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Abstract

We have investigated and theoretically developed a mathematical model that, first, allows us to
understand how the positional exactitude of the output link of a four-bar mechanism depends on the
manufacturing dimensional tolerances (associated with the IT grades, which correspond to the
bilateral tolerances specified in the ISO 286-2 norm) of its links and the error of the input coordinate.
To find this dependence, the total differentials of the kinematic constraint functions that govern the
field of positions must be determined for each kinematic cycle of the mechanism under consideration.
These total differentials lead to a system of equations whose solution gives the positional errors of
the movable output links as a function of the manufacturing dimensional errors and an incidence
matrix that varies with each one of the positions of the input element. On the other hand, the
theoretical transmission ratio between the output velocities with respect to the input velocity of the
articulated kinematic chain is defined, and for determining the total errors in each ratio, the total
differential of each one of them is calculated, showing a clear dependence respect to the positional
errors of the output links (previously defined) of the mechanism. The sum of the theoretical
transmission ratio and its respective error provides the real transmission ratio. Furthermore, the
described methodology allows determining the sensitivity (influence coefficients) in the transmission
ratios due to errors inherent in the links lengths. Finally, the presented analytical approach is
numerically implemented through an example of articulated parallelogram design, principally
characterizing in graphic form the transmission ratios in their regions of permitted movements and
blocking positions, for a specific IT degree of precision of the bilateral dimensional tolerances of their
functional geometric parameters, with the objective of analyzing every aspect related to the
performance of the mechanisms. The methods and conclusions proposed in this document also leave
open the way as future work to study separately the magnitudes and signs of the positional errors
and the transmission ratio, or even the influence coefficients themselves, in order to assign the most
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convenient degree of IT precision for each link in the mechanism with the purpose of reducing errors
in the designs and obtain better efficiency in the transmission ratio.

Keywords: 4-bar mechanism; dimensional tolerances; influence coefficients; transmission ratio

1. Introduction

The purpose of any mechanism composed of interconnected elements is to convert the energy
supplied to the input link into force or movement toward the output link. Fundamentally, articulated
mechanisms are used today in many practical industrial applications (machines) around the world,
some of which require a high degree of positional exactitude of their output links around one or
various prescribed operating positions that allow define the best possible efficiency in its
transmission ratios.

During the past four decades, the world advanced manufacturing industry has been increasing
its focus of attention on fabrication quality. It is common to observe that the drawings supplied by
manufacturers do not provide, among other important technical specifications, manufacturing
dimensional tolerances or clearances at kinematic linkage points, or the functional dimensions of the
links, but rather a part number. This leaves unknown the role that manufacturing dimensional quality
plays in the operation of an articulated mechanism, specifically the precision and movement
requirements in the transmission ratios.

The analysis and synthesis of precision articulated mechanisms primarily require the challenge
of achieving positional accuracy of the output element, making it vital to define the degree of
precision of the dimensional tolerances of its components. Under common mechanical operating
conditions, the manufacturing tolerances of the dimensional parameters of the kinematics chain are
commonly assigned using the bilateral tolerances (IT grades) specified in the ISO 286-2:2010 norm.

The four-bar linkages, or “articulated quadrilaterals”, have a wide application in contemporary
technology and great versatility and diffusion in the industry, also because this mechanism
constitutes the most basic chain of links connected by rotating pairs that allow relative movement
between the parts. Although these applications can be quite diverse, the four-bar linkages can be
classified, depending on the tasks that they perform, as function generators, path generators, and
motion generators [1, 2].

Historically, the knowledge necessary to elucidate the true importance of these aspects in the
performance of the mechanism can be seen from the research of Sutherland et al. [3], in which they
address the problem of designing a four-bar mechanism considering the errors introduced by the
functional structure of the mechanism itself and by the dimensional tolerances in the path followed
by a point of the coupler and in the positioning of the connecting rod. As a result of this work, a
unique value of maximum dimensional tolerance is proposed that all the geometric parameters
involved must have to guarantee the required accuracy. In 1995, Fogarasy et al. [4] developed a
method in which, starting from the kinematic restriction equations and their total differentials, they
calculate the velocities and accelerations for different cases of articulated plane mechanisms.
However, to achieve this, they despise the errors that may be introduced by the generalized input
coordinate. An extension work reported in [5] indicates the use of kinematic constraint equations to
analyze the influence of the manufacturing tolerances in the kinematic performance of the
mechanisms. The theme of the reliability of the real trajectory followed by a point of the coupler of
an articulated mechanism when it must be generated with a specific precision, has generally been
studied taking into account the influence of dimensional manufacturing errors and clearances
existing in any deviation from the trajectory. For example, in [6] by assigning different IT degrees
from an ideal distribution and by means of the Jacobian matrix method, the sensitivity of the
dimensional tolerances respect to the quality of the performance in a four-bar linkage is determined,
which allows to identify the most robust and ideal design. Other similar studies are implemented
numerically for a slider-crank mechanism [7] and the kinematic synthesis of four-bar mechanisms for
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the generation of multiphase motion with tolerances [8]. As well, an analysis and synthesis procedure
has been reported by Monte Carlo simulation that uses the measurement of the deviation of the real
trajectory of the coupling point with respect to the desired one (reliability index), this method based
on the reliability of the mechanical error in the trajectory generation mechanisms allows to assign
optimal tolerances and clearances [9]. In the last decade, the use of specialized software in
computational mechanics for modeling and simulation has allowed to optimize four-bar planar
mechanisms from a dynamic and structural approach (considering external loads, displacement and
vibration); this computational methodology can provide improved design data of stress, deformation
and vibration frequency [10,11]. Furthermore, these software packages have contributed to
developing optimized linkages by estimating the positional mechanical error of the output links as a
function of the influence due to the sensitivities caused by the dimensions and tolerances of its
components (pins, diameters of holes and lengths of links). In this regard, we can mention the error
estimation through the numerical study of the modified partial derivative formulation [12], the
deduction of the direct and inverse kinematics of the mechanism with respect to a set of variations in
the tolerances and input coordinates to obtain the maximum error [13] and the use of a Taylor series
approximation with modified error equation [14, 15]; all the previous reports were verified through
a CAD model. Many researchers have addressed the optimization of dimensions and tolerances in
mechanisms with the objective of satisfying the quality and minimizing the manufacturing costs of
the manipulators, through various techniques such as Lagrange multipliers using an expanded
formulation of the reciprocal power function cost-tolerance or genetic algorithm (see [16,17] and
references therein).

