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Abstract

Although chimeric antigen receptor T-cell therapy (CAR-T) has shown substantial efficacy in haema-
tological malignancies, its application to solid tumours remains limited by antigenic heterogeneity,
poor effector-cell infiltration, and an immunosuppressive tumour microenvironment. This study
aimed to develop a mathematical model of the spatiotemporal dynamics of a solid tumour under
CAR-T cell therapy, incorporating the main determinants of therapeutic resistance. We propose a
reaction-diffusion model formulated as a system of partial differential equations describing func-
tional and exhausted CAR-T cells, antigen-positive and antigen-negative tumour subpopulations, and
chemokine, immunosuppressive, and hypoxic fields. The model was analysed using steady-state
analysis and numerical simulations based on a finite-difference scheme. The simulations showed
that therapeutic outcome is governed by the combined effects of CAR-T cell infiltration, functional
exhaustion, and tumour antigen escape. The model reproduced partial tumour regression followed by
persistence of a residual tumour population, the emergence of an antigen-negative component under
therapeutic pressure, and reduced treatment efficacy under more strongly immunosuppressive and
hypoxic microenvironmental conditions. Repeated simulated CAR-T-cell administration improved
tumour control, albeit with diminishing returns. Overall, the proposed model provides a useful
framework for analysing resistance mechanisms and optimising CAR-T cell therapy protocols for solid
tumours.

Keywords: mathematical modelling; computational oncology; CAR-T therapy; computational al-
gorithms; reaction—diffusion system; partial differential equations; antigen heterogeneity; tumour
microenvironment; spatiotemporal dynamics

1. Introduction

Cancer immunotherapy, particularly chimeric antigen receptor T-cell (CAR-T) therapy, is one
of the most important advances in modern oncology. Its clinical potential has been demonstrated in
haematological malignancies, where high rates of complete remission have been reported in patients
with relapsed or refractory disease [1,2]. However, despite these remarkable advances in haematology,
the efficacy of CAR-T therapy against solid tumours remains limited [3,4]. Solid tumours orchestrate
a complex network of physical, biological, and immunological barriers that collectively impede the
infiltration, persistence, and function of CAR-T cells [5,6].

The application of CAR-T therapy to solid tumours is limited by several major challenges,
including heterogeneity of tumour antigen expression, restricted penetration of CAR-T cells into
the tumour mass, an immunosuppressive tumour microenvironment, and T-cell exhaustion [7,8].
Antigenic heterogeneity is particularly important because antigen-positive and antigen-negative cells
can coexist within a single tumour, creating selective pressure and promoting immune escape [9].
Mathematical models that incorporate this mechanism may help to investigate treatment dynamics
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and predict the emergence of resistance [10]. Another important aspect is the bystander effect, whereby
CAR-T cells can activate endogenous antitumour T lymphocytes directed against antigens not directly
recognised by the CAR [9]. Understanding and quantitatively characterising these complex processes
requires the application of modern mathematical and computational modelling approaches. For
clarity, the principal limitations of CAR-T therapy in solid tumours, together with the corresponding
directions of mathematical modelling, are shown in Figure 1. The following section briefly reviews the
main classes of models used to describe tumour growth and tumour-immune interactions.

CAR-T therapy of solid
tumors and
mathematical modelling
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Figure 1. Key barriers to the efficacy of CAR-T cell therapy in solid tumours and the corresponding directions of
mathematical modelling.

Mathematical modelling of biological processes has been widely employed in oncology research
over recent decades [11,12]. Mathematical, physical, and computational approaches have been widely
used to investigate various aspects of tumour growth and to improve our understanding of tumour
responses to clinical interventions [13,14]. In silico studies that predict individual patient responses
to different dosing schedules or combinations of treatment modalities are becoming an invaluable
tool for optimising medical therapy [15]. Numerous mathematical models have been developed to
describe tumour growth dynamics. These models may be classified according to various criteria, in-
cluding spatial scale (subcellular, cellular, tissue, and organismal), the type of mathematical formalism
employed (ordinary differential equations, partial differential equations, agent-based models, and
hybrid approaches), and the biological processes considered (proliferation, apoptosis, angiogenesis,
and interactions with the immune system) [16,17]. Classic tumour growth models, such as exponential,
logistic, and Gompertz models, are widely used to describe tumour growth kinetics [18,19]. More
sophisticated approaches account for the spatial heterogeneity of the tumour and its microenvironment
by using diffusion equations and methods from elasticity theory [20,21]. Of particular interest are
hybrid models that combine both discrete and continuous variables to represent individual cells and
concentration or density fields, respectively [17]. Each discrete cell may be equipped with submodels
that govern cellular behaviour in response to microenvironmental signals. Moreover, individual cells
interact with one another and collectively form an integrated tissue. Hybrid models constitute a
broader class of individual-based models that are closely aligned with tumour cell biology and allow
the incorporation of multiple interacting intracellular and extracellular variables. They are therefore
particularly well suited to systems biology approaches to the study of tumour growth [22].

In recent years, increasing attention has been directed towards modelling interactions between
tumours and the immune system [23,24]. These models describe the complex dynamics between
tumour cells and various components of the immune system, including T lymphocytes, natural killer
cells, macrophages, and dendritic cells [25,26]. Models of tumour-immune system interactions allow
us to investigate the conditions under which the immune system is able to control tumour growth
and to predict the effectiveness of various immunotherapeutic strategies [27,28]. With the advent of
CAR-T cell therapy, there has been a growing need for specialised mathematical models capable of
adequately capturing the distinctive features of this treatment modality [29,30]. Unlike conventional
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chemotherapy, which exhibits predictable dose—exposure relationships, the dynamics of CAR-T cells
depend on complex biological factors that determine treatment response [31]. Contemporary models
of CAR-T cell therapy may be divided into several categories: pharmacokinetic models describing
the expansion and persistence of CAR-T cells in the body, models of cellular cytotoxicity describing
the elimination of tumour cells by CAR-T cells, and more comprehensive models that account for the
spatial organisation of the tumour and its microenvironment [32,33].

Particularly challenging is the modelling of the spatiotemporal dynamics of solid tumours under
CAR-T cell therapy. Spatial aspects play a crucial role in therapeutic efficacy, as CAR-T cell distribu-
tion within the tumour, nutrient availability, oxygen gradients, and spatial heterogeneity of antigen
expression significantly influence treatment outcomes [34,35]. Tumour geometry may also exert a
marked effect on treatment efficacy in silico, with notable differences observed between tumours
with block-like architectures and those with sparse cellular distributions, giving rise to the concept of
immunosuppression driven by geometric effects [34]. Another important direction is the development
of models that account for mechanisms of resistance to CAR-T cell therapy [36]. Long-term studies of
CAR-T cell therapy have revealed that remissions are often not durable in a substantial proportion of
patients. Among the mechanisms underlying these relapses are limited cytotoxicity or persistence of
CAR-T cells, as well as antigen loss or lineage switching in tumour cells [36]. Mathematical models that
use a continuous variable to describe the level of antigen expression in tumour cells make it possible
to reproduce key cellular mechanisms in patients exhibiting different therapeutic responses [36].

Contemporary approaches to the mathematical modelling of tumour growth increasingly integrate
methods from artificial intelligence and big-data analytics [15]. This includes, in particular, the use
of machine learning to calibrate and adapt mathematical models to individual patient data [37].
Personalised mechanistic models combined with machine-learning methods open new possibilities for
predicting therapeutic response and optimising treatment for each individual patient [15,38]. However,
a fundamental barrier to the implementation of this paradigm is the current lack of a rigorous yet
practical mathematical theory of tumour initiation, progression, invasion, and therapeutic response
[15]. In the context of modelling CAR-T cell therapy for solid tumours, multiscale approaches are of
particular relevance, as they account for processes across different levels of biological organisation,
from intracellular signalling pathways to the tissue architecture of the tumour and the systemic
immune response of the host [39,40]. Such models make it possible to investigate complex non-linear
interactions between system components and to identify critical points at which small parameter
changes may substantially affect treatment outcome [41]. Another promising direction is the use of
fractional calculus and fractional differential equations to model tumour dynamics [18,42]. Fractional
models may provide a better description of complex processes with memory and non-local interactions,
which are characteristic of biological systems. Studies indicate that fractional models can offer greater
accuracy and stability than classical integer-order models [42].

Despite substantial progress in the mathematical modelling of CAR-T cell therapy, a number of
unresolved challenges remain. These include an adequate description of the spatiotemporal dynamics
of CAR-T cell infiltration into solid tumours, taking into account the influence of tumour microenvi-
ronment heterogeneity on CAR-T cell function, predicting the long-term persistence of CAR-T cells,
and developing models for optimising combination therapies [43,44].

