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Article 

Analytical Model and Gas Leak Source Localization 
Based on Acoustic Emission for Cylindrical Storage 
Jun-Gill Kang *, Kwang Bok Kim, Kyung Hwan KoH and Bong Ki Kim 

Rm #306, Integrity Diagnostics Korea (IDK), IT Venture Town, 35, Techno 9-ro, Yuseong-gu, Daejeon, 34027, 
Republic of Korea 
* Correspondence: jgkang@cnu.ac.kr or jgkang@idkorea.org 

Abstract: A theoretical model is presented for the accurate detection of gas leak source through a 
pinhole in a cylindrical storage vessel using the acoustic emission (AE) technique. Pinholes of various 
diameters ranging from 0.20 to 1.2 mm were installed as leak sources, and safe N2 was used as a filler 
gas. AE parameters such as frequency, amplitude, and RMS of the AE signal generated by the gas 
leak were measured. Among them, the amplitude characteristic was the most important parameter 
to determine the leak dynamics of AE with continuous waveform. The amplitude of the AE signal 
generated by the leak was investigated as a function of angle and axial distance, and the simulation 
was performed using the theoretical model for AE. For practical applications, the theoretical formula 
was modified into two semi-empirical equations by introducing the normalization method to fit the 
angular and axial characteristics of the observed AE amplitude, respectively. The main advantage of 
this study is that the semi-empirical equations provide an accurate solution for leak source 
localization in the cylindrical vessel. As a priori knowledge, the value of 𝜅ఎ in Green’s function, 
which determines the angular and axial dependence of the AE amplitude, was determined by 
applying external excitation to the cylinder surface. The proposed formulas provide a suitable 
approach for practical application in the localization of leak source in cylindrical storage tanks. 

Keywords: acoustic emission; amplitude; analytical modeling; semi-empirical equation; leak source 
localization 
 

1. Introduction 

Cylindrical vessels are more commonly used as pressure vessels than spherical vessels due to 
their ease of fabrication, space utilization, pressure resistance and ease of maintenance. In a confined 
space, cylindrical tanks are very effective for the storage and use of fuel gases due to their ease of 
transport, high storage capacity and pressure regulation. The need for reliable maintenance of high-
pressure gas cylinders and tanks, especially those containing hazardous gases, has increased 
exponentially over the past decade due to the high potential for safety hazards from leaks caused by 
undetected vessel damage. The most important way to prevent disasters caused by gas leaks is to 
detect the leak and its location and repair it accordingly. Several leak detection methods have been 
proposed for the early detection of leaks in pipelines [1]. These include acoustic emission (AE) 
detection, flow rate or pressure monitoring, or infrared detection [2–8]. Among the various methods, 
AE methods have proven to be very effective in detecting and locating leaks by eliminating 
interfering signals through time and frequency domain analysis and characterization of AE 
parameters [9–12]. 

In general, the most notable methods for locating an AE source are the time domain technique 
and the zone location technique [13]. The former relies on the time difference of arrival (TDOA) 
between two or more AE sensors to derive the source location [14]. However, the time delay can also 
result from different wave paths, different wave modes due to the dispersion of the AE wave for a 
long-distance pipeline and the velocity variation due to the environment. Therefore, the TDOA 
technique requires high detection accuracy. However, because the TDOA method is applied to burst-
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shaped waveforms, it is not suitable for locating leak sources in the case of leaks that produce 
continuous AE waveforms. To overcome this, the cross-correlation algorithm is sometimes used to 
obtain the TDOA from continuous waveforms [15,16]. Due to background noise and other 
uncertainties during the measurement, achieving a good level of correlation coefficient is limited 
[10,17]. In practical situations, the AE signal generated by a leak has an aperiodic waveform structure 
and the exact location of the leak source cannot be determined by the cross-correlation based methods. 
The second one of the basic AE localization techniques is based on the attenuation of the AE 
amplitude with the distance between the leak source and the detection sensor, taking advantage of 
the fact that the sensor with the largest amplitude is closest to the leak source, assuming that the 
sensitivity of the sensors is the same. However, this method has limitations in pinpointing the 
location of the leak in three dimensions because it ignores the influence of the AE signal due to the 
structural characteristics of the vessel. To overcome this drawback, AE signal analysis is required 
using governing equations that take into account the structural characteristics of the storage vessel 
and the propagation dynamics of AE caused by leaks on the vessel surface. In addition, this method 
can only be used if the structure has a moderate attenuation of the AE signal. This technique can 
provide a simple solution where the exact location of the leak source is not critical. 

Over the past few decades, numerous studies have been conducted to solve the problems of 
pipeline leak localization using acoustic-based methods [10,12]. However, there are still limitations 
and gaps in fundamental research dealing with signal modelling, nonlinear effects and 
environmental uncertainty in leak AE signals [10]. Previously, a mathematical formula was 
formulated for AE generated by a point source (PS) as an internal defect in cylindrical structures [18]. 
The PS was represented by a concentrated force (CF) with both spatial and temporal harmonic 
characteristics. In cylindrical geometry, the CF generates three potential functions representing a 
compression wave (P) and two shear waves (horizontal and vertical polarization, SH and SV, 
respectively), which are referred to as the concentrated force-incorporated potential (CFIP). The 
radial, tangential and axial displacements were solved by introducing the CFIPs into the Navier-
Lamé (NL) equation, based on the model proposed by Morse and Feshbach [19]. Previously, the 
CFIPs for the pinhole leakage were derived as an excitation AE source, associated with a fluctuating 
Reynolds stress (FRS) [20]. As the FRS acts on the pinhole wall, the CFIP due to the FRS results only 
in the axial and tangential displacements. A limited investigation of the angular and axial 
dependence of the AE signals for the pinhole leakage source has been carried out. The characteristics 
of the observed AE signals due to the pinhole leakage were well simulated by the proposed 
theoretical formula. The aim of this study is to investigate the feasibility of applying the proposed 
mathematical model to leakage source localization in cylindrical geometries. Detailed measurements 
of the AE signals generated by leakages through pinholes of different diameters in gas cylinders were 
performed. For application to leak source (LS) localization, the theoretical formula was modified into 
two semi-empirical equations to describe the angular and axial dependence of the observed AE 
amplitude, respectively. Finally, the simulation and experimental results were compared to verify 
the accuracy of the leak source localization. 

2. Mathematical Solution 

2.1. Concentrated Forces 

In general, the CF as the PS excitation of the AE is described as 𝒇 = 𝑷𝛿(𝒙 − 𝒙଴)𝑒ି௜ఠ௧, (1)

where P is the force vector acting at 𝒙଴ and 𝜔 (= 2𝜋𝜈) is the angular frequency that transfers the 
AE energy from the PS to a solid space. In Eq. (1), the delta function provides the spatial distribution 
of the CF at a given time as Green’s function 𝑔(𝒙; 𝒙଴), defined as 𝛻ଶ𝑔(𝒙; 𝒙଴) = 𝛿(𝒙 − 𝒙଴). The CF 
generated by the PS can be rewritten in terms of vectors as 
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𝒇 = 𝑷𝛻ଶ𝑔(𝒙; 𝒙଴)𝑒ି௜ఠ௧, (2a)

or 𝒇 = 𝜵ሾ𝜵 ∙  𝑷𝑔(𝒙; 𝒙଴)ሿ − 𝜵 × ሾ𝜵 × 𝑷𝑔(𝒙; 𝒙଴)ሿ𝑒ି௜ఠ௧. (2b)

The derivation of the Green's function for the cylindrical cell structure [18,20,21] is summarized 
in Appendix A. Applying the periodicity of 2π (𝑣 = 0) to Eqs. (A17) - (A19) gives 𝑔(𝜉, 𝜗 𝜂; 0) = 𝐺଴(𝜂)𝐽଴൫𝜅ఎ𝜉൯, (3)

𝐺଴ = − ଵଶ఑೥ 𝐴଴𝐽଴൫𝜅ఎ𝜉଴൯ × ൜𝑒఑ആఎ     (0 ≤ 𝜂 ≤ 𝑙 − 𝑧଴)𝑒ି఑ആఎ    (−𝑧଴ ≤ 𝜂 ≤ 0) , (4)

