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Article

MMSE Estimation and Mutual Information Gain

Jerry Gibson
University of California, Santa Barbara, Department of Electrical and Computer Engineering, Santa Barbara, CA 93106-9560;
gibson@ece.ucsb.edu

Abstract: Information theoretic quantities such as entropy, entropy rate, information gain, and relative entropy

are often used to understand the performance of intelligent agents in learning applications. Mean squared error

has not played a role in these analyses, primarily because it is not felt to be a viable performance indicator in

these scenarios. We build on a new quantity, the log ratio of entropy powers, to establish that minimum mean

squared error (MMSE) estimation, prediction, and smoothing are directly connected to Mutual Information Gain

or Loss in an agent learning system modeled by a Markov chain for many probability distributions of interest.

Expressions for mutual information gain or loss are developed for MMSE estimation, prediction, and smoothing

and an example for fixed lag smoothing is presented.

Keywords: mutual information gain; entropy power; minimum mean squared error estimation

1. Introduction

Minimum mean squared error estimation, prediction, and smoothing [1], whether as point
estimation, batch least squares, recursive least squares [2], Kalman filtering[3], numerically stable
square root filters, recursive least squares lattice structures [4], or stochastic gradient algorithms[3],
are a staple in signal processing applications. However, even though stochastic gradient algorithms
are the workhorses in the inner workings of machine learning, it is felt that mean squared error does
not capture the performance of a learning agent [5]. We begin to address this assertion here and show
the close relationship between mean squared estimation error and information theoretic quantities
such as differential entropy and mutual information. We consider the problem of estimating a random
scalar signal x[k] (the extension to vectors will be obvious to the reader) given the perhaps noisy
measurements z[j], where j = k is filtering, j > k is smoothing, and j < k is prediction, based on a
minimum mean squared error cost function.

Information theoretic quantities such as entropy, entropy rate, information gain, and relative
entropy are often used to understand the performance of intelligent agents in learning applications
[6,7]. A relatively newer quantity called Mutual Information Gain or Loss has recently been introduced
and shown to provide new insights into the process of agent learning [8]. We build on expressions
for Mutual Information Gain that involve ratios of mean squared errors, and establish that minimum
mean squared error (MMSE) estimation, prediction, and smoothing are directly connected to Mutual
Information Gain or Loss for sequences modeled by many probability distributions of interest. The
key quantity in establishing these relationships is the log ratio of entropy powers.

We begin in Sec. 2 by establishing the fundamental information quantities of interest and setting
the notation. In Sec. 3, we review information theoretic quantities that have been defined and used
in some agent learning analyses in the literature. Some prior work with similar results but based
on the minimax entropy of the estimation error is discussed in Sec. 4. The following section, Sec. 5,
introduces the key tool in our development, the log ratio of entropy powers, and derives its expression
in terms of mutual information gain. In Sec. 6 the log ratio of entropy powers is used to characterize
the performance of MMSE smoothing, prediction, and filtering in terms of ratios of entropy powers
and Mutual Information Gain. For many probability distributions of interest, we are able to substitute
MMSE into the entropy power expressions as shown in Sec. 7. A simple fixed lag smoothing example
is presented in Sec. 8 that illustrates the power of the approach. Section 9 presents some properties and
families of distributions that commonly occur in applications and that have desirable characterizations
and implications. Lists of distributions that satisfy the log ratio of entropy power property and these
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properties and fall in the classes of interest are given. Final discussions of the results are presented in
Sec. 10.

2. Differential Entropy, Mutual Information and Entropy Rate: Definitions and Notation

Given a continuous random variable X with probability density function p(x), the differential
entropy is defined as

h(X) = −
∫ ∞

−∞
p(x) log p(x)dx (1)

where we assume X has the variance var(X) = σ2. The differential entropy of a Gaussian sequence
with mean zero and variance σ2 is given by [9],

h(X) =
1
2

log 2πeσ2 (2)

An important quantity for investigating structure and randomness is the differential entropy rate [9]

h(X ) = lim
N→∞

1
N

h(X1, . . . , XN) (3)

which is the long term average differential entropy in bits/symbol for the sequence being studied.
The differential entropy rate is a simple indicator of randomness that has been used in agent learning
papers [6,7].

