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Abstract: In this paper, I investigated the emergent dynamics in the Newtonian limit by modeling a toy
model of the universe with N masses coupled by gravity incorporating the cosmological constant. The
dynamics are given by the equation of the Kuramoto-like form. This many-body system is drastically
simpler by using a mean field approach. The equilibrium solution of the equation is consistent with
the usual Milgrom’s empirical law. It turns out that the state of the universe at large scales enters local
dynamics in local small systems, such as galaxies. However, in the context of general relativity, gravity
is described within a geometric framework. Thus, I constructed a geometric dynamical equation for
the gravitational system, which describes a geometric flow.
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1. Introduction

The universe in its vast complexity harbors profound mysteries that challenge our understanding
of fundamental physics. Observations of the flat rotation curves of galaxies reveal a striking discrepancy
that galaxies rotate faster than can be accounted for by the visible matter alone, suggesting the presence
of an invisible mass, known as dark matter. It is also hypothesized to explain a range of gravitational
anomalies observed in gravitational lensing and the cosmic microwave background (CMB) [1]. Despite
its success in accounting for these phenomena, the dark matter paradigm faces significant challenges.
The lack of direct detection raises questions about its fundamental validity. The most widely accepted
Cold Dark Matter (CDM) model struggles to account for observational discrepancies at smaller scales
(for a review see Ref. [2]), such as the "missing satellites problem," where the predicted number of
dwarf galaxies around massive galaxies exceeds observations [3-5], and the "cusp-core problem,"
where simulated dark matter halos exhibit central density cusps inconsistent with the flatter density
profiles observed in some galaxies [6]. In addition, recent observational results including rapid galaxy
growth [7] and flat velocity curves extending beyond the expected virial radii of dark matter halos [8]
also suggest inconsistencies with the CDM model. These issues imply that the CDM framework may
need refinement or that our understanding of gravitational dynamics requires revision.

An alternative theory is the Modified Newtonian Dynamics (MOND) proposed by Milgrom as a
modification to Newtonian gravity at extremely low accelerations [9-11]. Although MOND struggles
to account for phenomena at cosmological scales, the simplicity of MOND at smaller scales make it a
valuable theoretical tool. Unlike the dark matter hypothesis, the MOND paradigm stipulates that the
observed gravitational effects arise not from unseen mass but from a deviation in the law of gravity
when accelerations fall below a critical threshold ag ~ 1.2 x 10~ %m/s?. Milgrom’s empirical law can
be written as p(a/ag)a = ay, where ay is the Newtonian acceleration produced by the visible matter, a
is the true gravitational acceleration and the interpolating function y(x) satisfies (x) ~ 1 when x > 1,
and p(x) = x when x < 1. In the deep-MOND regime (2 < ay), MOND modifies the gravitational
force law to scale inversely with distance rather than the square of the distance, effectively reproducing
the flat rotation curves of galaxies and Tully-Fisher relation without invoking dark matter. MOND can
be interpreted as a modification of gravity or inertia. In the modified gravity interpretation, Newton’s
law of gravity should be modified at low accelerations, leading to a stronger gravitational effect than
predicted by the usual inverse-square law. This approach has been formalized in theories such as the
Tensor-Vector-Scalar (TeVeS) gravity [12] and bimetric theories [13,14], which attempts to provide a
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relativistic extension of MOND [2]. Alternatively, the modified inertia interpretation suggests that
the response of a body to a given force depends on the acceleration regime. However, the origin of
inertia remains an open question in modern physics. Some theories propose that inertia arises from
interactions with the vacuum [15]. Alternative perspectives, like Mach’s principle, suggest that inertia
is a relational property, emerging from an object’s interaction with the global distribution of matter in
the universe.

