0,1) and there exists a positive constant C > 0 such that

Vad

/01 LI(L;Z)(;()x)dx < C/Ol(u”(x))zdx. (2.9)
Let
Cpp be the best constant of (2.9). (2.10)
Asin [15,16] or in [17, Chapter V], we assume the next hypothesis:
Hypothesis 2. The constant A € R is such that A # 0 and

PP (2.11)

HP

Observe that the case A = 0 is already considered in [5]. Thus it is not restrictive to assume A # 0.
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Moreover, if A € (0, .-

o ) , we can take € € (0,1) such that

_1-e¢

A=——C>o. (2.12)
Chp

Hence, as a consequence of Proposition 2.1, one has the next estimate (see [1, Proposition 2.4]).

” Cup

Proposition 2.2. Assume Hypothesis 1 and A € (0 1 ) Ifu € H3 ,(0,1), then

1 " ! MZ(x) ! "
/0 (u (x))de—/\/O a(x)d(x)dx > (—:/0 (1" (x))%dx.

Under Hypotheses 1 and 2, one can consider in H3 0(O, 1) also the product

Luo
(u,0)p 0 = (U,0)20 — A/O de,

which induces the norm

2 1 u2
—A [ —dx.
Ju 3o | x

By Propositions 2.1 and 2.2, one can prove the following equivalence.

5 =lu

Corollary 2.1. Assume Hypotheses 1 and 2 and K, + K; < 2. Then the norms || - ||H21 (0,1) Il M2, 0~ 12,6

and || - |~ are equivalent in H2(0,1).
In order to study the well-posedness of (1.1), we introduce the operator A : D(A) C L3(0,1) —

L2(0,1) by Au := au™, forallu € D(A) := {M € H? (0 1) rau™ € L2 (0,1)}, where the next the

Gauss-Green formula holds
1 1
/ u""vdx = u" (1)v(1) — u”(1)0' (1) —l—/ u"o" dx (2.13)
0 0

for all (u,v) € D(A) x H3 O(0, 1) (see [5]). Moreover, consider

Apu = Au — %u, VueD(Ay),

where
D(A,) = {u € H? (0,1) | Ayu € L§(0,1)}. (2.14)

Observe that if u € H% 0(0, 1) and K; +2K; < 2 one has that 4 € L2l (0,1); hence u € D(A,) if

and only if u € D(A), i.e. aD(A 1) = D(A) (for more details we refer to a[l]). For this reason in the
following we assume the next assumption.

Hypothesis 3. Assume Hypothesis 1 and K, +2K; < 2.

Under this assumption, it is clear that d cannot be (SD). On the other hand, a can be (SD), but in
this case K; has to be very small.

Finally, to prove the well posedness of (1.1), we need to introduce the last Hilbert space Hg :=
H? 0 (0,1) x L2(0,1), with inner product and norm given by

((,0), (#,0))p, = (w, )20 + (0,0)1 + Pu(1)ii(1) + yu' (1)’ (1)

=

and
1w, 0) 134 == " [ F20.0) + HDIIZ% + Bu* (1) + (i’ (1))?
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for every (u,v), (i1,0) € Hp, where B,y > 0, and the matrix operator A; : D(A) C Hy — Ho given
by

0 Id
A= (AA 0)

D(A) := {(u,0) € D(A) x Hio(o,l) cBu(1) —u"' (1) + (1) =0,

yu'(1) +u” (1) +'(1) = 0}.

with domain

Thanks to (2.13) one can prove the next theorem that contains the main properties of the operator
(A, D(A)). Since the proof is similar to the one of [6] or [18], we omit it.

Theorem 2.1. Assume a (WD) or (SD). Then the operator (A, D(.A)) is non positive with dense domain
and generates a contraction semigroup (S(t))¢>o.

Thanks to the previous theorem, one has the next result, that can be proved as in [1, Theorem 2.7].

Theorem 2.2. Hypotheses 2 and 3 hold. If (yo, 1) € H3 0(0,1) X L2 (0,1), then there exists a unique

mild solution
y € C'([0,+00);L3 (0,1)) N € ([0, +00); H} (0, 1))

of (1.1) which depends continuously on the initial data. In addition, if (yo,y1) € D(A;), then the
solution y is classical, in the sense that

y e C([0,+0); L3 (0,1)) N €' ([0, +e0); HE 1(0,1)) NC([0, +00); D(A))

and the equation of (1.1) holds for all ¢ > 0.

