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Abstract

Multiple randomness is a new kind of random phenomena appeared in experiments concerning
practical applications of sciences and engineering disciples. But phenomena with multiple randomness
have been ignored in the existing literature, because correctly derived results in mathematics are used to
interpret, incorrectly, outcomes obtained by experiments designed to solve practical problems in the real
world, leading to questionable theorems in practice. Multiple randomness is characterized by unique
properties of the sample space consisting of all possible outcomes obtained by the corresponding
random experiment and differs essentially from any known phenomenon observed. This study aims
to demonstrate the existence of such phenomena. To this end, the general definition of multiple
randomness in a random experiment performed to count the number of “events” is given, and specific
examples in queuing theory are provided to illustrate the properties of multiple randomness in
counting processes. More phenomena with multiple randomness in other stochastic processes and in
other application fields of sciences and engineering disciples may also be identified, which may help
scientists and engineers to explain weired phenomena and solve puzzling problems in the real world.

Keywords: random phenomena with multiple randomness; stochastic process; counting process;
queuing theory

MSC: 60G20; 90B15; 90B22; 60K25

1. Introduction

Random phenomena are typically modeled by probability spaces used to solve practical problems
in the real world. Counting processes are popular models of many interesting random phenomena.
Let N(t) be a counting process. As a stochastic process, N(t) represents the total number of “events”
occurred up to time ¢ > 0. If the jth event occurs at instant 7j, where j > 1, the inter-event time 7; 1 — 7;
is a random variable. If an experiment is performed to count the number of events, the outcome cannot
be determined in advance; counting the number of events is a random experiment; its sample space
() is the set of all possible outcomes, which may take different forms. In this study, () consists of all
possible sequences of instants at which the events occur, i.e.,

Q= {(tw)n>1, Tu+1 > T}

If 711 — 7j for every j is defined on the whole sample space, i.e., a value can be assigned to 7j;1 — T;
ateach w € O, then N(t) is a usual counting process. For usual counting processes, such as a Renewal
process, all inter-event times can be characterized by a marginal distribution.

There are also random phenomena modeled by counting processes different from any known
phenomena. The difference is this: for any j, the inter-event time 7,1 — 7; is defined only on some
proper subset of (2 and cannot be characterized by a marginal distribution. Such counting processes
differ essentially from any known stochastic process in the existing literature. Let (2, 7, P) be the
probability space of the random experiment performed to count the number of events, where .o/
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represents the o-algebra of subsets of (), and the probability measure PP is defined on the measurable
space (Q), ). Denote by N the set of all positive integers. Let m > 1 be the total number of distributions
for inter-event times. Any inter-event time can only follow one and only one of such distributions. If
m =1, then for all j > 1, the inter-event times 7j,1 — 7; can be characterized by a marginal distribution,
and N(t) degenerates into a usual counting process. For an arbitrarily given j € N, write

Q=0()UD(j) - - UQum(j)

where
0(j) = {w € Q: (1111 — ) (w) = Ti(w)}, P[(j)] >0, ;P[ﬂi(]')] =1

Denote by F; the distribution of T; in the expression of (;(j). If k¥ # k, where 1 < k' < m and
1 <k < m, then Fy # F, thus O (j) N (j) = @, i.e, {Q(j),i =1,2,--- ,m} is a partition of Q). Let
w € Q) be an arbitrarily given sample point. Write

N = M;(w) U M(w) -+ UMy (w)

where
M;(w) ={j € N: (1j41 — 1) (w) = Ti(w)}, i € {1,2,--- ,m}

constitute a random partition of N. The partition is random, because M;(w) depends on the sample
point. At the given w, if k" # k, then My (w) N My (w) = @.

Definition 1. If Q) possesses the properties given above, N(t) > 0 is said to be a counting process with
multiple (or m-fold) randomness for m > 1. The corresponding inter-event times constitute a stochastic sequence
(Tj+1 — Tj)j>1 with m-fold randomness.

According to the above definition, for a counting process with m-fold randomness, the inter-event
time 71 — 7; is not defined on the whole sample space for any j and cannot be characterized by
a marginal distribution. The distribution of 7j;1 — 7; is not determined by a joint distribution of
random variables on (); it is determined uniquely by the random experiment in question. As terms
of the stochastic sequence (7j;1 — 7j);>1, the inter-event times are not independent random variables.
Furthermore, immediately from Definition 1, (T]'+1 - T]') j>1 1s not a stationary sequence.

Counting processes with multiple randomness appear naturally in practical applications. Un-
fortunately, they have not been identified and are all mistaken for their usual counterparts. The best
way of demonstrating their existence and illustrating their properties is to provide examples. To this
end, several well-known queuing models will be considered. By identifying multiple randomness
in the queuing models, an inconsistency in queuing theory concerning departure processes of stable
queues in steady state and product-form equilibrium distributions of queuing networks can be readily
resolved.