A very noteworthy coincidence of MOND is that the value of a4y ~ 1.2 x 10~ 1%m/ s? determined
from galaxy dynamics is of the order of some acceleration constants of cosmological significance. It is
of the same order as Hy (Hj is today’s Hubble constant) and (A /3)!/2 (A is the cosmological constant).
This mysterious "cosmic coincidence" raises questions about its fundamental significance and potential
cosmic connections. The contents of the universe are typically modeled as a perfect fluid to derive
the Friedmann equations. However, it effectively describes the overall state of the universe but may
overlook potential emergent phenomena. In this paper, I derived a modified acceleration formula by
modeling a toy universe with N masses coupled by gravity incorporating the cosmological constant.
Studying this many-body system within the framework of general relativity would be a challenging
task. Thus, I first investigate this model in the Newtonian limit. Upon using a mean field theory
approach, it is possible to study a system with a large or infinite number of degrees of freedom. I define
a mean field to represent the average effect of all the masses. The results suggest that the "cosmic
coincidence" may be interpreted as “synchronization” at cosmological scales similar to the Kuramoto
model [16,17]. The Kuramoto model is a mathematical framework that describes synchronization
in systems of coupled oscillators. It predicts a phase transition where oscillators spontaneously
synchronize, transitioning from disorder to a collective rhythm when the coupling strength exceeds a
critical value. The difference is that the degree of freedom in this model is acceleration rather than the
phase of the oscillator. However, on cosmological scales, the typical gravitational force that decays with
distance is insufficient to induce collective emergence. But in a dark energy-dominated universe, the
fact that the interaction strength increasing with distance inevitably leads to the state of the universe at
large scales entering local dynamics in small systems when the cosmological constant is taken into
account. On the other hand, the Hamiltonian H of a system can typically be divided into a free part and
an interaction part, i.e., H = Hy + H;. When the coupling strength between the system’s components
is very strong, the free part of the Hamiltonian can be neglected, and the system’s dynamics are entirely
governed by the interaction part, leading to distinct behavior in the local system.

In the Kuramoto model, strong coupling strength between oscillators can lead to synchronization.
One might expect that systems with strong gravitational coupling could also exhibit collective emergent
phenomena. However, in the context of general relativity, gravity is described within a geometric
framework. I will generalize the Kuramoto-like dynamical equations to the framework of general
relativity based on results obtained in the Newtonian limit. This equation takes the form of a geometric
flow. Common geometric flows include Ricci flow [18], mean curvature flow [19], and Yamabe flow
[20]. The renowned Ricci flow, used to prove the Poincaré conjecture, has been applied in physics
research [21-24]. The Ricci flow is defined by the partial differential equation dg/dt = —2Ric(g),
where Ric(g) is the Ricci curvature tensor. It describes the evolution of a Riemannian metric g on a
manifold over time ¢ in a complicated way. Intuitively, the Ricci flow can be understood as a heat
equation for geometry. The flow tends to make the manifold’s geometry more uniform, contracting
regions of positive curvature and expanding those of negative curvature.

This paper is organized as follows. Sec.2 is dedicated to the emergent modified Newtonian
dynamics. In Sec.3, I investigate the dynamics equation of geometry. Finally, in Sec.4 I summarize the
main results obtained. For convenience, I use natural units withc =h =k =1.

2. Emergent Dynamics at Cosmological Scales

Let us consider a toy model of the universe consisting of N masses coupled by gravity including
the cosmological constant A. In the limit of small velocity and in the weak field approximation,
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Einstein’s field equations should reproduce Newtonian gravity. In the Newtonian limit, Einstein’s
field equations with the cosmological constant reduce to a modified Poisson equation:

V29 = 471Gp — A, 1)

where ¢ is the gravitational potential, G is Newton's gravitational constant and p is the mass density.
The equivalent force due to the cosmological constant is directly proportional to the distance. At
cosmological scales, the Newtonian limit breaks down, and the effect of A is described by general
relativity and the Friedmann equations. But this does not alter the final result because the repulsive
effect still increases with distance, and the synchronization phenomenon of interest occurs as long as
the coupling strength exceeds a critical value.