Within the practical requirements of power transmission systems, it is important to maintain a
constant ratio between the motions of the input link and its corresponding output element. To date,
the analysis of specific cases of generating a quasi-constant transmission ratio [18-21] or the study of
the quality of transmission angle ranges during the mechanism synthesis [22, 23] are topics that have
been extensively investigated.

In the classical literature and scientific reports of the area, few are addressed regarding the
influence or sensitivity in the transmission ratios of the output components due to dimensional errors
or tolerances in the links lengths. An interesting study is reported in Ref. [24], where a robust design
of mechanisms based on an analytical approach is proposed and flat four-bar and slider-crank
articulated systems are analyzed for transmit the rotation between two parallel axes with a constant
transmission ratio of 1:1. Here, the authors graphically illustrate the importance of reducing the
transmission ratio sensitivity, product of the variations in the links length caused by the assignment
of manufacturing tolerances or operating deformations, which highly affects the ideal theoretical
value of the transmission ratio. And it is in this field of study where the main objectives of the work
presented in this paper focus on establishing an analytical approach for 4-bar mechanisms that allows
calculate independently the positional errors, the influence coefficients (sensitivities), the
transmission ratios and their errors, as well as the ranges and regions of permitted and blocking
motion, due to the assignment of dimensional tolerances by IT precision grades. This proposed
formalism proves to be useful for analyzing the best efficiency in the transmission ratios and is
another possible future option for defining admissible geometric variations.

The investigation presented in this document is organized as follows: The second section
provides a complete overview of the theoretical foundations and mathematical procedures necessary
for the deduction of explicit formulas to calculate the position errors/sensitivities and consequently
the real positions of the output links. In that same sense, based on the derivations of the previous
section, the third section delves into the analytical formalism for obtaining the errors/sensitivities in
the transmission ratios and subsequently the real transmission ratios. The fourth section discusses
the numerical implementation of the methodology, including graphical representations for a
comparative analysis of the solutions for the ideal transmission ratios versus those dependent of the
sensitivity due to bilateral tolerances/errors specified in ISO 286-2 norm (IT degrees) and the intervals
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of regions of permitted and blocking movement are characterized. Finally, the conclusions of the
work are presented.

2. Mathematical Model to Evaluate the Influence of Dimensional Tolerances and
Errors on Positioning Exactitude

In this section, we will develop a model that allows knowing the influences of the dimensional
manufacturing tolerances of the geometric parameters and the angular deviation of the input link on
the positioning error of the output links of a four-bar linkage mechanism. For this, the kinematic
restriction equations of the mechanism will be found and its total differentials will be calculated. The
results of the mathematical model that takes into account the influence of the dimensional tolerances
of the geometric parameters allow us to know which of the functional dimensions of the mechanism
links is the one that has the greatest or least influence on said positioning errors, thus being able to
know which one link assign a greater or lesser degree of dimensional precision in order to guarantee
a rigorous positioning of the output element in the case that the designer so requires.

The four-bar linkage mechanism can be considered like a mechanism with plane movement, the
lengths of the links I3, Iz, I3, I« and their respective angles are represented in the Figure 1. It can be seen
that both link /1 and link 5 are attached to the fixed frame by one of its ends. This mechanism is of
one degree of freedom (demonstrated by the well-know Kutzbach-Gruebler equation) [25].
Therefore, knowing the lengths of the links a single input parameter is required to completely define
their positions, this being the angle of the link /1, denoted as 0:.

Y

Figure 1. Classic Four-bar linkage mechanism notation.

The kinematic restriction equations obtained from the projection of the mechanism on the x and
y axes are given by the equations (1) and (2), respectively:
lycos6; +1,cos0, —l3c0s0; =1, =0 , (D)
lysinf; +1,sinf, —l3sinf; =0 . (2)
The trigonometric scalar equations (1) and (2) can be solved simultaneously to find the output
angles 0: and 03, defined as follows [25]:
—E+VE2—4DF

0, = 2tan™? (T) , 3)

6, = 2 tan™! (—‘Bim) , @)

24

where
A=cosbO, —ky —kycosb; + k3 ,
B=FE =-2sin6, ,
C=ky—(k;+1)cosO; +k; ,
D =cos@; —k; +kycosb; + ks ,
F=k;+ (ky—1)cosb; + ks ,
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ly
k2 =,
I3
12-12+12+13
k3 e ————
21,13
ly
k4— =7

L
_ B-i-3-3
21,1,

Equations (3) and (4) have two solutions, corresponding to the open and crossed configurations
shown in the Figure 2.

Open
Configuration

Configuration

Figure 2. Open and crossed configurations of the Four-bar linkage mechanism.

2.1. Total Differentials of the Kinematic Constraint Equations and Positional Errors of the Output Links

Next, we will determine the total differential of the kinematic constraint functions that govern
the field of positions. Such total differentials lead to a system of equations whose solution gives the
positional errors of the mobile output links as a function of the manufacturing dimensional tolerances
and of an incidence matrix that varies with each one of the positions of the input element.