A lemma and its corollary concerning the departure process from a stable, general single-server
queue in steady state are proved: the instants of departures from this queue constitute a counting
process with two-fold randomness (i.e., m = 2), or equivalently, the corresponding inter-departure
times form a stochastic sequence with two-fold randomness (Section 2). Based on the lemma and its
corollary, the departure process of a stable M/M/1 queue in steady state is revisited, and stability of
Jackson networks of queues is scrutinized (Section 3). The article is concluded in Section 4.

2. Two-Fold Randomness in Counting Processes: General Results

Consider departures from a stable, general single-server queue (i.e., a GI/GI/1 system) in steady
state. This queuing model has an infinite waiting room and a work-conserving server with a finite
service capacity defined by the maximum rate at which the server can perform work. The meaning of
“work-conserving” is this: the server will not stand idle when there is unfinished work in the system.
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Customers arrive at this system according to a renewal process and are served one at a time. Times
between successive arrivals are independent and identically distributed (i.i.d.) random variables with
a finite mathematical expectation, and so are service times of customers. Inter-arrival times and service
times are also mutually independent. For such a queue, a customer leaves the system if and only if the
customer has been served. The mean inter-arrival time is greater than the mean service time. Hence
the queue is stable and can reach its steady state as time approaches infinity. For the purpose of this
study, it is not necessary to assume a specific queuing discipline.

According to the literature, times between consecutive departures from a stable queue in steady
state follow a marginal distribution [1]. However, the existence of such a marginal distribution is
only an unjustified assumption taken for granted without verification. As can be readily seen in this
section, for systems modeled by a stable GI/GI/1 queue, inter-departure times between customers
consecutively leaving from the queue cannot be characterized by a marginal distribution, even if the
queue is in steady state.

Let ¢; represent the jth customer served. Using the notation introduced in Section 1, the event “c;
departs from the queue” occurs at 7;. Denote by Q; the queue size immediately after the jth departure.
By definition, “queue size” refers to the total number of customers in the queue (including the customer
in service). Let T and T; be the times between the jth and the (j + 1)th departures when Q; = 0 and
Q; > 0, respectively.

T, = I]' + Sj+1 (2.1)

T2 = Sj+1 (22)

where [; is the idle time spent by the server waiting for the arrival of a customer, and ;1 is the service
time of ¢j 1. All arrived customers need to be served; their service times are not zero.

By definition, a random variable is a measurable real-valued function; its domain can be the
whole sample space or a subset of the sample space. To define a random variable U on the whole
sample space (), a value must be assigned to U at each w € (). Similarly, to define a random variable
on a subset of (), a value must be assigned to this random variable at each sample point in the subset.
Denote by % the Borel algebra in real line. For a random variable on the whole sample space, such as
U, its (marginal) distribution is defined by

Py(B) = P(U € B)

where B € % is arbitrary. When it is necessary to emphasize the connection between U and P on
(Q), &), the right-hand side of the above equation can be used to express the distribution of U directly.

Similarly, components of a random vector or terms of a stochastic sequence are random variables
on (). By definition, the components of a random vector (or the terms of a stochastic sequence) must
take their values at the same w € Q). If a random vector has been defined, then the joint distribution of
its components is fixed, and the marginal distribution of each component is determined by the joint
distribution. Based on a given random vector, some new random variables may be constructed on
subsets of ().

For example, let (U, V) be a random vector. The joint distribution is Pi; v, which determines Py;
and Py, the marginal distributions of U and V. Based on this random vector, a random variable W
may be constructed on © C Q) with P(®) > 0, such that W(w) = V(w) for w € ®; some values taken
by U specify ©. Thus, W follows a conditional distribution Py determined by Pz, y.

So far, two types of random variables have been mentioned; U and V are defined on the whole
sample space, but W is only defined on a proper subset of the sample space and follows a conditional
distribution. There also exist random variables different from those mentioned above. Random
variables of this type are not components of a random vector, and their distributions are not determined
by a joint distribution; times between successive departures from the GI/GI/1 queue are random
variables of this type. They are defined on some proper subsets of (2. Their distributions and properties
are determined by a chronological order of events experienced by customers. This chronological order is
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not determined by properties of the queuing model; it is determined by physical systems modeled by
the queue. For a work-conserving system with an infinite waiting room, events experienced by every
customer occur naturally as follows:

e  First, a customer arrives at the queue.
e  Upon arrival,

- the customer receives service immediately if the server is idle;
—  otherwise the customer has to wait in line.

e  Finally, after being served, the customer departs.

Consequently, for an arbitrarily given j, if the server becomes idle immediately after c; leaves, the
time between the departures of ¢; and ¢; 1 is the sum of an idle time and a service time, as shown by
Equation (2.1); otherwise the inter-departure time is a service time, see Equation (2.2). For this queuing
model, the corresponding sample pace () possesses the properties required by a counting process with
two-fold randomness due to the chronological order. Write

M (w) = {j € N: Qj(w) = 0}

Ma(w) = {j € N: Qj(w) > 0}

M (j) = {w e Q: Qj(w) =0}

and
Ou(j) = {w € Q: Qjw) > 0}.