An alternative definition of differential entropy rate is [9]

h(X ) = lim
N→∞

h(XN |XN−1, . . . , X1) (4)

which for the Gaussian process yields

h(X ) =
1
2

log 2πeσ2
∞ (5)

where σ2
∞ is the minimum mean squared error of the best estimate given the infinite past, expressible

as
σ2

∞ =
1

(2πe)
e2h(X ) ≤ σ2 (6)

with σ2 and h(X ) the variance and differential entropy rate of the original sequence, respectively [9].
In addition to defining entropy power, this equation shows that the entropy power is the minimum
variance that can be associated with the not-necessarily-Gaussian differential entropy h(X).

In his landmark 1948 paper [10], Shannon defined the entropy power (also called entropy rate
power) to be the power in a Gaussian white noise limited to the same band as the original ensemble
and having the same entropy. He then used the entropy power in bounding the capacity of certain
channels and for specifying a lower bound on the rate distortion function of a source.

Shannon gave the quantity σ2
∞ the notation Q, which operationally is the power in a Gaussian

process with the same differential entropy as the original random variable X [10]. Note that the
original random variable or process does not need to be Gaussian. Whatever the form of h(X ) for the
original process, the entropy power can be defined as in Eq. (6). In the following, we use h(X) for
both differential entropy and differential entropy rate unless a clear distinction is needed to reduce
confusion.

The differential entropy is defined for continuous amplitude random variables and processes, and
it is the appropriate quantity to study signals such as speech, audio, and biological signals. However,
unlike discrete entropy, differential entropy can be negative or infinite, and is changed by scaling
and similar transformations. Note that this is why mutual information is often the better choice for
investigating learning applications.
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In particular, for continuous random variables X and Y with probability density functions p(x, y),
p(x) and p(y), respectively, the mutual information between X and Y is

I(X; Y) = h(X)− h(X|Y) = h(Y)− h(Y|X) (7)

Mutual information is always greater than or equal to zero and is not impacted by scaling or similar
transformations. Mutual information is the principal information theoretic indicator employed in this
work.

3. Agent Learning and Mutual Information Gain

In agent learning, based on some observations of the environment, we develop an understanding
of the structure of the environment, formulate models of this structure, and study any remaining
apparent randomness or unpredictability [6,7]. Studies of agent learning have made use of the
information theoretic ideas in Sec. 2, and have created variations on those information theoretic ideas
to capture particular characteristics that are distinct to agent learning problems. These expressions and
related results are discussed in detail in Gibson [8].

The agent learning literature explores the broad ideas of unpredictability and apparent random-
ness [6,7]. Toward this end, it is common to investigate the total Shannon entropy of length-N sequences
XN = XN , XN−1, . . . , X1 given by

h(XN) = −
∫

P(N)
X (X) log P(N)

X (X)dXN (8)

as a function of N, to characterize learning. The name total Shannon entropy is appropriate since it is
not the usual per component entropy of interest in lossless source coding [9], for example.

In association with the idea of learning or discerning structure in an environment, the entropy
gain, as defined in the literature, is the difference between the entropies of length N and length N − 1
sequences as [7]

∆H(N) = h(XN)− h(XN−1) (9)

Equation (9) was derived and studied much earlier by Shannon [10], not as an entropy gain, but as a
conditional entropy.

In particular, Shannon [10] defined the conditional entropy of the next symbol when the N − 1
preceding symbols are known as

h(XN |XN−1) = h(XN , XN−1)− h(XN−1) = h(XN)− h(XN−1) (10)

which is exactly Eq. (9); so the entropy gain from the agent learning literature is simply the conditional
entropy expression developed by Shannon in 1948.

A recently introduced quantity, Mutual Information Gain, allows a more detailed parsing of what
is happening in the learning process than observing changes in entropy [8]. Even though a relative
entropy between two probability densities has been called the information gain in the agent learning
literature [6,7], it is evident from Eqs. (9) and (10) that it is just a conditional entropy [8]. Thus, the
nomenclature which defined information gain in terms of this conditional entropy is misleading.

In terms of information gain, the quantity of interest is the mutual information between the overall
sequence and the growing history of the past given by

I(XN ; XN−1) = h(XN)− h(XN |XN−1)

= h(XN)− [h(XN)− h(XN−1)]

= h(XN)− ∆H(N)

(11)
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where ∆H(N) is defined in Eq. (9). The mutual information in Eq. (11) is a much more direct measure
of information gained than entropy gain as a function of N and includes the entropy gain from agent
learning as a natural component. We can obtain more insight by expanding Eq. (11) using the chain
rule for mutual information [9] as

I(XN ; XN−1) = h(XN)− h(XN |XN−1) = ∑N−1
k=1 I(XN ; Xk|Xk−1, . . . , X0)