Remark 1. Due to the reversibility in time of the equation, solutions exist with the same regularity for t < 0.
We will use this fact in the proof of the controllability result, by considering a backward problem whose final time
data will be transformed in initial ones: this is the reason for the notation of the initial data in problem (1.1).

The last important result of this section is given by the next proposition. Let us start with

Hypothesis 4. Assume a and d (WD) or (SD) with K, +2K; < 2, A # 0 with A < =— and B,y > 0.

CH P

Proposition 2.3. Assume Hypothesis 4 and define

22
el o= [ e —a [ et p20) 4 (1))

forall z € H? 0(0,1). Then the norms ||| - ||| and || - ||, are equivalent in H? O(0,1). Moreover, for

every p, i € R, the variational problem

1 1
| e ar=a [ 28 pz(1)g(1) + 92 (D¢ (1) = po(V) + pg'(1), ¥ g € HE (0,1),
admits a unique solution z € H? 0(0, 1) which satisfies the estimates

4C
20 (00) < "2 (ol + 10l and I < (ol + ]2, 215)

where

1, A<O,
Ce:= (2.16)
e, A>0.
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In addition z € D(A; ) and solves
Al AL = 0,
Bz(1) —2"'(1) = p, (2.17)
72 (1) +2"(1) = p.
Proof. As a first step observe that for all z € H3 0(0, 1) one has
ol =| [ dt\ < 1220 = el @18)
and
X
)= | [ 0] =| [* [ ] < 1 on) = el @19)
forall x € [0,1]. Thus, ||| - ||| and || - |2, are equivalent. Indeed for all z € H? 0(0,1),if A <0, one has
immediately that '
50 = 112" 17291y < NIzl (2.20)
1 ",
IfA e ( , = >, by Proposition 2.2, one has
Chp
/ N2 ()2 — A / PR s / L2 () (2.21)
0 o a(x)d(x) " = "Jo ' '
forall z € Hi 0(0, 1), and so
" 1
121150 < Izl (222)
forall z € H& 0 (0,1). In conclusion, we have
1 2
Izl < = c A (2.23)

Now, we prove that there exists C > 0 such that

I <

1]z

for all z € H3 0(0,1). Clearly, (2.19) and (2.18) imply Bz (1) < Blzl3, and v(2'(1))* < v|zl3.,
respectively; hence, if A > 0, one has immediately |||z[|[* < (1+ B+ 7)|z[3.;if A <0, by (2.9), then

21> < (1= AChp + B+ 7) 1213,

In any case, the claim holds.
Now, consider the bilinear and symmetric form A : H3 0(0, 1) x H? O(O, 1) — R such that

1 1
A g) = [ Zgrax = A [ Zar s p(1)p(1) + 27 (09 (1)

Asin [18] or in [19], one can easily prove that A is coercive and continuous. Now, consider the linear
functional

L(g) = pe(1) + pe'(1),
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with ¢ € H? 0(0, 1) and p, 4 € R. Clearly, £ is continuous and linear. Thus, by the Lax-Milgram

Theorem, there exists a unique solution z € H? 0(0, 1) of
i

Az, ) = L(9) (2.24)

forall ¢ € H3 ,(0,1). In particular,

1 1 ZZ
P = Ae2) = [[@Pax =2 [ Zdxtp2(0) 41 (1) = p2() +p2(1). @25)

Concerning the other estimates, by (2.18)-(2.20) and (2.25), we have |||z[||? = pz(1) + p2/(1) < (|p| +
[DI[z]]; thus
1zl < lol + |pl- (2.26)

Moreover, by the equivalence of the norms in H? 0 (0,1), Proposition 2.2 and by (2.7), one has

1.2
2 _ 2 z 2 / 2 2 Ce
Nl = W21 — A [ Zdx + p22(0) + (2 (1)) 2 CellzI > 5o 121 o1

where Ce is as in (2.16). Thus, by (2.26), ||z||L2 1) < 4CHP I|z]]1% < 4CHP (lo] + u))?.