Clearly, at an arbitrarily given w € Q, {M;(w), Ma(w)} is a random partition of N, and it is not difficult
to verify Q1 (j) N Qz(j) = @ for an arbitrarily given j > 1, thus {Q4(j), Q2(j) } is a partition of Q). If
Q1(j) N2 (j) # O, then for the given j, there would exist a sample point w € Qq(j) N O (j); when ¢;
departs, the server would be both idle and busy. This is impossible. Because the queue is already in
steady state, P[(21(j)] =1—p > 0, P[(2(j)] = p > 0, and

PO ()] +P[2(j)] =1

where p is the utilization factor.

In the literature, properties of the arrival process and stability of the GI/GI/1 queue are usually
established by using the strong law of large numbers. Results of this kind are true for every w € (),
with the exception at most of a set N' € & where P(N) = 0. Such results hold with probability
one or almost surely. Removing sample points in A/ will not change anything when the queue is
already in steady state, and () can be regarded as the sample space of an ideal random experiment
performed after the queue has reached its steady state. Because of the properties possessed by (2,
times between consecutive departures from the GI/GI/1 queue constitute a stochastic sequence with
two-fold randomness.

Lemma 1. If a stable GI/GI/1 queue is in steady state, and if the server has a finite service capacity, then for an

arbitrarily given j € N,

(@)  Tj11 — Tj cannot be expressed by any single, fixed random variable, i.e., no random variable defined
on Q) can describe Tj1 — Tj, thus Tj1 — T; cannot be characterized by a marginal (i.e., unconditional)
distribution;

(b)  (Qj,Tj41 — Tj) is not a random vector, and hence Tj 1 — T; has no distributions conditional on values
taken by Q;.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202507.2444.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 July 2025 d0i:10.20944/preprints202507.2444.v1

50f 14

Corollary 1. The inter-departure times constitute a stochastic sequence (Tj,1 — Tj) j>1 with two-fold random-
ness.

To understand Lemma 1 and its corollary, the reader may consider how to answer the following
question: if 7j;1 — 7; could be expressed by a random variable on (), say Z;, what would be the value
of Z; at w corresponding to Q;(w)? Atany w € (), the value of Q; equals either zero or a positive
integer. Whatever value Q; takes at w, it is impossible to assign any value to Z; at w corresponding
to Qj(w). In contrast to 7j;1 — Tj, service times of customers, the queue size Q;, and times between
consecutive arrivals are all random variables on (). There is a subtlety here, however. For example,
when playing the role of an inter-departure time T, defined on ();(j), Sj11 is no longer a random
variable on Q).

Proof. For an arbitrarily given j € N, O (j) U (a(j) = Q. Consequently, at an arbitrarily given w € (),

either w € O (j) and
Qj(w)=0 23
121(w) () = Ty () } )

orw € M(j) and

Q] (w) >0

T2 (@) — T(w) = Ta(w).
As shown by Equations (2.1) and (2.2), T1 and T; are well-defined random variables; their distributions,

Pr, and Pr,, are determined by the chronological order of events experienced by customers, as implied
by Equations (2.3) and (2.4). Consequently, for an arbitrarily fixed B € %,

2.4)

Pr,(B) = P[T1 € B|O1(j)], Pr,(B) = P(T € B|[Ma(j)]-

Thus, either Equation (2.3) or Equation (2.4) must hold exclusively at the given sample point w € (), and
for the given j, 71 — 7; can only be described by Ty or Ty, i.e., any single, fixed random variable on €}
cannot express Tj ;1 — T;. To see this, suppose to the contrary: there is a random variable Z; = 7j,1 — 7;
on (), which can take values at the same sample point w corresponding to Q;(w). Consequently,

{(j), Th € B} ={M(j), Z; € B} (2.5)

{D2(j), T2 € B} = {M(j), Z; € B}. (2.6)

Because {Q)(j) } is independent of events concerning future departures after c; leaves, suchas {T; € B}
and {Z; € B}, Equation (2.5) implies

P[O1(7)]Pr, (B) =P[O (j)| Pz, (B)

where Pz, is the distribution of Z;. Similarly, {M2(j)} is independent of {T, € B} and {Z; € B}, so
Equation (2.6) implies
P[0 (j)]Pr, (B) = P[O2(j)] Pz, (B).

Because P[();(j)] =1 —p > 0and P[Q(j)] = p > 0 for all j, treating 7j, 1 — 7j as Z; on Q) leads to
Pr,(B) = Pr,(B) = Pz(B).

This is absurd. The absurdity shows {Z; € B} ¢ /. Consequently, 7j;1 — 7j cannot be described by
any single, fixed random variable on () or characterized by a marginal distribution.

By definition, each component of a random vector (or each term of a stochastic sequence) is
a random variable on ), and all the components (or terms) must take values at the same w € Q.
Although Q; is a random variable on ), 7j,1 — 7; and Q; cannot form a random vector, thus 7j,1 — 7;

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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is not eligible to have distributions conditional on values taken by Q;. Similarly, » — 71, 73 — 12, - - -
cannot form a sequence of random variables on (); they constitute a stochastic sequence with two-fold
randomness. [J

The conditions required by Lemma 1 exclude two conceivable scenarios for 7j,1 — 7j to be a single,
fixed random variable defined on (). One is the worst scenario, and the other is an ideal scenario.