= I(XN ; XN−1|XN−2, . . . , X1, X0) + . . . + I(XN ; X2|X1, X0) + I(XN ; X1|X0) (12)

Since I(XN ; Xk−1|Xk−2, . . . , X0) ≥ 0, we see that I(XN ; XN−1) is nondecreasing in N. ; however, what
do these individual terms in Eq. (12) mean? The sequence XN should be considered the input sequence
to be analyzed with the block length N large but finite. The first term in the sum, I(XN ; X1|X0)

indicates the mutual information between the predicted value of X1, given X0, and the input sequence
XN . The next term I(XN ; X2|X1, X0) is the mutual information between the input sequence XN and
the predicted value of X2, given the prior values X1, X0. Therefore, we can characterize the change
in mutual information with increasing knowledge of the past history of the sequence as a sum of
conditional mutual informations I(XN ; Xk−1|Xk−2, . . . , X0) [8].

We denote I(XN ; XN−1) as the total mutual information gain, and I(XN ; Xk−1|Xk−2, . . . , X0) as the
incremental mutual information gain. We utilize these terms in the following developments.

4. Minimum Error Entropy

Minimum error entropy approaches to estimation, prediction, and smoothing are studied by Kalata
and Priemer [11], and minimax error entropy stochastic approximation is investigated by Kalata and
Priemer [12]. They consider the estimation error, X̃[k] = X[k]− X̂[k|k], and study random variables
with probability density functions that have the differential entropy h(X) = 1

2 log[Aσ2
X ]. The authors

point out that random variables with densities of this form are Gaussian, Laplacian, Uniform, triangular,
exponential, Rayleigh, and Poisson [11,12].

They show, among other results, that minimizing the estimation error entropy is equivalent to
minimizing the mutual information between the estimation error and the observations, that is,

min h(X̃) ⇔ min I(X̃; Z). (13)

For differential entropies of the form h(X) = 1
2 log[Aσ2

X ], they also show that the MMSE estimate is the
minimax error entropy estimate, that is,

min max h(X̃) ⇔ min
N

∑
i=1

σ2
Xi

(14)

This allows the development of standard MMSE estimators for filtering, smoothing, and prediction
based on the minimax error entropy approach.

The authors also develop an expression for the change in smoothing error with a new observation
[13]. They note that there is a change in the error entropy with a new observation, z(j + 1), that is
given by

∆h(X̃(k)|z(j + 1)) = h(X̃(k)|Z(j))− h(X̃(k)|Z(j + 1)) (15)

Using the definition of mutual information in terms of entropies, Eq. (7), and the given form of the
differential entropy, it is shown that the minimum error entropy optimum smoothing error variance
decreases as

σ2
X̃(k)|Z(j+1) = σ2

X̃(k)|Z(j) exp [−2I(X(k); z(j + 1)|Z(j))] (16)

with the new observation z(j + 1) for the stated distributions.
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We will see in the following that we can obtain similar results but in terms of mutual informa-
tion for the same probability distributions with MMSE estimation methods without considering the
minimax error entropy approach.

5. Log Ratio of Entropy Powers

We can use the definition of the entropy power in Equation (6) to express the logarithm of the
ratio of two entropy powers in terms of their respective differential entropies as [14]

log
QX
QY

= 2[h(X)− h(Y)]. (17)

The conditional version of Equation (6) is

QX|YN
=

1
(2πe)

exp 2h(X|YN) ≤ Var(X|YN), (18)

and from which we can express Equation (17) in terms of the entropy powers at the outputs of
successive stages in a signal processing Markov chain YN−1, YN that satisfy the Data Processing
Inequality as

1
2

log
QX|YN

QX|YN−1

= h(X|YN)− h(X|YN−1). (19)

It is important to notice that many signal processing systems satisfy the Markov chain property and
thus the Data Processing Inequality so Eq. (19) is potentially very useful and insightful.

We can expand our insights if we add and subtract h(X) to the right-hand side of Equation (19),
so we then obtain an expression in terms of the difference in mutual information between the two
successive stages as

1
2

log
QX|YN

QX|YN−1

= I(X; YN−1)− I(X; YN). (20)

From the the entropy power in Equation (18), we know that both expressions in Equations (19) and
(20) are greater than or equal to zero. So, from this result we see that we can now associate a change in
mutual information as data passes through a Markov chain with the log ratio of entropy powers.

