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Abstract: Given a quasi-definite linear functional u in the linear space of polynomials with
complex coefficients let us consider the corresponding sequence of monic orthogonal polynomials
(SMOP in short) (P,),>0. For the Christoffel transformation @ = (x — ¢)u with SMOP (P,) >0,
we are interested to study the relation between u and 1:(1/), where u(V) is the linear functional for
the associated orthogonal polynomials of the first kind (Pf,l)),,zo and u = (x —c)u® is its
Christoffel transformation. This problem is also studied for the Geronimus transformations.
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1. Introduction and preliminaries

Let u be a complex-valued linear functional defined on the linear space of polynomi-
als with complex coefficients P, i.e. u: P — C, p(x) — (u, p(x)). The linear functional
u is said to be quasi-definite (respectively, positive definite) if every leading principal
submatrix of the Hankel matrix H = (u; j)f;:() is nonsingular (respectively, positive-

definite) where, by definition, uj =: <u, xk>, k € N. In this case, there exists a sequence

of monic polynomials (Py,),>0 such that degP, = n and (u, P, (x)Py(x)) = Knpm,
where ,, , is the Kronecker symbol and K;, # 0 (see [12]). The sequence (Py),>0 is said
to be the sequence of monic orthogonal polynomials (SMOP) with respect to u.

Definition 1. Let u be a linear functional and q(x) a polynomial. Then the linear functionals
g(x)uand (x — c¢) "™ u are defined, respectively, as

and

p) = B~ (r=o)f
{((x=c)"u,p(x)) = <u, _(x—c)m >, peP,
where D denotes the usual derivative operator.

The derivative u’ of a linear functional u is the linear functional defined as

(W', p(x)) = —(u, p'(x)).

Some times we also use the notation Du to denote the derivative of u.
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Definition 2. Given the linear application 6. : P — P defined by 0.p(x) = w we

introduce the linear functional

(6cu, p(x)) = (u,0cp(x)).

From the above Definition we get

((x =) ", p(x)) = (w,6¢'p(x)),
understanding that 07 p(x) = 6.(6" p(x)).

Definition 3. Let u be a linear functional and p(x) = Y, axx* be a polynomial, then we
define the polynomial (u x p)(x) as

us g ) myp N Ny, )k
(e p)x) =y, HEL ) k_zo@ nk>x

Here u, means that the linear functional u acts on the variable y.

Definition 4 ([29]). The product of two linear functionals w and v is defined from their moments
as follows

(uv), = (uv,x Z wv,_r, n>0.

The above product is commutative, associative and distributive with respect to the sum of linear
functionals.

Let c be a complex number and let §, be the linear functional defined by
(6, x") =c", neN

Notice that for any linear functional u, udy = u. Moreover, if the first moment of u
is nonzero, then there exists a unique linear functional u~! such that uu=! = ;. The
moments of u~! are defined recursively by

1 n—1

(u_l)n = *ufo kzoun—k(u_l)k/ n>1, (u_l)o = uo_l-

Proposition 1 ([29]). Let u,v be linear functionals and p(x) and q(x) polynomials. The
following properties hold.

i) <uV/ p(x)) = (v, (wx p)(x)).

ii) ( )( ) = 4(x)0cp(x) + p(c) (0cq(x)).
i)  p?(x)u? = (pu)® + 2xp(x) (u Oop) (x)u.
iv) P(x)( v) = (p(x)v)u+x(v*6op)(x)u.

From Favard’s Theorem [12] we know that there exists a unique quasi-definite
linear functional u, with (P,),> its corresponding SMOP, if and only if there exist two
sequences of complex numbers (a,),>1 and (b, ),>0, with a, # 0,n > 1, such that

x Py(x) = Pyy1(x) + by Py(x) +an Py_1(x), n>0,
0

Py(x) =0, Bo(x)=1 @
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The above recurrence relation can be expressed in matrix form as follows. If P =
(P, Py,---) ", then xP = JP, where AT denotes the transposed of the matrix A and ] is
the following tridiagonal semi-infinite matrix (monic Jacobi matrix, see [12])

by 1
a bl 1
I= ay by

Definition 5. For k € N we define the associated polynomials of the k-th kind, (P,gk) )u>0, (also
called k-th associated polynomials, see [12]) as the sequence of monic polynomials satisfying the
recurrence relation

P () = PY () + b, 1 P () + 2, PP, (), >0,

PHx) =0, PP(x)=1.