𝐴଴ = ଵగቂ௘ೖആ೥బା௘షೖആ(೗ష೥బ)ିଶቃ × ଶቄ௔మൣ௃భ൫఑ആ௔൯൧మି௕మൣ௃భ൫఑ആ௕൯൧మቅ, (5)

where the PS is located at 𝜉 = 0, 𝜗 = 0 and 𝜂 = 0. In Eq. (3), the value of 𝜉 is the shortest distance 𝜉௉ between the PS and the detection point on the cylinder surface (Figure A1). If the thickness is 
much shorter than the diameter of the outer circle, the value of 𝜉 can be given as the length of the 
arc around the outer circle, 𝜉 ≅ 𝜉௉ = గఏଵ଼଴ 𝑎 = గ(ణିଽ଴)ଽ଴ 𝑎, (6)

where the PS and the detector are located on the outer surface of the cylinder (Notes. Corrects a 
typographical error in 𝜉௉ inserted in Figure 2b of Ref. 20). In Refs. 18 and 21, the value of 𝜅௭ was 
determined by applying boundary conditions to the Bessel function 𝐽଴(𝜅௭𝑟) in Eq. (A6). For the outer 
surface 𝐽଴(𝜅௭𝑟)|௥ୀ௔ି௥బ = 0 gives 𝜅௭ = 𝑟଴௡/(𝑎 − 𝑟଴). On the other hand, in Ref. 20, the value of 𝜅௭ 
was determined experimentally from the angular dependence of the AE amplitude. The subscripts 𝑣 and n of 𝐴௩௡ and 𝐺௩௡ represent the azimuthal constant and the nth-order root in the boundary 
conditions, respectively. In this study, the value of 𝜅ఎ was determined using the external excitation 
method: therefore, the subscript n was omitted in Eqs. (3) - (5). 

The FRS is the most effective excitation source for AE due to fluid leakage through a pinhole. 
For turbulent flow with a radial turbulent velocity of 𝑣௥ᇱ through a circular hole in the cylindrical 
structure, the CF is exerted on the wall of the pinhole by the FRS. Denoting the fluctuating velocities 
along the axial (z) and tangential (θ) directions as 𝑣௭ᇱ and 𝑣ఏᇱ , respectively, the FRS at low Mach 
numbers is defined as 𝑇௥௭ᇱ = −𝜌𝑣௥ᇱ𝑣௭ᇱ       and      𝑇௥ఏᇱ = −𝜌𝑣௥ᇱ𝑣௧ᇱ, (7)

where ρ is the density of the charged gas. From Eq. (7), the force vectors acting on the pinhole wall 
are given by [22] 𝑃௭ = −𝜌 డቀ௩ೝᇲ௩೥ᇲതതതതതതതቁడ௫೥ ቤ୵ୟ୪୪ and 𝑃ఏ = −𝜌 డቀ௩ೝᇲ௩೟ᇲതതതതതതቁడ௫ഇ ቤ୵ୟ୪୪, (8)

where the upper bar symbol represents the value averaged over a period of time. Since 𝑣௭ᇱ = 𝑣ఏᇱ , 𝑃௪ ≡𝑃௭ = 𝑃ఏ. The CF vector can be written down as 𝑷 = 𝑃௪(𝒆ො௭ + 𝒆ොఏ), (9)

From the reported data [23], the CF can be obtained as 𝑃௪ = 6.62 × 10ିସ𝜌𝑈ଶ, (10)

where U is the mean velocity of 𝑣௥ᇱ and is given as Eq. (B5). 

2.2. Displacement Fields 

The displacement fields u generated by the CF in the cylindrical geometry can be derived by 
using the NL equation [24], 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 April 2025 doi:10.20944/preprints202504.1827.v1

https://doi.org/10.20944/preprints202504.1827.v1


 4 of 20 

 

(𝜆 + 2𝜇)𝜵(𝜵 ∙ 𝒖) − 𝜇𝜵 × 𝜵 × 𝒖 + 𝒇 = 𝜌 ௗమ𝒖ௗ௧మ, (11)

and the Morse and Freshbach’s model [19,25], 𝒖 = 𝜵𝛷 + 𝜵 × (𝛸𝒆ො௭) + 𝑎𝜵 × 𝜵 × (𝛹𝒆ො௭), (12)

where λ and μ are Lamé constants and ρ is the density of the media. In Eq. (12), Φ is the scalar 
potential for the P wave, 𝛸𝒆ො௭ is vector potential for the SH wave, 𝛹𝒆ො௭ is vector potential for the SV 
wave, and a is the outer radius of the cylinder. Note that the velocities of the P and S waves are given 
as 𝑐௉ = ඥ(𝜆 + 2𝜇)/𝜌 and 𝑐ௌ = ඥ𝜇/𝜌, respectively. 

For the PS excitation, the three potentials can be specified as the CFIPs. In (𝜉, 𝜗 𝜂) coordinates, 
the three CFIPs are expressed as 𝛷 = (𝜵 ∙ 𝑷𝜙) = 𝑃ఏ ଵక డథడణ + 𝑃ఎ డథడఎ , (13)

𝛸𝒆ොఎ = −(𝜵 × 𝑷𝝌) = − ௉ഇ𝝃 డ(కఞ)డక 𝒆ොఎ, (14)

𝛹𝒆ො௭ = (𝜵 × 𝑷𝜓) = ௉ഇ𝝃 డ(కట)డక 𝒆ොఎ, (15)

where 𝜙, 𝜒 and 𝜓 are scalar functions for Φ, Χ and Ψ, respectively. (Notes. Corrects the erratum 
in the sign of 𝛹𝒆ො௭ in Refs. 18 and 20.) The combination of Eqs. (2) and (13) - (15) gives a second-order 
partial differential equation (PDE) for each scalar function. The radial PDEs of 𝜙  and 𝜒  are 
nonhomogeneous, and their solutions are a linear combination of the homogeneous and the 
particular solutions. These three PDEs were solved by introducing 𝑘ఎଶ ൫𝑘ఎ ≠ 𝜅ఎ൯ for the imaginary 
roots of the axial component and 𝑚  (= 0, ±1, ±2, ⋯ ) as an azimuthal constant for the angular 
component. The solutions of the 𝜙, 𝜒 and 𝜓 functions are given by Eqs. (C1) - (C3). By substituting 
each scale function into the corresponding potential, the CFIPs can be obtained as expressed in Eqs. 
(C4) - (C9). 

 When the displacement is produced by the force component 𝑃௙, u in Eq. (12) can be rewritten 
as the cylindrical components of the displacement 𝑢௙ = 𝑢క௙ + 𝑢ణ௙ + 𝑢ఎ௙, (16)

where 𝑢క௙ = డః೑డక + ଵక డఄ೑డణ + 𝑎 డమఅ೑డకడఎ , (17)

𝑢ణ௙ = ଵక డః೑డణ − డఄ೑డక + 𝑎 ଵక డమఅ೑డణడఎ, (18)

𝑢ఎ௙ = 𝜕𝛷௙𝜕𝜂 − 𝑎 ቆ𝜕ଶ𝛹௙𝜕𝜉ଶ + 1𝜉 𝜕𝛹௙𝜕𝜉 + 1𝜉ଶ 𝜕ଶ𝛹௙𝜕𝜗ଶ ቇ. (19)

These three equations can be written as 𝑢ௗ௙ = 𝑃௙൫𝐴௠௙𝐹ௗ௙ଵ + 𝐵௠௙𝐹ௗ௙ଶ + 𝐶௠௙𝐹ௗ௙ଷ + 𝐹ௗ௙ସ ൯𝑒ି௜ఠ௧, (20)

where 𝑑 = 𝜉, 𝜗 or 𝜂 and 𝑓 = 𝑧 or 𝜃 for the pinhole leakage. In Eq. (20), the 𝐹ௗ௙௡  terms are given 
in Eqs. (C10) - (C15).  