These results are from [14] and extend the data processing inequality by providing a new charac-
terization of the mutual information gain or loss between stages in terms of the entropy powers of the
two stages. Since differential entropies are difficult to calculate, it is useful to have expressions for the
entropy power at two stages and then use Equations (19) and (20) to find the difference in differential
entropy and mutual information between these stages.

To get some idea of how useful Eq. (20) can be, we turn to a few special cases. In many signal
processing operations, a Gaussian assumption is accurate and can provide deep insights. Thus,
considering two i.i.d. Gaussian distributions with zero mean and variances σ2

X and σ2
Y, we have

directly that QX = σ2
X and QY = σ2

Y, so

1
2

log
QX
QY

=
1
2

log
σ2

X
σ2

Y
= [h(X)− h(Y)], (21)

which satisfies Equation (17) exactly.
We can also consider the MMSE error variances in a Markov chain when X and YN−1, YN

are Gaussian with the error variances at successive stages denoted as Var(X|YN−1) = σ2
X|YN−1

and

Var(X|YN) = σ2
X|YN

, then

1
2

log
QX|YN

QX|YN−1

=
1
2

log
σ2

X|YN

σ2
X|YN−1

= h(X|YN)− h(X|YN−1) = I(X; YN−1)− I(X; YN). (22)
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Perhaps surprisingly, this result holds for two i.i.d. Laplacian distributions with variances λ2
X|YN

and λ2
X|YN−1

[15], since their corresponding entropy powers QX|YN
= 2eλ2

X|YN
/π and QX|YN−1

=

2eλ2
X|YN−1

/π, respectively, so we form

1
2

log
QX|YN

QX|YN−1

=
1
2

log
λ2

X|YN

λ2
X|YN−1

= h(X|YN)− h(X|YN−1) = I(X; YN−1)− I(X; YN). (23)

Since h(X) = ln(2eλX), the Laplacian distribution also satisfies Equation (17) through Eq. (20) exactly
[14].

Using mean squared errors or variances in Equations (17) through (20) is accurate for many other
distributions as well. It is straightforward to show that Equation (17) holds with equality when the
differential entropy takes the form

h(X) =
1
2

log[Aσ2
X ] (24)

so the entropy powers can be replaced by the mean squared error for the Gaussian, Laplacian, logistic,
Cauchy, uniform, symmetric triangular, exponential, and Rayleigh distributions. Equation (24) is of
the same form of the distributions considered in [11,12] when considering the minimax error entropy
estimate. Note here that we can work directly with MMSE estimates.

Therefore, the satisfaction of Equations (17) through (20) with equality when substituting the
variance for entropy power occurs for several distibutions of significant interest for applications, and it
is the log ratio of entropy powers that enables the use of the mean squared error to calculate the loss or
gain in mutual information at each stage.

6. Minimum Mean Squared Error (MMSE) Estimation

Using the results from Sec. 5, a tight connection between mean squared estimation error, denoted
as MSEE, and mutual information gain or loss in common applications is established here and in the
following subsections. Then in Sec. 7 these results are specialized to the use of the error variances.

In minimum mean squared estimation (MMSE), the estimation error to be minimized is

ϵ2 = E(X[k]− X̂[k|j])2 (25)

at time instant k given observations up to and including time instant j where we may have j = k,
j > k, or j < k, depending on whether the problem is classical estimation, smoothing, or prediction,
respectively.

Using the estimation counterpart to Fano’s Inequality, we can write [9]

E(X[k]− X̂[k|j])2 ≥ 1
2πe

exp 2[h(X[k]|X̂[k|j]) ≡ QX[k]|X̂[k|j] (26)

where we have used the classical notation for entropy power defined by Shannon [10]. Taking the
logarithm of the right side of Eq. (26) past the inequality, we obtain

h(X[k]|X̂[k|j]) = 1
2

log(2πeQX[k]|X̂[k|j]) (27)

Subtracting h(X[k]|X̂[k|l]), l ̸= j, from the left side of Eq. (27) and the corresponding entropy power
expression from the right side, we get

h(X[k]|X̂[k|j])− h(X[k]|X̂[k|l]) = 1
2

log(
QX[k]|X̂[k|j]
QX[k]|X̂[k|l]

) (28)

Note that the 2πe divides out in the ratio of entropy powers.
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Adding and subtracting h(X[k]) from both sides of Eq. (28), we can write

I(X[k]; X̂[k|j])− I(X[k]; X̂[k|l]) = 1
2

log(
QX[k]|X̂[k|j]
QX[k]|X̂[k|l]

) (29)

Therefore, the difference between the mutual information of X[k] and X̂[k|j] and the mutual information
of X[k] and X̂[k|l] can be expressed as one half the log ratio of conditional entropy powers. This allows
us to characterize Mutual Information Gain or Loss in terms of the minimum mean squared error in
filtering, smoothing, and prediction, as we demonstrate in Sec. 7.