This means that a shift is introduced in the coefficients of the three term recurrence relation (1).

According to Favard’s Theorem, there exists a quasi-definite linear functional u'), called the
(k)

k-associated transformation of w, such that (P, ), >0 is its corresponding SMOP.

There is a direct representation of such polynomials as (see [6,31])

Pn(x)_Pn(]/)>, 0>k
xX—y -

o = 12><Pk1(]/)uyr

(
P, (x) =
n—k <urpk71

Since (Py(x)),>0 and (Py(ll_)1 (x))n>0 are two linearly independent solutions of the
difference equation [31]
XWy = Wy + bpwy +aywy,_1, n>1,

every solution of the above equation can be represented as a linear combination of
(Pu(x))n>0 and (P(l) (x))n>0- In particular (see [24,31])

n—1
PY (x) = A(x, k) Pu(x) + B(x, )P, (x), n>k, )
where )
P
Al k) = — 220 g g gy = Pl
m=1%m m—14m

Definition 6. Let (Py),>0 be a SMOP with respect to u satisfying the recurrence relation (1).
The sequence of monic polynomials (P, (x; ®)),>0 is said to be co-recursive of parameter « with
respect to the linear functional w, if they also satisfy (1) but with initial conditions Py(x;a) = 1
and Py (x; ) = Py(x) — a. Notice that

Py(x;0) = Py(x) — ocP;Sl_)l (x), n>0.

For co-recursive polynomials P, (x, «) the following three-term recurrence relation
holds
X Py(x;00) = Pyyq(x50) + by Py (x;00) +ay Pyq(x;00), n>1,

x Py(x;a) = Pr(x;a) + (bg + &) Po(x; ). ©)
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Definition 7. Given a quasi-definite linear functional u, we can define the formal series

()

u
S“(Z) = Z Zn:l'
n=0

It is said to be the Stieltjes function associated with u.

Definition 8 ([33]). Let U be a quasi-definite linear functional and S(z) its Stieltjes function.
u is said to be a rational spectral transformed of u if there exist polynomials A(z), B(z), C(z)
and D(z) such that
~ A(z)Su(z) + B(2)
S(z) = .
C(2)Su(z) + D(2)
The above mapping between two linear functionals is called rational spectral transformation. In

particular if C(z) = 0, then U is said to be a linear spectral transformed of the linear functional u.
In such a case the mapping between two linear functionals is called linear spectral transformation.

Theorem 1([2,12,16,27,29]). Let Su(z), Sy-1(2), S, ) (z) and Sy« (z) be the Stieltjes functions
associated with u, u=', uY) and u®, respectively. Then the following relations hold

i)
Su(2)S,-1(2) = 1/2%

ii)

wou? NGO

Su(l) (Z) = —Tozzsuq (Z) + ;T(Z - bo)

iif)

— up o l

Sua (Z) W + msu—l (Z) — Z2.
iv)
Su(2) = - @
(z—bo) — ﬁsuu) (2)
Uy

Moreover, from the above equations we can deduce the following relations between the correspond-
ing linear functionals.

u(l)uo u® a -1
u(l) o _Oixzu_l’ ulX = —0 (u_l + (5’0) . (5)
a up

The analysis of perturbations of linear functionals constitutes an interesting topic
in the theory of orthogonal polynomials on the real line (scalar OPRL) ([9,10,14,15,33]
and references therein). Among the perturbations of linear functionals, spectral linear
perturbations have attracted the interest of researchers (see [33]). Such perturbations are
generated by two particular families, the so called Christoffel and Geronimus transfor-
mations.

Christoffel perturbations, that appear when considering orthogonality with respect
to a new linear functional u = p(x)u, where p(x) is a polynomial, were studied in
1858 by E. B. Christoffel (see [13]) when u is the linear functional associated with the
Lebesgue measure du supported on the interval (—1,1) and dji(x) = p(x)du(x), with
p(x) = (x —q1)--- (x — gN), a signed polynomial in the support of dyu. Connection
formulas between the corresponding SMOP are obtained therein. The location of their
zeros as nodes of the quadrature rules is also deduced. More recently, from a numerical
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point of view in [23] the authors focus the attention on the sensitivity of Gauss—Christoffel
quadrature with respect to small perturbations of the probability measure. On the
other hand, the relations between the coefficients of the three term recurrence relations
of the corresponding SMOP have been extensively studied, see [17], as well as the
relation between the Jacobi matrices in the framework of the so-called discrete Darboux
transformations. They are based on the LU factorization of such matrices (see [9] and
[32], among others).