In this article, we present a comprehensive mathematical model of the spatiotemporal dynamics of
solid tumours under CAR-T cell therapy. The model integrates key aspects of tumour growth, immune
response, and treatment, including antigenic heterogeneity, spatial cell distribution, and mechanisms of
cytotoxicity and immunosuppression. Unlike existing approaches, which usually focus on only some of
these processes, the model brings them together within a single reaction—diffusion-chemotaxis frame-
work. This framework allows the simultaneous analysis of CAR-T-cell migration through heteroge-
neous tissue, functional exhaustion and partial recovery, dynamic switching between antigen-positive
and antigen-low tumour phenotypes under therapeutic pressure, and the effects of chemoattractant,
soluble immunosuppressive factors, and hypoxia. The model therefore captures not only the selection
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of pre-existing tumour subclones but also adaptive antigen escape, providing a more realistic basis for
studying the spatially dependent response of solid tumours to CAR-T cell therapy.

This study aimed to develop and analyse a spatiotemporal mathematical model of the interaction
between CAR-T cells and solid tumours. The model incorporates antigenic heterogeneity, spatial
distribution of cellular populations, and mechanisms of cytotoxicity, functional exhaustion, and
immunosuppression, with the aim of identifying the key factors governing CAR-T cell infiltration,
therapeutic efficacy, and tumour escape.

This work is organised as follows. Section 2 presents the problem formulation and computational
methods. Subsection 2.1 introduces the spatiotemporal model of the interaction between CAR-T
cells and a solid tumour. Subsection 2.2 examines the steady states and local stability of the spatially
homogeneous version of the model, and Subsection 2.3 describes the numerical methods and software
implementation. Section 3 presents the results of the computational experiments. Subsection 3.1
examines the typical dynamics of the spatially homogeneous system under baseline parameter values.
Subsection 3.2 considers the baseline scenario of CAR-T cell infiltration and tumour elimination in
the absence of antigenic heterogeneity. Subsection 3.3 analyses the effects of antigenic heterogeneity
and phenotypic switching on therapeutic outcome, and Subsection 3.4 investigates the role of the
immunosuppressive factor and hypoxia in determining CAR-T cell efficacy. Section 4 discusses the
biological interpretation of the results, the limitations of the model, and possible directions for further
development, and Section 5 summarises the main conclusions.

2. Materials and Methods
2.1. Spatiotemporal Mathematical Model of the Interaction Between CAR-T Cells and a Solid Tumour

To model the spatiotemporal interactions between CAR-T cells and a solid tumour while ac-
counting for the principal biological constraints, we propose a coupled system of non-linear partial
differential equations. We consider the following unknown functions, each depending on the spatial
variable x = (x,y,z) € R3 and time t. Here, C(x,t) denotes the density of functional CAR-T cells,
E(x, t) the density of exhausted CAR-T cells, and T (x, t) and Tp(x, t) the densities of tumour cells ex-
pressing the target antigen and of tumour cells with low antigen expression, respectively. Furthermore,
S(x,t) denotes the concentration of the chemoattractant, A(x, t) the concentration of a generalised sol-
uble immunosuppressive factor, such as transforming growth factor-3 (TGF-f), interleukin-10 (IL-10),
or adenosine, and H(x, t) the normalised level of hypoxia in the microenvironment. The dynamics of
these quantities are described by the following system of reaction-diffusion—chemotaxis equations

aai; — V- (Dc(x)VC) — V- (xc(A) CVS) + pc Ki 1AC

—5CTCTA—ke(A,H)C+1f_rAE—dCC, (1)
aaf V-(DEVE) +ke(A, H) C = 71 Fa )
a;* V-(DrVT4) —i—rT( TA+TB)T —4CT4

— #4B(C) Ta + upa(C) Tp —dr, Ta, 3)
aaj;B:V.(DTVTB)+r< TA+TB>T + 1aB(C) Ta

— ua(C) Tp —dr, Ts, (4)
%f — Ds VS + 05 Ta — As S, (5)
%:DAVZAJFUA (Ta+Tp) +om f(H) —Aa A, (6)
a(,TI;I = Dy V?H + 14 (Ta + Tg) — Ay H. )
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The coefficients xc(A), ke(A, H), 4ap(C), and upa(C), together with the function f(H), describe how
chemotaxis, the exhaustion rate, and phenotypic transition rates depend on the microenvironment

xc(A) = Jﬁ, ke(AH) =K (1+BaA+BuH), pap(C)=pno+vC,
8)
H (

upa(C) = p exp(—¢C), f(H) = Ky+ H

A schematic representation of the key interactions between the cellular populations and the mi-
croenvironmental factors in the spatiotemporal model is shown in Figure 2. The first pair of equations,
(1)—(2), describes the dynamics of adoptively transferred CAR-T cells. These equations combine passive
diffusive migration V - (D¢ (x) VC), which accounts for anatomical barriers within the tissue through
the spatially dependent coefficient D¢ (x), and chemotaxis along the gradient of the chemoattractant
S, given by the term —V - (xc(A) CVS) and modulated by the level of immunosuppression via
Xxc(A) in accordance with the classical Keller-Segel model [45]. Saturable proliferation of CAR-T
cells, induced by activation upon contact with antigen-positive tumour cells, is modelled by the
term pc %, whereas their cytotoxic activity is described by the linear term —éc C Ty4. Since both
processes depend on the product C T4, the parameters pc and dcr require separate experimental
calibration. The microenvironment promotes exhaustion of effector cells through the rate k.(A, H),
which increases with increasing concentration of the immunosuppressive factor A and the degree of
hypoxia H, whereas reversible transitions to a dysfunctional state and recovery are accounted for by

pr
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actlvat'lon/ _ 1 ‘k A
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Figure 2. Schematic representation of the key interactions in the spatiotemporal model of CAR-T cell therapy for
solid tumours. The principal cause-and-effect relationships between the cellular populations and the fields of the
tumour microenvironment are shown.

Equations (3)—-(4) characterise the dynamics of the two phenotypic subpopulations of tumour cells.
Their growth follows a logistic law with a shared carrying capacity Kr. CAR-T cells eliminate only
the antigen-positive cells T4 at rate y. The key mechanism of antigen escape is formalised through
phenotypic switching. The rate of antigen loss y 45(C) increases linearly with the concentration of
CAR-T cells, reflecting selective pressure and therapy-induced loss of expression, whereas the reverse
transition pp4(C) is exponentially suppressed in the presence of CAR-T cells, corresponding to the
cessation of antigen expression as a protective response. This formulation allows us to describe the
dynamic adaptation of the tumour, rather than merely the selection of pre-existing clones. In both
equations, the logistic term ry(1 — TAEFT Ts

) Ta g determines the proliferation rate, whereas the terms
dr, Ta and dt, Tp define natural cell death.

The last three equations (5)—(7) describe the evolution of the biochemical fields. The chemoat-
tractant S diffuses and is produced by antigen-positive cells T4 at the rate o, thereby providing the
signal for the directed migration of CAR-T cells, and degrades with coefficient Ag. The generalised
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immunosuppressive factor A is produced by both tumour subpopulations at the rate 04 and is further
enhanced by hypoxia through o f(H), reflecting the increased secretion of cytokines and metabolites
in regions deficient in oxygen. It also diffuses and decays with coefficient A 4. The variable H repre-
sents the degree of hypoxia, which increases in proportion to the total density of tumour cells with
coefficient 7 and decreases due to perfusion and buffering processes with coefficient Ayy. The system is
supplemented by initial conditions for all variables at t = 0 and by Neumann boundary conditions at
the boundary d(), corresponding to an isolated modelled tissue volume.

The initial parameter values used in the numerical experiments are listed in Table 1 along with
their acceptable ranges. These parameters determine spatial transport, cell kinetics, and microen-
vironment dynamics. Most of them were based on published experimental estimates (see Table 1),
while parameters for which no direct measurements were available were assigned physiologically
plausible ranges, which were subsequently verified using sensitivity analysis and model calibration.
These ranges define the initial parameter space and allow us to assess the robustness of qualitative
conclusions to parameter uncertainty.

Table 1. Initial values of the free model parameters.