6.1. MMSE Smoothing

We want to estimate a random scalar signal x[k] given the perhaps noisy measurements z[j] for
j > k, where k is fixed and j is increasing, based on a minimum mean squared error cost function. So,
the smoothing error to be minimized is Eq. (25), and again using the estimation counterpart to Fano’s
Inequality [9] we get Eq. (26), both with j > k for smoothing. As j increases, the optimal smoothing
estimate will not increase the MMSE so

QX[k]|X̂[k|j] ≥ QX[k]|X̂[k|j+1] (30)

Moving QX[k]|X̂[k|j+1] over to the left side of Eq. (30) and substituting the definition of entropy power
for each produces

QX[k]|X̂[k|j]
QX[k]|X̂[k|j+1]

= exp 2[h(X[k]|X̂[k|j])]− h(X[k]|X̂[k|j + 1])] ≥ 1 (31)

Taking logarithms, we see that

1
2

log
QX[k]|X̂[k|j]

QX[k]|X̂[k|j+1]
= [h(X[k]|X̂[k|j])− h(X[k]|X̂[k|j + 1])] ≥ 0 (32)

Adding and subtracting h(X[k]) to the right hand side of Eq. (32), yields

1
2

log
QX[k]|X̂[k|j]

QX[k]|X̂[k|j+1]
= I(X[k]; X̂[k|j + 1])− I(X[k]; X̂[k|j]) ≥ 0 (33)

Equation (33) shows that the mutual information is nondecreasing for increasing j > k. Thus we have
an expression for the Mutual Information Gain due to smoothing as a function of lookahead j in terms
of entropy powers.

We can also use Eq. (33) to obtain the rate of decrease of the entropy power in terms of the mutual
information as

QX[k]|X̂[k|j+1] = QX[k]|X̂[k|j] exp [−2(I(X[k]; X̂[k|j + 1])− I(X[k]; X̂[k|j]))] (34)

Here we see that the rate of decrease in the entropy power is exponentially related to the Mutual
Information Gain due to smoothing.

We note that this result is obtained only using entropy power expressions rather than minimal
error entropy. In fact, it can be shown that Eq, (34) and Eq. (16) are the same by employing the chain
rule to prove that I(X(k); z(j + 1)|Z(j)) = I(X[k]; X̂[k|j + 1])− I(X[k]; X̂[k|j].

6.2. MMSE Prediction

We want to predict a random scalar signal x[k] given the perhaps noisy measurements z[j] for
j < k, where k is fixed and j is decreasing from k − 1, based on a minimum mean squared error
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cost function. So, the prediction error to be minimized is Eq. (25) and again using the estimation
counterpart to Fano’s Inequality [9] we get Eq. (26), both with j < k for prediction. As j decreases, the
optimal prediction will increase the minimum mean squared prediction error since the prediction is
further ahead, so

QX[k]|X̂[k|j] ≤ QX[k]|X̂[k|j−1] (35)

Moving QX[k]|X̂[k|j] over to the right side of Eq. (35) and substituting the definition of entropy power
for each produces

QX[k]|X̂[k|j−1]

QX[k]|X̂[k|j]
= exp 2[h(X[k]|X̂[k|j − 1])]− h(X[k]|X̂[k|j])] ≥ 1 (36)

Taking logarithms, we see that

1
2

log
QX[k]|X̂[k|j−1]

QX[k]|X̂[k|j]
= [h(X[k]|X̂[k|j − 1])− h(X[k]|X̂[k|j])] ≥ 0 (37)

Adding and subtracting h(X[k]) to the right hand side of Eq. (37), yields

1
2

log
QX[k]|X̂[k|j−1]

QX[k]|X̂[k|j]
= I(X[k]; X̂[k|j])− I(X[k]; X̂[k|j − 1]) ≥ 0 (38)

This result shows that there is a Mutual Information Loss with further lookahead in prediction and
this loss is expressible in terms of a ratio of entropy powers. Equation (38) shows that the mu-
tual information is decreasing for decreasing j < k, that is, for prediction further ahead, since
I(X[k]; X̂[k|j]) ≥ I(X[k]; X̂[k|j − 1]). As a result, the observations are becoming less relevant to
the variable to be predicted. We can also use Eq. (38) to obtain the rate of increase of the entropy power
as the prediction is further ahead in terms of the mutual information as

QX[k]|X̂[k|j−1] = QX[k]|X̂[k|j] exp [2(I(X[k]; X̂[k|j])− I(X[k]; X̂[k|j − 1]))] (39)

Thus, the entropy power increase grows exponentially with the Mutual Information Loss corresponding
to increasing lookahead in prediction.