The worst scenario is a queue with P[();(j)] = 0 for all j, i.e., the queue is unstable. Because
O1(j) U (j) = Q, and because P[Q1(j)] =0,

PIO1(7) UD2(j)] = P[2(j)] = 1.

Thus, with probability one, when each customer departs from the system, the queue is not empty,
which implies 7j;1 — 7; = Sj;1 for all j. In other words, the idle time I; vanishes identically on (,
making the server always busy almost surely. Consequently, the queue will never become empty, and
the queue size will approach infinity with probability one.

The ideal scenario is a queue with P[(;(j)] = 0 for all j, i.e., the queue is always empty almost
surely, because P[(),(j)] = 0 for all j implies

PIO1(7) UD2(j)] = P (j)] = 1.

In other words, when each customer departs from the system, the server becomes idle almost surely,
which implies 7j,1 — 7; = ; for every j. That is, the server must have an infinite service capacity; this
is the only way to make the service times of customers vanish identically. Consequently, I; becomes an
inter-arrival time with probability one.

The scenarios above illustrate two extreme situations. If a stable queue is in steady state, then
P[Q4(j)] > 0and P[Q;(j)] > 0 for each j. Consequently, (7j11 — Tj);>1 is a stochastic sequence with
two-fold randomness and differs essentially from any sequence of random variables defined on the
whole sample space (). To illustrate the difference, consider an arbitrarily given w € (). At this sample
point,

(i) ifj € Mj(w) (i.e., immediately after ¢j departs, there is no unfinished work in the system), then
Ti+1 — Tj equals Ty (w); otherwise the server is busy, and ;1 — T; takes T»(w) as its value;
ii) thus, (1,41 — T;);>1 can be divided into two subsequences randomly as follows.
I+ 1= q y

[T41(w) = T(w)]jz1 = [T1(@)]jem () Y [T2(0)]je My (w)-

Having a finite service capacity, the server is either busy or idle with a positive probability, thus
realistic inter-departure times always fall into two categories. In steady state, the probability for the
server to be busy or idle is fixed, and the values of inter-departure times are given by either T; (w) or
Ty (w) according to whether w € Q(j) (i.e, the server is idle) or w € O, (j) (i-e., the server is busy)
immediately after ¢j departs, see Eq.(2.1) and Eq.(2.2). In the literature, the distribution of Ty or T,
is interpreted as the distribution of 7j,1 — 7; conditional on values taken by Q;. According to such
interpretation, a marginal distribution of the inter-departure times could be constructed based on the
distributions of T; and T>.

However, the above interpretation is questionable. By Lemma 1, for each j € N, 711 — 7
cannot be expressed as a random variable defined on the whole sample space () or characterized
by a marginal distribution; it is problematic to treat the distribution of T; or T, as the distribution
of 711 — 7 conditional on values taken by Q;, because (Qj, Tj11 — 7;) is not a random vector; its
components cannot take values at the same sample point w. As shown in the proof of Lemma 1,
treating (Qj, Tj+1 — 7j) as a random vector leads to a contradiction. According to Corollary 1, the
terms of (Tjy1 — 7;)j>1 are not random variables on Q; they are terms of a stochastic sequence with
two-fold randomness. The general results presented in this section may be better understood if a
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specific example is provided. A stable M/M/1 queue in steady state may serve as such an example,
which will be considered in the following section.

3. Two-Fold Randomness in Counting Processes: Specific Examples

A stable M/M/1 queue in steady state is the simplest instance of the GI/GI/1 queue. Customers
arrive at this system according to a Poison process; service times are mutually independent and follow
a common exponential distribution. According to Burke’s theorem [2], times between successive
departures from this queue in steady state are mutually independent and follow a marginal distribution
identical to the distribution of inter-arrival times. Let A be the parameter of this distribution. Clearly,
Burke’s theorem contradicts Lemma 1 and Corollary 1. In the following, Burke’s original proof given in
[2] (Subsection 3.1), Reich’s proof based on time reversibility given in [3] (Subsection 3.2), experimental
results obtained by simulation concerning the departure process from the M/M/1 queue (Subsection
3.3), and as more complicated examples to illustrate the properties of two-fold randomness, Jackson
networks of queues are scrutinized (Subsection 3.4). As can be readily seen, although Burke’s theorem
is considered as a well-established result in the literature, an inevitable conclusion can be derived:
Burke’s theorem is questionable.