Notice that the zeros of orthogonal polynomials with respect to the canonical
Christoffel transformation (the perturbation by a linear polynomial) of a nontrivial
probability measure) are the nodes in the Gauss-Radau quadrature formula. In the case
of a perturbation of the measure by a positive quadratic polynomial on the support of
the measure, the zeros of the corresponding orthogonal polynomials are the nodes of the
Gauss-Lobatto quadrature rule (see [19]).

Geronimus transformations appear when you deal with perturbed functionals u
defined by p(x)u = u, where p(x) is a polynomial and u is a quasi-definite linear
functional. Such a kind of transformations were used by J. L. Geronimus (see [20]), in
order to provide an alternative proof of a result given by W. Hahn [22] concerning to
the characterization of classical orthogonal polynomials (Hermite, Laguerre, Jacobi and
Bessel) as the unique families of orthogonal polynomials whose first derivatives are also
orthogonal polynomials. Examples of such transformations have been done by P. Maroni
[28] for a perturbation of the type p(x) = x — c¢. Examples for the quadratic and cubic
case can be found in [3,5,11] and [30], respectively.

Next, we will point out the goals of our contribution. In [16] we study the following
problem:

Problem 1. (Figure 1) Let u be a quasi-definite functional and let i = (x — c)uand (x —c)u =
u be the canonical Christoffel and Geronimus transformation of u, respectively. What is the
relation between uV) and u) (resp. @1))? There, V) (resp. @) is the associated linear
functional of the first kind of u (resp. 0).

Associated
transformation ( 1 )

— u

c

Darboux
transformation

%
¢=--

=3
EZ\

Figure 1. Structure of Problem 1.

To give a solution of the above problem we use the LU and UL factorization of the
monic Jacobi matrix associated with u, as well as the co-recursive polynomials.

In the present contribution we are interested to study the following problem.

Problem 2. (Figure 2) Let u be a quasi-definite functional and let u = (x — c)uand (x —c)u =
u be the canonical Christoffel and Geronimus transformation of u, respectively. What is the

relation between @ and u(l) ( resp u)? There u® (resp. u) is the Christoffel (resp.
Geronimus) transformation of u).

With this in mind the structure of the manuscript is as follows. In Section 2, for
the Christoffel transformation we study the connection between the linear functionals u
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Figure 2. Structure of Problem 2.

and u(1). As consequence, we deduce the relation between the corresponding Stieltjes
functions as well as the sequences of monic orthogonal polynomials. In a second step,
we study the same problem when the Geronimus transformation is considered, i. e.

the relation between @ and u(!). In Section 3, we analyze a general family of linear
functionals (the so called Laguerre-Hahn) whose Stieltjes function satisfies a Riccati
equation. Once we introduce the definition of the class of such a linear functional,
we study the class of a Laguerre-Hahn linear functional when either a Christoffel or a
Geronimus transformation is implemented. Finally, an illustrative example about the
above questions is discussed.

2. Darboux transformation and associated polynomials of the first kind.
2.1. Christoffel transformation and its associated polynomials of first kind

Let u be a quasi-definite linear functional and let (P, (x));,>o be its corresponding
SMORP. If ¢ is a complex number, the linear functional u = (x — ¢)u is said to be the
Christoffel transformation of the functional u. Let assume that u is also quasi-definite
(this fact is equivalent to P, (c) # 0 for all n € N) and let (P,), >0 be its SMOP. It is well
known that (P,),>0 and (Py),> are related by

Pn+1(c)
Py (c)

We have the following relation between their Jacobi matrices

(x =€) Pu(x) = Pyya(x) —

Py(x), n>0.