Parameter  Description Value in the model Range of values

D¢ Diffusion coefficient of functional CAR-T cells 0.014 0.014 cm?/ day [46]

Dr Diffusion coefficient of tumour cells 5x107° 1075-10~* cm?/ day [46]

Dg Diffusion coefficient of exhausted CAR-T cells 0.001 0.0006-0.0014 cm?/ day [47,48]

Dg Diffusion coefficient of chemokine S 0.0045 0.00086—0.0086 cm? / day [49]
Diffusion coefficient of immunosuppressive g 2

Da factor A (cytokine such as IL-6/1L-10) 0.02 (0.007-0.086) em/day [50]

D Diffusion coefficient of hypoxia variable 15 0.86-1.8 cm?/day [51,52]

H (oxygen) ’ S v

oc Proliferation rate of CAR-T cells 0.55 0.1-0.9 day71 [53]

rT Tumour growth rate 0.13 0.01-0.25 day_1 [46,53]

dcr Rate of tumour-cell killing by CAR-T cells 0.41 0.3-0.6 clay’1 [9]

dc Death rate of functional CAR-T cells 0.08 0.03-0.14 day’1 [9,53]

K9 Baseline exhaustion rate of CAR-T cells 0.05 0.03-0.07 day’1 [53]

Ke Half-saturation constant for CAR-T proliferation 2 x 10° 108-101° cells [53]

Kr Carrying capacity of tumour cells 24 x 108 (1-5) x 108 cells cm ™3 [46]

os Production rate of chemokine S 5x 107 (1-10) x 10~* mgml~! day~! [54]

As Decay rate of chemokine S 0.56 0.4-0.8 day’1 [55]

A Production rate of immunosuppressive factor A 5x 1073 (1-10) x 1073 mgml~! day ! [56]

on }l?ddm.onal production rate of A induced by 0.002 0.001-0.005 mg ml-1 day_l [56]

ypoxia

Aa Decay rate of immunosuppressive factor A 0.75 0.5-1.5 day ! [55]

n Rate of hypoxia accumulation per tumour cell 5x 10710 10710-107° day ! cell ! [53]

Al Decay rate of hypoxia 043 0.17-0.69 day~! [57]

X0 Chemotactic sensitivity coefficient 0.1 assumed

pr Recovery rate from T-cell exhaustion 0.1 0.07-0.14 day~! [58]

dp Death rate of exhausted CAR-T cells 0.04 0.02-0.05 day*1 [59]

dr, Ic\ielllt;lral death rate of antigen-positive tumour 0.01 0.005-0.02 day~1 [60]

dr, i\i:illt;lral death rate of antigen-negative tumour 0.01 0.005-0.02 day~ [60]

Mo Baseline rate of antigen loss (T4 — Tp switching) 0.13 0.11-0.16 day*1 [61]

141 Bas.ehr}e rate of antigen recovery (Tg — Tx 0.07 0.057-0.089 day " [61]
switching)

v Effect of CAR-T cell density on antigen loss 1x 10710 assumed
CAR-T-dependent suppression of antigen 1%10-9 assumed
recovery

W Suppresswn of chemotax1s by 1.0 assumed
immunosuppressive factor

Ba Increase in exhaustion rate per unit of A 1.0 assumed

Bu Increase in exhaustion rate per unit of hypoxia 1.0 assumed

Ky jI;I(e}l{f;saturatlon constant for hypoxia effect in 05 assumed

r(s). Distributed under a Creative Commons CC BY license.
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2.2. Steady States and Local Stability of the Spatially Homogeneous Version of the Model

In this subsection, we analytically investigate the steady states and their local stability for the
spatially homogeneous version of model (1)=(7). To this end, we consider spatially homogeneous
solutions of the form

C(X, t) = C(t)/ E(X,t) - E(t), TA(X/t) = TA(t)/ TB(X/ t) = TB(t>/

S(x,t) =S(t), A(xt)=A(t), H(xt)=H(t),

for which the spatial derivatives and the diffusion, and chemotactic fluxes vanish
Vu=0, Vu=0, V.(xcCVS)=0.

As aresult, system (1)—(7) reduces to a system of ordinary differential equations of the form

C_pcKc+C ocrCTy ke(A,H)C+1+AE dcC, 9)
. P B
E=k(AH)C— TP E—dcE, (10)
. Tqa+ T,
Ta=rr(1- AKT B>TA —YCTa—puap(C) Ta +pupa(C) Tg —dr, Ty, (11)
. Tpo+T
Tp = TT(l - AKTB> Tg + 1ag(C) Ta — ppa(C) Tg — dr, Tg, (12)
S =05 TA_AS S, (13)
A:(TA (TA+TB)+O'Mf(H)*AAA, (14)
H:U(TA+TB)_)\HH- (15)

where the auxiliary functions are defined by relations

xe(d) = 700 KA H) =K+ pad+puH), (16)

1as(C) = po+vC,  ppa(C) = py exp(—2C),  f(H) = -

KH—l—H

(17)
The steady state of system (9)—(15) is defined by the condition
C=E=Ty=Tpg=S=A=H=0.

We next consider three biologically relevant classes of steady states:

* acompletely healthy state in the absence of both tumour cells and CAR-T cells,
e atumour state in the absence of CAR-T cells,
®  acoexistence state involving both the tumour and CAR-T cells.

The completely healthy steady state corresponds to the absence of a tumour, that is
Ty =0, Tg = 0.
From (13)—(15), it then follows that

S*=0, A* =0, H* =0.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Substitution into (9) and (10) yields a linear system for (C*, E*):
0= —(k} +dc) C* + p,E¥, (18)
0=kC* — (p, +dg) E*. (19)
For positive parameter values, the unique non-negative solution to (18)—(19) is given by
C*=0, E* =0.
Thus, the completely healthy steady state is given by
Eog: (C*E*, Ty, 13,5, A", H") = (0,0,0,0,0,0,0). (20)
The tumour state in the absence of CAR-T cells is described by the steady state
C*=0, E*=0, T, >0, Tp >0,
with a non-zero tumour burden. At C* = 0, (17) yields
#ag(0) =po,  ppa(0) = p1.
Then, from the equations for the soluble factors (13)—(15), we obtain
§* = %T;g, 1)
H* = % (Th +Tj) = A’LHN*, N* =T} + T}, (22)
A* = ﬁ [U'AN* + aMf(H*)]. (23)

The steady-state equations for the tumour populations (11) and (12) at C* = 0 take the form

N*

0=rr (1 - K—T)Tj, —dr, T — woT + T, (24)
N*

0=rr(1— ) Th — dr, T + poTh — T, (25)

System (24)—(25) is non-linear with respect to the variables T}, Tj, since the coefficient
*

R(N*) =rr(1- %)

depends on their sum N*. For its analysis, it is convenient to add the two equations, which yields the
following condition for the total tumour burden N*

[rT(1 - %)} N* = dr, T +dr, T} (26)

We consider two biologically relevant cases. The first corresponds to an antigenically homoge-
neous tumour, that is, the pre-treatment setting. If, before the initiation of therapy, the tumour consists
solely of antigen-positive cells, then

Ty =0, N*=Tj

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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Then, from (24), we obtain the equation for T}
T*
0=rr(1—2)Th — (dr, + po) T}
T( KT) A — (dr, +po)Ta
A non-zero solution exists for rr > dr, + pg and is given by
d
T;:KT(l—M), T} = 0. 27)
T

If Ty, Tz > 0, then equations (24) and (25) can be rewritten as a homogeneous linear system with
respect to T, T for fixed N*

R(N*) — dr, — o m T3\ _ (0
o R(N*) —dr, — )\ T3 ) ~ \o)’

For a non-trivial solution to exist, the determinant of the matrix must vanish
[R(N*) —dr, — po] [R(N") —dry — p1] — pop1 = 0. (28)
Expanding the brackets yields a quadratic equation for R(N*)
[RON))* = (dr, +dr, + po + p1)R(N") + (dr, + pio) (dry + pur) — popn = 0.
Its discriminant
A = (dr, +dp, + po+ ) = 4| (dr, + o) (dr, + ) — pop

is non-negative for typical parameter values. Each positive root, R1 or Ry, yields a corresponding

value of the total tumour burden through inversion of the relation R(N *) = rT( — —NK; )
Rk
* _ K _

For each admissible N; > 0, the population ratio is obtained from either of equations (24)—(25)

Ty _dry+po—RINY) _ Ho ‘ (30)
T o R(N*) —dry —m

A biologically realistic steady state must satisfy the conditions T}, Tz, N* > 0 and N* < Kr. In
the subsequent analysis, we assume that, in the absence of therapy, the tumour is in one of these steady
states, denoted by

Er: C*=E"=0, T, Tsz>0, S*, A", H* are defined by the equations (21)—(23).  (31)

In this work, primary attention is devoted to the case of a homogeneous antigen-positive tumour,
as this is the most relevant setting at the initiation of CAR-T therapy. The existence of a mixed steady
state indicates the fundamental possibility of tumour persistence through a dynamic balance between
phenotypes even in the absence of immune pressure.

The coexistence state of the tumour and CAR-T cells corresponds to steady state

Ecr: C*>0, E*>0, T;>0, T;>0,

which satisfies the full system of steady-state equations (9)—(15). It is not possible to express
(C*, E*, T, 15,8, A", H *) explicitly, and their values are therefore most appropriately determined
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numerically. In what follows, we use the notation Ec7 for such a steady state and analyse its local
stability on the basis of the Jacobian of the system.
To investigate linear stability, we introduce the vector of variables

u=(CE,TyTsS AH)T,

and denote the right-hand sides of system (9)-(15) by u = F(u). The Jacobian takes the form

) = 9 (u).