Then, the total differential of the equations (1) and (2) with respect to the input and output
coordinates (61, & and &) and the geometric parameters (I3, I, Is and l4), is written as:

cos 0, 6l; —l;sin6; §6, + cos O, 61, — 1, sin B, 66, —
cos 05 6l; + l3sinfB5 665 — 61, = 0, (5)

sin8, 61, + 1, cos 8, 66, + sinB, 61, + 1, cos 6, 66, —
sinf; 8l; —l3c0s05;60; =0 . (6)

We are interested in obtaining the output positional errors, these errors are a function of the
positioning error 06 of the input coordinate and the dimensional tolerances 0l1, 0l2, 615 and 6ls. Hence,
we can express the total differentials indicated in the equations (5) and (6) in matrix form, through:

6l
. 6l
[cos 6; cos@, —cosf; —1 —l;sin 91] s
sinf; sinf, —sinf; 0 [, cosb, 3
6ly

66,

—l,sinf, Il;sinf, ][692] _ [0] 7
l,cos0, —l3cosBs][665] Lol )

Thus, the output positional error vectors 602 and 603 are given by:

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.1595.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 September 2025 d0i:10.20944/preprints202509.1595.v1

6 of 21

6y
61,
50| = —1B17141) 815 | ®
665 51,
66,1
where
(4] = [cosf; cosB, —cosfO; —1 —I;sin 91]
" [sinf, sin@, —sinf; 0 lycosB |’
(B]-1 = 1 —l3cosf; —l3sin 93]
Ir13sin(6,—-65) | =1, cos B, —I,sinf,] °

The product —[B] *[A] of both matrices forms the matrix [E], which contains the influence
coefficients (g;;), reducing the equation (8) as follows:

6l
6l
50 2
5o | = 181|055 | ©)
3 6l
60,
where
_[€21 €22 €23 €24 &35
[E]_[531 €32 €33 &34 535]' (10)

Each one of the terms ¢;; of the matrix [E] will be equal to:

£ — cos(03—61)
21 7 1, sin(08,-63) °

__ cos(63-03)
Epp =
lz Sln(62—93)

-1
& e —
23 lz Sin(62—93) ?

e —cos 03
24 7 | sin(0,-63)

€ _ll Sin(91_93)
25— lz Sin(92—93) i

e cos(6,-61)
317 13 Sin(92—93) >

1
g - —_—
32 7 1, sin(0,-65) ’

—cos(6,—-63)
€33 = —————,
l3 Sln(62—93)

< —cos 0,
34 7 1, sin(0,-65) ’

-1 Sin(91—92)
€35 I3 sin(8,—
3 5in(62—63)

In general, [E] is the incidence matrix derived from the joint action of the errors in the input
coordinate d6: and the manufacturing dimensional tolerances 6l1, Iz, 6ls and 0ls of the geometric
parameters of the mechanism. Notice that equation (9) can be obtained as long as the determinant
[B]™* of the equation (8) is different from zero. The null determinant of [B]™* is obtained when
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sin(f, — 83) = 0, so we have the restriction (8, # 6; + nr); with ne Z. This only physically occurs in
a special four-bar mechanism called “Articulated Parallelogram”, when the entry angle of the
primary element is 0 or 7, in which case all the links of the mechanism are aligned with each other
[25].

Therefore, the complete calculation of the positioning errors for each one of the links 2 and 3 of
a four-bar linkage mechanism is defined by rewriting equation (8) as:
60, = £51011 + 5,61, + 33613 + 461, + €560, (11)
003 = €310l + €3,00; + £33615 + €341, + 3560, . (12)

Itis important to indicate that the magnitudes of I, 6l2, 0I3 and 61+ depend on the values assigned
by the international standards for Dimensional and Geometrical Product Specifications (GPS) and
Verification, in particular the ISO 286-2:2010 standard (GPS — ISO code system for tolerances on
linear sizes. Part 2: Tables of standard tolerance classes and limit deviations for holes and shafts) [26].
The use of this standard allows us to assign a tolerance range based on a nominal measurement (in
mm), which corresponds to the functional geometric parameter J; of the mechanism. Twenty degrees
(or indexes) of tolerance have been provided, designated by the abbreviations ITO, ITO1 and IT1-IT18,
from the most precise to the coarsest, whose numerical values are calculated for a group of nominal
measurements and constitute the fundamental tolerances of the system. On the other hand, the
positioning error 6@ corresponding to the input angular coordinate only applies to elements that do
not make complete turns, that is, for specific work positions. Its values are assigned according to the
ISO 2768-1:1989 standard (General tolerances — Part 1: Tolerances for linear and angular dimensions
without individual tolerance indications) [27].

. . 1 .
Moreover, the coefficients €21 to €24 and €31 to €34 possess units of it length and have variable

sign, which establishes the possibility that the designer controls the final sign of the product ¢;olj, by
assigning a fundamental position for the dimensional tolerance 6l; (the ISO system defines 28
different positions with respect to the zero line as tolerance zones, see Upper and Lower limit
deviations for shafts in [26]), in order to reduce the final output error around a specific operating
position of the mechanism. The coefficients ¢25 and €35 are dimensionless.
Finally, the real position can be approximated by:
02y, = 02 + 66, (13)
03, = 03 + 605 . (14)

3. Transmission Ratio

The transmission ratio is defined as the output angular velocity divided by the input angular
velocity of the mechanism. Below, we shall obtain the equations for the transmission ratio in a four-
bar linkage mechanism, specifically we will find the transmission ratio between the input angle &
associated with the output angles & and 6.