Since the Bessell functions 𝐽௠(𝛼𝜉) and 𝐽௠(𝛽𝜉) in the CFIPs become the unity as 𝜉 approaches 
to the PS, then m = 0. For m = 0, the 𝐹ௗ௙௡  terms are as follows: 
for 𝑃 = 𝑃௭ 

(radial component), 𝐹క௭ଵ = ൫−𝑖𝑘ఎ൯ డ௃బ(ఈక)డక 𝑒ି௜௞ആఎ, (21)
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𝐹క௭ଶ = 𝐹క௭ଷ = 0, (22)

𝐹క௭ସ = − ௞೛మఘఠమ ଵఈమି఑ആమ డ௃బ൫఑ആక൯డక డீబడఎ , (23)

(tangential component) 𝐹ణ௭ଵ = 𝐹ణ௭ଶ = 𝐹ణ௭ଷ = 𝐹ణ௭ସ = 0, (24)

(axial component) 𝐹ఎ௭ଵ = −𝑘ఎଶ𝐽଴(𝛼𝜉)𝑒ି௜௞ആఎ, (25)𝐹ఎ௭ଶ = 𝐹ఎ௭ଷ = 0, (26)

𝐹ఎ௭ସ = − ௞೛మఘఠమ ௃బ൫఑ആక൯ఈమି఑ആమ డమீబడఎమ , (27)

for 𝑃 = 𝑃ఏ, 
(radial component) 

 𝐹కఏଵ = 𝐹కఏଶ = 0, (28)

𝐹కఏଷ = ൫𝑖𝑘ఎ൯𝑎 ቂ ଵకమ 𝐽଴(𝛽𝜉) − ଵక డ௃బ(ఉక)డక − డమ௃బ(ఉక)డకమ ቃ 𝑒ି௜௞ആఎ, (29)

𝐹కఏସ = 0, (30)

(tangential component) 𝐹ణఏଵ = 𝐹ణఏଶ = 𝐹ణఏଷ = 0, (31)

𝐹ణఏସ = ௞೛మఘఠమ ଵఉమି఑ആమ 𝐺଴ ቄ ଵకమ ቂ𝐽଴൫𝜅ఎ𝜉൯ + డ௃బ൫఑ആక൯డక ቃ − ଵక ቂ2 డ௃బ൫఑ആక൯డక + డమ௃బ൫఑ആక൯డమక ቃቅ, (32)

(axial component) 

 𝐹ఎఏଵ = 𝐹ఎఏଶ = 0, (33)

𝐹ఎఏଷ = 𝑎 ቂ ଵకయ 𝐽଴(𝛽𝜉) − ଵకమ డ௃బ(ఉక)డక + ଶక డమ௃బ(ఉక)డకమ + డయ௃బ(ఉక)డకయ ቃ 𝑒ି௜௞ആఎ, (34)

𝐹ఎఏସ = 0. (35)

Substituting the non-zero 𝐹ௗ௭௡  terms into Eq. (20) gives the displacement components.  
For 𝑃 = 𝑃௭, 

 𝑢క௭ = 𝑃௭൫𝐴଴௭𝐹క௭ଵ + 𝐹క௭ସ ൯𝑒ି௜ఠ௧, (36)𝑢ణ௭ = 0, (37)𝑢ఎ௭ = 𝑃௭൫𝐴଴௭𝐹ఎ௭ଵ + 𝐹ఎ௭ସ ൯𝑒ି௜ఠ௧. (38)

Eqs. (36) – (38) show that the 𝑃௭ excitation produces only the P wave AE.  
For 𝑃 = 𝑃ఏ, the following displacements can be obtained as 

 𝑢కఏ = 𝑃ఏ൫𝐶଴ఏ𝐹కఏଷ ൯𝑒ି௜ఠ௧, (39)𝑢ణఏ = 𝑃ఏ𝐹ణఏସ , (40)𝑢ఎఏ = 𝑃ఏ൫𝐶଴ఏ𝐹ఎఏଷ ൯𝑒ି௜ఠ௧. (41)
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The 𝑃ఏ excitation does not produce the displacements because there are no 𝐹ௗఏସ  terms in Eqs. 
(39) and (41) and no coupling constant in Eq. (40). 

To evaluate the coupling constant 𝐴଴௭, let us apply the stress-free boundary conditions to the 
outer surface. Since the cylinder is free from external stresses at its surface, the boundary conditions 
can be written as 𝜎కక = 𝜎కఎ = 0  (at any point on the cylinder surface). (42)

Expanded expressions for the stress and the strain displacement at any point on the cylinder 
surface are given as Eq. (C16). Substituting Eqs. (39) and (41) into Eq. (C16) with m = 0 gives 𝑎ଵଵ௭ = ൫𝑖𝑘ఎ൯ ቂ൫𝑐ଵଷ𝑘ఎଶ൯𝐽଴(𝛼𝜉) − 𝑐ଵଶ ଵక డ௃బ(ఈక)డక −𝑐ଵଵ డమ௃బ(ఈక)డకమ ቃ 𝑒ି௜௞ആఎ, (43)

𝑎ଵଷ௭ = 0, (44)𝑎ଷଵ௭ = −2𝑘ఎଶ𝑐ସସ డ௃బ(ఈక)డక 𝑒ି௜௞ആఎ, (45)

𝑎ଷଷ௭ = 0, (46)

𝑏ଵ௭ = − ቀ ௞೛మఘఠమቁ ଵఈమି఑ആమ ቂ𝑐ଵଵ డீబడఎ డమ௃బ(఑೥క)డకమ + 𝑐ଵଶ ଵక డீబడఎ డ௃బ(఑೥క)డక + 𝑐ଵଷ డయீబడఎయ 𝐽଴(𝜅௭𝜉)ቃ, (47)

𝑏ଷ௭ = −𝑐ସସ ቀ ௞೛మఘఠమቁ ଶఈమି఑ആమ డమீభడఎమ డ௃బ(఑೥క)డక . (48)

From these equations, the solution of 𝐴଴௭ can be obtained as 𝐴଴௭ = ௕భ೥௔భభ೥ = ௕య೥௔యభ೥. (49)

2.3. Analytical Model 

The arrival time τ of the signal at position (𝜉, 𝜗, 𝜂) on the outer surface must be introduced to 
the displacement to analyze the observed AE signal. The arrival time of the P wave propagating with 
velocities 𝑐௉ is given as 𝜏௉ = ඥకమାఎమ௖ು ,  
where 𝜉 is given by Eq. (6). The dominant displacement generated by the gas leak at a given time t 
can be given by 𝑢୪ୣୟ୩ = 𝑃௭(𝑡 − 𝜏௉)(𝐴଴௭𝐹ௗ௭ଵ + 𝐹ௗ௭ସ )𝑒ି௜ఠ௧ (𝑑 =  𝜉, 𝜂). (50)

The displacement 𝑢୪ୣୟ୩ in Eq. (50) is associated with a single frequency. Considering that 𝐴଴௭ 
and 𝐹ௗ௭ସ  are proportional to 1/𝜔ଶ, Eq. (50) can be rewritten for a multi-frequency wave as 𝑢୪ୣୟ୩(𝜔ଵ, ⋯ , 𝜔௡) = ∑ 𝑤ୣ୫୮,௜ ఠ೔మ∑ ఠೕమ೙ೕసభ 𝑢୪ୣୟ୩(𝜔௜)௡௜ୀଵ , (51)

where 𝑤ୣ୫୮,௜  is the observed weight of component i. In this study, the relative value of the 
displacement is used to validate the amplitude of the observed AE using Eq. (50). 

3. Experiment 

The model cylinder system for the laboratory tests is a seamless N2 gas cylinder (40 L, Mn steel) 
with a main section (1013 mm long, 232 mm outer diameter and 4.8 mm thick), a spherical shoulder 
with a neck at one end and a concave bottom at the other (Figure 1). Leakage was simulated by 
inserting screws with a hole into a borehole in the wall of the main section, located at 0.368 m from 
the front of the main section. The diameters of the screw holes were approximately 0.20, 0.30, 0.50, 
0.80 and 1.20 mm. Note that the experimental test is represented as DaPbηcϑd, where a is the hole 
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diameter (mm), b is the internal pressure (bar), and c and d are the distance 𝜂 (cm) and tangential 
angle 𝜗 (degree) from the leak source (LS), respectively. The data used in the simulation are listed 
in Table 1. 

 
Figure 1. Schematic diagram of the main parts of the leak test apparatus (h: pinhole, p: AE sensor (IDK-AES-
H150), PA: preamplifier, PC/DAQ (IDK-AET/E08): PC with 8-channel DAQ. 

Table 1. Material and geometric properties of the leak test cylinder, and molecular and thermal properties of the 
charged gas. 

Steel cylinder 
   outer radius, 𝑎 = 0.116 m,               inner radius, 𝑏 = 0.1112 m 
   density, 𝜌 = 7.8 × 10ଷ kg m-3,                     length, 𝐿 = 1.013 m 
   P wave velocity, 𝑐௉ = 5.98 × 10ଷ m s-1,       S wave velocity, 𝑐ௌ = 3.30 × 10ଷ m s-1 

   Stiffness parameters (kg m-1 ms-2) 
     c11 = 208.6 × 109,            c22 = 208.6 × 109,            c33 = 208.6 × 109, 
     c12 = 146.5 × 109,            c13 = 146.5 × 109,            c23 = 146.5 × 109 
     c44 = 126.9 × 109,            c55 = 126.9 × 109,            c66 = 126.9 × 109 

Nitrogen gas (25°C, 1 bar)* 
   molecular weight, M = 0.028 kg mol-1      density, 𝜌 = 1.13 kg m-3 
   dynamic viscosity, 𝜇 = 1.783 × 10ିହ Pa s  isentropic index, 𝛾 = 1.40 
   kinematic density, 𝜈 = 1.577 × 10ିହ m2 s-1 

*https://www.peacesoftware.de/einigewerte/calc_stickstoff.php. 