Now, we will prove that z belongs to D( ) and solves (2.17). To this aim, consider again (2.24);
clearly, it holds for every ¢ € C®(0,1), so that fl 2" ¢ dx — fl 2fdx = 0forall ¢ € CX(0,1). Thus
2" = AZfae. in (0,1) (see, e.g., [20, Lemma 1.2.1]) and so az"" — /'\Zq) = 0a.e. in (0,1), in particular
Ayz =0 € L2(0,1); this implies that z € D(A).

Now, co;ning back to (2.24) and using (2.13) and the fact that Ayz = 0, we have

Yoo 1zg / ' /
| 29— [ 2+ p(1)9(1) + 12 (1)9'(1) = (1) + g/ (1)
= =" Me() + (Z"¢") (1) + pz(1) (1) + 7('¢") (1) = pp(1) + o' (1)
forall ¢ € H%IO(O,l). Thus, —z"'(1) + Bz(1) = p and 7z’ (1) + 2" (1) = u, thatis z solves (2.17). O

3. Energy Estimates and Exponential Stability

In this section we prove the main result of the paper. In particular, proving some estimates of the
energy associated (1.1), we obtain the exponential stability.
To begin with, we give the next definition.

Definition 3.1. For a mild solution y of (1.1) we define its energy as the continuous function

1 yi(bx) | Ao B > Y2
— 1 _A L J >0. (.
B0 [ ( o ) ) Jar e BR ) - SR, Yizo G
Recalling that B,y > 0, one has that if y is a mild solution and if B,y # 0, then
2 2 2 2
yo(t,1) < BEy(t) and yi(t,1) < gEy(t);
on the other hand, thanks to (2.19),(2.18) and (2.20), for all § > 0 and v > 0,

2(51) < C%Ey(t) and 2(1) < C%Ey(t),
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where C¢ is as in (2.16). Thus, we have
y*(t,1) < CgEy(t) and y3(t1) < CyEy(h), (3.2)
1 1 1 1
2 min L= 0, 0, 2min{ —, — ¢, 0,
where Cg := {Ce ﬁ} 7 and C, := {Cs '7} e
& B=0 & ¥ =0.

Observe thatif § > 1, being % < land C% > 1 (recall thate € (0,1)), one has that min{ C%' %} =
Analogoulsy for 7.

o=

As in [6, Thoerem 3.1], it is possible to prove that the energy is a non-increasing function.

Theorem 3.1. Assume Hypothesis 4 and let y be a classical solution of (1.1). Then the energy is
non-increasing. In particular,

dEy(t)

Y2 = () —yh(t1), Vi,

Actually, one can prove that the previous monotonicity result holds also under weaker assump-
tions on the functions 2 and d.

Theorem 3.2. Assume Hypothesis 4. Fixed T > 0, if y is a classical solution of (1.1), then

o X, 1T yt _xa A Ty
0—2/0 {ytayx]t:sdx 1)/ y? tldt—i—/ d dt_a(l)d(l)/o y-(t,1)dt

+3/Q y,zcxdxdt+2,3/ yx(t,l)y(t,l)dt+2/ Y (t, Dyt 1)dt
- 2 - - 3.3)
+2'y/ yx(t,l)dt+2/ yx(t,l)ytx(t,l)dt—/ V2. (1, 1)dt
S S

/ xd/ y
+A 0. <1— i d) addxdt'

forevery 0 < s < T. Here Q; := (s, T) x (0,1).

Proof. Since some computations are similar to the ones of [6, Proposition 4.7], we sketch them. Fix

s € (0, T). Multiplying the equation in (1.1) by y and integrating over Q,, we have

0= / ytt—xy" dx dt + / ﬂyxxxx%dx dat — A/ VY% . (3.4)
Qs a Qs a Qs ﬂd
Asin [6], one has that

/ytt%dxdt—F/ ayxxxx%dxdt

!

xyx 1 / 1 y% _xa
/ 2] . vA(t, Dat+ s | (1 - >dxdt

f/ yixdxdt+[3/Tyx(t,1)y(t,1)dt+/ yx (5, 1) ye(t, 1)dt

+7/ yxtldt—i—/ yxtlytxtldt—f/ 2 (t,1)d
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Hence it remains to compute —A f 0. XZZ" dxdt. As in [19], one has

B XYY / / ad —x(a'd+ad")\ ,
/\/Qs I i = -5 [ Lodt+2 ( o) yRdxdt

A szx1 xd\ y?
-5 [a} dt+2/ <1——d>addxdt.