The first step consists in isolate one of the two output angles in the left side of the equations (1)
and (2), subsequently both sides of the equations are squared and added, finally is simplified by
substitution of trigonometric identities. When carrying out this procedure for 6 and &, the
Freudenstein expressions are obtained [28,29]:

l% - l% + l% + li - 2l1l3(COS(91 - 63)) - 2l1l4 COS 01 + 2l3l4 CoS 93 =0 (15)
l% + l% - l% + li + 2l112(COS(91 - 92)) - 2l1l4 Cos 91 - 2l2l4 CoS 92 =0 (16)

Further on, we implicitly derive the equations (15) and (16) with respect to &, namely:
211 sin(6; — 6) (1 — 52

. . dos _
d61) + 21,1y sin 6 — 2131, sin 93d—91 =0,

a6,

211, sin(6; — 6,) (1 - o

)+ 2Lyl sin6; +

20,1, sin0, 2 =0 .

1
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a6, . dés . . . .
As an outcome, we solve for the terms d_é"z (i21) and d—93 (i31) that define the transmission ratios
1 1

between the output and input angles, which are expressed by:

. _ dgz _ Wy lllz Sin(61—92)—lll4 sin 91
o1 = - == (17)

d91 wq lllz Sin(91—92)+lzl4 sin 92 i

d93 w3 lll3 Sin(61—93)+lll4 sin 91

f31= - = - = : (18)

d91 wq 1113 Sin(91—93)+lgl4 sin 93

Obviously, the quotient of angular velocities is dimensionless.

3.1. Total Errors in the Transmission Ratio

As was shown in the previous section, it can be seen that the transmission ratio can be expressed
as a function of the geometry and angular positioning of the links of the four-bar mechanism,
therefore it is sensitive to positional errors and dimensional manufacturing tolerances.

In this section, we shall calculate the total differential of the equations (17) and (18) with respect
to angular positioning and geometric parameters, in order to determine the total error in the
transmission ratios, according to the next formulas:

Si Si Si Si Si
Si — Q21 4 Olax | Olag 4 Olzz , Ol2a 19
21Total 51y 8l 8l, 86, 86, ° (%)
_ Sigy | B8izy | Oigy | Sizy | Oi
5i _ Siz 31 31 31 31 20
31rotal 514 Sl + Sly + 86, + 865 ° 20
where
Sizg
Sly

[lz Sin(61—92)—l4 Sin(61)] [lllz Sin(61—92)+12 l4 Sin(ez)]—[lz Sin(61—92)] [lllz Sin(61—02)—lll4 Sin(@l)] 5[
[lllz Sin(91—92)+lzl4 Sin(92)]2 1>
61:21

5,

[11 Sin(el—ez)] [lllz Sin(91—92)+lz l4, Sin(92)]—[11 Sin(91—92)+l4 Sin(ez)] [lllz Sin(91—92)—lll4 Sin(@l) 61
[lllz Sin(91—92)+lz l4 Sin(ez)]z 2>

Siz1 _ [—11sin(81)][l11; sin(81—62)+1zl4 sin(02)]—[I2 sin(02)][l1 12 sin(61—62)—11 Ly sin(61)] S5l
4 >

8l4 - [lllz Sin(61—92)+lzl4 Sin(GZ)]Z
6':21
56,
[lllZ COS(91—92)—1114 COS(Gl)] [lllz Sin(91—92)+lz l4 Sin(ez)]—[lllz COS(91—92)] [lllz Sin(91_92)—lll4 Sin(@l)

]
[lllz Sin(91—92)+lzl4 Sin(ez)]z 691

9
56,

[—lllz Cos(91—92)][lllz Sin(91—62)+lzl4 Sin(ez)]—[—lllz COS(91—92)+1214 COS(ez)] [lllz Sin(91—92)—lll4 Sin(91)]
[1112 Sin(91_92)+12 l4 Sin(GZ)]z

56,

5

61:31 _
sl

[l3 Sin(91—93)+l4 Sin(@l)] [1113 Sin(91—93)+l3l4 Sin(93)]—[l3 Sin(91—93)] [1113 Sin(91—93)+lll4 Sin(@l)]
. . 6l1 ’
[1113 Sln(91—93)+l3l4 Sln(93)]2
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61:31 _

5l

[ll Sin(91—93)] [1113 Sin(91—93)+l3l4 Sin(93)]—[ll Sin(91—93)+l4 Sin(93)] [1113 Sin(91—93)+lll4 Sin(@l)
: : 6ls
[1113 Sln(91—93)+l3l4 Sln(93)]2

6':31 — [ll sin(Gl)][lll3 Sin(91—93)+l3l4 Sin(03)]—[l3 Sin(63)][lll3 Sin(91—93)+11l4 Sin(91)] 6[
814, [1113 Sin(91—93)+lgl4 Sin(93)]2 4>
6i31 _

50,

[1113 COS(91—63)+1114 COS(G]_)] [1113 Sin(91—93)+l3l4 Sin(93)]—[lll3 COS(91—63)] [lllg Sin(91—93)+l114 Sin(91)]
[1113 Sin(91—93)+l3l4 Sin(93)]2

56,

b

6':31

565

[—lll3 COS(91—93)][lll3 Sin(91—93)+l3l4 Sin(93)]—[—lll3 COS(91_93)+I314 COS(93)] [1113 Sin(91—93)+lll4 Sin(91)
[1113 Sin(61—93)+l3l4 Sin(93)]2

Is0,

If in the previous expressions we substitute the positioning errors 602 and 60, defined in the
equations (11) and (12). The formulas (19) and (20) can be rewritten in function on the dimensional
tolerances 611, 612, 613, 612 and 661 as:

Sig1pyey = 1,0l + A, 8Ly + A, 81y + 21,81, + 19,66, 1)
013170 = V1,00 + 11,00 +v1,6l3 + 7,60, + 75,60, , (22)
where
2 = 131, 5in(8,—0,) sin(6,)—1,1% sin(8;) sin(85)
ll - [lllz Sin(91—92)+lzl4 Sin(92)]2

[—l%lzl4 sin(@1) cos(81—6,)+111,1% sin(6;) cos(62) 11131, sin(61)] [ cos(65—6,) ]
[lllz Sin(91—92)+lzl4 Sin(92)]2 lz Sin(92—93) i

121, sin(01-6,) sin(0,)+1, 1% sin(0;) sin(6,)

A
12 [1112 Sin(91_92)+1214 Sin(gz)]z

[—l%lzl4 sin(64) cos(81—02)+111,1% sin(8;) cos(B,) 1151, sin(Gl)] [ cos(65—065) ]
[1112 Sin(91_92)+12 l4 Sin(gz)]z 12 Sin(92—93) >

/Ilz

3
I:—l% lz l4 Sin(@l) COS(91—92)+111212 Sin(91) COS(Gz)_lll§ l4_ Sin(el)] [ -1 ]
[lllz Sin(91—92)+lzl4 Sin(92)]2 lz Sin(92—63) >

4 o= [1512 sin(0,-8,) sin(6,)+1413 sin(8;—65) sin(8,)
l4’ - [lllz Sin(91—92)+lzl4 Sin(92)]2

[—1%1214 sin(@;) cos(81—65)+111,1% sin(6;) cos(62)—11131, sin(Gl)] [ —cos(63) ]
[lllz Sin(61—92)+lzl4 Sin(ez)]z 12 Sin(92—93) i

_ lll% l4, Sin(92) COS(91—62)—111212 Sin(ez) COS(91)+1%1214 Sin(ez) +

A
91 [lllz Sin(91—92)+lzl4 Sin(GZ)]z

I:—l%lzl‘l, Sin(91) COS(91—62)+111212 Sin(@l) COS(ez)—lll%l‘L Sin(@l)] [_ll sin(91—93)]
[lllz Sin(91—92)+lzl4 Sin(GZ)]z 12 Sin(92 _93)

b
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__ 131, 5in(6,-63) sin(63)+1315 sin(;) sin(63)
yll - [lllg Sin(91—63)+lgl4 Sin(63)]2

[1%1314 sin(@;) cos(8,—03)—11151% sin(6;) cos(03)—11131, sin(Gl)] [ cos(6,-6,) ]
[lllg Sin(91—93)+lgl4 Sin(63)]2 l3 Sin(92—93)

Vi, =

[1%1314 sin(8;) cos(8,—03)—11131% sin(8;) cos(83) 14131, 51n(91)] [
[1113 Sin(91—93)+l3l4 Sin(93)]2

I3 sm(92 93)]

_ [1114 sin(f,—03) sin(0,)+111% sin(6;) sm(93)] n
)/13 - [11l3 Sln(61 63)+l3 l4_ Sln(63)

“@1314 sin(0y) cos(0;—03) L1 1312 sin(8;) cos(6s)—1; 21, sin(91)] [— cos(62—93)]l

[1113 Sin(91_93)+l3l4 Sin(93)]2 13 Sin(92—93)

__ 12135in(81-63) sin(61)—1; 15 sin(0;—63) sin(83)
)/14' - [1113 Sin(91—93)+l3l4 Sin(93)]2

[[1%1314 sin(@1) cos(8,—603)—11151% sin(6;) cos(03)—11 131, sin(Gl)] [ —cos(65) ]l

[lllg Sin(91—93)+lgl4 Sin(63)]2 l3 Sin(92—93)

11121, sin(63) cos(61—63)+141312 sin(f3) cos(8,)—1215l, sm(63)
[1113 Sln(91 93)+l3l4 Sln(eg)]

Yo, =

[l%l3l4 Sin(61) COS(61—63)—I11312 Sin(91) COS(93)—lll§l4 Sin(61)] [—l1 Sin(61—62)]
[1113 Sin(91—93)+l3l4 Sin(93)]2 l3 Sin(92—93)

According to the expressions (21) and (22), let us formally write the total errors of the
transmission ratios i2: and i1 in matrix form, conveniently defined as:

Sl
6 7 612
lleotal I:/lll ﬂ’lz /113 /114_ /161 613 (23)
6"31Total yll lz l3 )/l4 )/91 61
4
56,
Finally, the real transmission ratios can be approximated by:
iz 1Real = i21 + 6i21Total ? (24)
i31Real = i31 + 6’:31Total ' (25)

4. Study cases

4.1. Parallelogram Four-Bar Linkage

Let us apply the derived formulas (17) and (18) for calculating the theoretical transmission ratios
of a four-bar mechanism in parallelogram configuration (Special-Case Grashof linkage). The Grashof
condition for a four-bar linkage is satisfied if S+L < P+Q; where S is the shortest link, L is the longest,
P and Q are the other links; this implies that at least one bar of the mechanism will be able to realize
complete turns.

In this first case study, the nominal measurements of the elements (between hole centres) of the
mechanism satisfy the conditions: Li=lz=25mm and L=l=250mm (S+L=P+Q). Specifically, we will
present our results using the category of mechanism with change point, this category implies that
during the movement in a determined position all the bars of the mechanism are collinear, therefore,
the follower link can change its direction of rotation (two times per revolution of the input crank),
see Figure 3. Consequently, the mechanism adopts the open configuration double-crank (the rotation
angles of the cranks I and s are identical) and the crossed configuration crank-rocker. Notice that in
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the collinearity positions the movement of the mechanism becomes indeterminate and it can become
an antiparallelogram mechanism, in practice the movement must be limited to avoid these positions.