Theorem 2 ([9,32]). Let [ and | be the Jacobi matrices associated with u and 6 = (x—0c)u,
respectively. If P,(c) # 0, for all n € N, then | — cI has an LU factorization, i.e.,

1 Po 1
o1 pr 1
J—cl:=LU:= 01 By . ,

where L is a lower bidiagonal matrix with 1's in the main diagonal and U is a upper bidiagonal
matrix with B, = —Py11(c)/Pa(c).

bn_cz&l"‘ﬁnz bO_C:,BO/
an :gnﬁn—ll n = 1,2

Moreover, T— cI = UL, where

En_czen-i-l"'ﬁn/ n=012
ﬁnzgnﬁnr Y
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Proposition 2 ([33]). Let Sy(z) and Sg(z) be the Stieltjes functions associated with u and u,
respectively. Then Sg(z) is a linear spectral transformation of Sy (z). Indeed, the moments of U
and u satisfy the following relation

Uy = (W x") = (u, (x —c)x") = wyqq —cup.
From here,

Su(z) = (z—¢) Su(z) — uo. )

Since u is a quasi-definite linear functional, then u(!) is quasi-definite, Let (P, (x)),>0
be the SMOP with respect to u, and assume that P,(c) # 0 for every n € N. We are

interested to analyze the relation between the linear functionals @ and u(!) given by

u) := (x — c)uM) and @ := (x — ¢)u, respectively.

Proposition 3. The linear functionals u and u(V) are related as follows

— -1
u = stx— o=@ - 0-6) 7)
ug
itht =1a Pl(c) —|—E —@and —_Pz(c)ﬁ
v B 1Pz(C) " g °= Py(c) ajug’

Proof. In [16, Proposition 16] the following relation was proved.

imw+$ﬂ%M=R9mR““5mwxnza ®)

Pn (C) n—1

where (13,51)),120 is the SMOP of the first kind associated transformation of the linear
functional u (see Definition 5). Notice that the polynomials in the left hand side of (8) are
co-recursive of parameter # = — 3—8 with respect to the linear functional u. Let us denote

Via(x) = Bu(x) + %gﬁ,gl_)lm, n>0,

such a monic polynomial sequence and let w be the linear functional such that (V;),>0
is the corresponding SMOP. Then from (5)

WZT(®1—1%){ ©)

If we expand the linear functional u(!) in the dual basis

( Vi (x)w >

<W, Vr%(x)> n>0

of the polynomials (V;(x)),>0 [29], then using the fact that <u(1), Vn(x)> = 0 for all
n > 2, we get

Viw
(w, V2(x))’

P,
From the orthogonal relations we obtain ay = u(()l), n = — PZEE; uél). Thus
1

w
u) = ap— +
Wo
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o) = 2200wy Pi(e) (w, i(x)
H@Mwmw»o“) >

- Py(c)  wo
Taking into account that (w, V;(x)) = 3wy and (9) we obtain the result. [

Let us assume that P,Sl) (c) # 0 for all n € N. Then the SMOP (P,gl) (x))n>0 with

respect to u(!) satisfies

p() (1) B (©)
(x=c)Py’(x) =P,/ (x) - =Py '(x), n>0.

An equivalent condition is given in terms of the co-recursive polynomials (V,,(x)),>0
defined in the above Proposition. Indeed,

Corollary 1. u(l) is quasi-definite if and only if d,, # O for every n € N, where

( if t#c,
dy = with  Vy(x) = Pa(x) + 2P (x).

ift=c,
Moreover,

1 Vipa(x)  Vig1(x)  Va(x)
——det Vn+2(c) Vn+1(c) Vn(c) ’ lf t 7"é ¢
— Va2 (t)  Vira(t)  Va(t)

Vig2(x) Vigr(x)  Va(x)
——det| Viya(c) Viri(e) Vale) |, ft=c
Vr/1+2(c) Vr/1+1(c) Vi(c)

where t is as in Proposition 3.
Proof. The proof is a consequence of (7). O
Proposition 4. The Stieltjes functions Sg(z) and S o0 (z) are related as follows.

() Sa(z) + B(2)
S = Tt

where

Proof. From (4) and (6)
Si(2) = (2= 0)Sym) (2) — u)

u®
(1)
Tl P SR o) B I ¢
- (Z C) a (Z bo) uOSﬁ(Z)+u0 u()
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(2 ) =0 [(z — bo)Sa(2) + (2 — bo)uto — wo(z — )] — uy” (Su(2) +wo)
Sﬁ(Z) +u0

2.2. Geronimus transformation and its associated polynomials of first kind.

Let v be a quasi-definite linear functional and let (P;),>0 be its corresponding
SMOP.