The structure of system (9)—(15) is such that the subsystem (S, A, H) is linear in these variables and is
governed by the equations

SZUsTA—)Lss, AZ"-—)\AA, HZ--'—/\HH.

Therefore, the eigenvalues in the S, A, H directions are —Ag, —A 4, —Ay < 0 and are always negative.
The stability of the steady states is therefore determined primarily by the blocks associated with the
variables (C,E) and (T4, Tp).

We first consider the completely healthy state Eg. The linearisation of (13)—(15) in a neighbourhood
of u = 0 has already been carried out above and yields three negative eigenvalues corresponding to
the variables S, A, H. The subsystem in (C,E) at Ty = T = A = H = 0 takes the form

C=—-(0+dc)C+pE, E=KC— (p,+dp)E,

so that the Jacobian block corresponding to these variables takes the form

(k2 +de) pr
JCE<E0>—< 2 dE>>. @)

Its trace and determinant are given by
trJep(Eo) = — (ko +dc) — (pr +de) <0,

detJce(Eo) = (K +dc) (pr + dE) — prk? = kg + depy +dedp > 0.

It follows that both eigenvalues of the (C, E) block are negative, and small perturbations in the variables
C, E decay.

For the tumour subsystem (T4, Tg) in the neighbourhood of Ey, the logistic factor in (11), (12) is
approximated as

T T
rT(l— AT 1B

T
)=

and interaction with CAR-T cells is absent, since C* = 0. Taking into account y45(0) = uo, ppa(0) =
11, we obtain the linear subsystem

Ta = (rr —dr, — po) Ta + 11 Ts, (33)
Ty = poTa + (rr — dry — 1) T (34)

The corresponding part of the Jacobian takes the form

Jr(Eo) = <rT A1y~ Ho #1 ) (35)

Ho rr—dr, —
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The trace and determinant of this block are computed according to the equations
tr Jy(Eo) = 2rr — (dr, +d1y + po + p1), (36)
detJr(Eo) = (rr —dr, — po) (rr — dry — p1) — pop- (37)
The completely healthy steady state Ey is locally asymptotically stable if
tr Jr(Ep) <0, det J7(Ep) > 0, (38)

which guarantees that both eigenvalues of the block J1(E) are negative and, therefore, that tumour
invasion is impossible.

Proposition 1. If conditions (38) are satisfied, the completely healthy steady state Ey is locally asymp-
totically stable. Otherwise, there is at least one positive eigenvalue of the block J7(Ep), and small
perturbations can drive the system away from Eg allowing tumour growth.

Violation of conditions (38) leads to the emergence of a positive eigenvalue and renders the
growth of the tumour population possible. Thus, conditions (36)-(38) define the boundary between
the scenarios of tumour absence and tumour emergence in the model.

For the tumour steady state Er, the stability with respect to CAR-T cell infiltration is of particular
interest. Assuming that E7 is stable along the tumour coordinates (T4, Tp,S,A,H) atC = E =0 (a
detailed analysis of the block Jr(E7) may be carried out analogously to the case of Ej), we linearise
the (C, E) subsystem in a neighbourhood of Er, while fixing

Ty, T S*, A%, H*

from (31), (21)—(23). Define

K =k(AVH),  pr=

For small C, the non-linear growth of CAR-T cells

CTx
Pc Ke+C

is linearised with respect to C as
CTy _ pc
=_=T,C.
PCkcro0 Ko A

The system for small perturbations in (C, E) then takes the form

¢ = (RETh —ocrTh — ki —dc) C+ piE, (39)
C
E=KC— (p} +dg)E. (40)

The corresponding part of the Jacobian takes the form

a1 a
Jee(Er) = ( b 12>, (41)
a1 a2
where
_ pic * _ * _ * _
a = K TA JCTTA ke dCr (42)
c
a1 = py, (43)
ax = kg, (44)
ay = —(p; +dg), (45)
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has a trace and determinant
trJce(Er) = aiy +ax, (46)
det Jeg(ET) = ainaxn — annan. (47)
If these inequalities hold
tr Jee(Er) <0, detJce(Er) >0, (48)

then both eigenvalues of the matrix Jog(ET) have negative real parts, small perturbations in the
variables C, E decay, and the tumour state Er is stable with respect to CAR-T cell infiltration. That is,
small therapeutic doses do not lead to CAR-T cell persistence.

Proposition 2. Let the tumour steady state ET exist and be stable along the tumour coordinates at
C = E = 0. If conditions (48) are satisfied, then Er is locally asymptotically stable with respect to small
perturbations in C and E, and CAR-T cells cannot invade this state. In the case where

maxRe A (Jce(Er)) >0,

the steady state Et loses stability in the (C, E) direction, and a small population of CAR-T cells is
able to invade the tumour state, which may lead either to tumour elimination or to the formation of a
coexistence steady state Ec7.

From a biological point of view, the key determinant here is the term a;; (see (42)), which contains
the expression that may be interpreted as the effective growth rate of functional CAR-T cells in the
steady-state tumour microenvironment. Elevated levels of the immunosuppressive factors A*, H*
lead to an increase in k} and a decrease in p;, thereby shifting the eigenvalues of the matrix Jcg(ET)
towards negative real parts.

For the coexistence steady state Ecr, the full Jacobian

J(Ect) = %(ECT)

is a 7 x 7 matrix, and an analytical investigation of its spectrum becomes cumbersome. At the same
time, owing to the linearity of the subsystem (S, A, H), the three eigenvalues corresponding to these
variables remain equal to —Ag, —A 4, —Ap and are therefore negative. The signs of the real parts of the
remaining eigenvalues are determined by the interaction of the populations C, E, T4, T and, in the
general case, must be determined numerically for fixed values of the model parameters.

The above analysis pertains to the spatially homogeneous version of the model and describes the
stability of the homogeneous steady states of the full PDE system (1)—(7) with respect to homogeneous
perturbations. Incorporating diffusion and chemotaxis may give rise to spatial instabilities, which may
constitute a promising direction for further research.

2.3. Numerical Methods and Computational Implementation

For the numerical solution of the spatiotemporal system (1)—(7), a finite-difference approximation
on a uniform rectangular three-dimensional grid was employed, with operator splitting by physical
processes and a combined time-integration scheme.

The computational domain Q) = [0, Ly] x [0, L,] x [0, L;] is covered by a uniform grid

x;=1iAx, i=0,1,...,Ny—1, (49)
vi=jdy, =01, N1, (50)
zt=kNz, k=0,1,...,N;—1, (51)
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where the grid steps are equal

Ly Ly L,
Ax=—2_  Ay= . Az= .
TN -1 YN, -1 TN -1

(52)

For all diffusion terms, the standard second-order central approximation is used. For an arbitrary
variable u € C,E, T4, T3, S, A, H, the three-dimensional Laplacian is approximated by a seven-point

stencil
0y o Wipjk = 2Uije Uik Wik — 2Ujk i1k
(v u)i,j,k ~ 2 + 2
Ax Ay
(33)
Ujjkr1 — 2Ujjk + Uijk—1
Az2 ’

The chemotactic term in the equation for functional CAR-T cells is discretised in conservative
form through fluxes across the cell faces

FX, —F*, v o —F , F*_ | —F: |
+5,k i—5,k ij45k ij—5/k ijk+5 ijk—5
~V-(xc(A)CVS)|  ~ -2 2 2 2 2 2| (54
(re(4) ) ik Ax + Ay + Az 54)
where, for example, along the x-axis,
Siiiir—Si.
x _ i+1jk ijk
F i+ dik = Xivd ik Civ1ik — Ar (55)
and the face values are computed as arithmetic averages
~ xe(Aijx) + xc(Aigajk) c Gk +Cinjk 56
Xice3jke = 2 T R R (56)

The fluxes along the y- and z-axes are defined analogously.

Reflecting boundary conditions are imposed for all variables at the domain boundary. In the
software implementation, this is achieved through index handling: indices that fall outside the
computational domain are replaced by the nearest boundary indices, which is equivalent to a zero
normal derivative and zero flux across the boundary.