Similar to the Kuramoto model [16,17], we can sum over the acceleration vector a of all masses to
obtain an average acceleration vector as the order parameter to describe the overall behavior of the
universe. But assuming the universe is isotropic, it is more appropriate to describe the dynamics of the
system using a scalar related to acceleration, such as the magnitude or the square of the acceleration.
Furthermore, the cosmological constant is typically described as a homogeneous dark energy perfect
fluid. However, here only the matter content is modeled. To describe a mass embedded in an expanding
universe, we need to define an effective acceleration T that combines features of the mass and the
expanding cosmological background. One might recall that 4-dimensional de Sitter spacetime can be
embedded into a 5-dimensional flat Minkowski spacetime to generate a geometrical symmetry group
SO(4, 1). Therefore, the acceleration of a constant accelerated observer in this flat spacetime would be

T = /a2 + H3 [25]. The fact that the couple strength increasing with distance inevitably leads to the
"synchronization", namely that cosmic expansion is isotropic and homogeneous on large scales, which
is consistent with observational data. In fact, we do not need to assume the cosmological principle
to derive the Friedmann—Robertson-Walker (FRW) metric, and the homogeneity and isotropy of the
universe are induced by the effects of A. The overall behavior of the universe encoded in A and Hy
enters local dynamics in small systems. The dynamics of the i-th mass are described by the equation of
the following Kuramoto-like form:

N
T; = |aN|+%ZA7’ijCij(Tj—Ti)/ (2)
=1

where the dot denotes the derivative with respect to time t, T; = ,/a? + H3 is the true effective
acceleration of the i-th mass with a; = |a;| being the magnitude of true acceleration, ay is the
Newtonian expression for the acceleration vector of the i-th mass, ¢ is the positive coupling strength, 7;;
is the distance and C;j(T; — T;) is a general coupling function for the interaction between the i-th and
j-th masses. Here, I choose the coupling function Cj;(Tj — T;) = Tj — T; because it naturally captures
the acceleration differences between coupled masses in a simple and physically meaningful way.
The coupling term in this model works to reduce acceleration differences, leading to synchronized
behavior. The usual Newtonian acceleration is modified due to cosmological effects. I have neglected
the contribution of the conventional Newtonian gravitational force that decays with distance to the
second term on the right-hand side (RHS) of Equation (2). In the limit 7;; — 0, i.e., for a local small
system, the Hubble constant and cosmological effects can be neglected, and we have |T;| = |a;| = |ay]|.
Let us define a mean field that represents the average effect of all the contents of the universe. Clearly,
the mean acceleration is Hy. Every accelerated object appears to be subjected to a force that drives its
effective acceleration toward Hy. The dynamics equation is expressed in terms of the magnitude of
acceleration, this criterion allows us to determine the direction of acceleration. Upon using a mean
field approach, all of the originally coupled differential equations become coupled only to the mean
field quantity Hy. Let us consider periodic motion, such as uniform circular motion in a plane. We
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have |ay| = w|an| = way when the acceleration is expressed in complex exponential form. The
simplest possible form of Equation (2) is

Ti =way +1(Hy—T;), 3)

where 7 is the effective coupling strength. Assume that the Newtonian acceleration and the acceleration
difference contribute equally to the variation in effective acceleration, we have w = #. Thus Equation
(3) can be written in terms of the acceleration as

M:wuN—i-w(HO—\/aZ—i-Hé), 4)
\/a*+ H3
where the subscript i has been omitted. The fixed point given by @ = 0 represents stable solutions of

ay = /a2 + H3 — Hy, (5)

which leads to the Milgrom’s empirical law p(a/ag)a = ay with ag = 2H. It was interestingly noted

Equation (4) and one arrives at

that the local dynamics of small systems depend on the state of the universe at large scales and the
Hubble constant varies during the evolution of the universe. Under the quasi-static approximation,
the effective acceleration is T; ~ +/a? + H(t)?. Therefore, we replace Hy with the varying Hubble
parameter H(t) and Equation (5) becomes

One immediately obtains

N 1 4c2HH
= —4 = f 2cH 7
> 2 o ora > 2cH, (7)
2c2HH
2cHay — 2 , fora < 2cH, (8)

with

% GM
=% V7w ©)

where Vy is the Newtonian expression for the orbital velocity of a test particle in circular motion
around a point mass M, R is the orbital radius and the speed of light c is restored in the final form.
Note that the cosmological constant A is very small, so the acceleration enhancement due to H < 0 is
negligible at small scales (e.g., laboratory or planetary) and only significant at cosmological scales (e.g.,
galaxy clusters or larger). Thus, the emergent MOND does not violate the experimentally verified
Newtonian mechanics and equivalence principle at small scales. In galaxy clusters, the usual MOND
(v/apan) cannot fully account for the large dynamical mass inferred from velocity dispersions or
X-ray gas temperatures because the acceleration regime in clusters is often above a9, where MOND’s
corrections approach Newtonian behavior. But this model suggests that the H term can still provide
the gravitational enhancement when the acceleration exceeds ag. In addition, it is expected that
the emergent MOND has a different impact on the evolution of the universe during the period of
decelerated expansion compared to the present universe.