3.1. Burke’s Proof Based on Differential Equations

Burke considered “the length of an arbitrary inter-departure interval” in his proof [2]. Expressed
by the notation in the present paper, what Burke called “an arbitrary inter-departure interval” is
(Tj, Tj+1) for an arbitrary j. Denote by Q(t) the state of the queue, which represents the queue size.
Burke’s proof begins with calculating the probability of an event {Q(f) = k, Tjy1 — 7; > t}, where ¢
is an instant after 7, and 7; is taken to be the instant of the last previous departure. By comparing
Tj+1 — Tj with ¢, Burke chose 7; as the origin on the time axis, namely, ¢; departs at f = 0. During the
interval (7j, Tj;1), there are at least one customer arrives. Denote by t; the first arrival instant in this
interval, where 0 < t; < Tjy1-

Burke grounded his proof on an unjustified assumption unconsciously: 7j,1 — 7; is a single, fixed
random variable Z; defined on the whole sample space and can take values together with Q(t) at
any w € Q). Burke did not mention this assumption in his paper; he took the assumption for granted.
However, this assumption is false as shown in Section 2. Under this false assumption, Burke treated
[Q(t),Tj+1 — 7] as a random vector. In Burke’s proof, a set of differential equations governing the
probability of {Q(t) =k, Z; > t} is established. Solving the equations yields [2]

PQ(H) =k, Z; > 1] = P[(Q(t) = KIP(Z; > 1), k=0,1,--- .

According to Burke’s interpretation of the above mathematical results, {Q(f) = k} and {Z; > t} are
independent events for any k > 0, and P[Q(t) = k] is the equilibrium probability of {Q(t) = k}, which
actually does not depend on t. Moreover, inter-departure times are interpreted by Burke as following
the distribution of inter-arrival times.

P(Z] > t) =e M,

However, although the differential equations established by Burke and their solutions are math-
ematically correct, the false assumption underlying Burke’s proof makes his theorem questionable;
the theorem is nothing but the interpretation of the mathematical results: the equations and their
solutions. The mathematical results belong to pure mathematics; Burke’s theorem belongs to practical
applications of the mathematical results. Interpretations of correct results in pure mathematics may be
incorrect in practical applications, which may lead to questionable theorems in practice.

To see this, consider Q(t) = 0 first, i.e., the server is idle at time t > 0. If Q(f) =0, then 0 < ¢ < #,
and

{Q(t) =0,2; > t} C{Q(0) = 0,7; > t}. 3.1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In other words, the occurrence of {Q(0) = 0, Z; > t} implies the occurrence of {Q(t) = 0, Z; > t}: if
{Q(t) = 0,Z; > t} occurs, then {Q(0) = 0, Z; > t} also occurs. When the queue is empty at time ¢ > 0,
the queue must be empty in the closed interval [0, ], because c; has departed at 7;, which is the instant
of the last previous departure taken to be the origin on the time axis by Burke, and because no customer
has arrived as required by 0 < t < t;. According to Burke’s theorem, namely, the interpretation of
the mathematical results obtained by solving the equations, Z; follows the exponential distribution
of inter-arrival times with parameter A. However, according to the chronological order of events
experienced by customers, whenever Q(t) = 0,

Clearly, I; + S, 1 does not follow the distribution of inter-arrival times.
Now consider Q(t) > 0, i.e., the queue is not empty at ¢, where t satisfies the inequality f; < t <
Tj+1. However, whenever Q(t) > 0,
Zj=Sjn

and S;1 is not distributed as an inter-arrival time.

According to Lemma 1 and its corollary, for any j, there are only two kinds of realistic inter-
departure times, T and T,, which are already defined on () and Q;(j), respectively (see Eq.(2.1)
and Equation (2.2) in Section 2); they cannot be expressed by any random variable on the whole
sample space (). Such inter-departure times are terms of a sequence with two-fold randomness and
cannot be characterized by a marginal distribution; their distributions cannot be determined by joint
distributions of random vectors defined on (). As shown above, Burke’s proof leads to a contradiction
revealed in Section 2,

Pr,(B) = Pr,(B) = Pz/(B).

The contradiction is due to the false assumption underlying Burke’s proof. Based on the assumption,
Tj+1 — Tj is considered by Burke as a random variable Z; on () with a marginal distribution obtained by
treating [Q(t), 7j;1 — Tj| as a random vector, which leads to the following questionable interpretation
of the mathematical results.

i PlQ(t) =k Zi >t =P(Z; > t) =e M
k=0

However, Z; is not defined on () and fails to describe realistic inter-departure times. The interpretation
given by Burke ignores completely the dependence of departures on the state of the server. Such
dependence is part of the constraints imposed by physical systems to be studied based on the queuing
model.

3.2. Reich’s Proof Based on Time-Reversible Markov Process

As a birth-death process in steady state (i.e., in statistical equilibrium), Q(t) is a time-reversible
Markov process. If instants on the time axis are ordered in the reversed direction, Q(t) has a time-
reversed counterpart Q*(t), which is also a birth-death process. If Q(t) is used to model the size
of a stable M/M/1 queue in steady state at time ¢, then “death” and “birth” represent “departure”
and “arrival”, respectively. Consequently, intervals between consecutive deaths are inter-departure
intervals. Reich provided a different proof of Burke’s theorem based on Q*(t) [3]. See also [4].

The proof based on Q*(f) is problematic. Although arrival instants when looking forwards in
time constitute a Poisson process, the instant 7; for any j at which Q*(#) increases by 1 cannot form
a Poisson process, because |7j — Tj;1| = Tj41 — 7. If the birth-death process Q(t) serves to model
the queue size of the M/M/1 system, then times between consecutive deaths and times between
consecutive births do not necessarily follow the same distribution in whatever direction of time.