An 8-channel acquisition system (IDK-AET/E08, Republic of Korea), including a preamplifier, 8-
channel DAQ board and computer data storage, was used to analyze the AE waveform and record 
data. The IDK system runs the built-in AE Studio software to generate acoustic data by sequentially 
amplifying and Fast Fourier transforming the detected electrical signals. No filters were used and AE 
hits were recorded over the range of ν = 0 - 500 kHz. Each hit was recorded for 1.0 ms by a timer 
controller on the DAQ board. For each hit, the maximum amplitude was selected, which we call the 
observed amplitude 𝐴୭ୠୱ. The signal threshold was 40 dB. 

Several broadband AE sensors (IDK-AES-H150, IDK) with a resonant frequency of 150 kHz and 
φ = 16.0 mm were mounted on the cylinder surface using magnetic holders and high vacuum silicone 
grease. After mounting the sensors on the cylinder surface, it was necessary to calibrate each sensor, 
since the response of each sensor depends on internal and external influences (its own sensitivity, 
and contact area, grease thickness, surface roughness, etc.). The reference signal was applied to the 
actuator (IDK-AES-H150) by a KEYSIGHT 33600A waveform generator. The reference signal was 
tuned at a frequency of 150.00 kHz with an amplitude of 1.000 VPP and a square pulse width of 992 
ns. In this study, each sensor was calibrated with the reference signal generated by the waveform 
generator placed horizontally at 100 mm. The actuator was mounted and dismounted at least five 
times to get the maximum amplitude Acal for each sensor. For a given sensor, the measured amplitude 𝐴୭ୠୱ was divided by its Acal. 
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4. Results and Discussion 

4.1. Determination of 𝜅ఎ and 𝑘ఎ 

The parameters of 𝜅ఎ and 𝑘ఎ are involved in the Green’s and the scalar functions, respectively. 
The relationship between these parameters can be found from Eq. (49). From Eq. (49), we can obtain 
the following equation 𝑓൫𝜅ఎ, 𝑘ఎ൯ = ௕భ೥௔భభ೥ − ௕య೥௔యభ೥ = 0. (52)

From the first root of the solution of Eq. (52), we obtained the following relationship [20] 𝑘ఎ = ቊ1.555 − 0.076 𝜅ఎ + 7.09 × 10ିଶ𝜅ఎଶ − 4.20 × 10ିଷ𝜅ఎଷ      ൫𝜅ఎ ≤ 15൯ 0.652 − 9.95 × 10ିଷ 𝜅ఎ                                                           ൫ 𝜅ఎ > 15൯. 

In Reference 20, the value of 𝜅ఎ was determined by analyzing the angular dependence of the 
AE amplitude generated by the leak. However, it is desirable to predetermine the value of 𝜅ఎ before 
the leak occurs in order to apply it to the actual leak source localization. In this study, the value of 𝜅ఎ 
was determined by applying an external excitation to the surface of the cylinder. Twelve sensors were 
mounted on the surface of the cylinder at 30-degree intervals from 0 to 270 degrees at a point 10 cm 
away from the actuator position. Figure 2a shows the mean amplitude with σ value of each sensor 
signal produced by an external excitation (1.000 Vpp and 𝜈 = 150 kHz). It can be seen that the 
angular dependence of the observed signals on the external excitation is clear. Two minima appeared 
close to 90 and 270 degrees. The dependence shows π symmetry. If the external excitation is treated 
as the Green’s function, the angular dependence of the signal amplitude can be related to the Bessel 
function 𝐽଴൫𝜅ఎ𝜉൯  in Eq. (3). From Eq. (50), the angular dependence of 𝑢୪ୣୟ୩  was simulated for 
different values of 𝜅ఎ and 𝜈 = 150 kHz. As shown in Figure 2a, the minimum point at which the 
Bessel function goes to zero depends on the value of 𝜅ఎ.  In the range of 0 - 180°, one minimum 
point appears at 𝜗 = 117° for 𝜅ఎ = 6. As the value of 𝜅ఎ increases, the angle of the minimum point 
decreases: 𝜗 = 100° for 𝜅ఎ = 7, 𝜗 = 93° for 𝜅ఎ = 7.5 and 𝜗 = 88° for 𝜅ఎ = 8. For 𝜅ఎ = 9, there 
are two minima at 𝜗 = 78°  and 164°. Considering that the angular separation between two 
neighboring sensors is 30°, we concluded that the 𝜅ఎ values in the range 7 – 8 are acceptable. In this 
study, we set 𝜅ఎ = 7.5, resulting in the maximum of 𝑢୪ୣୟ୩  at 𝜗 = 16°. To verify the determined 𝜅ఎvalue, we also measured the axial dependence of the signal generated by the external excitation. 
We mounted 10 sensors along the axial direction relative to the position of the actuator: 9 sensors in 
the downward direction and 1 sensor in the upward direction. As shown in Figure 2b, the axial 
dependence of the observed signal amplitude is in good agreement with the simulated 𝑢୪ୣୟ୩ values 
at 𝜅ఎ = 7.5 and 𝜈 = 150 kHz. 

 

Figure 2. (a) Angular dependence of the mean amplitudes (circles) and σs (bars) of signal obtained by an external 
excitation (1.000 Vpp and 𝜈 = 150 kHz) and the simulated 𝑢୪ୣୟ୩ displacements (lines) at different values of 𝜅ఎ 
(1: 6.0, 2: 7.0, 3: 7.5, 4: 8.0, 5: 9.0), (b) axial dependence of the mean amplitudes of signal and the simulated 𝑢୪ୣୟ୩ 
displacement (line) with 𝜅ఎ = 7.5. 
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4.2. Verification of Angular and Axial Dependences 

The 𝜅ఎ parameter is crucial in determining the angular and axial dependencies by associating 
the coupling constant with the Green’s function, as implied in Eq. (50). In addition, the verification 
of the dependencies is necessary to apply the proposed mathematical model to the localization of the 
leak source in cylindrical storage. In this study, the verification has been extended to the whole region 
of the cylindrical storage. 

First, the angular dependence of the AE amplitude was studied as a function of the tangential 
angle at a fixed η distance from the LS. Similarly to the case of the external excitation experiment, 
twelve sensors were mounted on the cylinder surface at 30° intervals from 0 to 270° at η = 10 cm. 
Among the obtained AE parameters, the maximum amplitude 𝐴୭ୠୱ of each AE hit was selected to 
analyze the angular dependence. For a given sensor, the mean amplitude was calculated from over 6 
k hits. Figure 3 shows the 𝐴୭ୠୱ values observed at η = 10 from five different LSs with D0.2 – D1.2 
and three different internal pressures. Within the standard deviation, all results show that the 
minimum of 𝐴୭ୠୱ occurs close to 𝜗 = 90° and 𝜗 = 270°, and the maximum of 𝐴୭ୠୱ occurs close to 𝜗 = 30°  and 𝜗 = 330°. Note that the calculated maximum and minimum values occur at 𝜗 =16° 
and 𝜗 = 93° in the first half of the circle, respectively. To simulate the 𝐴୭ୠୱ values, it is necessary to 
convert the calculated 𝑢୪ୣୟ୩  value in meters to 𝐴୭ୠୱ  in millivolts. The analysis of the angular 
dependence of 𝐴୭ୠୱ  can be done by normalizing the calculated displacement values and then 
matching the relative amplitude values observed in the 2π region. The simulated angular dependence 
of the amplitude is formulated as 𝐴ୱ୧୫(𝜗) = 𝑢୒(𝜗)൫𝐴୭ୠୱ,୫ୟ୶ − 𝐴୭,ୟ୬୥൯ + 𝐴୭,ୟ୬୥. (53)