T x= T
/\/0 [y2%}x:; = a(l)/\d(l)/o y2(t,1)dt

By [19, Lemma 1]

and the thesis follows. [J
As a consequence of the previous equality, we have the next relation.

Proposition 3.1. Assume Hypothesis 4. If y is a classical solution of (1.1), then for every 0 < s < T we

have
vi _xa Ka _xd_xd K\
/S (2 +1 )dxdt+/ va.(3 )dxdt—i—/\/Qs(l ~ T+ 2 Laxar = (BT,
(3.5)
where

tT tT
/ yyt 2/ yi— yx dx+ ”’B
J/ (t, 1)ye(t, 1) dt+7<K——2)/ V2 (8, 1)dt
2 2 , Ul

2
+ (% —2)/5 yx(t,l)yu(t,l)dw/ST y;((tl’)l)dt—2/3/3Tyx(t,1)y(t,1)dt

T T A T
_2/5 yx(t,l)yt(t,l)dt+/s yix(t,1)dt+m/s V(1 1)t

Proof. Let y be a classical solution of (1.1) and fix s € (0, T). Multiplying the equation in (1.1) by %,
integrating by parts over Qs and using (2.13), we obtain

0_/ [ytl/] / ytdxdt—i—/ YYxxx) (8, 1)dt

(3.6)
- / (Yxyx) (£, 1)t + / Vdedt — A / Y .
K,
Obviously, all the previous integrals make sense and multiplying (3.6) by , one has
2
0= [ (i -2 dxdt+—/ w dx
o (3.7)

K T
5 y(t,nymx(m)dtf?“ [ sl Dy, 1

By summing (3.3) and (3.7) and using the boundary conditions at 1, we get the thesis. O

An immediate consequence of (3.5) is the next result. However, to prove it we assume an
additional hypothesis on functions a and d.

Hypothesis 5. Assume a and d (WD) or (SD) with K,
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Observe that this hypothesis is more restrictive than Hypothesis 4, indeed in Hypothesis 5 we
exclude the case K; + 2K; = 2. In fact, as we can see already from the next result, the condition
Ky +2K; < 2 is important for the technique used in the following.

Proposition 3.2. Assume Hypothesis 5 and let y be a classical solution of (1.1). Then, for every
0 <s < Tandforallg € (0,2 — K, — 2Ky), one has

€o ]/t LY < Cy _Ka
2 QS( 12, /\d)dxdt (419+Q+ (2 2))@()

Ku Kﬁ A /T 2 2 /T 2
—_— t,1)dt 1+2 t,1)dt,
if A >0, and
£ yt y Cy K,
+yxx—)\ dxdt < 419+Q+ 2—— | |Ey(s)
2 Qs 2
K, K, T T
+< ﬁ)/ yz(t,l)dt+(ﬁ+l+2'yz)/ y2(t,1)dt
S S
~ 3 T
—4ACHp(1+2Ka+Kd) / E, (D,
S
if A <0.

o 1/ 4 Ka — Ko 1
Here ¢ := max{€<a(l) —|—KaCHp>,1+ 1 }andg.—max{Z, 1 +1+a(1)}‘

Proof. By assumption we can take ¢y € (0,2 — K, — 2K;); thus

a 2 27
K, €0
e 5 3.8
3= >4 (3.8)

Now, we distinguish between the case A > 0and A < 0.

Case A > 0.
In this case, the distributed terms in (3.5) can be estimated from below in the following way:

2 / 1 2
/ Y Ka+1——>dxdt+/ 2, 3——)dxdt+)»/ (1—’?—’?+I§>ydxdt

> j ( P+ AL )dxdt> 7/ (yt + 9 — AL )dxdt

Now, we estimate the boundary terms in (3.5) from above. First of all consider the integral

/ Yy + = Ka yyt (t,x)dx for all T € [s, T]. Using the fact that x—z < L together with the
0 y ) ’ T & a(x) — a(1)’ &

classical Hardy s 1nequa11ty, (2.6) and proceeding as in [5, Proposition 3.3], one has

1 K
/0 ( 2y = yx—l—a‘l/olyt)(r,x)dxg

4 o Kq ! ]/%
T)/O Y (T, x)dx + 1+Z /0 (7, x)dx+KaCHp/ y2, (T, x)dx.
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Hence, by Proposition 2.2,

