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Abstract: A theoretical model is presented for the accurate detection of gas leak source through a
pinhole in a cylindrical storage vessel using the acoustic emission (AE) technique. Pinholes of various
diameters ranging from 0.20 to 1.2 mm were installed as leak sources, and safe N2 was used as a filler
gas. AE parameters such as frequency, amplitude, and RMS of the AE signal generated by the gas
leak were measured. Among them, the amplitude characteristic was the most important parameter
to determine the leak dynamics of AE with continuous waveform. The amplitude of the AE signal
generated by the leak was investigated as a function of angle and axial distance, and the simulation
was performed using the theoretical model for AE. For practical applications, the theoretical formula
was modified into two semi-empirical equations by introducing the normalization method to fit the
angular and axial characteristics of the observed AE amplitude, respectively. The main advantage of
this study is that the semi-empirical equations provide an accurate solution for leak source
localization in the cylindrical vessel. As a priori knowledge, the value of k, in Green’s function,
which determines the angular and axial dependence of the AE amplitude, was determined by
applying external excitation to the cylinder surface. The proposed formulas provide a suitable
approach for practical application in the localization of leak source in cylindrical storage tanks.

Keywords: acoustic emission; amplitude; analytical modeling; semi-empirical equation; leak source
localization

1. Introduction

Cylindrical vessels are more commonly used as pressure vessels than spherical vessels due to
their ease of fabrication, space utilization, pressure resistance and ease of maintenance. In a confined
space, cylindrical tanks are very effective for the storage and use of fuel gases due to their ease of
transport, high storage capacity and pressure regulation. The need for reliable maintenance of high-
pressure gas cylinders and tanks, especially those containing hazardous gases, has increased
exponentially over the past decade due to the high potential for safety hazards from leaks caused by
undetected vessel damage. The most important way to prevent disasters caused by gas leaks is to
detect the leak and its location and repair it accordingly. Several leak detection methods have been
proposed for the early detection of leaks in pipelines [1]. These include acoustic emission (AE)
detection, flow rate or pressure monitoring, or infrared detection [2-8]. Among the various methods,
AE methods have proven to be very effective in detecting and locating leaks by eliminating
interfering signals through time and frequency domain analysis and characterization of AE
parameters [9-12].

In general, the most notable methods for locating an AE source are the time domain technique
and the zone location technique [13]. The former relies on the time difference of arrival (TDOA)
between two or more AE sensors to derive the source location [14]. However, the time delay can also
result from different wave paths, different wave modes due to the dispersion of the AE wave for a
long-distance pipeline and the velocity variation due to the environment. Therefore, the TDOA
technique requires high detection accuracy. However, because the TDOA method is applied to burst-
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shaped waveforms, it is not suitable for locating leak sources in the case of leaks that produce
continuous AE waveforms. To overcome this, the cross-correlation algorithm is sometimes used to
obtain the TDOA from continuous waveforms [15,16]. Due to background noise and other
uncertainties during the measurement, achieving a good level of correlation coefficient is limited
[10,17]. In practical situations, the AE signal generated by a leak has an aperiodic waveform structure
and the exact location of the leak source cannot be determined by the cross-correlation based methods.
The second one of the basic AE localization techniques is based on the attenuation of the AE
amplitude with the distance between the leak source and the detection sensor, taking advantage of
the fact that the sensor with the largest amplitude is closest to the leak source, assuming that the
sensitivity of the sensors is the same. However, this method has limitations in pinpointing the
location of the leak in three dimensions because it ignores the influence of the AE signal due to the
structural characteristics of the vessel. To overcome this drawback, AE signal analysis is required
using governing equations that take into account the structural characteristics of the storage vessel
and the propagation dynamics of AE caused by leaks on the vessel surface. In addition, this method
can only be used if the structure has a moderate attenuation of the AE signal. This technique can
provide a simple solution where the exact location of the leak source is not critical.

Over the past few decades, numerous studies have been conducted to solve the problems of
pipeline leak localization using acoustic-based methods [10,12]. However, there are still limitations
and gaps in fundamental research dealing with signal modelling, nonlinear effects and
environmental uncertainty in leak AE signals [10]. Previously, a mathematical formula was
formulated for AE generated by a point source (PS) as an internal defect in cylindrical structures [18].
The PS was represented by a concentrated force (CF) with both spatial and temporal harmonic
characteristics. In cylindrical geometry, the CF generates three potential functions representing a
compression wave (P) and two shear waves (horizontal and vertical polarization, SH and SV,
respectively), which are referred to as the concentrated force-incorporated potential (CFIP). The
radial, tangential and axial displacements were solved by introducing the CFIPs into the Navier-
Lamé (NL) equation, based on the model proposed by Morse and Feshbach [19]. Previously, the
CFIPs for the pinhole leakage were derived as an excitation AE source, associated with a fluctuating
Reynolds stress (FRS) [20]. As the FRS acts on the pinhole wall, the CFIP due to the FRS results only
in the axial and tangential displacements. A limited investigation of the angular and axial
dependence of the AE signals for the pinhole leakage source has been carried out. The characteristics
of the observed AE signals due to the pinhole leakage were well simulated by the proposed
theoretical formula. The aim of this study is to investigate the feasibility of applying the proposed
mathematical model to leakage source localization in cylindrical geometries. Detailed measurements
of the AE signals generated by leakages through pinholes of different diameters in gas cylinders were
performed. For application to leak source (LS) localization, the theoretical formula was modified into
two semi-empirical equations to describe the angular and axial dependence of the observed AE
amplitude, respectively. Finally, the simulation and experimental results were compared to verify
the accuracy of the leak source localization.