In Eq. (53), 𝑢୒(𝜗) is the normalized displacement, defined as 𝑢୒(𝜗) = 𝑢୪ୣୟ୩(𝜗)/𝑢୪ୣୟ୩,୫ୟ୶, which 
is independent of the input parameters (such as FRS and frequency) in Eq. (51), and 𝐴୭ୠୱ,୫ୟ୶ and 𝐴୭,ୟ୬୥ are the maximum and minimum values estimated from 𝐴୭ୠୱ at 𝜗 = 16° and 93°, respectively. 
As shown in Figure 3a-e, experimental values for D0.2 – D0.8 agree well with the simulated values 
within the standard deviation, but for D1.2P3 and D1.2P4 there is a rather large deviation between 𝐴ୱ୧୫ and 𝐴୭ୠୱ. The angular dependence illustrates the symmetry property of π and the minimum 
amplitudes close to 90° and 270°. These results prove that the 𝜅ఎ of 7.5, which was determined by 
the external excitation, works very well to characterize the AE signal observed due to leakage in the 
cylindrical geometry. The most striking feature of the observed AE amplitudes is that the value of 𝐴୭ୠୱ is strongly influenced by the hole size. As expressed in Eq. (10), the CF due to the leakage is 
only proportional to the mean velocity U. As expressed in Eqs. (B3) and (B4) [26–29], substituting Q 
into U cancels the hole diameter factor D in Eq. (B5). Accordingly, the CF is only proportional to 𝑃଴ଶ. 
For a more practical application, we consider the dependence of 𝐴୭ୠୱ  on Reynolds number, 
expressed as 

𝑅𝑒 = ஼ವఓ 𝐷𝑃଴ඨ ଶఊఊିଵ  ெோ భ் ቈቀ௉ೌ௉బቁమം − ቀ௉ೌ௉బቁംశభം ቉ ቀ ଶఊାଵቁംశభംషభ     (𝑃଴ < 𝑃௖௥), (54)

𝑅𝑒 = ஼ವఓ 𝐷𝑃଴ඨఊெோ భ் ቀ ଶఊାଵቁംశభംషభ            (𝑃଴ > 𝑃௖௥). (55)

Figure 3f shows the plot of the 𝐴୭,ୟ୬୥ values observed at 90° versus Reynolds number (Re). With 
increasing Re up to 3 × 104, the value of 𝐴୭,ୟ୬୥ increases very gradually. Above Re = 3 × 104, the value 
of 𝐴୭,ୟ୬୥  increases rapidly with increasing Re. The observed 𝐴୭,ୟ୬୥  values are fitted by an 
exponential growth 𝐴୭,ୟ୬୥(𝑅𝑒) = 𝐴୭ோ௘𝑒ோ௘/ఛ + 𝐴଴. As shown in Fig. 3f, the observed values are in good 
agreement with the values calculated by the equation with 𝐴୭ோ௘  = 5.776×10-4, τ = 5277 and 𝐴଴ =0.1216 (R2 = 0.99553). 
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Figure 3. (a – e) Observed mean maximum-amplitudes (circles) and σs (bars) obtained from five different hole 
diameters: (a) D0.2η10, (b) D0.3η10, (c) D0.5η10, (d) D0.8η10 and (e) D1.2η10 at 𝑃଴ = 2 bar (black), 3 bar (red) 
and 4 bar (green), and simulated amplitudes (lines), and (f) plot of mean amplitudes (circle) at 𝜗 = 90° vs. 
Reynolds number and the fit (line) by one-phase exponential growth. 

We then expanded the angular dependence of 𝐴୭ୠୱ to four different η positions from 0° to 180° 
for D0.2. As can be seen in Figure 4, all 𝐴୭ୠୱ values agree well with their corresponding 𝐴ୱ୧୫ values. 

Next, the axial dependence of the AE amplitude was studied as a function of η at 𝜗 = 180° 
using five different LSs. Ten sensors were mounted on the cylinder surface at 𝜗 = 180°: eight sensors 
were mounted downwards and two sensors were mounted upwards relative to the position of the 
LS. Figure 5 shows the 𝐴୭ୠୱ values observed at 𝜗 = 180° from five different LSs with D0.2 – D1.2 
and three different internal pressures. Within the standard deviation, all results show that the 𝐴୭ୠୱ 
values decrease exponentially with increasing η. As in the case of the angular dependence, 
simulations of 𝐴୭ୠୱ can be performed by normalizing the calculated displacement values and then 
matching them the observed relative amplitude values in the region of −0.2 ≤ 𝜂/m ≤ 0.8 . The 
simulated angular dependence of the amplitude is formulated as 𝐴ୱ୧୫(𝜂) = 𝑢୒(𝜂) × ൫𝐴୭ୠୱ,୫ୟ୶ − 𝐴୭,ୟ୶୧൯ + 𝐴୭,ୟ୶୧,  (56)

where 𝐴୭ୠୱ,୫ୟ୶ and 𝐴୭,ୟ୶୧ are the estimated values of 𝐴୭ୠୱ from extrapolation to η = 0 and η/m = 
0.8, respectively. It should be noted that the normalized displacement, 𝑢୒(𝜂) = 𝑢୪ୣୟ୩(𝜂)/𝑢୪ୣୟ୩(0), is 
invariant to FRS and frequency. As shown in Figure 5a-e, except the case for D1.2P3 and D1.2P4, all 
experimental values are in good agreement with the simulated values within the standard deviation. 
For D1.2P3 and D1.2P4 there is a rather large deviation between 𝐴ୱ୧୫ and 𝐴୭ୠୱ. Figure 5f shows the 
plot of the 𝐴଴,ୟ୶୧ values versus Re. Similar to the case of the angular dependence, the value of 𝐴଴,ୟ୶୧ 
increases very gradually with increasing Re up to 3 × 104. Above Re = 3 × 104, the value of 𝐴଴,ୟ୶୧ 
increases rapidly with increasing Re. The 𝐴଴,ୟ୶୧  values are fitted by an exponential growth 
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𝐴଴,ୟ୶୧(𝑅𝑒) = 𝐴୭ோ௘𝑒ோ௘/ఛ + 𝐴଴. As shown in Figure 5f, the observed values are in good agreement with 
the values calculated by the equation with 𝐴୭ோ௘ = 1.07×10-3, τ = 5658 and 𝐴଴ = 0.199 (R2 = 0.972). 

 

Figure 4. Observed mean maximum-amplitudes (circles) and σs (bars) obtained from four different axial 
positions: (a) D0.2η3, (b) D0.2η30, (c) D0.2η50, and (d) D0.2η70 at 𝑃଴ = 2 bar (black), 3 bar (red) and 4 bar (green), 
and simulated amplitudes (lines). 

 

Figure 5. (a – e) Observed mean maximum-amplitudes (circles) and σs (bars) obtained from five different hole 
diameters: (a) D0.2𝜗180, (b) D0.3𝜗180, (c) D0.5𝜗180, (d) D0.8𝜗180 and (e) D1.2𝜗180 at P = 2 bar (black), 3 bar (red) 
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and 4 bar (green), and simulated amplitudes (lines), and (f) plot of 𝐴଴,ୟ୶୧ values (circles) vs. Reynolds NO and 
the fit (line) by one-phase exponential growth. 

For a given value of 𝜗, the 𝑢௟௘௔௞ displacement in Eq. (50) and (51) is exponentially attenuated 
by the axial distance η via 𝐹క௭ସ  or 𝐹ఎ௭ସ  derived from the Green’s function. Note that from Eqs. (4), (23) 
and (27), 𝐹క௭ସ (𝜂) ∝ 𝜅ఎ𝑒ି఑ആ|ఎ|  and 𝐹ఎ௭ସ (𝜂) ∝ 𝜅ఎଶ𝑒ି఑ആ|ఎ| . This leads us to propose a semi-empirical 
equation to fit the observed axial dependence of 𝐴୭ୠୱ as follows 𝐴ୱ୧୫(𝜂) = 𝐴𝑒ି఑೥|ఎ| + 𝐴଴,ୟ୶୧,  (57)

where A is the pre-exponential factor, given as ൫𝐴୭ୠୱ,୫ୟ୶ − 𝐴୭,ୟ୶୧൯. This equation reproduces exactly 
the same values as in the case of Eq. (56); henceforth, we will use Eq. (57) instead of Eq. (56) to analyze 
the axial dependence of 𝐴୭ୠୱ. 