/01 <—2ytzyx + Iéuyayt> (T, x)dx
< (a(41) +KaCHp> / v2 (T, x)dx + (1 + IZ”) /0 yat(r x)dx
< 1( ) +K,1CHp> (/ v2 (T, x dx—)\/ (T x)dx) <1+ Iff) /01 ya—%(‘r,x)dx

< 2max{i<a(41) +KHCHP> 1+ IZ }Ey(f)

forall T € [s, T]. Hence, since the energy is non-increasing,

1 K,l Yyt 1/ 4 K,
< (= 424 . .
/0 [ Zyt yx ]t sdx_4max e(a(l) KaCHp>,1 1 Ey(s) (3.10)

Now, by (3.2) and the fact that K, < 2, we have

7(121 2) lTyi(t, 1)dt + (I;a 2) ATyx(trl)ytx(trl)dt

K, 1 /T K, 1
< (2 - z) 2 | el 1))t = (2 - z) SAT) — (s, 1)) (3.11)
K, C
g(zz)zyx< 1) < <22> SLEy(s).
Obviously
T T T
Syt e < [P 2 [ ae (312

5 [y v < p [ 2y ope e <p e naep [CRe s 6

and

T T T T
—/ Zyx(t,l)yt(t,l)dtg/ 2|yx(t,1)yt(t,1)|dt§/ yi(t,1)dt+/ V2 (t,1)dt. (3.14)
S S S S

Furthermore, recalling that yyx(t,1) + yxx(t, 1) + yex(£,1) =0,

T T T
| vk nae <2 [CAe a2 [ (6.15)
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Hence, by (3.5), (3.9)-(3.15) and Theorem 3.1, we have
2
o [ (v P drdt < 1(4 Ky
> Qs( +y2 - /\ad)dxdt < 4max{€ (a(l) + KoCpp |, 1+ — 1 Ey(s)

+ (2_ 2) C;rgy( )+ (ia +1+ (11)> /sTy%(t,1)dt+2/5Ty%x(t,1)dt

+ <I<“Jr13+K“/3 +A>

2 T a(1)d() /Tyz(t'l)dt"'(5+1+272)/5Ty§(t,1)dt

s

< 4max{i (a(41) +KgCHp) 1+ IZ }Ey( )+ (2— 2) (';“ny( )
+max{2,121+1+a(11)}/sT—ZEy(f)dt

+<K”+ﬁ+Kﬁ+ A )/Ty2<t,1>dt+<ﬁ+1+zfrz>/Ty§<t,1>dt

§4max{i<a(41) +I<ach),1+IZ”}Ey( )+ (2_ 2) C;Ey( )

K, 1
+max{2,4 + 1 + ll(l)}Ey(s)
K
+< ‘

) yt Y _Ke &
> ( +y2, —A d)dxdt< <4l9+Q+<2 2) 2)]Ey(s)

(K” +B K’g a(l));(l)>/sTyz(ffl)dH(ﬁ+1+272)/:y§(t,1)df

Hence

and the thesis follows.

Case A < 0. In this case, by definition of energy and (2.9), one has

/ yddxdt < CHP/ V2. (4, x)dxdt <2ch/ E,(H)dt,

hence

—A yddxdt< —2AChp / E, (t)dt. (3.16)
Qs a

Moreover, by (3.5) and (3.8), one has

e [ (v} y yt Ka _xd /z _ K
. QS( Y- Ad>dxdt</ +1 a)dxdt+ stxx(?, Z)dxdt

xa'  xd K\ y?
. L T 3.17
A 0. (1 . 7 3 ) ddxdt (3.17)

!
(B.T.) ZA/ (1—”—Xd+ 2>y dxdt,
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where (B.T.) are the boundary terms in (3.5). Now, by (3.16),

xa'  xd K,
d 2

2 . T
1- 2 X 4 2V gxdt < —4ACup(1+ §1<a +Ki+M / Ey(t)dt.
a ad 2 s

Proceeding as for the case A > 0, and using the fact that W < 0, one can estimate the boundary
terms in the following way

(B.T.) < 4max{l(a(41) + KaCHp>,1 + IZI}Ey(s)

a 2\ C
+ {max{z,i+1+a(11)} + <2 I;);}Ey(s)