We have considered the simplest possible case. However, for complex local gravitational environ-
ments and more general cases in the real universe, the mean field approximation does not hold, and
we should employ N-body simulations on Equation (2). Furthermore, the parameters used to describe
the overall behavior of the universe may not be unique. In addition to H(t), we may introduce further
parameters, and thus the dynamics are governed by a set of Kuramoto-like equations. The key point is
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that the current state described by certain parameters at cosmic scales influences the behavior of local
systems.

3. The Geometric Flow Equation

In the context of general relativity, gravity is described within a geometric framework. It is worth
noting that Equation (3) may be generalized to the framework of general relativity, where the system
is characterized by the curvature rather than acceleration. It is a geometric version of the dynamics
describing the collective "synchronization" phenomena. I provide an intuitive and heuristic extension
of the emergent MOND.

As in bimetric theory, let us introduce two auxiliary metrics ¢,, and g, in addition to the
Riemannian metric tensor g,,. The metric ¢, is associated with the true gravitational potential, g,
is associated with the local gravitational potential of the universe’s contents, and g, related to the
average gravitational potential represents the overall state of the universe and is exactly the FRW
metric. Their corresponding connections are fg,y, I'g, and fg ,» Tespectively. We can now construct
nontrivial tensors from the differences of these connections. Let us define two tensors K/"g‘7 and Cg . as

Kg, =T, — T, (10)

and
& _ Pax _ fw
Coy =Ty = Ly (11)
We assume that the mean field approximation remains valid. Since connections act like gravitational
accelerations, from Equations (2) and (3) the dynamic equation may be written in this form:
oK%

af” = C4,. (12)

The geometric flow tends to smooth out the inhomogeneity of the metric distribution. In the Newtonian
limit, Equation (12) can reproduce Equation (3). The connection ng can be computed from the FRW
metric. Given the local gravitational field g, and calculating the corresponding connection ng, we
can solve Equation (12) to obtain the true metric field §;,,. Note that the FRW metric g, and the
local metric field g, do not use identical coordinates. Their physical contexts and coordinate choices
differ significantly. To describe a local gravitational field embedded in an expanding cosmological
background, a composite metric combining the local geometry with the cosmological background is
typically used. The McVittie metric is a common choice for embedding a Schwarzschild metric in an
expanding universe [26]. However, strictly separating the local gravitational field and cosmological
background contributions in the same coordinate system to calculate the connection difference is
challenging due to the non-linear coupling of these effects.

4. Conclusion

In this paper, I investigate the emergent MOND of a toy model of the universe. The system
is drastically simpler by using a mean field theory approach. The emergent MOND may still be
insufficient to explain all phenomena on large scales. But it remains a valuable theoretical tool,
prompting ongoing research into its foundations. Furthermore, I derive the geometric dynamical
equation in a non-rigorous manner. The equation might be regarded as a possible relativistic extension
of MOND. It is worth noting that the effective acceleration as a degree of freedom is exactly the Unruh
temperature of the radiation seen by an accelerated observer in de Sitter spacetime, differing only by a
factor of 27t [27]. It may suggest a connection between gravity and thermodynamics. In some studies,
gravity is regarded as an entropic force [28-31]. In my personal view, this only means that gravity can
be described in another framework at the macroscopic level, whereas at microscopic scales gravity may
still be quantum. Furthermore, emergent phenomena at the cluster and cosmological scales arise from
the gravitational interactions of small-scale cosmic constituents. For black holes, emergent phenomena
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are merely a consequence of excessively strong gravitational interactions. Therefore, it is gravity that
gives rise to emergent phenomena on larger scales, rather than gravity originating from emergence.
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