LetU = (C,E, Ta, Ts,S, A H )T. The right-hand-side operator is represented as the sum

au
— =R(U)+D(U),

dt

where R includes the reaction terms and chemotaxis, whereas D contains diffusion only. One time
step At is computed using the Strang splitting scheme

untt = ¢R(A2t> Dp(At) <I>R<A2t> ur. (57)

This scheme reduces the splitting error compared with simple first-order sequential splitting.
The operator R is integrated using an explicit two-stage second-order Runge—Kutta scheme. For
a step of length &
Ky =R(U™), Ky = R(U™ + hKy), (58)

h
untt = um + E(Kl + Ky). (59)

The program code incorporates additional subdivision of the explicit step into substeps, which makes
it possible to improve stability in the presence of stiff non-linear reaction and chemotactic terms.
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The diffusion part for each variable u is solved implicitly
u* — urhs
= D, Viu*, or (I - TDuV%>u* =u™s, (60)
where T = At, and D, is the corresponding diffusion coefficient.
The resulting linear system is solved by the Jacobi iterative method. Denoting
1D, 1D, _ ™Dy
ﬂx—mr ﬂy—Tyzz aZ_EI
the iterative equation takes the form
(m) (m) (m) (m) (m) (m)
(my1)  Digxt “X<“i+1,j,k + ”Fl,j,k) + ”y(”i,jﬂ,k + ui,jfl,k) + az(ui,j,k+1 + ”i,j,kq) 61)

Liko 1+2(ay +ay +az)

where b; j . = uf}]‘Sk The number of iterations and the stopping criterion are specified by the parameters

diff_iters and diff_tol.
After the explicit and implicit substeps, a projection onto the physically admissible domain is
applied to all components of the state

ui,]‘,k < max(ui,j,k,O), uc {C, E, TA, TB/ S, A, H},

which excludes non-physical negative values arising from discretisation errors.
The algorithm for implementing a single complete computational experiment may be represented
as follows:

Algorithm 1 Main computational loop of the solver

Require: Model parameters P, domain dimensions (L, Ly, L;), grid dimensions (N, Ny, N), time step At, final
time T, exp_substeps, diff_iters,diff_tol, output_every
Ensure: The field states U = (C,E, T4, T, S, A, H), saved in CSV format
1: Construct a uniform grid; compute Ax, Ay, Az

2: Initialise U°
3: Save U in CSV format
4 Ny« [T/t
5. forn=0,1,...,N;—1do
6: U < ReactionRK2(U, At/2, exp_substeps)
7: for each component u € {C,E, T4, T5,5,A,H} do
8: b+ u
9: u® —p
10: form=0,1,...,diff_iters —1do
11: Unew ¢ JacobiStep ((I — AtL,)u =b, u(’"))
12: 4 ||ttnew — 1™ o
13: wlm+l) oy
14: if r; < diff_tol then
15: break
16: end if
17: end for
18: 1 u(m+1)
19: end for
20: U < ReactionRK2(U, At/2, exp_substeps)
21: for each component u € {C,E, T4, Ts,S, A, H} do
22: u < max(u,0)
23: end for
24: if (n + 1) mod output_every = 0 then
25: Save the current fields U in CSV
26: end if
27: end for

28: return saved files CSV
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The numerical solver was implemented in C++, using the Params, Grid3D, Field, and State
structures to store the parameters, grid geometry, and model fields. To accelerate the computations,
OpenMP parallelisation is employed in the loops over the grid nodes. The results are saved in CSV
format. Each file contains the time, node indices, coordinates, and the values of all seven variables

(t/ i/j/ k/ x/y/ z, Cr EI TA/ TB/ S/ A/ H)/

which is convenient for subsequent visualisation and post-processing.

To describe the behaviour of the system, a normalised computational form of the model was
used, in which the spatial coordinate, time, and population densities are represented by dimensionless
variables.

To ensure reproducibility of the results, the full source code of the numerical solver has been
made available in an open repository GitHub: https://github.com/maximvpolyakov/CAR-T-model
(accessed on 6 March 2026).

3. Results
3.1. Typical Dynamics of the Spatially Homogeneous System Under Baseline Parameters

To obtain an integrated view of the model dynamics in the absence of spatial heterogeneity, this
subsection presents a numerical investigation of the spatially homogeneous system (1)—(7), corre-
sponding to the system of ordinary differential equations (9)—(15). This approach makes it possible to
analyse the baseline behaviour of the model under standard parameter values without the influence
of spatial migration and thereby to identify the key temporal patterns governing the interactions
between functional and exhausted CAR-T cells, the antigen-positive and antigen-negative tumour
subpopulations, and the microenvironmental fields.

The initial state considered was an antigenically homogeneous tumour composed predominantly of
T4 cells, together with an initial administration of functional CAR-T cells. Although no antigen-negative
population was present at the initial time, the structure of the model allows such a population to emerge
during the course of evolution through the phenotypic transition T4 — Tp, described by the function
14 (C). Thus, even in the spatially homogeneous case, the model makes it possible to investigate not
only the direct cytotoxic action of CAR-T cells but also dynamically arising antigen escape.

The results of the numerical simulations are presented in Figure 3. As can be seen from the
dynamics of the CAR-T populations, during the initial period after administration the functional cell
population C exhibits a pronounced expansion phase, reaching a maximum at the early stages of
evolution (Figure 3a). This reflects the predominance of antigen-dependent proliferation over natural
death and exhaustion while the density of antigen-positive tumour cells remains high. However, as
the exhausted subpopulation E accumulates and the phenotypic composition of the tumour changes,
the level of C begins to decline and subsequently approaches a quasi-stationary plateau. At the same
time, E increases monotonically and stabilises at a non-zero level, indicating the establishment of a
persistent fraction of dysfunctional CAR-T cells in the system.

The dynamics of the tumour subpopulations are more complex (Figure 3b). The abundance of
antigen-positive cells T4 decreases rapidly at the initial stage because of direct CAR-T-mediated lysis.
However, complete eradication of this subpopulation is not achieved. After the phase of rapid decline,
T4 approaches a low but positive level. At the same time, the antigen-negative subpopulation T,
which is absent at the initial time point, begins to accumulate rapidly and eventually becomes the
dominant component of the tumour. This behaviour directly reflects the action of the phenotypic-
switching mechanism, whereby the selective pressure exerted by CAR-T cells promotes the transition
of a fraction of tumour cells into an antigen-negative state that is less susceptible to therapy.

The integrated dynamics of the total tumour burden T4 + Tp and the total CAR-T cell population
C + E, shown in Figure 3¢, further emphasise the presence of two successive phases in the system’s
evolution. During the first phase, a marked reduction in the overall tumour burden is observed,
corresponding to an effective initial response to therapy. Subsequently, however, as the antigen-
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negative population becomes dominant, the total tumour burden begins to increase and ultimately
approaches a high level close to its limiting value. By contrast, the total CAR-T cell population, after
an initial expansion, gradually declines and stabilises at a lower level. Thus, the system exhibits a
transition from a regime of short-term therapeutic control to one of partial immune equilibrium, in
which CAR-T cells persist but are no longer capable of achieving complete suppression of the tumour

population.
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Figure 3. Typical dynamics of the spatially homogeneous system under baseline parameter values: (a) temporal
evolution of the densities of functional C and exhausted E CAR-T cells; (b) temporal evolution of the densities of
tumour cells with high T4 and low Tp expression of the target antigen; (c) dynamics of the total tumour burden
Tp + Tp and the total CAR-T cell density C + E; (d) proportion of antigen-negative tumour cells in the total
tumour population %.

Particularly illustrative is the dynamics of the proportion of antigen-negative cells ﬁ (Fig-
ure 3d). This quantity rapidly increases from zero to values close to unity, after which it stabilises at a
high level. Thus, the spatially homogeneous system reproduces one of the most important qualitative
effects of the model, namely the selection of the antigen-negative phenotype under CAR-T therapy.
From a biological perspective, this corresponds to a scenario in which treatment efficiently eliminates
the therapy-sensitive population but creates the conditions for the subsequent dominance of clones
that escape immune recognition.

Taken together, the results indicate that, even under baseline parameter values and in the ab-
sence of spatial structure, the model exhibits non-trivial multistage behaviour. The initial phase of
active CAR-T cell expansion and regression of the antigen-positive tumour is followed by a phase
characterised by the accumulation of the exhausted effector population and the expansion of the
antigen-negative subpopulation. As a consequence, the system tends towards neither complete tu-
mour eradication nor complete disappearance of CAR-T cells, but instead approaches a coexistence
regime characterised by a low but non-zero level of antigen-positive cells, dominance of the antigen-
negative tumour population, and persistence of a residual CAR-T cell population. Thus, even in its
spatially homogeneous formulation, the model already reproduces the key mechanisms embedded in
the full spatiotemporal model.

3.2. Baseline Infiltration and Tumour Elimination in the Absence of Antigenic Heterogeneity

We consider the dynamics of the interaction between CAR-T cells and an antigenically homoge-
neous solid tumour in the absence of an antigen-negative subpopulation, that is, under the condition
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Tp = 0 throughout the entire simulation interval. This formulation makes it possible to analyse in
isolation the effects of spatial migration, chemotaxis, cytotoxicity, and CAR-T cell exhaustion on thera-
peutic outcome, without the additional contribution of antigen-escape mechanisms. Functional CAR-T
cells C move by diffusion and chemotaxis along the gradient of the chemoattractant S, proliferate
upon contact with antigen-positive tumour cells T4, and simultaneously undergo exhaustion under
the influence of the immunosuppressive factor A and hypoxia H. In this series of experiments, the
tumour population is represented solely by T, cells, for which logistic growth and sensitivity to
CAR-T-mediated lysis are retained.