+ (IZ”+/5+ Kf) /STyz(t,l)dt+([5+1+272)/5Ty§(f,1)df-

Hence,

2 2
[ (V2 _\Y < K\ &
2 Qs<a T Yex Aad>dxdt_ (419+Q<2 2) 2 Ey(s)

N (Iff +B Kf) /STyz(t,l)dt+ (B+1+29%) /STyi(t,l)df

3 T
—4AChp (1 + %Ka + Kd> / E, ()dt
S
and the thesis follows. [
T T
In the next proposition, we will find an estimate from above for / y2(t,1)dt + / y2(t,1)dt. To
this aim, set ’ ’

G %, B # 0, for all considered A,
a C%, B =0, for all considered A,

v’
1

- L1 40, forall considered A,
C’Y =
o =0 for all considered A,

and
1

Proposition 3.3. Assume Hypothesis 5. If y is a classical solution of (1.1), then for every 0 < s < T and
for every € (0,v) we have

T, T s T
/ y (t,l)dt—i—/ yi(t,l)dtg—/ E,(1)dt
s s C5 s

+ 4 [2(1 £ 20 (Cp Cy)) + (4CH” + 1)} Ey(s),

Cs | Ce 6\ Ce 2

where
Cs:=1-6(Cp+Cy)

Proof. Setp = y(t,1), 4 = y+(t,1), where t € [s,T], and let z = z(t,-) € Hi 0(0,1) be the unique
solution of '

1 1y
| zasglix =2 [t palt, (1) 92 (1 )¢/ (1) = pp(1) + /(1) Vg € H(0,1).
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By Proposition 2.3, z(t,-) € D(Aj,,) for all t and solves
Al,)LZ =0,
'BZ(t, 1) - Zxxx(t, 1) = p, (3.19)
Yzx(t,1) + zxx (8, 1) = .
By (2.15), we also have
8C
Izl 01 < =2 @A) +¥R(ED) and IOIF <2021 +yE(E D), (320)

where C; is defined in (2.16). Moreover, if f # 0 and y # 0, and by Proposition 2.2 if A > 0, one has

1

2(t,1) < )l <

(V(t, 1) + y3(£1))

|
I N

and 1 5
Z(t1) < ;IIIZIII2 < ;(yz(tl) +y3(t,1)).

On the other hand, if § = 0 and v = 0, then by (2.18), (2.19) and (2.23), it results zZ(t, 1),z§(t, 1) <
I1zl13,, < C%|||z|||2 < Ci€(|p| + |u))? < C%(yz(t,l) +12(t,1)). In every case, for all considered A, we
have

22(t,1) < 2Cp(y*(1,1) +y3(4,1)), (3.21)

and
22(t,1) <28, (y2(t, 1) + y3(t,1)). (3.22)

Finally, observe that for all considered A and all t > 0, we have

1 /171 1
3 [, (G0 sk )ax < ZE0), 6.2

Indeed, consider, first of all A < 0, then

3 | (G + vt Jax < B0

IfA e <0, Cl > and € € (0,1) is as in (2.12), we obtain (2.21), which implies that
HP

28,0 > ¢ [ e+ [ I b 2,0) 4 0020)

> €</01 yix(t' x)dx + /)1 yi((t;;f) dx) + ,Byz(t,l) + ’Yy;zc(f,l),

in particular,

1 /1/1, ) el
5 | (GVREn) + ) )dx < ZE()

forallt > 0.
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Now, multiplying the equation in (1.1) by g and integrating over Qs, we have
z Y
0 :/ }/tt*dxa’”r/ Zyxxxdedt—)t/ ~zdxdt
]/t t T
= yt T—dxdt+ [ z(t,1)yxxx(t, 1)dt — [ zx(t, 1) yxx(t, 1)dt (3.24)
s
+ /QS Zxxyxxdx dt — /\/QS EZdth
Hence, (3.24) reads
1 t=T
[ [ws] dx— [ Yaxdr-a [ Lz
e ° (3.25)

T T
. / 2(t, ) yxre (£, 1)t + / 22 (t, V)yxx (8, 1)dt — /Q Zaxysxdx dt.