2. Mathematical Solution

2.1. Concentrated Forces
In general, the CF as the PS excitation of the AE is described as
f=P&(x—xp)e™', (1)

where P is the force vector acting at x, and w (= 2nv) is the angular frequency that transfers the
AE energy from the PS to a solid space. In Eq. (1), the delta function provides the spatial distribution
of the CF at a given time as Green’s function g(x;x,), defined as V?g(x;x,) = §(x — x,). The CF
generated by the PS can be rewritten in terms of vectors as
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f=PV2g(x;xo)e ", (2a)
or
fF=V[V: Pg(x;x,)] — VX[V xPg(x;xy)]e L. (2b)

The derivation of the Green's function for the cylindrical cell structure [18,20,21]is summarized
in Appendix A. Applying the periodicity of 2 (v = 0) to Eqs. (A17) - (A19) gives

9(&,9m;0) = GomJo(1y§), (3)
o (0<np<l-
Go = _iAo]o(ano) X {Z_K’?" ((_ZOUS 1< (Z)g)/ 4)
Ay =—r—r z0) 5] X = 2y )
n:[e nZ0 e~ Hn{t=Zo —2] {az[]l()c-,]a)] —b2[J1(kyb)] }

where the PS is located at { = 0,9 = 0 and n = 0. In Eq. (3), the value of ¢ is the shortest distance
&p between the PS and the detection point on the cylinder surface (Figure Al). If the thickness is
much shorter than the diameter of the outer circle, the value of ¢ can be given as the length of the
arc around the outer circle,

{26 =Tna="02, (6)

where the PS and the detector are located on the outer surface of the cylinder (Notes. Corrects a
typographical error in p inserted in Figure 2b of Ref. 20). In Refs. 18 and 21, the value of k, was
determined by applying boundary conditions to the Bessel function J,(x,7) in Eq. (A6). For the outer
surface Jo(k,;7)|r=q-r, = 0 gives k, = 15,/(a —15). On the other hand, in Ref. 20, the value of k,
was determined experimentally from the angular dependence of the AE amplitude. The subscripts
v and n of A,, and G,, represent the azimuthal constant and the nth-order root in the boundary
conditions, respectively. In this study, the value of k, was determined using the external excitation
method: therefore, the subscript n was omitted in Eqs. (3) - (5).

The FRS is the most effective excitation source for AE due to fluid leakage through a pinhole.
For turbulent flow with a radial turbulent velocity of v, through a circular hole in the cylindrical
structure, the CF is exerted on the wall of the pinhole by the FRS. Denoting the fluctuating velocities
along the axial (z) and tangential (0) directions as v, and vy, respectively, the FRS at low Mach
numbers is defined as

Trz = —pvrvy and o = —PUrvL, 7)
where p is the density of the charged gas. From Eq. (7), the force vectors acting on the pinhole wall
are given by [22]

and Py = @ , 8)

wall wall

where the upper bar symbol represents the value averaged over a period of time. Since v, = vy, P, =
P, = P,. The CF vector can be written down as

P=7P,(e,+ ey, 9)
From the reported data [23], the CF can be obtained as
P, = 6.62 X 10™*pU?, (10)

where U is the mean velocity of v, and is given as Eq. (B5).

2.2. Displacement Fields

The displacement fields u# generated by the CF in the cylindrical geometry can be derived by
using the NL equation [24],
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2
A+2mV(V-u) —pV XV xu+f=pis, (11)
and the Morse and Freshbach’s model [19,25],
u=Vd+Vx(Xe,)+aV xVx (¥e,), (12)

where A and p are Lamé constants and p is the density of the media. In Eq. (12), @ is the scalar
potential for the P wave, Xe, is vector potential for the SH wave, ¥, is vector potential for the SV
wave, and 7 is the outer radius of the cylinder. Note that the velocities of the P and S waves are given
as cp = \/m and cg = \/u_/p, respectively.

For the PS excitation, the three potentials can be specified as the CFIPs. In (¢,97) coordinates,
the three CFIPs are expressed as

—(P- =p,19%  p ¢
b=V-PP)=Py5,tPho (13)
~ _ Pga(€x) 4

Xe,=—-(VxPy) = —?‘Ja—f 0 (14)

~ _ P () A

Ye, = (V X Plp) = ?ea—fen, (15)

where ¢,y and ¥ are scalar functions for ®,X and W, respectively. (Notes. Corrects the erratum
in the sign of Y&, in Refs. 18 and 20.) The combination of Egs. (2) and (13) - (15) gives a second-order
partial differential equation (PDE) for each scalar function. The radial PDEs of ¢ and y are
nonhomogeneous, and their solutions are a linear combination of the homogeneous and the
particular solutions. These three PDEs were solved by introducing k2 (k, # ;) for the imaginary
roots of the axial component and m (=0,%1,+2,---) as an azimuthal constant for the angular
component. The solutions of the ¢, y and ¥ functions are given by Egs. (C1) - (C3). By substituting
each scale function into the corresponding potential, the CFIPs can be obtained as expressed in Eqgs.
(C4) - (C9).

When the displacement is produced by the force component Py, u in Eq. (12) can be rewritten
as the cylindrical components of the displacement

Up = Ugp + Ugp + Uy, (16)
where

ad’f 1aXf az'i'f

Uer =% T a0 " Yooy (17)
_10%r Xy ,10%

Wor =%%0 oz * YEovay (18)

0P %W, 10¥ 109%Y

f f f f
=L =L+ : 19
= “(afz T aﬁZ) (1)

These three equations can be written as

where d =¢,9 or n and f =z or @ for the pinhole leakage. In Eq. (20), the Fj; terms are given
in Egs. (C10) - (C15).