6.3. MMSE Filtering

We want to estimate a random scalar signal x[k] given the perhaps noisy measurements z[k],
based on a minimum mean squared error cost function. So, the estimation error to be minimized is
Eq. (25). From the estimation counterpart to Fano’s Inequality [9] we get Eq. (26), both with j = k for
filtering.

Dividing QX[k]|X̂[k|k] by QX[k−1]|X̂[k−1|k−1] and substituting the definition of entropy power for
each produces

QX[k]|X̂[k|k]
QX[k−1]|X̂[k−1|k−1]

= exp 2[h(X[k]|X̂[k|k])]− h(X[k − 1]|X̂[k − 1|k − 1])] (40)

Taking logarithms, we see that

1
2

log
QX[k]|X̂[k|k]

QX[k−1]|X̂[k−1|k−1]
= [h(X[k]|X̂[k|k])− h(X[k − 1]|X̂[k − 1|k − 1])] (41)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 5 August 2024                   doi:10.20944/preprints202408.0096.v1

https://doi.org/10.20944/preprints202408.0096.v1


9 of 13

Adding and subtracting h(X[k]) and h(X[k − 1]) to the right hand side of Eq. (41), yields

1
2

log
QX[k]|X̂[k|k]

QX[k−1]|X̂[k−1|k−1]
= I(X[k − 1]; X̂[k − 1|k − 1])− I(X[k]; X̂[k|k]) + [h(X[k])− h(X[k − 1])] (42)

This equation involves the differential entropies of X[k] and X[k − 1] unlike prior expressions for
smoothing and prediction. This is because the reference points for the two entropy powers are
different. However, for certain wide sense stationary processes, we will have simplications as shown in
the next section on Entropy Power and MSE, where it is shown that for several important distributions,
we can replace the entropy power with the variance.

7. Entropy Power and MSE

We know from Sec. 2 that the entropy power is the minimum variance that can be associated with
a differential entropy h(X). The key insight into relating mean squared error and mutual information
comes from considering the (apparently not so special) cases of random variables whose differential
entropy has the form in Eq. (24) and the log ratio of entropy powers. In these cases we do not have to
explicitly calculate the entropy power since we can use the variance or mean squared error in the log
ratio of entropy power expressions to find the mutual information gain or loss for these distributions.

Thus, all of the results in Sec. 6 in terms of log ratio of entropy powers can be expressed as ratios
of variances or mean squared errors for continous random variables with differential entropies of
the form in Eq. (24). In the following we use the more notationally bulky var(X[k]|X̂[k|j]) for the
conditional variances rather than the simpler notation σ2

X(k)|X̂(j)
since the σ2 symbol could be confused

as indicating a Gaussian assumption, which is not needed.
In particular, for the smoothing problem, we can rewrite Eq. (33) as

1
2

log
var(X[k]|X̂[k|j])

var(X[k]|X̂[k|j + 1])
= I(X[k]; X̂[k|j + 1])− I(X[k]; X̂[k|j]) ≥ 0 (43)

and the decrease in MSE in terms of the change in mutual information as

var(X[k|X̂[k|j + 1]) = var(X[k|X̂[k|j]) exp [−2(I(X[k]; X̂[k|j + 1])− I(X[k]; X̂[k|j]))] (44)

Here we see that the rate of decrease in the MMSE is exponentially related to the Mutual Information
Gain due to smoothing.