On the other hand, multiplying the equation in (3.19) by % and integrating over Qs;, we have

st Zyxxxly dx dt = 0. By (2.13), we get st ZexYxxdx dt = — fsT zexx (8, 1)y (8, 1)dt + fsT Yx(t, 1)zxx (8, 1)dt.
Substituting in (3.25), using the fact that zyxx(t,1) = Bz(t,1) — p, zxx(t,1) = —yzx(t,1) + 1, p = y(t,1)
and p = yx(t,1), and proceeding as in [5], we have

1p gqt= iz
/0 [yta}tzjdx—/Qs ‘Vdedt—/\/QS %zdxdt

T T T
=~ [ 2 Oy Dt + [ 2t Dysslt Dt + [yt 1) [B2(1) - ol
[ e D) + e
- /STz(t,l)[ﬁy(t,l) ~ Yane(t,1)]dt
+/sz(t,1)[yxx(t,1)+Wx(t,1)]dt—/TyZ(t,l)dt—/Tyi(t,ndt.

Then

/Ty2(t,1)dt+/Ty§(t,1)dt: —/T(ytz)(t,l)dt—/T(zxytx)(t,l)dt

1 t=T
/[yt ] dx+/ Y2 geat A [ Yzdar,
Q, ad

(3.26)

Thus, in order to estimate f y2(t, 1)dt + f 2(t,1)dt, we have to consider the four terms in the
previous equality.

So, by (2.15), (3.2) and Theorem 3.1 we have, for all T € [s, T],

[ < L [0 x+;/”2<éz>’“>dx

< [ (T D 2 (2(2,1) +2(,1))

Cl E (r)+ 2%“’ (Cp+Cy)Ey(7)
<(1 +2CHP(C/3+C7))é Ey(s).

€

By Theorem 3.1,

1 z t=T 1
‘/0 [y; L:s dx‘ < 2(1+2Cup(Cp+ Cy)) & Ey s)- (327)
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Moreover, for any 6 > 0 we have
T T T
/ (yez) (1, 1)|dt < l/ VAt 1)dt + é/ 2(1,1)dt
S 25 S 2 S
LT T (3.28)
< o5 | v Ddt+oCs [ 0P iR ),
25 S S
by (3.21). In a similar way, using (3.22), it is possible to find the next estimate
T 1 /T - (T
[ w0l < oo [ ki Dde+6C, [ 02+ D (3.29)
s s S
Therefore, summing (3.28) and (3.29) and applying Theorem 3.1 we obtain
T T
[ 1w+ [ ) 1)l
oo o
< 25/ SEy (Dt +6( Cp+ G, /S P+ 2)(1, 1)dt 6.30)

\ /\

Eyzg s) +9 <cﬁ + C7> /ST(y2 + y2)(t,1)dt.

Finally, we estimate the integral / —Z‘dx dt. To this aim, consider again problem (2.17) and
Qs

differentiate with respect to t. Thus

z
a(Zt)xxxx - )\Et =0,
Bzt(t,1) — (zt)wxx (£, 1) = ye(t, 1),
Y(zt)x (1) + (zt)xx (8, 1) = (yx)e(t,1).

Clearly, z; satisfies (3.20), in particular
8C
2B 20,0 —E Wi (1) + ¥ic(£,1)
T €

and

Hze WP < 200 Pt 1]+ yEe(8,1))-

Thus, by (3.23) and the previous estiamte, for § > 0 we find

2
Wt’d xdt < 2 / B vt - Zfdxdt

25

e
<5/ Ey(t)dt + 553”’ (y%(t,1)+y%x(t,1))dt

e b (3.31)
5/ Ey(at+ =2 thy(t)dt
ga/s Ey()dt + By (s).

Coming back to (3.26) and using (3.27), (3.30) and (3.31),

[ <2(d 220 e a5 (64 ) [ e

4Chp

5. bvls)

v 5/5 E,(t)dt + ~HP
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Hence, for every ¢ € (0,v)

Cs [ (201 + A1)t < 2(z+ 2Ly + C)) Byt

T 1/4Cyp 1
Jr(s/s Ey(t)dH—(S( c —|—2>Ey(s),

and the thesis follows. 0O

As a consequence of Propositions 3.2 and 3.3, we can formulate the main result of the paper,

whose proof is based on [21, Theorem 8.1].

Set
) 12 1 /4Cyp 1
C1.—C‘S[Ce(l-i-ZCHp(C‘B‘Fva))'F&( C. +2>:|,
o Cy Kq
(i oo 5))
K, K, A
<2ﬁ+4+ﬁ+80§+ﬂ(1)d(1)>, A >0,
C3::
<%+/3+K;ﬁ+sof§>, A <0,
and

Cyi= (ﬁ+1+272+50%).