Since the Bessell functions J,,(a¢) and J,,(8¢) in the CFIPs become the unity as ¢ approaches
to the PS, then m = 0. For m =0, the Fgf terms are as follows:
for P =P,

(radial component),

0\ o(@®)
Fg, = (—iky) =5 ek, (21)
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Fg, =Fg, =0, (22)
4 = _ K 1 2Jolint) oG
Fe, = pw? a?-xf 9§ oy’ (23)
(tangential component)
Fg, = Fg, = Fg, = F3, = 0, (24)
(axial component)
= —kio(a)e=" ", (25)
R =F =0, (26)
kB Jo(xyf) 026
Fie = i it am” (27)
for P = Py,
(radial component)
Fflg = FEZG = 0/ (28)
19Jo(BE) _ 9%16(B] -
Féy = (iky)a |5 o (88) — 32552 — Lo e=te, (29)
Féy =0, (30)
(tangential component)
Fgo = Fgg = Fg = 0, (31)
_ kK 1 0lo(k §) 8lo(k §) | 0%Jo(xn$)
FI;I-G - p_(legz_x {52 []0 Tlf) +— n f [2 =+ azscn }’ (32)
(axial component)
Fyg =Fpg =0, (33)
— |2 19J0(BY) | 20%10(BD) | 03Jo(B] -
F3=a [;—3 Jo(BE) — 5B 4 220 4 T ik, (34)
Fly = (35)
Substituting the non-zero Fj, terms into Eq. (20) gives the displacement components.
For P =P,
Ugz = PZ(AOZFi’lz + F;Z)e_iwt’ (36)
Uy, =0, (37)
= P,(Ay,F}, + Fjy et (38)
Egs. (36) — (38) show that the P, excitation produces only the P wave AE.
For P = Py, the following displacements can be obtained as
weg = Po(CogF3,)e ", (39)
Uugg = PgFgg, (40)

Upg = Pg(CogFrp)e ™" (41)
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The Py excitation does not produce the displacements because there are no Fj, terms in Egs.
(39) and (41) and no coupling constant in Eq. (40).

To evaluate the coupling constant A,,, let us apply the stress-free boundary conditions to the
outer surface. Since the cylinder is free from external stresses at its surface, the boundary conditions
can be written as

Ogr = 0y =0 (at any point on the cylinder surface). (42)

Expanded expressions for the stress and the strain displacement at any point on the cylinder
surface are given as Eq. (C16). Substituting Egs. (39) and (41) into Eq. (C16) with m =0 gives

A1z = (ikn) [(C13k127)]o(0!f) — C12 %a](;(f) —C11 62{30;;{) e, (43)

43, =0, (44)

az1z = _2k127C44%;§)9_ik"7’/ (45)

ass, =0, (46)

by, = — (pk_i) az_ix% [C11 %azjggza + Co2 %%%:Zs) + C13 23%]0 (Kzst)]r 47)
b3, = —Caq (pk%) ﬁ%%’?a- (48)

From these equations, the solution of A4, can be obtained as

A = biz _ bzz
0z — - .
a1z asiz

(49)

2.3. Analytical Model

The arrival time 7 of the signal at position (§,9,17) on the outer surface must be introduced to
the displacement to analyze the observed AE signal. The arrival time of the P wave propagating with
velocities c¢p is given as

_ V&2
TP -,
cp
where ¢ is given by Eq. (6). The dominant displacement generated by the gas leak at a given time ¢

can be given by
Uleak = Pz(t - TP)(AOZFt%Z + ng)e_iwt (d = fr T))~ (50)

The displacement u, in Eq. (50) is associated with a single frequency. Considering that A,
and F}, are proportional to 1/w?, Eq. (50) can be rewritten for a multi-frequency wave as

2

w
Upear (@1, wn) = Xiq Wemp,i Zr;—Lz'uleak(wi)/ (1))
j=

1 Wy

where Wemp,; is the observed weight of component i. In this study, the relative value of the
displacement is used to validate the amplitude of the observed AE using Eq. (50).

3. Experiment

The model cylinder system for the laboratory tests is a seamless N2 gas cylinder (40 L, Mn steel)
with a main section (1013 mm long, 232 mm outer diameter and 4.8 mm thick), a spherical shoulder
with a neck at one end and a concave bottom at the other (Figure 1). Leakage was simulated by
inserting screws with a hole into a borehole in the wall of the main section, located at 0.368 m from
the front of the main section. The diameters of the screw holes were approximately 0.20, 0.30, 0.50,
0.80 and 1.20 mm. Note that the experimental test is represented as DaPbnc9d, where a is the hole
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diameter (mm), b is the internal pressure (bar), and c and d are the distance 7 (cm) and tangential
angle ¥ (degree) from the leak source (LS), respectively. The data used in the simulation are listed
in Table 1.

0.366 m.]%
; o P

1013 m

P;L-

PC/DAQ

Figure 1. Schematic diagram of the main parts of the leak test apparatus (h: pinhole, p: AE sensor (IDK-AES-
H150), PA: preamplifier, PC/DAQ (IDK-AET/E08): PC with 8-channel DAQ.

Table 1. Material and geometric properties of the leak test cylinder, and molecular and thermal properties of the

charged gas.
Steel cylinder
outer radius, a = 0.116 m, inner radius, b = 0.1112 m
density, p = 7.8 x 10® kg m?, length, L = 1.013 m
P wave velocity, cp = 5.98 x 10* m s, S wave velocity, ¢s = 3.30 X 10® m s
Stiffness parameters (kg m' ms?)
c11=208.6 x 109, c22=208.6 x 10°, ¢33 =208.6 x 109,
ci2=146.5 x 109, c3=146.5 x 109, 23 =146.5x10°
cu=126.9 x 109, o5 =126.9 x 109, o6 = 126.9 x 10°
Nitrogen gas (25°C, 1 bar)*
molecular weight, M = 0.028 kg mol-1 density, p = 1.13 kg m?

dynamic viscosity, 4 =1.783 x 107> Pas isentropic index, y = 1.40
kinematic density, v = 1.577 X 1075 m2s'!