Rewriting the results for prediction in terms of variances, we have that Eq. (39) becomes

1
2

log
var(X[k]|X̂[k|j − 1])

var(X[k]|X̂[k|j])
= I(X[k]; X̂[k|j])− I(X[k]; X̂[k|j − 1]) ≥ 0 (45)

and that the growth in MMSE with increasing lookahead is

var(X[k]|X̂[k|j − 1]) = var(X[k]|X̂[k|j]) exp [2(I(X[k]; X̂[k|j])− I(X[k]; X̂[k|j − 1]))] (46)

Thus, as lookahead in prediction is increased, the conditional error variance grows exponentially.
For the filtering problem, we have the two differential entropies, h(X[k]) and h(X[k − 1]) in

Eq.(42) in addition to the mutual information expressions. However, for wide sense stationary random
processes with differential entropies of the form shown in Eq. (24), the two variances are equal so
var(X[k]) = var(X[k − 1]) so the difference in the two differential entropies is zero. This simplifies
Eq.(42) to

1
2

log
var(X[k]|X̂[k|k])

var(X[k − 1]|X̂[k − 1|k − 1])
= I(X[k − 1]; X̂[k − 1|k − 1])− I(X[k]; X̂[k|k]) ≤ 0, (47)
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which if the error variance in monotonically nonincreasing, is less than or equal to zero as shown.
Rewriting this last result in terms of increasing mutual information, we have

1
2

log
var(X[k − 1]|X̂[k − 1|k − 1])

var(X[k]|X̂[k|k])
= I(X[k]; X̂[k|k])− I(X[k − 1]; X̂[k − 1|k − 1]) ≥ 0 (48)

Thus, we have related mean squared error from estimators to the change in gain or loss of mutual
information.

It is important to recognize the power of the expressions in this section. They allow us to obtain
the mutual information gain or loss by using the variances of MMSE estimators, the latter of which
are easily calculated in comparison to direct calculation of differential entropy or mutual information.
There is no need to utilize techniques to approximately compute differential entropies or mutual
informations, which are fraught with difficulties. See Hudson [16] and Kraskov[17].

8. Fixed Lag Smoothing Example

To provide a concrete example of the preceding results in Sec. 7, we consider an example of
finding the mutual information gain using the results of a fixed lag MMSE smoothing problem for a
simple first order system model with noisy observations. Fixed lag smoothing is a popular approach
since measurements z(k) at time instants k, k + 1, · · · , k + L are used to estimate the value of x(k); that
is, measurements L samples ahead of the present time k are used to estimate x(k) [18].

A first order autoregressive (AR) system model is given by

x(k + 1) = αx(k) + w(k + 1), (49)

where α ∈ [0, 1] and w(k + 1) is a stationary, Gaussian, zero mean, white process with variance q. The
observation model is expressed as

z(k + 1) = x(k + 1) + v(k + 1), (50)

where v(k + 1) is the zero mean Gaussian noise with variance r.
For this problem we compute the steady state errors in fixed-lag smoothing as a function of the

smoothing lag. The steady-state expression for the fixed-lag smoothing error covariance as a function
of the lag L is (details are available in [18,19] and are not included here)

PL = P −
L

∑
j=1

[(1 − K)α]2j(P̄ − P), (51)

where the components shown from the Kalman filter are

P̄ = α2P + q (52)

K = P̄(P̄ + r)−1 (53)

P = (1 − K)P̄. (54)

with P the filtering or estimation error variance, P̄ the apriori filter error variance, and K the Kalman
filter gain .

Given α, q, and r, P can be computed in the steady state case as the positive root of the following
quadratic equation

α2P2 + (q + r − α2r)P − qr = 0. (55)

Then P̄, K, and PL can be evaluated using Equations (52), (53), and (51) respectively.
The asymptotic expression for the smoothing error covariance as L gets large is given by
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PL,min = P −
∞

∑
j=1

[(1 − K)α]2j(P̄ − P),

= P − (P̄ − P) · (1 − K)2α2

1 − (1 − K)2α2 (56)

This result can be used to determine what value should be selected for the maximum delay to obtain
near asymptotic performance.

Example: We now consider the specific case of the scalar models in Equations (49) and (50) with
α = 0.98, q = 0.118, and r = 1.18. The choice of this ratio of q/r = 0.1 corresponds an accurate
model for the AR process but with a very noisy observation signal. Table 1 lists the smoothing error
covariance as a function of smoothing lag L using Eq. (51) and the following. The result for L = 15
comes from Eq. (56).

Table 1. Mutual Information Gain due to smoothing with α = 0.98, q = 0.118, r = 1.18, P = 0.3045

L PL Incremental MI Gain Total MI Gain
1 0.2485 0.1145 0.1145
2 0.2189 0.0633 0.1748
3 0.2033 0.0369 0.2117
4 0.1950 0.0209 0.2326
5 0.1906 0.01235 0.24795
15 0.1857 ≈ PLmin 0.00255 0.2505

Therefore, we are able to obtain statements concerning the gain or loss of mutual information by
calculating the much more directly available quantity, the minimum mean squared smoothing error.