Figure 3. Category of four-bar mechanism with change point (S+L=P+Q).

The theoretical transmission ratios i; and i3; are shown in the Figure 4, for open and crossed
configuration. The results of our modeling show for the case of the transmission ratio i,; (Figure
4a), that at the beginning of the movement from an open configuration (dotted blue line), that is, in
the range 0°<0:1<7, the angles of rotation of the cranks I1 and I; will be identical and consequently all
the points of the connecting rod 2 will describe a semicircle of radius equal to the length of I, which
implies that both its angular displacement and velocity are zero, therefore i,;= 0. Subsequently, in
the position O:1=7, the four links are collinear and the mechanism undergoes the change point
condition and begins the crossed configuration (antiparallelogram), in that second range (7 <61<27)
the cranks I1 and I5 rotate in opposite directions with unequal angular velocities, therefore, the link /2
experiences an increase in its angular displacement and hence acquires angular velocity, in that
interval, the graph shows a inflection point and a curvilinear variation in the transmission ratio with
a decay towards negative values which is due to the fact that when 0:1=275° the link Iz inverts the
direction of rotation and its angular displacement begins to decrease until again all the links align
(601=27). Regarding the transmission ratio i3, (Figure 4b), analyzing the solution in the range 0°<
01<7, when the movement of the mechanism begins from an open configuration (dotted blue line), as
mentioned before, both the links /1 and /s have the same angles of rotation and consequently the same
angular velocities, this leads to i3;=1. An inflection point is clearly observed in 0:=7, in which the
articulated parallelogram switch to a crossed configuration, in the interval 7 <6:<27x the cranks I1 y
Is rotate with unequal angular speeds and in the opposite direction, therefore the plot shows a
descending curvilinear behavior with a negative solution (the minus sign indicates that the direction
of rotation is inverted). The solid black line shown in the figures 4(a)-(b), indicates the transmission
ratios i,; and i3; when the parallelogram four-bar initiates the movement from a crossed
configuration and whose behavior obeys to the previous explanations.

On the other hand, we demonstrate the efficiency of the method proposed here, by comparing
the transmission ratio i3; with that calculated by the analytical approach through the Kutzbach—
Gruebler equation described in Ref. [24]. The result obtained there, show good agreement whit our
theory.
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Figure 4. Theoretical transmission ratios i,; (a) and i3; (b)in open and crossed configuration.

Besides, we also calculated the influence coefficients y; for the same parallelogram

configuration. The Figure 5 exhibits the coefficients y;, numerically-calculated and agree with the

criteria for analyzing the sensitivities of the transmission ratio i3; predicted by Rothenhofer et al.
[24] (singularities exist at 0° and 180°). These coefficients, as well as the coefficients 4;, are in function

of the input angle and of each one of the lengths of the links, and can present positive or negative

solutions in the open and crossed configuration ranges with a symmetrical behavior in both

configurations, whose change point occurs at 0=z Their units are

——— and determine the
unit length

susceptibility in the calculation of the total errors of the transmission ratios 8iz1,,,,, and 8izy,,,...s

for the case when the magnitudes of 61, 61z, 013, 0ls and 66 are not zero (see Eq. (23)).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

d0i:10.20944/preprints202509.1595.v1


https://doi.org/10.20944/preprints202509.1595.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 19 September 2025

0.08
0.06

-0.12
0

1 1 1
120 180 240
Input angle (deg)
(c)

L
300 360

d0i:10.20944/preprints202509.1595.v1

13 of 21

0.04
0.02 B
‘s 000 1 ’g
E -0.02 1 =
= =
= .0.04 PN 1 =
N - N .
- N
-0.06 7 N g
—— N -0.04
-0.08 - - - - Open configuration AN - - - - Open conliguration
-0.10 Cross configuration AN J Cross configuration
L | | | L -0.06 I " I I n 1 L
60 120 180 240 300 360 0 60 120 180 240 300 360
Input angle (deg) Input angle (deg)
(a) (b)
T T T T
0.08 re A T T T T T
\ﬂ S L
.
N ,
004 | RRREES .
/g 0.00 B —_—
E g
= =
.. 004 . =
= L RN =
o= L N =
. N
-0.08 -1
- - - - Open configuration - - - - Open configuration
Cross configuration 5 . .
L Cross conliguration
-0.06 L L 1 i L

120 180 240
Input angle (deg)
(d

300 360

Figure 5. Influence Coefficients y; (a), y,(b), v;,(c) and y,,(d).

4.2. Variations in the Link Lengths Due to Dimensional Tolerances

The most demonstrative case is the study of the real transmission ratios by solving numerically
the equations (24) and (25). Within the formalism described in previous subsections and according to
ISO 286-2:2010 standard, we can assign three qualities (amplitudes) of tolerances (e.g. ITO1-
ultraprecise, IT9-medium and IT18-very coarse) to the nominal measurement of the links of the
mechanism. The Table 1 shows the amplitudes of the ISO tolerances for 0l1, 6!z, 63 and 0l as a function
of the nominal measurements of the links (l:==5=25mm and [-=1:=250mm). According to the Grashof
law, in this type of mechanism the input angular coordinate ranges from 0 to 360 °, therefore its
positioning error will be zero (06:=0).

Table 1. Dimensional tolerances depending on the nominal measurement of the links and the quality index.