For the numerical analysis, a normalised version of the model was employed, in which all phase
variables have comparable scales, thereby allowing clear visualisation of the CAR-T cell infiltration
front and the subsequent tumour regression. The initial tumour distribution was specified as a localised
spatial plateau, whereas the initial CAR-T cell population was placed near the boundary of the tumour
focus, thereby modelling local administration of effector cells. The simulation was performed up to
the time point T = 12 in dimensionless time. For the analysis of the results, the spatial profiles of T, C,
and E at the final time point were considered, together with the integrated population characteristics
and the spatiotemporal diagrams for functional CAR-T cells and the tumour population.

As shown in Figure 4a, a pronounced front of CAR-T cell infiltration into the tumour tissue
is formed already at the early stages of the simulation. In the spatiotemporal diagram for C (see
Figure 4c), a progressive advance of the region with elevated CAR-T cell density into the depth of
the tumour can be observed, indicating an effective combination of diffusive migration and directed
chemotaxis. At the same time, the functional population not only persists within the tissue but also
expands, which points to a positive net balance between proliferation, natural death, and transition to
the exhausted state. Consequently, under the regime considered, the effective growth rate of CAR-T
cells in the tumour microenvironment remains positive, and the tumour itself is not stable with respect
to infiltration by the effector population (see Figure 4d).
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Figure 4. Results of the computational experiment simulating CAR-T cell infiltration and tumour elimination in
the absence of antigenic heterogeneity (T = 0): (a) spatial profiles of the densities of tumour cells T4 and the
CAR-T cell populations C and E at the final simulation time; (b) temporal evolution of the spatially averaged
(integrated) densities of T4, C, and E; (c) spatiotemporal map of the density of functional CAR-T cells C; (d)
spatiotemporal map of the density of tumour cells Ty4.
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CAR-T cell infiltration is accompanied by a pronounced reduction in tumour burden. The
integrated tumour mass decreases monotonically throughout the entire simulation interval, indicating
that the cytotoxic effect of CAR-T cells dominates over the logistic growth of the tumour (see Figure 4b).
At the same time, the integrated number of functional CAR-T cells increases during the early and
intermediate stages and subsequently reaches a plateau. This behaviour reflects the transition of the
system from a phase of active CAR-T cell expansion to a regime of partial saturation, in which the local
reduction in tumour mass limits further antigen-dependent proliferation. A concurrent increase in the
integrated density of exhausted cells is also observed; however, this increase remains slower than the
accumulation of the functional population, with the result that exhaustion in this regime does not lead
to loss of therapeutic control.

The final spatial profiles likewise confirm the efficacy of the therapy. By the time t = 12, functional
CAR-T cells are distributed not only within the region of initial administration but also throughout the
main tumour volume, indicating deep infiltration. The residual tumour density T is markedly reduced
compared with the initial state, particularly in the regions of greatest CAR-T cell accumulation. At the
same time, the distribution of E shows the formation of a non-zero exhausted subpopulation, localised
predominantly in those regions where contact between CAR-T cells and the tumour has persisted for
an extended period. Therefore, even in the absence of antigenic heterogeneity, the gradual exhaustion
of the effector population within the tumour microenvironment remains a limiting factor for complete
tumour eradication.

Thus, the results demonstrate that, in the baseline scenario without antigenic heterogeneity, the
spatial model reproduces the biologically expected regime of successful CAR-T cell infiltration and
partial tumour elimination. On the one hand, CAR-T cells form a sustained wave of infiltration into
the tumour tissue and produce a substantial reduction in the total tumour burden. On the other hand,
the accumulation of exhausted cells prevents complete tumour regression from being achieved over
the selected time interval.

3.3. Effects of Antigenic Heterogeneity and Phenotypic Switching on Therapeutic Outcome

We next consider a computational experiment designed to investigate the effects of tumour
antigenic heterogeneity and phenotypic switching between the antigen-positive and antigen-negative
subpopulations on the efficacy of CAR-T therapy. In contrast to the baseline scenario, the initial
tumour state here was specified as a mixture of T4 and Tp cells with different values of the proportion
of the antigen-negative population ﬁ. This formulation is consistent with the structure of the
model under consideration, in which CAR-T cells directly eliminate only the antigen-positive cells T4,
whereas antigen-negative cells Tp evade direct cytotoxic action and may accumulate during therapy
through phenotypic transitions.

For the analysis, we consider the following switching scenarios: the baseline regime, a regime
of accelerated antigen loss, and a regime of accelerated antigen recovery. In each scenario, the initial
proportion of antigen-negative cells was varied as follows: 0, 0.2, and 0.5. The simulations were
performed in the normalised computational formulation, which preserves the interaction structure
of the full model, including CAR-T cell chemotaxis, proliferation, and exhaustion, as well as the
combined contribution of both tumour subpopulations to the formation of an immunosuppressive
microenvironment.

As can be seen from Figure 5, even in the baseline switching regime, an increase in the initial
proportion of Tp leads to a systematic deterioration in therapeutic response. At low values of Tz(0), a
pronounced initial regression of the total tumour burden T4 + Tp is observed; however, as the initial
proportion of the antigen-negative subpopulation increases, the depth of this regression decreases,
whereas the subsequent tumour regrowth becomes more pronounced. Thus, antigenic heterogeneity
manifests itself not only as a static factor of resistance but also as a dynamic mechanism that reduces
the efficacy of CAR-T-mediated tumour control even when substantial infiltration of effector cells into
the tumour tissue is maintained.
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Figure 5. Temporal evolution of the total tumour burden T4 + Tp for different initial proportions of antigen-
negative cells Tg(0) (with all other model parameters held fixed).

The summary relationships between the final tumour mass and the final proportion of antigen-
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considered, an increase in the initial proportion of Tp leads to an increase in the residual tumour

negative cells as functions of the initial value are presented in Figure 6. In all scenarios
burden by the end of the simulation. The poorest outcomes correspond to the rapid-loss regime, in
which accelerated antigen loss enhances selection of the Tg phenotype and increases the final tumour
mass. By contrast, the rapid-recovery scenario yields the lowest values of residual tumour burden and
a lower final proportion of Tp, indicating partial restoration of tumour sensitivity to CAR-T-mediated
lysis through the reverse transition of a fraction of cells to the antigen-positive state.
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Figure 6. Effects of antigenic heterogeneity and phenotypic switching on therapeutic outcome: (a) final total
tumour burden T4 + T as a function of the initial proportion of antigen-negative cells #(OT)B(O) for the baseline
scenario and two switching variants (accelerated antigen loss and enhanced antigen recovery); (b) final proportion
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The spatiotemporal structure of the process is shown in Figure 7 for a representative case of the
baseline regime with moderate initial heterogeneity. The integrated curves indicate that, during therapy,
the population T4 decreases monotonically, whereas the population Ty increases and eventually comes
to dominate the total tumour burden. At the same time, the total number of functional CAR-T cells C
increases at the initial stage and subsequently reaches a plateau, while the exhausted subpopulation E
gradually accumulates. This behaviour indicates that CAR-T cells retain their capacity for infiltration
and expansion; however, their antitumour activity becomes increasingly constrained by the phenotypic
shift of the tumour towards the antigen-negative state.

By the final time point, the residual density of T4 remains comparatively low throughout the
tumour volume, whereas the distribution of T forms the dominant plateau. At the same time, the
profile of C shows the persistence of functional CAR-T cells within the tissue, indicating that the
reduction in therapeutic efficacy in this case is not associated with the complete disappearance of
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the effector population. On the contrary, the proportion % demonstrates the progressive spread
of the antigen-negative phenotype both over time and across space. This means that the principal
mechanism underlying the loss of tumour control is antigen escape itself, rather than inadequate
CAR-T cell infiltration.
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Figure 7. Effects of antigenic heterogeneity and phenotypic switching on the spatiotemporal dynamics: (a)
temporal evolution of the spatially averaged populations T4, Tp, C, and E; (b) spatial profiles of the densities
of tumour cells T4 and Tp and of functional CAR-T cells C at the final simulation time; (c) spatiotemporal map
of the proportion of antigen-negative tumour cells % ; (d) spatiotemporal map of the density of functional
CAR-T cells C.