During an open interval between two consecutive deaths (i.e., departures from the M/M/1
queue), the state of Q(t) may change m times, where m > 0. A change of Q(t) during (7j, Tj41) is due
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to an arrival in (7}, 7j11). If m = 0, then Q(#) remains unchanged in (7j, 7j;1), which implies Q(¢) > 0
for T <t < Ty, because at least one customer, Cjt1is still in the system, and because no customer
arrives in the interval.

k+2 t<T
k t:Tj+1.

The inter-departure time 7j, 1 — 7; = S; 1, because Q(t) decreases by 1 if and only if one customer has
been served.

If m > 1, then Q(t) changes at least once during (Tj, 17+1). Let t;,i = 1,2,--- represent the
instants at which Q(t) changes; t; is the ith arrival instant in the interval. Thus, either a) Q(t) > 0 for
T <t< Tj+1,01‘b) Q(t) = OfOI'T]' <t<th < T]‘Jr],andQ(t) >0forf) <t < Tjt1-

k+1 t <1

k T<t<h

k+1 H<t<t
Q) = k+2 th <t <t

k+m tm <t < Ty

k+m—1 t=14.

Itk >0, Tj41 — 7; = Sj41 still holds. However, if k = 0, then

Q(t)_{ 0 <t<h

1 t1§t<Tj+1

where t1 is the arrival instant of ¢, 1, and 7j 1 — 7; consists of an idle time of the server (i.e.,, t; — 7; = [})
and a service time (i.e., Tj;1 —t; = S;j11). Whatever value k takes, 7j,1 — 7; does not follow the
distribution of inter-arrival times. Similarly, for Q*(¢), if m = 0,

k =T
Q) =1 k+1 T <t<T
k+2 t>1

and |7; — Tj; 1| = Sjy1. Whenm > 1,

k+m—1 t=14
k+m Tj+1<t§tm

Qi () =4 k+2 t3<t<t
k+1 hy<t<t
k t1<t§Tj
k+1 t> 1

and [7j — Tj;1| = Sjy1 if k > 0; otherwise |7; — 7j41| = I; + Sj;1. In steady state, times between
consecutive departures from the M/M/1 queue always follow two different distributions, Pr, and
Pr, (see Equations (2.1) and (2.2) in Section 2), neither of which is identical to the distribution of
inter-arrival times.

For a given t, Q(t) is independent of future arrivals after t. Time reversibility is used here to
argue for “Q(t) is also independent of past departures before t.” Based on an analogy between Q(t)
and Q*(t), the argument goes as follows: Q(t) is independent of future arrivals after ¢; departures are
“arrivals” when looking backwards in time; because Q(t) and Q*(¢) are statistically identical, Q(t) is
independent of past departures before ¢.
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However, the analogy between Q(t) and Q*(t) is not appropriate, and the argument based on the
analogy is problematic. Although Q(t) is independent of arrivals after ¢, both arrivals and departures
prior to t determine Q(#): increase and decrease in Q(t) are due to arrivals and departures before
t, respectively. For a stable M/M/1 queue in steady state, Q(t) depends on departures before ¢
necessarily.

Any queuing model for solving problems in the real world must satisfy the constraints imposed
by physical systems to be studied based on the model. The reversed process Q*(t) is constructed in
pure mathematics without considering the chronological order of events experienced by customers
and irrelevant to the departure process from the M/M/1 queue. By Corollary 1, (7j;1 — 7j);>1 is
a stochastic sequence with two-fold randomness; its terms cannot be characterized by a marginal
distribution. Time reversibility cannot change (7j;1 — 7j);>1 into a sequence of i.i.d. random variables
on Q). Thus, the arguments in queuing theory based on Q*(t) are questionable.

Questing the arguments in queuing theory based on Q*(t) is not to say “a birth-death process
Q(t) in statistical equilibrium has no time-reversed counterpart Q*(¢).” The birth-death process Q(t)
is still time-reversible and has its time-reversed counterpart Q*(t). But Q*(¢) is just not applicable to
queuing models.

3.3. Experimental Results Concerning Counting Processes with Two-Fold Randomness

There are many experimental results obtained by simulation concerning departures from the
M/M/1 queue. All of them are claimed to be in agreement with Burke’s theorem. However, as
shown below, the experimental results are misinterpreted. Let j1 < oo represent the parameter of the
service-time distribution. The mean inter-arrival time and the mean service time are 1/A and 1/,
respectively. Using the notations in Section 2, for all j,

POy ()l =1-p

and
Pl (j)] =p

where 0 < p = A/p < 1. If Q; = 0, then 7,1 — 7; = T3, see Eq.(2.1), and its probability density
function (pdf) is

(1) = e o),

If Q; > 0, then 7j,1 — 7j = Ty, see Equation (2.2), and its pdf is fr,(t) = pe M.
Let K; represent a time interval (¢, t + dt] of an infinitesimal length dt. Write

H] = {Q] = OrTl S Kt} U {Q] > O,T2 S Kt}
For a stable M/M/1 queue in steady state, a simple calculation yields
P(H;) =P(Q;=0,T; € K) +P(Q; > 0, Tz € K;) = Ae Mdt. (3.2)

The probability obtained by the calculation is indeed in agreement with the experimental results, but it
cannot be interpreted as

P(Q;=0,Z; € Kt) + P(Q; > 0,Z; € K;) =P(Z; € Ky) = Ae M. (3.3)

In the above interpretation, Z; is treated, incorrectly, as a random variable representing 7,1 — 7; at
each w € Q.