4.3. Leak Source Localization 

A cruciform array of twelve sensors was used to locate the LS. Centered on one sensor, five 
sensors were mounted at 10 cm intervals along the axial (z) axis and six sensors were mounted at 30° 
intervals along the tangential (θ) axis (θ ranges from 0 to 180 degrees). Two regions of the cylinder 
surface were selected for the location of the sensor array, namely the lower and upper regions shown 
in the first column of Figure 6 (hereafter, referred to as Zone1 and Zone2, respectively). To locate the 
angular position of the LS, we first estimated the minimum and its position, then shifted Δθ to match 
the angular dependence of the 𝐴୭ୠୱ value with the 𝐴ୱ୧୫(𝜗) values calculated by Eq. (53) (Figure 6a 
and 6c). To locate the axial position, we estimated 𝐴଴,ୟ୶୧ by applying the exponential decay to the 
observed values of 𝐴୭ୠୱ and then shifted Δ𝑧 to match the axial dependence of the 𝐴୭ୠୱ value with 
the 𝐴ୱ୧୫(𝜂) values calculated by Eq. (57) (Figure 6b and 6d). The matching results for finding the 
position of the LS location are listed in the second and third columns of Table 2. As listed in Table 2, 
the error of the LS location is less than 2% for the angular location and less than 1.0% for the axial 
location. The theoretical model proposed in this study provides a very accurate solution for the LS 
location. Furthermore, the 𝐴଴,ୟ୬୥ and 𝐴଴,ୟ୶୧ obtained from the localization processes are listed in 
Table 2. For a given set of experimental conditions, the two values (𝐴଴,ୟ୬୥, 𝐴଴,ୟ୶୧) agree well within 
an error of 10%. The Reynolds number was estimated by comparing the 𝐴଴,ୟ୬୥ and 𝐴଴,ୟ୶୧ values 
obtained from the localization processes with the experimental values shown in Figures 3f and 5f, 
respectively. As listed in Table 2, the estimated Reynolds number is very close to the theoretical value 
calculated from the leak hole size and the initial pressure in the cylinder given by Eq. (54). The results 
suggest that the amplitudes observed from the localization process can provide quantitative 
information about the hole diameter of the LS if the initial pressure is known. 

 
Figure 6. Fitting the angular (a, c) and the axial (b, d) dependences of the observed mean maximum-amplitudes 
(circles) and σs (bars) obtained from the sensor array in Zone1 (a, b) and Zone2 (c, d) to the simulated values 
(solid lines) (three different gas pressures used). 

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 April 2025 doi:10.20944/preprints202504.1827.v1

https://doi.org/10.20944/preprints202504.1827.v1


 13 of 20 

 

Table 2. Results for the localization of the leak source determined by fitting the observed signal amplitudes to 
the simulated values. The leak source locates at 𝜃 = 0° and 𝜂 = 0. 

Array 
position 

P0 
(bar) 

𝝑 
(error%) 

𝜼/mm 
(error%) 

𝑨𝐨,𝐚𝐧𝐠/𝑨𝐨,𝐚𝐱𝐢 Reynolds NO/k 
Theory/estimation 

Zone1a 
2.07 
3.06 
3.97 

-6.1° (1.7) 
-6.1° (1.7) 
-6.1° (1.7) 

5.0 (0.5) 
5.0 (0.5) 
5.0 (0.5) 

0.05/0.05 
0.09/0.08 
0.13/0.12 

5.3/5.5-5.9 
7.2/7.0-8.4 

8.5/8.5-11.7 

Zone2b 
2.01 
3.01 
4.01 

3.6° (1.0) 
3.6° (1.0) 
3.6° (1.0) 

7.0 (0.7) 
7.0 (0.7) 
7.0 (0.7) 

0.12/0.11 
0.26/0.25 
0.40/0.38 

13.3/8.0-11.0 
18.1/18.1-23.0 

21.5/28.9 
a,bTwo different hole sizes were used: a; D0.2 and b; D0.5 

5. Conclusions 

Techniques based on the time difference of arrival (TOD) between two or more AE sensors with 
the cross-correlation algorithm (CCA) have been widely applied to locate the leak source using the 
continuous AE waveform data. In practical situations, the AE signal generated by a leak has an 
aperiodic waveform structure and the exact location of the leak source cannot be determined by the 
CCA-based methods. A mathematical model applicable to AE due to a pinhole leakage in a 
cylindrical vessel was summarized, in which the concentrated force-incorporated potentials 
responsible for the fluctuating Reynolds stress were introduced into the Navier–Lamé equation. In 
this study, extensive experiments were carried out under different operating conditions to investigate 
the characteristics of the AE signals due to leakage in a gas cylinder. By validating the angular and 
the axial dependencies of the AE amplitudes the proposed mathematical model was modified into 
two semi-empirical equations responsible for the angular and the axial properties of the AE 
amplitudes, making them well suited for practical applications. Application of the two equations to 
the data collected from two sets of the cruciform array of 12 sensors mounted on the arbitrary surface 
of the cylinder demonstrated that the proposed equations were able to accurately localize the leak 
source in the cylinder within 1% error. 
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Appendix A 

Green’s Function 

In cylindrical (𝑟, 𝜃, 𝑧) coordinates, the relationship between the Green’s and the delta function, 
expressed as 𝛻ଶ𝑔(𝒓, 𝜽, 𝒛; 𝒓଴, 𝜽଴, 𝒛଴) = ఋ(௥ି௥బ)ఋ(ఏିఏబ)ఋ(௭ି௭బ)௥ ,  (A1)
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where the Green’s function is given by 𝑔(𝒓, 𝜽, 𝒛; 𝒓଴, 𝜽଴, 𝒛଴) =  𝐴௩ 𝑔௥(𝑟; 𝑟଴)𝑔ఏ(𝜃; 𝜃଴)𝑔௭(𝑧; 𝑧଴),  (A2)

where 𝐴௩  is a coupling constant, which will be specified later by an azimuthal constant 𝑣 (= 0, ±1, ±2, ⋯ ). 
At any point in the cylindrical domain other than the PS locating point, the values of the delta 

functions are zero 𝛻ଶሾ𝑔௥(𝑟; 𝑟଴)𝑔ఏ(𝜃; 𝜃଴)𝑔௭(𝑧; 𝑧଴)ሿ = 0,  

and Eq. (A1) can be rewritten as ௥మ௚ೝ డమ௚ೝడ௥మ + ௥௚ೝ డ௚ೝడ௥ + ଵ௚ഇ డమ௚ഇడఏమ + ௥మ௚೥ డమ௚೥డ௭మ = 0. (A3)

Introducing 𝜅௭ଶ for the real roots of 𝑔௭ and 𝑣 as an azimuthal constant for 𝑔ఏ into Eq. (A3) 
gives three individual differential equations for 𝑔௭, 𝑔ఏ and 𝑔௥. ଵ௚೥ డమ௚೥డ௭మ = 𝜅௭ଶ, 

ଵ௚ഇ డమ௚ഇడఏమ = −𝑣ଶ, 

𝑟ଶ 𝜕ଶ𝑔௥𝜕𝑟ଶ + 𝑟 𝜕𝑔௥𝜕𝑟 + (𝜅௭ଶ𝑟ଶ − 𝑣ଶ)𝑔௥ = 0. 
The solutions of the three functions can be obtained by applying the conditions for the delta 

function, such as the continuity, the discontinuity and/or the symmetry principles around the PS. 

𝑔௭(𝑧; 𝑧଴) = ቐ− ଵଶ఑೥ 𝑒ି఑೥(௭బି௭)           0 < 𝑧 < 𝑧଴ < 𝑙− ଵଶ఑೥ 𝑒ି఑೥(௭ି௭బ)          0 < 𝑧଴ < 𝑧 < 𝑙 , (A4)

𝑔ఏ(𝜃; 𝜃଴) = cosሾ𝑣(𝜃 − 𝜃଴)ሿ  (𝑣 = 0, ±1,  ± 2,  ⋯), (A5)𝑔௥(𝑟; 𝑟଴) =  𝐽௩(𝜅௭𝑟଴)𝐽௩(𝜅௭𝑟)  (𝑏 < 𝑟 < 𝑎). (A6)

The coefficient 𝐴௩ can be obtained by substituting Eqs. (A4) - (A6) into Eq. (A1) and integrating 
over a given cylindrical domain (0 ≤ 𝑧 ≤ 𝑙, 0 ≤ 𝜃 ≤ 2𝜋, 𝑏 ≤ 𝑟 ≤ 𝑎). Since ׬ 𝛿(𝑧 − 𝑧଴)𝑑𝑧 = 1௟଴ , and 

డ௚೥డ௭ ቚ଴௭ୀ௟ = − ௘షഉ೥೥బଶ 𝑒௞௭ቚ଴௭బ + ௘ഉ೥೥బଶ 𝑒ି఑೥௭ቚ௭బ
௟ = ଵଶ ൣ𝑒ି఑೥௭బ + 𝑒ି఑೥(௟ି௭బ) − 2൧, (A7)

then 𝐴௩ ׬ ቄ௚ഇ௚೥௥ డడ௥ ቀ𝑟 డ௚ೝడ௥ ቁ + ௚ೝ௚೥௥మ డమ௚ഇడఏమ + 𝑔௥𝑔ఏ డమ௚೥డ௭మ ቅ 𝑑𝑧௟଴   = 𝐴௩𝑔௥𝑔ఏ ׬ డమ௚೥డ௭మ 𝑑𝑧௟଴   = 𝐴௩2 ൣ𝑒ି఑೥௭బ + 𝑒ି఑೥(௟ି௭బ) − 2൧𝑔௥𝑔ఏ 