Quality (Grade) of Tolerance

Dimensional Tolerance

IT01 (mm) IT9 (mm) IT18 (mm)
ol 0.0006 0.052 3.3
ol 0.002 0.115 7.2
ols 0.0006 0.052 3.3
Ola 0.002 0.115 7.2

We shall analyze the cases when the position of the tolerance zone with respect to the nominal
measurement (Zero Line) is located above and below it (for practicality, the fundamental deviation
criterion will not be considered). This means that the dimensional tolerances will be added or
subtracted to the magnitude of the nominal measurements of the links (bilateral tolerances). To
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illustrate our results, in this section we present a comprehensive analysis of results for the particular
case of the IT18 tolerance grade. Now, we should take into account that the articulated parallelogram
mechanism in its theoretical design has only two different nominal measurements for its links, but
considering the fact of adding or subtracting the tolerance, the final magnitude of the length of each
link will have two variants. Therefore, sixteen different articulated four-bar mechanisms can be
designed that are obtained from variations with repetition of two different measurements per link
taken four at a time, that is 2¢ = 16 different designs. For a clearer idea, Table 2 shows the sign of the
dimensional tolerances applied and type of Grashof condition for each articulated mechanism design.

Table 2. Sign of the dimensional tolerances and Grashof condition for the 16 designs of articulated

mechanisms.
Design number Sign of Dimensional Tolerances Grashof condition
1 -ol; -0l> -0l3 -0ly S+L=P+Q
2 -0l -0l2 -0l3 oly Non-Grashof
3 -0l -0l2 ols -0l4 S+L<P+Q
4 -oli -0l2 ols ols Non-Grashof
5 -oli ol2 -0l3 -0l4 Non-Grashof
6 -ol1 ol -0l3 oly S+L=P+Q
7 -0li olz ols -0ly Non-Grashof
8 -0l ol ols oly S+L<P+Q
9 ol -0lz -0l3 -0ly Non-Grashof
10 ol -olz -0l3 ol Non-Grashof
11 ol -0l ols -0ly S+L=P+Q
12 ol -olz ols ol Non-Grashof
13 ol ol -0l3 -0ly Non-Grashof
14 ol ol -0l3 oly Non-Grashof
15 ol ol ol3 -0ly Non-Grashof
16 ol ol ol3 oly S+L=P+Q

The figures 6 and 7 show, respectively, the theoretical transmission ratios i; and iz; in open

configuration compared versus the real transmission ratios i and i , for Grashof
21Rea 31Real

L
mechanisms articulated parallelogram-type and of continuous motion with different degrees of
tolerance. As it is seen, the figures 6(a)-(b) correspond to mechanisms that satisfy the condition
S+L=P+Q and adjust to the discussion presented in section 4.1. Due to the change in the nominal
measurements of the links, a change in the inclination of the slope is noticeable in the characteristic
curves of the real transmission ratio with respect to the theoretical curve, both in the region of positive
and negative values, being more pronounced in the case of designs when the dimensional tolerances
increase the final size of the mechanism, note that all curves coincide in the change from positive to
negative values at the same inflection point at 8:1=275°.

Now, in figures 7(a)-(b) a comparison is realized between the theoretical transmission ratios
versus the real transmission ratios for two types of mechanism designs that depending on the
dimensional tolerances applied to the nominal measurements, form the configuration Crank (l1)-
Connecting rod (I2)-Rocker (I3), satisfying the condition S+L<P+Q. Based on the above, the graphs of
the transmission ratios ideal theoretical and real do not show any similarity between them. The

behavior of the curve for i,,,,,, shown in Figure 7(a), makes evident the translation movement of

L
the connecting rod, in the range of 0°<0:<210° the slope shows a slight decrease, later from
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210°<B:1=2 7, the change in the inclination of the slope is pronounced, in addition two inflection points
are observed for the change from positive to negative values at 0:=95° and 0:=275°. On the other
hand, Figure 7(b) shows the curve for i3y, , and it has a well-defined crest and trough behavior,
demonstrating that this link does not have the capacity for complete rotation, this component
connected to the base can only oscillate (rocker), there is an inflection point of change from positive
to negative values at 01=7. As already mentioned in the previous section, for all the cases presented,
the crossed configuration has a graphic mirrored- symmetrical behavior with respect to figures 6 and
7, whose explanation can be discussed in a similar way. Furthermore, the change from positive to
negative values (or vice versa) in the evolution of the graphs indicates when the link invests its
angular displacement.

0.3 y T T T T T T T T T
02
=
o) 01 +
kS
=
g§ o0
7
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g 01
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B 02 L Design number 1
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Figure 6. Theoretical transmission ratios i,; (a) and i3; (b) in open configuration compared versus the real
transmission ratios iy, and i3y, , of designs with dimensional tolerances that satisfy the condition

S+L=P+Q (Grashof Mechanisms-Articulated Parallelogram).
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Figure 7. Theoretical transmission ratios i,; (a) and i3; (b) in open configuration compared versus the real
transmission ratios iy, and i3y, , of designs with dimensional tolerances that satisfy the condition

S+L<P+Q (Grashof Mechanisms-Continuous Movement).

Finally, the scope and utility of our analytical formalism extends to those linkages that do not
have a continuous motion between them, known as non-Grashof mechanisms and satisfying the
inequality S+L>P+Q. For our case of study, by modifying the nominal measurements of its
components with the IT18 tolerance grade, ten mechanisms of this class are obtained. Since none of
its three moving links realize a complete revolution with respect to the reference plane, they are
always in oscillatory motion, this type of mechanisms are also called triple rocker. Therefore, one of
the main objectives is to find out the interval of permissible limit positions of the input link.

Within this framework, the figures 8 and 9 illustrate, respectively, the real transmission ratios
21geq; @Nd i314,,,, as well as the angular position range 0: corresponding to the permitted
movements. Additionally, they also provide the angular ranges of the blocking positions.