*https://www.peacesoftware.de/einigewerte/calc_stickstoff.php.

An 8-channel acquisition system (IDK-AET/E08, Republic of Korea), including a preamplifier, 8-
channel DAQ board and computer data storage, was used to analyze the AE waveform and record
data. The IDK system runs the built-in AE Studio software to generate acoustic data by sequentially
amplifying and Fast Fourier transforming the detected electrical signals. No filters were used and AE
hits were recorded over the range of v = 0 - 500 kHz. Each hit was recorded for 1.0 ms by a timer
controller on the DAQ board. For each hit, the maximum amplitude was selected, which we call the
observed amplitude A,ps. The signal threshold was 40 dB.

Several broadband AE sensors (IDK-AES-H150, IDK) with a resonant frequency of 150 kHz and
¢ =16.0 mm were mounted on the cylinder surface using magnetic holders and high vacuum silicone
grease. After mounting the sensors on the cylinder surface, it was necessary to calibrate each sensor,
since the response of each sensor depends on internal and external influences (its own sensitivity,
and contact area, grease thickness, surface roughness, etc.). The reference signal was applied to the
actuator (IDK-AES-H150) by a KEYSIGHT 33600A waveform generator. The reference signal was
tuned at a frequency of 150.00 kHz with an amplitude of 1.000 Vrrand a square pulse width of 992
ns. In this study, each sensor was calibrated with the reference signal generated by the waveform
generator placed horizontally at 100 mm. The actuator was mounted and dismounted at least five
times to get the maximum amplitude A for each sensor. For a given sensor, the measured amplitude
Aops was divided by its Acal
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4. Results and Discussion

4.1. Determination of k, and k,

The parameters of k, and k, areinvolved in the Green’s and the scalar functions, respectively.
The relationship between these parameters can be found from Eq. (49). From Eq. (49), we can obtain
the following equation

f (g ) = 22— 22 = 0, (52)

a1z asiz

From the first root of the solution of Eq. (52), we obtained the following relationship [20]

(1555 —0.076 1, + 7.09 X 1072k — 4.20 X 107Ky (ke < 15)
710652 —9.95 x 1073 «, (x, >15)

In Reference 20, the value of k, was determined by analyzing the angular dependence of the
AE amplitude generated by the leak. However, it is desirable to predetermine the value of k, before
the leak occurs in order to apply it to the actual leak source localization. In this study, the value of
was determined by applying an external excitation to the surface of the cylinder. Twelve sensors were
mounted on the surface of the cylinder at 30-degree intervals from 0 to 270 degrees at a point 10 cm
away from the actuator position. Figure 2a shows the mean amplitude with ¢ value of each sensor
signal produced by an external excitation (1.000 Vpp and v = 150 kHz). It can be seen that the
angular dependence of the observed signals on the external excitation is clear. Two minima appeared
close to 90 and 270 degrees. The dependence shows © symmetry. If the external excitation is treated
as the Green'’s function, the angular dependence of the signal amplitude can be related to the Bessel
function J, (an ) in Eq. (3). From Eq. (50), the angular dependence of ue,x was simulated for
different values of k, and v = 150 kHz. As shown in Figure 2a, the minimum point at which the
Bessel function goes to zero depends on the value of k,. In the range of 0 - 180°, one minimum
point appears at ¥ = 117° for k, = 6. As the value of k, increases, the angle of the minimum point
decreases: ¥ = 100° for k, =7, ¥ = 93° for k, =7.5 and ¥ = 88° for k, = 8. For k, =9, there
are two minima at ¥ =78° and 164°. Considering that the angular separation between two
neighboring sensors is 30°, we concluded that the x, values in the range 7 - 8 are acceptable. In this
study, we set k, = 7.5, resulting in the maximum of w,, at ¥ = 16°. To verify the determined
Kk,value, we also measured the axial dependence of the signal generated by the external excitation.
We mounted 10 sensors along the axial direction relative to the position of the actuator: 9 sensors in
the downward direction and 1 sensor in the upward direction. As shown in Figure 2b, the axial

dependence of the observed signal amplitude is in good agreement with the simulated e, values
at k, =7.5 and v =150 kHz.

1.4 1.4
c Y-
% 121 ~1WE % 1.24
£ i 2 =

Q e

3 s 3101
210 * ., 052 E
- * ® $loT  ®,q]
E ' & 3 S
c 081 2 8
s g 308
@D
= Y {005

0.6 12345 =z 0.4

0 60 120 180 240 300 360 0.0 0.2 0.4 06 08
Angle (°) [n[(m)

Figure 2. (a) Angular dependence of the mean amplitudes (circles) and os (bars) of signal obtained by an external
excitation (1.000 Vpp and v = 150 kHz) and the simulated uje,x displacements (lines) at different values of &,
(1: 6.0,2:7.0, 3: 7.5, 4: 8.0, 5: 9.0), (b) axial dependence of the mean amplitudes of signal and the simulated ey
displacement (line) with x, =7.5.
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4.2. Verification of Angular and Axial Dependences

The Kk, parameter is crucial in determining the angular and axial dependencies by associating
the coupling constant with the Green’s function, as implied in Eq. (50). In addition, the verification
of the dependencies is necessary to apply the proposed mathematical model to the localization of the
leak source in cylindrical storage. In this study, the verification has been extended to the whole region
of the cylindrical storage.