By Lemma 1, 7j,1 — 7j is not a random variable defined on the whole sample space (), thus
(Qj, Tj+1 — Tj) is not a random vector. It is incorrect to interpret Equation (3.2) as identical to Equation
(3.3), because {Z; € K;} ¢ 7 (see Section 2).
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Simulation studies are based on the strong law of large numbers, and the sequence studied by
simulation should consist of i.i.d. random variables on Q). As shown in Section 2, (Tj41 — 7j)j>1 is a
stochastic sequence with two-fold randomness; it can be randomly divided into two subsequences.

[T41(w) = Ti(w)]j>1 = [T1(@)]jem () Y [T2(0)]jemy (w)

which holds at any given w € Q. Accordingly, (H;);>1 can also be divided randomly into two
subsequences at the sample point.

[Hj(w)]j>1 = [Qj(w) =0, Ty (w) € Ki]jepm (w) U [Qj(w) >0, Ta(w) € Kiljem, (w)-

Consequently, it is impossible to construct a sequence of i.i.d. random variables based on (H;);>1, and
it is not legitimate to apply the strong law to study (H;);>1. Nevertheless, if Z(H;), the indicator of H;,
is considered instead of Hj, then Z(Hy), Z(Hy), - - - constitute a sequence of i.i.d. random variables all
defined on (). By the strong law,
" I(H;
tim 2= gz )

n—oo n

with probability one, where
E[Z(H;)] =P(Q1 =0,Ty € K;) +P(Q1 > 0,T» € K;) = Ae Mt

The above analysis not only explains why Equation (3.2) is in agreement with the experimental
results of simulation but also reveals the essential difference between Equations (3.2) and (3.3); the
interpretation given by Equation (3.3) does not make sense in practice. To see this, consider an
arbitrarily given j. Were the interpretation meaningful in applications, there would be a sample point
w € O; at this w, when ¢; departs, a value would be taken by Z; corresponding to both Q;(w) = 0 and
Qj(w) > 0 simultaneously. In no sense can anything like this happen in the real world.

3.4. More Complicated Examples

Consider a Jackson network consisting of | single-server queues denoted by Qj, i=12---,]. At
each queue, there is an infinite waiting room, and customers are served by a work-conserving server.
The mean service time is 1/ at Q;. By Jackson’s theorem [5], these queues are stable if A; < yi;, where
Aj is the total arrival rate of customers at Q;, determined by the following equations.

/
Aj=j+ Y APy, i=1,2,---,]. (34)
i=1

In Equation (3.4), v; is the arrival rate of customers at Q; from outside of the system, and P;; is the
probability for a customer to join Q; immediately after leaving Q;. So the arrival rate of customers at
Q; from Q; is A;P;j. All the proofs of Jackson’s theorem, including Jackson’s original proof and the
proof with time reversibility, depend on the stability condition A; < yi; obtained by solving Equation
(3.4).

According to Jackson’s interpretation (e.g, [5,6]), after the network has been in operation for an
infinitely long time, each queue in the network behaved “as if” (i) its size were a random variable char-
acterized by a marginal distribution, and (ii) all such random variables were independent, possessing
a joint distribution equal to the product of their marginal distributions. However, the phrase “as if” in
Jackson’s interpretation makes it questionable, because it is inconsistent with the standard notion of
independent random variables. For example, if the joint distribution of two random variables can be
expressed as the product of their marginal distributions, the random variables are indeed independent,
rather than behaved as if they were independent. The inconsistency isdueto A; < p;,j=1,2,---,],
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the stability condition required by Jackson’s theorem, which relies on an unjustified assumption (see
below) and does not necessarily imply stability of every queue in the network. Consequently, the
assumption makes Jackson’s theorem irrelevant to physical systems modeled by Jackson networks of
queues, although the solution of Equation (3.4) may not be difficult to find.

Consider two queues Q; and Q) in tandem, where Q; is a stable M/M/1 queue in steady state.
Customers arrive first at Q; according to a Poisson process with a rate A. After being served at Q,
they join Q, immediately; Q> also has an infinite waiting room. Service times of a customer spent at
Q1 and Q, are mutually independent, following exponential distributions with finite service rates
#1 > Aand yup > A. In addition, service times at Q; are not only mutually independent but also
independent of arrivals both at Q; and at Q.

According to Burke’s theorem, departures from Q; constitute a Poisson process with the rate
A. Thus, Q; behaved as if it were a stable M/M/1 queue isolated from Qp, and Burke’s theorem
allows the two queues to be treated as a Jackson network of queues [6], which will be used here
as a counterexample. This simple counterexample may help the reader to find out why Jackson’s
theorem is questionable in a straightforward way, and why time reversibility cannot explain away the
inconsistency mentioned above.