It is important to emphasize, that the behavior of the graphs must be carefully analyzed as
follows: i) Here, we can identify vertical lines located on the horizontal axis at i, ,(0or i31,,,,)=0,
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when they intersect perpendicularly with those lines that coincide on this same axis (in some cases a
slight deviation can be noticed due to precision errors in the numerical calculations), the value
intervals of 01 that define the blocking of the mechanism are specified, ii) On the other hand, we can
notice that these same vertical lines can be directed towards positive or negative values ( as has been
highlighted throughout this document, the above indicates the inversion of the direction of rotation
of the link), and they are connected to each other end to end by means of a curve that indicates the
transmission ratio of the angular interval of the allowed movement positions of the articulated
assembly.

0 60 120 180 240 300 360
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Figure 8. Real transmission ratio i,4, , (and angular position range) of the permitted movements and intervals
of the locking positions of designs with dimensional tolerances that satisfy the condition S+L>P+Q (Non-Grashof

mechanisms), see panels (a) and (b).
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Figure 9. Real transmission ratio i3q,,,, (and angular position range) of the permitted movements and intervals
of the locking positions of designs with dimensional tolerances that satisfy the condition S+L>P+Q (Non-Grashof

mechanisms), see panels (a) and (b).

In what follows, for a better understanding of the analysis strategy indicated for the transmission
ratios graphs illustrated in figures 8 and 9, Table 3 shows for the ten non-Grashof mechanism designs
presented in this work, the ranges of the input angle 0: for the allowed movements and the blocking
of these articulated kinematic assemblies.

Table 3. Input angle intervals that define allowed movements and blocking positions.

Input angle interval 6

Design number

Allowed movements Blocking positions
0<6:<107° and 253°<6:<360° 108°<6:=252°
0°<6:<128° and 232°<6:<360° 129°<6:1=231°
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68°<0:<292° 0°<6:67° and 293°<6:<360°
49°<6:311° 0°<6:48° and 312°<6:<360°

9 38°<6:<137° and 223°<61<322° 0<6:37°,138°<6:<222° and 323°<6:<360°
10 0<6:<101° and 259°<6:<360° 102°<6:<258°

12 0<6:<116° and 244°<6:<360° 117°<6:1=243°

13 72°<61<288° 0<6:<71° and 289°<6.<360°

14 38°<6:<138° and 222°<61<322°  0°<6:<37°, 139°<61<221° and 323°<6:<360°
15 58°<6:302° 0°<6:157° and 303°<6:<360°

The results obtained demonstrate that the assignment of IT precision grades does not necessarily
improve the performance of the mechanism. Some configurations satisfying the Grashoff condition
deviate considerably from the ideal theoretical value of an articulated parallelogram. Furthermore,
there are also cases where the increase of the bilateral tolerances leads to the Grashoff relation not
being fulfilled. This complete characterization of the efficiency of the transmission ratios proposes
the present methodology as a useful option for assigning the most appropriate IT precision grade for
each nominal dimension of the links, with the purpose of reducing design errors and obtaining a
better efficiency. Another notable feature of our approach lies in the separate calculation of the
positional errors and transmission ratios, as well as the influence coefficients themselves.

5. Conclusions

The principal objective of this paper consisted in present an analytical and numerical
methodology using the formulation of partial derivatives, for the estimation of real transmission
ratios in 4-bar mechanisms, considering the influence of bilateral tolerances in the dimensions of their
links. This formulation, as a first step, allowed us to predict for any angular position of the input
element of the mechanism, the positional errors of the output links in function of the manufacturing
tolerances of their functional dimensions and the positioning error of the input link itself.
Subsequently, the errors of the transmission ratios were deduced, which demonstrated a dependence
with the positional errors of the output elements, the sum of these errors with the theoretical ratio
provided the real ratio of the mechanism. Our analytical approach allowed us to define an incidence
matrix, formed by variable coefficients with the input coordinate that indicate the relative importance
that has each geometric parameter of the mechanism in the positioning error at the output.

On the other hand, the numerical solution of the influence coefficients (relative influence that
the dimensional tolerances have on the positioning error of the output links) and the theoretical
transmission ratio i34, for an illustrative case of mechanism type articulated parallelogram, were
validated through the analytical theory of Rothenhofer et al., where the only possible transmission
ratio has a value of 1.

As mentioned in the previous sections, for common mechanical operating conditions, IT grades
are used to assign bilateral tolerances to the dimensional parameters of a system, as specified in ISO
286-2 norm. Considering the same case study of articulated parallelogram, an IT18 tolerance grade
was assigned. Our numerical calculations show that, as a result of the variations in the links lengths
due to dimensional tolerances, when the articulated parallelogram condition is not met, the real
transmission ratios of the mechanism deviate substantially from their ideal theoretical value (i.e. 1
for the case of i3,). It is even evident that such small changes in the lengths of its components in some
cases cause unacceptable instantaneous variations in the transmission ratio (the Grashoff relation is
no longer fulfilled).

It is important to highlight that the graphical representations of the real transmission ratios
obtained by our approach allow us to characterize the efficiency of designs that meet the Grashoff
condition, and beyond, define the permitted and blocking motion ranges for those designs that do
not satisfy this condition. We can establish that we have a method that provides a complete overview
for assigning a rational combination of dimensional tolerances for any degree of IT accuracy, with
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the goal of reducing the errors in the designs and achieving a better efficiency in the transmission
ratio in 4-bar mechanisms.

To date, there are no reports in the classical and specialized literature in the area of synthesis
and analysis of mechanisms that, unlike our theoretical formalism, provide expressions that
independently calculate the errors in the transmission ratios and positional, as well as influence
coefficients. Therefore, a future scope may lie in studying how the magnitudes and signs of the
aforementioned parameters allow to assign the most appropriate IT precision degree for each
nominal dimension, in order to obtain motion and precision conditions that translate into efficient
transmission ratios.
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