First, the angular dependence of the AE amplitude was studied as a function of the tangential
angle at a fixed n distance from the LS. Similarly to the case of the external excitation experiment,
twelve sensors were mounted on the cylinder surface at 30° intervals from 0 to 270° at n = 10 cm.
Among the obtained AE parameters, the maximum amplitude A,ps of each AE hit was selected to
analyze the angular dependence. For a given sensor, the mean amplitude was calculated from over 6
k hits. Figure 3 shows the A,,s values observed at n = 10 from five different LSs with D0.2 — D1.2
and three different internal pressures. Within the standard deviation, all results show that the
minimum of A,,s occurs close to ¥ = 90° and 9 = 270°, and the maximum of Ag,,s occurs close to
¥ =30° and ¥ = 330°. Note that the calculated maximum and minimum values occur at 9 =16°
and ¥ = 93° in the first half of the circle, respectively. To simulate the A,,s values, it is necessary to
convert the calculated wpe,c value in meters to Ay, in millivolts. The analysis of the angular
dependence of A,,s can be done by normalizing the calculated displacement values and then
matching the relative amplitude values observed in the 2r region. The simulated angular dependence
of the amplitude is formulated as

Asim(ﬁ) = uN(ﬁ)(Aobs,max - Ao,ang) + Ao,ang- (53)

In Eq. (53), uy(¥) is the normalized displacement, defined as uy(9) = Ueax(9) /Uieak max, Which
is independent of the input parameters (such as FRS and frequency) in Eq. (51), and Aypsmax and
Agang are the maximum and minimum values estimated from A,,s at ¥ = 16° and 93°, respectively.
As shown in Figure 3a-e, experimental values for D0.2 — D0.8 agree well with the simulated values
within the standard deviation, but for D1.2P3 and D1.2P4 there is a rather large deviation between
Asim and Agps. The angular dependence illustrates the symmetry property of © and the minimum
amplitudes close to 90° and 270°. These results prove that the k, of 7.5, which was determined by
the external excitation, works very well to characterize the AE signal observed due to leakage in the
cylindrical geometry. The most striking feature of the observed AE amplitudes is that the value of
Agps is strongly influenced by the hole size. As expressed in Eq. (10), the CF due to the leakage is
only proportional to the mean velocity U. As expressed in Egs. (B3) and (B4) [26-29], substituting Q
into U cancels the hole diameter factor D in Eq. (B5). Accordingly, the CF is only proportional to P¢.
For a more practical application, we consider the dependence of A,,s on Reynolds number,
expressed as

2 y+1 y+1
=t 2r M |(Pa\r _ (P v |2\t
e=teon, (2 2@ -2 (2 Giera o
y+1
) YM (2 \r-t 55
Re = . DP, R, (y+1) (Py > P.,). (55)

Figure 3f shows the plot of the 4., values observed at 90° versus Reynolds number (Re). With
increasing Re up to 3 x 10¢, the value of A,y increases very gradually. Above Re =3 x 104, the value
of Agang increases rapidly with increasing Re. The observed A,,,, values are fitted by an
exponential growth A, ang(Re) = AReeRe/T + 4. As shown in Fig. 3f, the observed values are in good
agreement with the values calculated by the equation with AR® = 5.776x104, © = 5277 and 4, =
0.1216 (R?=0.99553).
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Figure 3. (a — e) Observed mean maximum-amplitudes (circles) and os (bars) obtained from five different hole
diameters: (a) D0.2n10, (b) D0.3110, (c) D0.5n10, (d) D0.8n10 and (e) D1.2n10 at P, = 2 bar (black), 3 bar (red)
and 4 bar (green), and simulated amplitudes (lines), and (f) plot of mean amplitudes (circle) at ¥ = 90° vs.

Reynolds number and the fit (line) by one-phase exponential growth.

We then expanded the angular dependence of A,ys to four different n positions from 0° to 180°
for D0.2. As can be seen in Figure 4, all A,,s values agree well with their corresponding A, values.

Next, the axial dependence of the AE amplitude was studied as a function of n at ¢ = 180°
using five different LSs. Ten sensors were mounted on the cylinder surface at ¥ = 180°: eight sensors
were mounted downwards and two sensors were mounted upwards relative to the position of the
LS. Figure 5 shows the A,ps values observed at ¥ = 180° from five different LSs with D0.2 - D1.2
and three different internal pressures. Within the standard deviation, all results show that the A,ps
values decrease exponentially with increasing mn. As in the case of the angular dependence,
simulations of A,,s can be performed by normalizing the calculated displacement values and then
matching them the observed relative amplitude values in the region of —0.2 <7n/m < 0.8. The
simulated angular dependence of the amplitude is formulated as