(A8)

Similarly, since ׬ 𝛿(𝜃 − 𝜃଴)ଶగ଴ 𝑑𝜃 = ׬ ,1 𝑔ఏଶగ଴ 𝑑𝜃 = ׬ cosሾ𝑣(𝜃 − 𝜃଴)ሿଶగ଴ 𝑑𝜃 = ቄ2𝜋          if 𝜃 = 𝜃଴0          otherwise. (A9)

From Eqs. (A1), (A8) and (A9), we obtain 𝐴௩𝜋𝑔௥ൣ𝑒ି఑೥௭బ + 𝑒ି఑೥(௟ି௭బ) − 2൧ = ఋ(௥ି௥బ)௥ . (A10)

Substituting Eq. (A6) into Eq. (A10) gives 
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𝜋𝐴௩ 𝐽௩(𝜅௭𝑟଴)𝐽௩(𝜅௭𝑟)ൣ𝑒ି఑೥௭బ + 𝑒ି఑೥(௟ି௭బ) − 2൧ = ఋ(௥ି௥బ)௥ .  (A11)

Multiplying both sides of Eq. (A11) by 𝑟𝐽௩(𝜅௭𝑟) and integrating over (b, a) gives the solution for 𝛿(𝑟 − 𝑟଴) as follows 𝜋ൣ𝑒ି఑೥௭బ + 𝑒ି఑೥(௟ି௭బ) − 2൧𝐽௩(𝜅௭𝑟଴)𝐴௩ ׬ 𝐽௩(𝜅௭𝑟)𝐽௩(𝜅௭𝑟)௔௕ 𝑟𝑑𝑟  = ׬ 𝛿(𝑟 − 𝑟଴)௔௕ 𝐽௣(𝜅௭𝑟) 𝑑𝑟  = 𝐽௩(𝑘௭𝑟଴). 

(A12)

Applying the normalization and the orthogonality of Bessel function, 

׬  𝐽௣ ቀ𝛼 ௥௖ቁ 𝐽௤ ቀ𝛼 ௥௖ቁ 𝑟𝑑𝑟௖଴ = ௖మଶ ൣ𝐽௣ାଵ(𝛼)൧ଶ𝛿௣௤, 

to the integration of the Bessel function in Eq. (A12) gives ׬ 𝐽௩(𝜅௭𝑟)𝐽௩(𝜅௭𝑟)௔௕ 𝑟𝑑𝑟  = ׬ 𝐽௩(𝜅௭𝑟)𝐽௩(𝜅௭𝑟)௔଴ 𝑟𝑑𝑟 − ׬ 𝐽௩(𝜅௭𝑟)𝐽௩(𝜅௭𝑟)௕଴ 𝑟𝑑𝑟  = ௔మଶ ሾ𝐽௩ାଵ(𝜅௭𝑎)ሿଶ − ௕మଶ ሾ𝐽௩ାଵ(𝜅௭𝑏)ሿଶ. 

(A13)

Substituting Eq. (A13) into Eq. (A11) gives 𝐴௩ = ଵగൣ௘షೖ೥೥బା௘షೖ೥(೗ష೥బ)ିଶ൧ × ଶሼ௔మሾ௃ೡశభ(఑೥௔)ሿమି௕మሾ௃ೡశభ(఑೥௕)ሿమሽ. 
Finally, the Green’s function can be obtained as 𝑔(𝒓, 𝜽, 𝒛; 𝒓଴, 𝜽଴, 𝒛଴) = 𝐺௩𝐽௩(𝜅௭𝑟) cosሾ𝑣(𝜃 − 𝜃଴)ሿ, (A14)

𝐺௩ = − ଵଶ఑೥ 𝐴௩𝐽௩(𝜅௭𝑟଴) × ቊ𝑒ି఑೥(௭బି௭)     0 < 𝑧 < 𝑧଴ < 𝑙𝑒ି఑೥(௭ି௭బ)     0 < 𝑧଴ < 𝑧 < 𝑙, (A15)

𝐴௩ = ଵగൣ௘షೖ೥೥బା௘షೖ೥(೗ష೥బ)ିଶ൧ × ଶሼ௔మሾ௃ೡశభ(఑೥௔)ሿమି௕మሾ௃ೡశభ(఑೥௕)ሿమሽ. (A16)

In addition, replacing the (𝑟, 𝜃, 𝑧) coordinates by relative coordinates, defined as 𝜉 = 𝑟 − 𝑟଴, 𝜗 = 𝜃 − 𝜃଴ and 𝜂 = 𝑧 − 𝑧଴, sets the location of the PS as the new origin at 𝜉଴ = 0, 𝜗଴ = 0 and 𝜂଴ = 0 
(Figure S1). In the (𝜉, 𝜗, 𝜂; 0) coordinates, Eqs. (A14) – (A16) are rewritten as 𝑔(𝝃, 𝜗,  𝜂; 0) = 𝐺௩(𝜂)𝐽௩൫𝜅ఎ𝜉൯ cos 𝑣𝜗, (A17)

𝐺௩ = − ଵଶ఑೥ 𝐴௩𝐽௩൫𝜅ఎ𝜉଴൯ × ൜𝑒఑ആఎ     (0 ≤ 𝜂 ≤ 𝑙 − 𝑧଴)𝑒ି఑ആఎ    (−𝑧଴ ≤ 𝜂 ≤ 0) , (A18)

𝐴௩ = ଵగቂ௘ೖആ೥బା௘షೖആ(೗ష೥బ)ିଶቃ × ଶቄ௔మൣ௃ೡశభ൫఑ആ௔൯൧మି௕మൣ௃ೡశభ൫఑ആ௕൯൧మቅ. (A19)
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Figure A1. A radial cross section containing PS and a given point S. The red line represents the arc connecting 
PS and S. 

Appendix B 

Leak Characteristics 

When the gas is leaking from a pressurized container into atmospheric air, the Reynolds number 
(Re) for the leakage flow will be much higher than for the atmospheric air leaking into an evacuated 
vessel, and will reach into the turbulent region. For the turbulent flow through a small hole, the flow 
characteristic must be averaged over a period of time. The Reynolds number for the small hole model 
can be described as 𝑅𝑒 = ఘ௎஽ఓ , (B1)

where 𝑈 is the mean leakage velocity, D is the diameter of a hole and μ is the dynamic viscosity of 
the fluid. 

The mass flow rate Q of the gas at the leak hole is divided into sonic flow and subsonic flow on 
the basis of the critical pressure ratio (CPR) CPR = ௉ೌ௉೎ೝ = ቀ ଶఊାଵቁ ംംషభ, (B2)

𝑄 = 𝐶஽𝐴௟௛𝑃଴ඨ ଶఊఊିଵ  ெோ భ் ቈቀ௉ೌ௉బቁమം − ቀ௉ೌ௉బቁംశభം ቉ ቀ ଶఊାଵቁംశభംషభ  𝑃଴ < 𝑃௖௥, (B3)

𝑄 = 𝐶஽𝐴௟௛𝑃଴ඨఊெோ భ் ቀ ଶఊାଵቁംశభംషభ   𝑃଴ ≥ 𝑃௖௥, (B4)

where 𝑃௔ is the ambient atmospheric pressure, 𝑃௖௥ is the critical pressure, 𝑃଴ is the charged gas 
pressure, 𝐴௟௛ is the leakage hole area, 𝐶஽ is the flow correction factor of the leakage hole (0.6 ~ 1.0), 
γ is the isentropic index and M is the molar mass of the gas. For nitrogen gas, CPR = 0.528. When 𝑝௔ = 1.01 bar, 𝑝௖௥ = 1.91 bar. 