By Jackson’s theorem [5], the numbers of customers in the two queues in tandem are independent,
and follow a product-form joint distribution after the network has been in operation for an infinitely
long time. For such a network of two tandem queues, Equation (3.4) is simply

M=A=A (3.5)

which is also a consequence of Burke’s theorem.

In the literature, Q; is claimed to be stable; the claimed stability follows from Equation (3.5).
However, because times between consecutive departures (i.e., 7j;1 — ;) from Q; are times between
consecutive arrivals at Qp, and because 71 — 7; cannot be described by any single, fixed random
variable, the number of customers in Q, cannot be described by any single, fixed random variable
either, even if Q; is stable and has reached its steady state.

The unjustified assumption underlying Equations (3.4) and (3.5) is this: times between successive
departures from a stable queue in steady state follow a marginal distribution. This assumption is the
basis to define the arrival rate at a queue for customers coming from inside of the system. By Lemma 1,
for the network of the two queues in tandem, the assumption is problematic, unless the server at 9,
has an infinite service capacity. Only in this unrealistic scenario, treating O, as a stable M/M/1 queue
isolated from Q; will not lead to the inconsistency. Because service capacities in the real world must
be finite, it is illegitimate to use A, the arrival rate at the first queue, to characterize the arrivals at the
second queue. As terms of a stochastic sequence with two-fold randomness, 7j,1 — 7; do not have a
marginal distribution; time reversibility cannot change this fact, see also Subsection 3.2.

In general, so long as inter-arrival times between customers at a queue are times between con-
secutive departures from another queue, any single, fixed random variable cannot describe such
inter-arrival times. Consequently, any single, fixed random vector cannot describe the behavior of a
Jackson network of queues, regardless of whether the structure of the network is simple or complex. In
a Jackson network, with or without feedback paths, at least one queue is not stable. That is, statistical
equilibrium with respect to the numbers of customers in all the queues in the network as a whole does
not exist. Therefore, Jackson’s theorem is indeed questionable, and no Jackson network is stable.

By definition [1], if the number of customers in a queue remains finite after the queue has been in
operation for an infinitely long time, the queue is sub-stable. A stable queue is of course sub-stable. But
a sub-stable queue may not necessarily be stable. If a queue is sub-stable but not stable, the queue is
properly sub-stable. If a queue is properly sub-stable, the number of customers in the queue is always
finite, but its distribution will not converge to a limit. That is, the behavior of the queue cannot be
described by any single, fixed random variable. The meaning of “not stable” is not “unstable”; the
latter means “not sub-stable”. The number of customers in an unstable queue will become infinitely
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large as time approaches infinity. As shown above, in a Jackson network consisting of two queues at
least, a properly sub-stable queue is mistaken for a stable queue.

It is possible to generalize the results concerning Jackson networks of queues. Consider a system
of work-conserving, single-server queues in tandem. Each queue has a finite service capacity and an
infinite waiting room. At each queue, service times are generally distributed, mutually independent,
and independent of its arrivals. The first queue is a stable GI/GI/1 queue in steady state. All customers
arrive from outside of the system at the first queue and leave the system from the last queue after
being served there. Any queue, which is not the first queue or the last queue, is called a downstream
queue. After receiving service at the first queue or a downstream queue, a customer goes immediately
to the next downstream queue. All downstream queue and the last queue in the system are not stable;
they are merely properly sub-stable. Consequently, this system of queues in tandem as a whole is not
stable, in the sense that its behavior cannot be described by any single, fixed random vector. For the
downstream queues and the last queue, the two different notions, proper sub-stability and stability,
are confused in the literature; the confusion leads to mistaking properly sub-stable queues for stable
queues. Such proper sub-stability due to the departure processes with two-fold randomness is entirely
ignored in the existing literature.

Other possible generalization is to apply the above analysis to queuing networks with more
general topological structures. For example, any queue in a network may have multiple work-
conserving servers with finite service capacities; its waiting room may not necessarily be infinite.
External arrivals at the queue may not necessarily form a renewal process. Service times may follow
different distributions at different queues in the network; external arrivals and service times can also
be dependent.

4. Conclusions

Phenomena with multiple randomness appear naturally in random experiments concerning
practical applications of sciences and engineering disciples. Many interesting random phenomena
are modeled by counting processes, which are widely applied to solve practical problems in the
real world. However, counting processes with multiple randomness, which differ essentially from
known stochastic processes in the existing literature, are all mistaken for usual counting processes,
because correctly derived mathematical results are used to interpret, incorrectly, the corresponding
experimental results, leading to questionable theorems in practice. In this article, the general definition
of multiple randomness in counting processes is given, and specific examples in queuing theory are
provided to illustrate the properties of two-fold randomness in counting processes. In addition to the
examples in queuing theory, more counting processes with m-fold randomness (m > 2) may be found
in other application fields of science and engineering disciples and in other stochastic processes used
by scientists and engineers, which may help them to explain weired phenomena and solve puzzling
problems in the real world.
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