We obtained the third column in the table labeled "Incremental MI Gain" from Eq. (43) where
for simplicity of notation, we set P = var(X[k]|X̂[k|k]) and let PL = var(X[k]|X̂[k|k + L]). The fourth
column is obtained for a specific L, say Ltotalgain, by adding all values of the Incremental MI Gain with
L ≤ Ltotalgain. For example, with Ltotalgain = 5, we sum up all values of Incremental MI Gain for L ≤ 5
to get 0.24795.

The asymptotic reduction in MSE due to smoothing as L gets large is thus ([P − PL,min]/P) · 100 =

39%, and the corresponding mutual information gain is 0.2505 bits.

9. Properties and Families (Classes) of Probability Densities

As we have seen, there are many common probability distributions that let us substitute mean
squared error for entropy power in the log ratio of entropy power expression. While a general class
of distributions that satisfy this property has not been established, many important and ubiquitous
"named" continuous distributions do so. In particular, distributions that satisfy the log ratio of entropy
power condition are Gaussian, Laplacian, Cauchy, Gamma, Logistic, exponential, Rayleigh, symmetric
triangular, and uniform.

This group of distributions exhibits certain properties and fall into common families or classes of
distributions that can prove useful in further studies . The following sections discuss these properties
and familiies.

9.1. Properties

Given a continuous random variable X with cumulative probability distribution PX(x) and
corresponding probability density function p(x), then the distribution is said to be unimodal if for some
x = a such that PX(x) is convex for x < a and concave for x > a [20]. Example distributions that
satisfy this condition and thus are unimodal are the Gaussian, Laplacian, Cauchy, Logistic, exponential,
Rayleigh, symmetric triangular, and uniform distributions.
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Further, a unimodal distribution is called strongly unimodal if − log p(x) is convex. Distributions
of the form p(x) = k exp |x|α for α ≥ 1 are strongly unimodal, and by inspection, we see that the
Gaussian, Laplacian, and logistic distributions have this property [21].

9.2. Families or Classes

A number of families, or classes, of distributions have been defined to help categorize random
variables. Families or classes that help clarify the scope of the log ratio of entropy power results are
location-scale families and exponential families.

9.2.1. Location-Scale Family

Given a random variable Y with distribution PY(y), then for a transformation X = a + bY, b > 0,
a family that satisfies

P(X ≤ x) = PY((x − a)/b) (57)

is called a location-scale family [22]. Location-Scale Families include Gaussian, Laplacian, Cauchy,
Logistic, exponential, symmetric triangular, and uniform distributions [22].

9.2.2. Exponential Family

Given a family of probability density functions p(x, θ) with a < θ < b, a pdf of the form

p(x, θ) = exp[η(θ]K(x) + S(x) + q(θ)], c < x < d, (58)

is said to be a member of the exponential family of distributions of continuous type [23]. Additionally,
given the set of random variables X1, X2, ..., Xn, their joint pdf of the form

exp[η(θ]
n

∑
i=1

K(xi) +
n

∑
i=1

S(xi) + nq(θ)], (59)

c < xi < d with a < θ < b, and zero elsewhere, is in the exponential family. A nice property of
exponential distributions is that sufficient statistics exist for this family.

Examples of distributions in the exponential family are Gaussian, exponential, Gamma, and
Poisson [22].

10. Discussion

Entropy and mutual information have been incorporated into many analyses of agent learning.
However, mean squared error has mostly been viewed as suspect as a performance indicator in
learning applications. It is shown here that the MMSE performance of smoothing, prediction, and
filtering algorithms have direct interpretations in terms of the mutual information gained or lost in the
estimation process for a fairly large set of probabilty densities that have differential entropies of the
form in Eq. (24).

Not only are these results satisfying in terms of a performance indicator, but the expressions in
Eqs. (43), (45), and (47) allow gains or losses in mutual information to be calculated from estimation
error variances. This avoids the more cumbersome estimates of probability histograms to be used in
mutual information expressions or direct approximations of mutual information from data.

These results open the door to explorations of mutual information gain or loss for additional
classes of probability densities, perhaps by considering the properties and families briefly discussed in
Sec. 9.
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Abbreviations

The following abbreviations are used in this manuscript:

i.i.d. independent and identically distributed
MMSE minimum mean squared error
Q entropy power
MMSPE(M) minimum mean squared prediction error of order M
MSE mean squared error
MI Gain mutual information gain
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