Asim(n) = UuUn (T)) X (Aobs,max - Ao,axi) + Ao,axi/ (56)

where Agpsmax and Agayi are the estimated values of A, from extrapolation to n =0 and n/m =
0.8, respectively. It should be noted that the normalized displacement, uy() = Uear (1) /Ueax(0), is
invariant to FRS and frequency. As shown in Figure 5a-e, except the case for D1.2P3 and D1.2P4, all
experimental values are in good agreement with the simulated values within the standard deviation.
For D1.2P3 and D1.2P4 there is a rather large deviation between Ag,, and Agys. Figure 5f shows the
plot of the Ay ,y; values versus Re. Similar to the case of the angular dependence, the value of Ag .
increases very gradually with increasing Re up to 3 x 10% Above Re = 3 x 10¢, the value of A,y
increases rapidly with increasing Re. The A,y values are fitted by an exponential growth
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Agaxi(Re) = AReeRe/T 4 A As shown in Figure 5f, the observed values are in good agreement with
the values calculated by the equation with A%¢ =1.07x103, 1=5658 and A, = 0.199 (R?>=0.972).
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Figure 4. Observed mean maximum-amplitudes (circles) and os (bars) obtained from four different axial
positions: (a) D0.2n3, (b) D0.2n30, (c) D0.2n50, and (d) D0.2n70 at P, =2 bar (black), 3 bar (red) and 4 bar (green),
and simulated amplitudes (lines).
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Figure 5. (a — e) Observed mean maximum-amplitudes (circles) and os (bars) obtained from five different hole
diameters: (a) D0.29180, (b) D0.39180, (c) D0.59180, (d) D0.89180 and (e) D1.29180 at P =2 bar (black), 3 bar (red)
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and 4 bar (green), and simulated amplitudes (lines), and (f) plot of Ag .y values (circles) vs. Reynolds NO and

the fit (line) by one-phase exponential growth.

For a given value of 9, the u;,q; displacement in Eq. (50) and (51) is exponentially attenuated
by the axial distancen via Ff, or F, derived from the Green’s function. Note that from Eqs. (4), (23)
and (27), F;Z (n) « zc,,e_"'ll"l and Fn"z (n) x Kf,e"‘ﬂl’” . This leads us to propose a semi-empirical
equation to fit the observed axial dependence of A4,,s as follows

Asim() = Ae™ M + 4y ., (57)

where A is the pre-exponential factor, given as (Aobs_max - Ao‘axi). This equation reproduces exactly
the same values as in the case of Eq. (56); henceforth, we will use Eq. (57) instead of Eq. (56) to analyze
the axial dependence of Agps.

4.3. Leak Source Localization

A cruciform array of twelve sensors was used to locate the LS. Centered on one sensor, five
sensors were mounted at 10 cm intervals along the axial (z) axis and six sensors were mounted at 30°
intervals along the tangential (8) axis (6 ranges from 0 to 180 degrees). Two regions of the cylinder
surface were selected for the location of the sensor array, namely the lower and upper regions shown
in the first column of Figure 6 (hereafter, referred to as Zonel and Zone2, respectively). To locate the
angular position of the LS, we first estimated the minimum and its position, then shifted A6 to match
the angular dependence of the Ay, value with the Ag,(9) values calculated by Eq. (53) (Figure 6a
and 6c). To locate the axial position, we estimated Ag,y by applying the exponential decay to the
observed values of A,ps and then shifted Az to match the axial dependence of the A,,s value with
the Agim(n) values calculated by Eq. (57) (Figure 6b and 6d). The matching results for finding the
position of the LS location are listed in the second and third columns of Table 2. As listed in Table 2,
the error of the LS location is less than 2% for the angular location and less than 1.0% for the axial
location. The theoretical model proposed in this study provides a very accurate solution for the LS
location. Furthermore, the Agang and Ag,y obtained from the localization processes are listed in
Table 2. For a given set of experimental conditions, the two values (A ang, Aoaxi) agree well within
an error of 10%. The Reynolds number was estimated by comparing the Ag.ng and Ag,y values
obtained from the localization processes with the experimental values shown in Figures 3f and 5f,
respectively. As listed in Table 2, the estimated Reynolds number is very close to the theoretical value
calculated from the leak hole size and the initial pressure in the cylinder given by Eq. (54). The results
suggest that the amplitudes observed from the localization process can provide quantitative
information about the hole diameter of the LS if the initial pressure is known.
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Figure 6. Fitting the angular (a, c) and the axial (b, d) dependences of the observed mean maximum-amplitudes
(circles) and os (bars) obtained from the sensor array in Zonel (a, b) and Zone2 (c, d) to the simulated values

(solid lines) (three different gas pressures used).
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Table 2. Results for the localization of the leak source determined by fitting the observed signal amplitudes to

the simulated values. The leak source locates at 6§ =0°and n = 0.

Array Po ] 7/mm A A Reynolds NO/k
position (bar)  (error%) (error%) OAne oM Theory/estimation
207 -61°(17)  50(05)  0.05/0.05 5.3/5.5-5.9
Zonel® 3.06 -6.1°(1.7) 5.0 (0.5) 0.09/0.08 7.2/7.0-8.4
397 -61°(17)  50(05)  0.13/0.12 8.5/8.5-11.7

201  3.6°(1.0) 7.0 (0.7) 0.12/0.11 13.3/8.0-11.0
Zone2r 301  3.6°(L.0) 7.0 (0.7) 0.26/0.25  18.1/18.1-23.0
401 3.6°(1.0) 7.0 (0.7) 0.40/0.38 21.5/28.9

wTwo different hole sizes were used: a; D0.2 and b; D0.5

5. Conclusions

Techniques based on the time difference of arrival (TOD) between two or more AE sensors with
the cross-correlation algorithm (CCA) have been widely applied to locate the leak source using the
continuous AE waveform data. In practical situations, the AE signal generated by a leak has an
aperiodic waveform structure and the exact location of the leak source cannot be determined by the
CCA-based methods. A mathematical model applicable to AE due to a pinhole leakage in a
cylindrical vessel was summarized, in which the concentrated force-incorporated potentials
responsible for the fluctuating Reynolds stress were introduced into the Navier-Lamé equation. In
this study, extensive experiments were carried out under different operating conditions to investigate
the characteristics of the AE signals due to leakage in a gas cylinder. By validating the angular and
the axial dependencies of the AE amplitudes the proposed mathematical model was modified into
two semi-empirical equations responsible for the angular and the axial properties of the AE
amplitudes, making them well suited for practical applications. Application of the two equations to
the data collected from two sets of the cruciform array of 12 sensors mounted on the arbitrary surface
of the cylinder demonstrated that the proposed equations were able to accurately localize the leak
source in the cylinder within 1% error.
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Appendix A