Since the mass flow rate of the gas at the leakage hole is given as 𝑄 = 𝜌𝐴௟௛𝑈, the mean flow 
velocity can be given by 𝑈 = ொఘ஺೗೓ = ସொఘగ஽మ. (B5)

Appendix C 

Appendix C.1. Concentrated Force Incorporated Potential 

The solutions of the scalar functions, 𝜙, 𝜒 and 𝜓 are expressed as 𝜙(𝜉, 𝜗, 𝜂) = 𝐴௠𝐽௠(𝛼𝜉)cos(𝑚𝜗)𝑒ି௜௞ആఎ − ௞೛మఘఠమ ீబ൫ఈమି఑ആమ൯ 𝐽௠൫𝜅ఎ𝜉൯, (C1)

𝜒(𝜉, 𝜗, 𝜂) = 𝐵௠𝐽௠(𝛽𝜉) sin(𝑚𝜗) 𝑒ି௜௞ആఎ − ௞ೞమఘఠమ ீబ൫ఉమି఑ആమ൯ 𝐽௠൫𝜅ఎ𝜉൯, (C2)

𝜓(𝜉, 𝜃, 𝜂) = 𝐶௠ 𝐽௠(𝛽𝜉) cos(𝑚𝜗) 𝑒ି௜௞ആఎ, (C3)

where 𝑘௣ = ఠ௖೛ , 𝛼ଶ = 𝑘௣ଶ − 𝑘ఎଶ  and 𝑘௦ = ఠ௖ೞ , 𝛽ଶ = 𝑘௦ଶ−𝑘ఎଶ . In Eqs. (C1) – (C2), Am, Bm and Cm are 

coupling constants for P, SH and SV potentials, respectively. The CFIPs can be obtained by 
substituting each of the scale functions into the corresponding potential. 
For Φ 
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𝛷ఎ = 𝑃௪ ൤൫−𝑖𝑘ఎ൯𝐴௠𝐽௠(𝛼𝜉)cos(𝑚𝜗)𝑒ି௜௞ആఎ − ௞೛మఘఠమ ௃೘൫఑ആక൯ఈమି఑ആమ డீబడఎ ൨, (C4)

𝛷ణ = −𝑃௪ ଵక ൣ𝐴௠𝑚𝐽௠(𝛼𝜉)sin(𝑚𝜗)𝑒ି௜௞ആఎ൧. (C5)

For X 𝛸క = 0, (C6)𝛸ణ = −𝑃௪ ଵక ቄ𝐵௠ ቂ𝐽௠(𝛽𝜉) + 𝜉 డ௃೘(ఉక)డక ቃ sin(𝑚𝜗)𝑒ି௜௞ആఎ  − ௞೛మఘఠమ ீబఉమି఑ആమ ቂ𝐽௠൫𝜅ఎ𝜉൯ + 𝜉 డ௃೘൫఑ആక൯డక ቃൠ. 

 

(C7)

For Ψ 𝛹క = 0, (C8)𝛹ణ = 𝑃௪𝐶௠ ቂଵక 𝐽௠(𝛽𝜉) + డ௃೘(ఉక)డక ቃ cos(𝑚𝜗) 𝑒ି௜௞ആఎ. (C9)

For 𝑃 = 𝑃௭ 
(radial component) 𝐹క௭ଵ = ൫−𝑖𝑘ఎ൯ డ௃೘(ఈక)డక cos(𝑚𝜗)𝑒ି௜௞ആఎ, (C10a)

𝐹క௭ଶ = 0, (C10b)𝐹క௭ଷ = 0, (C10c)

𝐹క௭ସ = − ௞೛మఘఠమ ଵఈమି఑ആమ డ௃೘൫఑ആక൯డక డீబడఎ , (C10d)

(tangential component) 𝐹ణ௭ଵ = ൫𝑖𝑘ఎ൯ ௠క 𝐽௠(𝛼𝜉)sin(𝑚𝜗)𝑒ି௜௞ആఎ, (C11a)𝐹ణ௭ଶ = 0, (C11b)𝐹ణ௭ଷ = 0, (C11c)𝐹ణ௭ସ = 0, (C11d)

(axial component) 𝐹ఎ௭ଵ = −𝑘ఎଶ𝐽௠(𝛼𝜉)cos(𝑚𝜗)𝑒ି௜௞ആఎ, (C12a)𝐹ఎ௭ଶ = 0, (C12b)𝐹ఎ௭ଷ = 0, (C12c)

𝐹ఎ௭ସ = − ௞೛మఘఠమ ௃೘൫఑ആక൯ఈమି఑ആమ డమீబడఎమ . (C12d)

For 𝑃 = 𝑃ఏ 
(radial component) 𝐹కఏଵ = 𝑚 ቂ ଵకమ 𝐽௠(𝛼𝜉) − ଵక డ௃೘(ఈక)డక ቃ sin(𝑚𝜗)𝑒ି௜௞ആఎ, (C13a)
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𝐹కఏଶ = −𝑚𝐵௠ ቂ ଵకమ 𝐽௠(𝛽𝜉) + ଵక డ௃೘(ఉక)డక ቃ cos(𝑚𝜗)𝑒ି௜௞ആఎ, (C13b)

𝐹కఏଷ = −൫𝑖𝑘ఎ൯𝑎 ቂ ଵకమ 𝐽௠(𝛽𝜉) − ଵక డ௃೘(ఉక)డక − డమ௃೘(ఉక)డకమ ቃ cos(𝑚𝜗) 𝑒ି௜௞ആఎ, (C13c)

𝐹కఏସ = 0, (C13d)

(tangential component) 𝐹ణఏଵ = − ௠మకమ 𝐽௠(𝛼𝜉)cos(𝑚𝜗)𝑒ି௜௞ആఎ, (C14a)

𝐹ణఏଶ = ቂ− ଵకమ 𝐽௠(𝛽𝜉) + ଵక డ௃೘(ఉక)డక + డమ௃೘(ఉక)డకమ ቃ sin(𝑚𝜗)𝑒ି௜௞ആఎ, (C14b)

𝐹ణఏଷ = − ௔క ൫𝑖𝑘ఎ൯𝑚 ቂଵక 𝐽௠(𝛽𝜉) + డ௃೘(ఉక)డక ቃ sin(𝑚𝜗) 𝑒ି௜௞ആఎ, (C14c)

𝐹ణఏସ = ௞೛మఘఠమ ଵఉమି఑ആమ 𝐺଴ ቄ ଵకమ ቂ𝐽௠൫𝜅ఎ𝜉൯ + డ௃೘൫఑ആక൯డక ቃ − ଵక ቂ2 డ௃೘൫఑ആక൯డక + డమ௃೘൫఑ആక൯డమక ቃቅ, (C14d)

(axial component) 𝐹ఎఏଵ = ௜௞ആక 𝑚𝐽௠(𝛼𝜉)sin(𝑚𝜗)𝑒ି௜௞ആఎ, (C15a)

𝐹ఎఏଶ = 0, (C15b)

𝐹ఎఏଷ = 𝑎 ቂቀଵି௠మకయ ቁ 𝐽௠(𝛽𝜉) − ቀଵା௠మకమ ቁ డ௃೘(ఉక)డక + ଶక డమ௃೘(ఉక)డకమ + డయ௃೘(ఉక)డకయ ቃ   × cos(𝑚𝜗) 𝑒ି௜௞ആఎ, 
(C15c)

𝐹ఎఏସ = 0. (C15d)

Appendix C.2. Stress-Strain Displacement Relations 

The relations between the stress and the strain displacement are given in the (𝜉, 𝜗, 𝜂) 
coordinates as 𝜎కక௙ = 𝑐ଵଵ ቀడ௨഍೑డక ቁ + 𝑐ଵଶ ቀ௨഍೑క + ଵక డ௨ഛ೑డణ ቁ + 𝑐ଵଷ ቀడ௨ആ೑డఎ ቁ  = 𝑃௙൫𝑎ଵଵ௙𝐴௠௙ + 𝑎ଵଶ௙𝐵௠௙ + 𝑎ଵଷ௙𝐶௠௙ + 𝑏ଵ௙൯𝑒ି௜ఠ௧  = 0, 

(C16a)

𝜎కఎ௙ = 𝑐ସସ ቀడ௨ആ೑డక + డ௨഍೑డఎ ቁ  = 𝑃௙൫𝑎ଷଵ௙𝐴௠௙ + 𝑎ଷଶ௙𝐵௠௙ + 𝑎ଷଷ௙𝐶௠௙ + 𝑏ଷ௙൯𝑒ି௜ఠ௧  = 0, 

(C16b)

where 𝑓 = 𝑧 or θ. For m = 0, 𝐵଴௙ = 0. For 𝑓 = 𝑧, substituting Eqs. (36) and (38) into Eqs. (C16a) and 
(C16b), respectively, and for 𝑓 = 𝜃 , substituting Eqs. (39) and (41) into Eqs. (C16a) and (C16b), 
respectively, we obtain the following two linear algebraic equations. ቂ𝑎ଵଵ௙ 𝑎ଵଷ௙𝑎ଷଵ௙ 𝑎ଷଷ௙ቃ ൤𝐴଴௙𝐶଴௙ ൨ = ൤𝑏ଵ௙𝑏ଷ௙൨, (C17)
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