. : —£0 i
Theorem 3.3. Assume Hypothesis 5 and if A < 0, then A € ( (13K 7K ,O>. Let y be a mild

solution of (1.1). Then, for all t > 0 and for all 6 € (0, min{v, u}),

Ey,(t) < E,(0)e! 1, (3.32)
where
£oC,
max{OC;,C4}’ A>0,
U= e0+4ACpp (143 Ko +Ky) 1 <0
max{Cs,Cy }+(e9+4AChp (1+3Ka+Ky)) (Cp+Cy)
and Cs(C {C3,C4}C1)
5 +max ,
M ZOCifémax{SC;Cﬂl 4 A >0,
- C5(C2+max{C3,C4}C1) )\ < 0
Cs(e0+4ACpip (143K +Ky ) ) —0max{Cs,C4 }” :

Here v is defined as in (3.18).
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C
Proof. As a first step, consider y a classical solution of (1.1) and A > 0. Take é € | 0, miny v, L
max{Cs, C4}

Then, by definition of Ey and Propositions 3.2, 3.3, we have

2
€0 vit,x) - A,
80/5 E,(t)dt = 5 Qs< () + v (8 x) il (t,x) |dxdt

+80'B/ tldt+807/ y2(t,1)dt
T
< GE,(5) +Cs [ yA(t1)dt+Cy / y2(t 1)dt
S S
T
< GoEy(s) + max{Cs, C4} (/ y2(t,1) +y§(t,1)>dt
S

P T
< CaEy(s) + max{Cs, Ci} & / E, (H)dt + max{Cs, C4}C1Ey (5).
S

This implies |:€0 — max{Cs, C4}Ci~] fsT Ey(t)dt < (Co 4 max{Cs, C4}C1)Ey(s). Hence, we can

apply [21, Theorem 8.1] with M := C"g E]%Jr?z(a{x%cg‘*c} C}l and (3.32) holds.

Now, consider A < 0. By Propositions 3.2, 3.3, we have

T & vi(t,x) | 5 Ao
so/s Ey(t)dt = > Qs< a(x) +yxx(t,x)—ﬁy (t,x) |dxdt
B [T
—I—sof/ y? tldt—l—sf/ va(t,1)d
2 Js
< GEy(s) + max{Cs, C4}</ 2(t,1) dt+/ v2(t, 1)dt>
S
- 3 T
—4ACqhyp (1 + EK,; + Kd> / Ey(f)dt
S
5 T
< (G 4+ max{Cz, C4}Cy)Ey(s) +max{C3,C4}C—/ E,(t)dt
5 Js

3 T
—4ACHp<1+;Ka+Kd)/ E, (F)dt.
S

Hence

T
(80 + 4/\CHP <1 + %K,Z + Kd> — max{C3, C4}C(S) / Ey(t)dt
) s
S (Cz + max{Cg, C4}C1)Ey(s).

Recalling that C5 :=1—¢ (Cﬁ + C,), where 6 < y, one has that

3 b
g0+ 4AChp <1 + gKa + Kd> —max{Cs, Cs} & > 0.
19

: : — Cs(Cr+max{C3,C4}C1)
Hence, again by [21, Theorem 8.1] with M := oo i (14 3Ka tKy)) o max{Co.Cr] (3.32) holds.

If y is the mild solution of the problem, we can proceed as in [18], obtaining the thesis. [

4. Conclusions and a Open Problems
In this paper we study the exponential stability of the energy related to (1.1). In particular, in

Theorem 3.3 we show that

If A is small and a, b are not too degenerate, then
the energy of the solution to (1.1) converges exponentially to 0 as time diverges.
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This result leads to some open problems. The first one is to prove the stability if K, + 2K; > 2 is not
satisfied. As we have seen the condition K, + 2K; < 2 is crucial in Proposition 3.2 and the condition
K, + 2K, < 2 is important to obtain that the two domains D(A) and D(A,) coincide. On the other

hand, K; 4+ K; < 21is crucial to obtain the estimate given in Proposition 2.1.

. . o1 ) < _ ) .

Another important open problem is to prove the stability of (1.1), when A < (KK
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