Green’s Function

In cylindrical (r,8,z) coordinates, the relationship between the Green’s and the delta function,
expressed as

VZ r, 0, Z, T, 0 ,Z — 6(r_70)6(9_90)5(2—20), Al
) 0rY0,40

r
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where the Green’s function is given by

g(T, e! Z; T, 90! ZO) = Av gr(r; rO)gG (0, HO)gZ(Z; ZO)/ (AZ)

where A, is a coupling constant, which will be specified later by an azimuthal constant
v(=0,%£1,£2,-).

At any point in the cylindrical domain other than the PS locating point, the values of the delta
functions are zero

V2 (g, (r;10)90(8;00)9,(2; 25)] = 0,

and Eq. (A1) can be rewritten as

r? 92 ro 1 92 r2 92
Dofr  T20r 2280, T 20 (A3)
gr Or gr or gg 00 gz 0z

Introducing xZ for the real roots of g, and v as an azimuthal constant for gy into Eq. (A3)
gives three individual differential equations for g,, ge and g,.

iazgz_ 2
gz 0z2 I
1 92
L19%9 _ 2
ge 067
0%g, ~0g
2 r r 2,.2 2 _
r +r + (k2r® —v%)g, = 0.
or? or z gr

The solutions of the three functions can be obtained by applying the conditions for the delta
function, such as the continuity, the discontinuity and/or the symmetry principles around the PS.

———e7a02) 0<z<zy<l
(z;29) = “ , A4
JAB2I TN L ) 0 <y <z <l (A9
2Ky
99(6; 0,) = cos[v(6 — 6,)] (v=0,41, £2, -, (A5)
9r(r;10) = J,(kezro)J, (kc,1) (b<r<a. (A6)

The coefficient A, canbe obtained by substituting Eqs. (A4) - (A6) into Eq. (A1) and integrating
over a given cylindrical domain (0 <z<1[,0<6 <2r,b <r < a). Since fol 6(z —zp)dz = 1, and

z=l - VA
99z __¢ KzZ0 ekz 0 n ekzZ0 e—Kz? 1 [e—xzzo + e Kz(-20) _ 2], (A7)
0z 0 2 0 2 Zo 2
then
! gegzi( %) 9r9z9%3e azgz}
Av‘fo{ r ar r or + r2 962 +9r9 0z2 dz

_ lazgz
- Avgrgﬂ fo 0z2 dZ (A8)

= ﬂ [e_KZZO + e"‘z(l—zo) — Z]grga
2

Similarly, since foznd 0-6,)do=1,

21 _ [2m _ — 2m ifg = 90
2" gg d6 = [ cos[v(6 — 6,)] d6 { 7 thermie: (A9)
From Egs. (A1), (A8) and (A9), we obtain
A,mg,[e*s%0 + e7K2(l=20) — 2] = 8ro) (A10)

T

Substituting Eq. (A6) into Eq. (A10) gives
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A, Jy (7o), (1) [ 7270 + e~rall=20) — 2] = 2CT0) (A11)

r

Multiplying both sides of Eq. (A11) by rJ,(k,r) and integrating over (b, a) gives the solution for
6(r —ry) as follows

n[e"‘zZo + e Fz(-20) _ Z]JV(KZrO)AU fba]v(rczr)],,(iczr) rdr

= [ 8(r — 1) Jp (i) dr (A12)
= ]v (kzrﬂ)-

Applying the normalization and the orthogonality of Bessel function,
r r 2 2
I g (a2) g (a2) rdr =< [fpas @] 85,
to the integration of the Bessel function in Eq. (A12) gives
Iy Joliczd)y Gezr) rdr
= [} Lo Gy e vdr — [ 1, (1)) () v (A13)
a? 2 b? 2
= Z Uv+1(Kza)] -7 []v+1(bi)] .

Substituting Eq. (A13) into Eq. (A11) gives

1 2
= X .
n[ekzZo+e=kz(-20)-2] ™" {aZ[]y41 (z0)12~b2[Jy41(1zD)]?}

4y

Finally, the Green’s function can be obtained as

g(T, 0! Z Ty, 90! ZO) = Gv]v (Kzr) COS[U(Q - 00)]/ (A14)
1 e 2070 0<z<z5<1
Gy =~ AuJu ) x {B_KZ(Z_ZO) hoisml, (A15)
A, = L X 2
v [e=*z20+e=*21=20)_2] * (a2[J, 41 ()12 =b2[Jys1(kzD)I2} (A16)

In addition, replacing the (r,6,z) coordinates by relative coordinates, defined as § =r —r,
Y =6—06, and 1 = z — z,, sets the location of the PS as the new originat {, = 0,9, =0 and 7, =0
(Figure S1). In the (¢,9,7n;0) coordinates, Eqs. (A14) — (A16) are rewritten as

9,9, n;0) = Gv(n)]v(’cnf) cos v, (A17)
e (0<n<l-z)
Gy, = _iAv]v(ano) X {e—xnn (_ZonS n < Og ’ (A18)
A _ 1 % 2
v T e 20 2] a2y (@) -5 ora (k)] (A19)
Xjo %
sz
a\

DN,y (&
h—r(]—i PS xl(fl)
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Figure Al. A radial cross section containing PS and a given point S. The red line represents the arc connecting
PSandS.