These results show that initial antigenic heterogeneity and therapy-induced phenotypic switch-
ing can qualitatively alter the outcome of CAR-T therapy. Even in regimes in which CAR-T cells
successfully infiltrate the tumour and establish a sustained active population, the presence of an
antigen-negative subpopulation leads to a reduced depth of response and an increased residual tu-
mour burden. Acceleration of antigen loss further amplifies this effect, whereas an increase in the rate
of the reverse transition Tg — T4 partially restores tumour sensitivity to therapy. Consequently, within
the framework of the present model, antigenic heterogeneity emerges as one of the central mechanisms
of therapeutic resistance and should be regarded as a key factor when assessing the potential efficacy
of CAR-T-based approaches for solid tumours.

3.4. Effects of the Immunosuppressive Factor and Hypoxia on the Efficacy of CAR-T Therapy

We investigated the effects of the immunosuppressive factor A and hypoxia H on the efficacy of
CAR-T therapy in a spatiotemporal model of a solid tumour. Unlike the experiment involving antigenic
heterogeneity, the present case considered an antigenically homogeneous tumour focus, which made
it possible to analyse in isolation the contribution of the microenvironment to the formation of the
therapeutic response.

In the model, the biochemical fields are linked to the tumour population through a dual action.
The chemoattractant S is produced by antigen-positive tumour cells and provides the signal for CAR-T
cell migration, whereas the immunosuppressive factor A is produced by the tumour and is further
amplified in hypoxic regions through the term oy f(H). Hypoxia H, in turn, increases in proportion
to the tumour burden and is attenuated by perfusion and buffering processes. Thus, the tumour
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establishes a self-sustaining suppressive microenvironment that limits both CAR-T cell infiltration and
their long-term functionality.

For the numerical analysis, the following scenarios were considered: a baseline regime,
an enhanced-microenvironment regime, and a combined-intervention regime. In the enhanced-
microenvironment scenario, the sources of immunosuppression and hypoxia were increased, while
the corresponding decay coefficients were simultaneously reduced, thereby modelling a more aggres-
sive tumour microenvironment. By contrast, in the combined-intervention scenario, the intensity of
formation of the A and H fields was reduced, the rates of their removal were increased, and a repeated
infusion of CAR-T cells was added, thereby modelling a combined therapeutic strategy. In all cases,
the same initial tumour configuration and the same spatial formulation with Neumann boundary
conditions on the boundary of the computational domain were used.

The overall comparative results for the different scenarios are presented in Figure 8. In all cases, a
reduction in the total tumour burden is observed during the initial period; however, the depth and
durability of the response depend substantially on the properties of the microenvironment. The poorest
therapeutic outcome corresponds to the enhanced-microenvironment scenario. Under this regime,
the largest residual tumour burden remains by the end of the simulation. By contrast, the combined-
intervention regime achieves the most pronounced reduction in tumour burden. The baseline scenario
occupies an intermediate position, demonstrating partial tumour control but without the maximal
therapeutic effect.
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Figure 8. Effects of the microenvironment and combination therapy on system dynamics: (a) temporal evolution
of the total tumour burden T4 + Ty for the baseline scenario, the enhanced immunosuppressive-hypoxic mi-
croenvironment, and combination therapy; (b) temporal evolution of the spatially averaged density of functional
CAR-T cells; (c) temporal evolution of the domain-averaged concentration of the immunosuppressive factor A; (d)
temporal evolution of the domain-averaged degree of hypoxia H.

In the baseline regime, and especially in the combination-therapy scenario, the integrated number
of functional CAR-T cells increases during the early and intermediate stages, indicating successful
infiltration and antigen-dependent expansion. In the enhanced immunosuppressive-hypoxic mi-
croenvironment scenario, the growth of the CAR-T cell population is less pronounced, and its total
level remains lower than in the other two cases. At the same time, combination therapy produces an
additional increase in C following repeated infusion, accompanied by a further enhancement of the
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antitumour effect. Thus, attenuation of the adverse influence of the microenvironment and mainte-
nance of the effector population act synergistically. The step-like change in Figure 8b corresponds to
the moment of discrete intervention in the combination-therapy scenario, implemented as a single
instantaneous change in the system state. As a result, the integrated characteristic of the functional
population undergoes an immediate increase, which appears as a step in the graph.

The key difference between the scenarios is determined by the dynamics of the A and H fields
themselves. In the enhanced immunosuppressive-hypoxic microenvironment scenario, the mean
levels of the immunosuppressive factor and hypoxia reach their highest values and remain elevated
throughout a substantial part of the simulation. This means that CAR-T cells are exposed for prolonged
periods to conditions of weakened chemotaxis and increased exhaustion. In the baseline regime, the
peaks of A and H are of moderate magnitude, whereas under combination therapy they are markedly
lower and decline more rapidly over time. Thus, the numerical results confirm that the level of the
immunosuppressive microenvironment is not merely an accompanying characteristic of the tumour,
but one of the determining factors of therapeutic outcome.

The spatiotemporal structure of the process is shown in Figures 9 and 10. In the baseline regime, a
typical scenario of partial tumour control is observed. The CAR-T cell population infiltrates the tumour
tissue, and the total tumour burden decreases monotonically; however, the exhausted subpopulation
E accumulates simultaneously, while the fields A and H attain appreciable values within the tumour
volume. The spatial distributions of A and H show that the regions of maximal immunosuppression
and hypoxia are formed inside the tumour focus and persist for as long as a substantial tumour
burden remains. This indicates the existence of a negative feedback loop in which the tumour, even
while decreasing under the action of CAR-T cells, temporarily sustains conditions that impair the
effectiveness of further immune attack.
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Figure 9. Spatiotemporal dynamics of cellular populations and microenvironmental factors in the baseline
scenario: (a) temporal evolution of the spatially averaged (integrated) populations of tumour cells T4 and CAR-T
cells C and E; (b) temporal evolution of the domain-averaged levels of the immunosuppressive factor A and
hypoxia H; (c) spatial profiles of the densities T4, C, and E at the final simulation time; (d) spatial profiles of the
levels of A and H at the final simulation time; (e) spatiotemporal map of the immunosuppressive factor A; (f)
spatiotemporal map of hypoxia H.
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In the combination-therapy scenario, the spatial pattern changes qualitatively. Following repeated
CAR-T cell infusion, an additional increase in the effector population is observed, while the levels
of A and H remain substantially lower than in the baseline regime. Accordingly, the final spatial
profiles show a lower residual tumour density and a more favourable balance between functional and
exhausted CAR-T cells. The spatial distributions indicate that the immunosuppressive microenviron-
ment does not have sufficient time to develop to levels comparable to those in the baseline or enhanced
scenario and therefore does not block the further advance of CAR-T cells into the tissue. This confirms
that simultaneous targeting of the microenvironment and maintenance of the CAR-T cell pool may
serve as an effective strategy for enhancing therapy.
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Figure 10. Spatiotemporal dynamics of cellular populations and microenvironmental factors in the combination-
therapy scenario: (a) temporal evolution of the spatially averaged (integrated) populations of tumour cells T4 and
CAR-T cells C and E; (b) temporal evolution of the domain-averaged levels of the immunosuppressive factor A
and hypoxia H; (c) spatial profiles of the densities T4, C, and E at the final simulation time; (d) spatial profiles of
the levels of A and H at the final simulation time; (e) spatiotemporal map of the immunosuppressive factor A; (f)
spatiotemporal map of hypoxia H.

The results obtained are in good agreement with the analytical conclusions derived from the
spatially homogeneous model, according to which an increase in the steady-state levels of the im-
munosuppressive factors A and H raises the effective rate of CAR-T cell exhaustion and reduces
the likelihood of their successful invasion of the tumour state. In the computational experiments
considered here, this is manifested by the fact that enhancement of the microenvironment shifts the
system towards a less favourable regime with a higher residual tumour burden, whereas attenuation of
the microenvironment and repeated CAR-T cell infusion, by contrast, expand the region of parameter
space in which sustained therapeutic control is achieved.

Thus, the numerical simulations show that the immunosuppressive factor and hypoxia are critical
regulators of the outcome of CAR-T therapy for solid tumours. Their intensification leads to weakened
chemotaxis, increased exhaustion of the effector population, and impaired tumour control. Conversely,
reduction of the suppressive microenvironment and combined support of CAR-T cells result in more
pronounced tumour regression and more durable preservation of functional antitumour activity. These
findings support the inclusion of microenvironmental parameters among the key targets for optimising
CAR-T therapy for solid tumours.
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4. Discussion

The results obtained indicate that, within the proposed model, the efficacy of CAR-T therapy for
solid tumours is determined not by an isolated enhancement of cytotoxicity, but by the coordination of
several interrelated processes: the spatial accessibility of tumour tissue to effector cells, the preservation
of the functional state of CAR-T cells, and the stability of the tumour antigenic profile under therapeutic
pressure. Accordingly, the therapeutic response should be regarded as the outcome of a dynamic
interplay between infiltration, exhaustion, and antigen escape, rather than as a direct function of the
initial dose of the cellular product. This conclusion is particularly important in the context of solid
tumours, where spatial barriers and microenvironmental features may qualitatively alter the trajectory
of response even in the presence of an initially active effector population [6,7,34,46].