Appendix B

Leak Characteristics

When the gas is leaking from a pressurized container into atmospheric air, the Reynolds number
(Re) for the leakage flow will be much higher than for the atmospheric air leaking into an evacuated
vessel, and will reach into the turbulent region. For the turbulent flow through a small hole, the flow
characteristic must be averaged over a period of time. The Reynolds number for the small hole model
can be described as
_ pUD

Re ===, (B1)

where U is the mean leakage velocity, D is the diameter of a hole and p is the dynamic viscosity of
the fluid.

The mass flow rate Q of the gas at the leak hole is divided into sonic flow and subsonic flow on
the basis of the critical pressure ratio (CPR)

Y

CPR =2 = ()7, (B2)
2 y+1 y+1
_ 2 | (PaYr _ (Pa) v | (2
Q = APy y—-1 RTy (PO) (P(,) ] (y+1) Po < Fer, (B3)
y+1
- yM( 2 \r-1 B4
Q = CoduPo 55 (5) Py 2 Py, (B4)

where F, is the ambient atmospheric pressure, P, is the critical pressure, P, is the charged gas
pressure, A;, is the leakage hole area, Cp, is the flow correction factor of the leakage hole (0.6 ~ 1.0),
v is the isentropic index and M is the molar mass of the gas. For nitrogen gas, CPR = 0.528. When
Pq = 1.01 bar, p., = 1.91 bar.

Since the mass flow rate of the gas at the leakage hole is given as Q = pA;,U, the mean flow
velocity can be given by

U=-=—2 (B5)

Appendix C

Appendix C.1. Concentrated Force Incorporated Potential

The solutions of the scalar functions, ¢,y and 1 are expressed as

B 9,1) = A (@) cos(me~trt — oo (ic,6), (&)
X(E0,1) = B (B) sin(mb) =07 — o) 1c,8), (C2)
Y(E.6,1) = G o (BE) cos(mB) e~Hu7, (3)

where k, = Cﬂ, a’ =kj—ki and kg = Cﬁ, B* = ki—k;. In Egs. (C1) - (C2), Am, Bn and Cu are
P s

coupling constants for P, SH and SV potentials, respectively. The CFIPs can be obtained by
substituting each of the scale functions into the corresponding potential.
For @
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. i kg Jm(kné) 0
@, = Py | (=iky ) A (@)cos(me =t — i Infenf) ota] ()
Py = ~Py ¢ [Anmim (a)sin(m)e 7). (C5)
For X
X; = 0, (C6)
Xo = =P, l{Bm Um(B8) + § 2] sin(ma)e ik
a]m("C f)
sz l?z K3 []m( ’75)+€ T } ©)
For ¥
W, =0, (C8)
Wo = RyCon [¢Jm (BE) + P72 cos(mi) e=tan. (C9)
For P=P,
(radial component)
Ff, = (—iky) === a]m(af) cos(md)e~u", (C10a)
FZ =0, (C10b)
F$, =0, (C10c)
4 _ K1 9Jm(nd) 3G
o T (C10d)
(tangential component)
F3, = (iky) T Jm(ag)sin(md)etkn", (Cl1a)
F2,=0, (C11b)
F3,=0, (Cl1c)
Fg,=0, (C11d)
(axial component)
= —kiJm(a&)cos(my)e™n", (C12a)
F% =0, (C12b)
E, =0, (C12¢)
_ K Jm(kg§) 0%
E = —p—a’)’z—az_z% 720. (C12d)
For P =Py
(radial component)
3Jm . i
Flg = m [g5)m(af) — 2222 sin(md)e ko, (Cl3a)
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FE = =mBy [ Im(BE) + 1 222 cos(m)eteo, (C13b)
3Jm % i
Fy = =(iky)a [z (BE) — ;258 — ZInf0 cos(ma) e, (Cl3c)
Ffy =0, (C13d)
(tangential component)
Fgo = —’;—f]m(af)cos(mﬁ)e‘”‘"", (Cl4a)
0Jm 0%Jm . .
Fio = | = 52 /m(BE) + 3288 + T sin(mo)e oo, (C14b)
Fio = =2 (iky)m [2 1 (5) + 22L2] sin(mp) ek, (Cl4o)
4 _ K 9Jm(kné) a]m("nf) 0% Jm 1y )
Fgg = w? ﬁz - {fz []m(lc,,f) + T 5[2 + PIT: } (C14d)
(axial component)
Fpo = ”:, mJp, (a§)sin(md)e =", (C15a)
FZ = (C15b)
3 _ 1-m? _(1m*\ Jm(BE) | 20%m(BE) | 33 Im(BE)
Fae —a[( &3 )]m(ﬂf) ( g2 ) T R T (C15¢)
x cos(mv) e~ nm,
4 = 0. (C15d)

Appendix C.2. Stress-Strain Displacement Relations

The relations between the stress and the strain displacement are given in the (&,9,n)
coordinates as

- ou Ugr |, 10ur Ouy
Jfff_cll( ,g)+ 12(§+§ 619)+ 13(6n)
= Pf(allfAmf + alszmf + a13mef + blf)e_lwt (C16a)

=0,

au,,f augf
Ienf = C44( & + an)

= Pr(a31pAms + Q32Bmy + Q33 Crnp + bag)e ™t (C16b)
=0,

where f =z or 6. Form=0, Byy = 0. For f = z, substituting Egs. (36) and (38) into Egs. (C16a) and
(C16b), respectively, and for f = 6, substituting Eqs. (39) and (41) into Eqgs. (Cl6a) and (C16b),
respectively, we obtain the following two linear algebraic equations.

2 -1

Az1r A3zl [Cof b3f’ (C17)
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