From a mechanistic perspective, the model shows that early expansion and infiltration of CAR-T
cells do not, in themselves, guarantee durable tumour control. A key limiting factor is the transition
of a fraction of the effector population into a dysfunctional state. Exhaustion reduces not only
the immediate cytotoxic activity, but also the capacity of the system to sustain the spatial front of
antitumour action. In other words, the loss of functional competence in CAR-T cells acts as an intrinsic
brake on the therapeutic wave, particularly in regions where the microenvironment simultaneously
enhances exhaustion and weakens the migratory response. This is consistent with current views on
the central role of T-cell exhaustion in the failure of CAR-T therapy for solid tumours [8,59], as well as
with data on hypoxia-responsive CAR-T cells, in which adaptation to the hypoxic niche is associated
with less pronounced exhaustion and greater antitumour activity [62]. Thus, the model results further
emphasise that hypoxia and metabolic constraints should be regarded not as background conditions,
but as active regulators of therapeutic outcome.

Equally important is the interpretation of antigenic heterogeneity. In the present formulation,
the antigen-negative or antigen-low population acts not only as a pre-existing subclone, but also as a
dynamically maintained tumour state stabilised by therapeutic pressure. Accordingly, the deterioration
in response observed with an increased transition T4 — Tp should be interpreted as a manifestation of
adaptive tumour evolution, rather than solely as the selection of pre-existing variants. In this sense,
resistance is determined not only by the presence of heterogeneity, but also by the tumour’s capacity
to redistribute phenotypes towards reduced immune vulnerability. This conclusion is consistent
with studies in which antigenic heterogeneity and antigen-dependent escape are regarded as key
mechanisms underlying relapse and incomplete response [9,36,61]. At the same time, it supports
interest in more advanced engineered recognition strategies, including dual-gated and inducible dual
CAR constructs, which make it possible to broaden targeting selectivity while simultaneously reducing
the risk of off-tumour toxicity [63].

The role of the immunosuppressive factor and hypoxia in the model is likewise of fundamental
importance. Together, they establish a positive feedback loop: tumour burden promotes the accu-
mulation of a suppressive microenvironment, which in turn reduces the efficacy of the antitumour
response by weakening CAR-T cell migration and enhancing their exhaustion. Thus, hypoxia, soluble
inhibitory signals, and the spatial organisation of the tissue become active determinants of treatment
outcome. This is consistent with published experimental and theoretical evidence indicating that
the principal barrier to CAR-T therapy for solid tumours lies not only in antigen selection, but also
in the inability to sustain an effective presence of effector cells within the tumour in the context of
pronounced immunosuppression [3,4,6,7]. From a spatial perspective, our conclusions are aligned with
studies showing that tumour geometry, the mode of cell delivery, and the spatiotemporal structure
of the microenvironment substantially alter the probability of therapeutic success [34,46]. However,
unlike models that focus primarily on transport and cytotoxicity, the proposed system links spatial
dynamics with tumour phenotypic plasticity and reversible CAR-T cell exhaustion, thereby making it
possible to explain not only the occurrence of therapeutic failure itself, but also the transition from an
early response to sustained incomplete control.
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From a theoretical perspective, the proposed model shows that CAR-T therapy for solid tumours
cannot be adequately described by considering effector-population kinetics, tumour antigenic structure,
or spatial transport in isolation. A substantial contribution of the present work lies in integrating these
processes within a unified reaction-diffusion-chemotaxis framework with phenotypic switching and
microenvironment-dependent exhaustion. Such a formalisation makes it possible to move beyond
a simple enumeration of barriers towards an analysis of their combined action and, consequently,
towards a more rigorous formulation of the problem of identifying therapeutic regimes in which
infiltration can outpace the development of a resistant and immunosuppressive tumour state [31,39,40].
From a practical perspective, the results indicate that rational optimisation of therapy should involve
not only target selection, but also the deliberate modification of the conditions governing CAR-T
cell function within the tumour. This applies both to strategies aimed at enhancing homing and
infiltration, in line with evidence of improved efficacy of HER2-CAR T cells upon co-expression
of CXCR5/CCR6 [64], and to armoured approaches designed to increase resistance to TGF-g- and
PD-L1-dependent immunosuppression [65]. In this context, the most promising solutions appear to be
not monofactorial interventions, but multi-target engineering strategies that simultaneously improve
trafficking, functional resilience, and recognition selectivity.

Despite its biological relevance, the model has a number of limitations. First, the immunosuppres-
sive microenvironment is represented by a generalised variable A that aggregates several molecularly
distinct mechanisms of suppression. This approach is convenient for conceptual analysis, but it does
not allow the respective contributions of TGF-p, IL-10, the adenosine pathway, PD-L1 signalling, and
other components to be distinguished, even though these may require different therapeutic interven-
tions. In addition, the antigenic structure of the tumour is reduced to two phenotypic states, whereas in
real tumours target expression more often forms a continuum and depends on local microenvironmen-
tal conditions and therapeutic pressure [36]. The model also does not include an explicit description
of the vascular network, extracellular matrix, mechanical constraints of the tissue, or endogenous
immune populations, although these factors largely determine tumour accessibility to cellular therapy
and the magnitude of bystander effects [9,35]. Finally, the analysis is performed in a deterministic
framework and therefore does not capture stochastic effects associated with rare clones, variability of
the cellular product, or inter-patient heterogeneity in parameter values. For this reason, quantitative
predictions should be interpreted with caution until specific calibration has been carried out using
experimental or clinical data.

Future work may proceed in several directions. First, the model could be extended towards
a more detailed description of antigen expression, vascular perfusion, metabolic constraints, and
the extracellular matrix. Second, it should be calibrated against spatially resolved data, including
tumour-on-a-chip platforms, microfluidic systems, and spatial biology datasets [33,43]. Third, the
model may be expanded to analyse specific CAR-T cell engineering strategies, including hypoxia-
responsive, dual-gated, homing-enhanced, and armoured approaches [62-65]. Fourth, its use for the
optimisation of combination therapy appears particularly promising, as contemporary mathematical
studies indicate that the efficacy of combining CAR-T cells with other modalities, including oncolytic
viruses, depends substantially on the interaction kinetics of the components and on the schedule of
their administration [66].

Thus, the principal contribution of the present study lies in proposing a mechanistically coherent
spatiotemporal framework in which infiltration, exhaustion, antigen escape, and the suppressive
microenvironment are treated as elements of a single dynamic system. This makes it possible to
explain more precisely why even a biologically active cellular product may fail to achieve sustained
control of a solid tumour, while at the same time identifying the most well-founded directions for
further therapeutic optimisation: reduction of immunosuppression, improvement of cellular traffick-
ing, limitation of antigen escape, and the rational combination of CAR-T therapy with additional
therapeutic interventions. In this sense, the proposed model represents not only a tool for interpreting
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the results obtained, but also a foundation for the development of more realistic personalised in silico
platforms for optimising CAR-T therapy for solid tumours.

5. Conclusions

In this study, a spatiotemporal mathematical model of CAR-T therapy for solid tumours was
developed and analysed, incorporating antigenic heterogeneity, phenotypic switching of tumour
cells, functional exhaustion of CAR-T cells, and the influence of the immunosuppressive and hypoxic
microenvironment. The aim of the study was to identify the key factors governing CAR-T cell
infiltration, therapeutic efficacy, and the mechanisms of tumour escape in spatially heterogeneous
tissue.

The analysis showed that therapeutic outcome is determined by the combined action of three
principal processes: CAR-T cell infiltration into the tumour, preservation of their functional activity,
and the resilience of the antigen-positive tumour population to therapeutic pressure. The model
reproduces a biologically plausible regime in which a substantial reduction in tumour burden may
coexist with incomplete eradication as a consequence of CAR-T cell exhaustion, and demonstrates
that antigen-negative subpopulations and therapy-induced antigen loss reduce treatment efficacy and
contribute to the persistence of residual disease. In addition, the results indicate the critical limiting
role of the immunosuppressive and hypoxic microenvironment, which weakens the migration and
persistence of effector cells.

The principal conclusion of this study is that resistance of solid tumours to CAR-T therapy arises
from the joint dynamics of spatial infiltration, phenotypic tumour adaptation, and microenvironment-
mediated loss of effector function. The main contribution of this work lies in the development of a
mechanistically consistent in silico platform that makes it possible to analyse these processes within
a unified reaction—diffusion—chemotaxis framework and to serve as a foundation for the further
computational evaluation of therapeutic strategies for solid tumours.
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