Definition 9. Given a complex number c, a linear functional ¥V defined by (x — ¢)v = v is said
to be the canonical Geronimus transformation of the linear functional v.

It is important to emphasize that v is not uniquely defined since its first moment is
arbitrary. The explicit expression of V is [32]

-~

V= (x—c) v+vd..

If we assume that ¥ is also quasi-definite and (Py),> is its corresponding SMOP, then it
is well known that (P,), >0 and (P,),>0 are related by [9,32]

ﬁn(x) = Py(x) +4yPy_1(x), n>1,

where 0
P voP,
b= - Oy (10)
voP, 5 (c) +VoP,_1(c)

n

Thus, a necessary and sufficient condition on v to be a quasi-definite linear functional is

(1)
. VOPn—l (C)
B et > 1.
Vo # Palc) foralln > 1 (11)
A second relation between (P,), > and (13”),120 is (see [32])
(x = ¢)Pu(x) = Pyy1(x) + BuPu(x), n2>0, (12)
where B, = —P,1(c)/Pa(c).

Theorem 3 ([33]). If Sy(z) and Sg(z) are the Stieltjes functions for v and ¥, respectively, then
Sv(z) is a linear spectral transformation of Sy (z). Indeed, taking into account that the moments

of V and v satisfy
vy =(v,x") = (¥, (x —a)x") = V11 —cVy,
then Sy(2) 4 ¥
_ Sv(z)+ v
Se(z) = oo

Returning to the previous discussion, (10) and (12) imply the following relation
between the corresponding monic Jacobi matrices associated with v and V.
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Theorem 4 ([9,14,15,32]). Let | and Tbe the monic Jacobi matrices associated with v and v,
respectively. If Vo satisfies (11), then | — cI has an UL factorization. Indeed,

Bo 1 1
pr 1 61

J—cl:=UL:= By - 61 , (13)

ot, equivalently,

by —c=4Vy1+Bn, n=0,1,...
ay = nBn, n=12...

where L is a lower bidiagonal matrix with 1’s as diagonal entries and U is an upper
bidiagonal matrix with B, = —P,+1(c)/ Py (c). Moreover

J—cl =LU.

If we assume that £y := 0, then the corresponding entries satisfy

En—c:ﬂn—kﬂn, n=20,1,...
Zl\n :en‘anl, n=12...

Observe that the UL factorization depends on the choice of ¥y since By = vo/Vy,

The matrices U and L given in (13) can be written

Bo|1 0 1 )00
u 0 L 4
10 u ¢ o 0 L, ¢

where U; and L1 are upper and lower bidiagonal matrices, respectively. From here
we deduce that the semi infinite matrix | (1) — ¢I, with J @) the Jacobi matrix associated
with v(l), has also an UL factorization i. e.,

pr 1 1
(1) B2 1 b 1
—cl:=UL:= .
] 141 ‘33 .. 83 1
Moreover, since 1 = ﬁ then B; also depends on the choice of Vy. Now ,
0—¢—Po
if we define
B 1

— A by—c 1
JW —c 1th i By , (14)

then ﬂl\) is the Jacobi matrix associated with the linear functional E(T) defined by

—

]I(l\) = (x — C)flu(l) + u(()l)(sc, where u(l) = u(()l) /,Bl (15)
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—

Let (P,gl) )n>0 be the SMOP with respect to u(). Then from (14) we can deduce

—~(1
Proposition 5. Let (Pn( ))nZO be the SMOP with respect to the first kind associated transfor-
mation of the linear functional ¥V that will be denoted by w. Then the polynomials (P,(,l) Yn>0 are
co-recursive of parameter « = ¢ with respect to w, i.e.,

@)

P (x) =B (x) — 6B (x), m>o0. (16)

— /('1\

Moreover, the linear functional v(!) such that (P, ))nZO is the corresponding SMOP can be
written as

Y 1
oY <w1—£1 56) . (17)
Wy Wy

Proof. In [16, Proposition 24] it is proved that if the Jacobi matrix | — cI has an LU
factorization as in (13), then the Jacobi matrix [, associated with w satisfies

0+ B 1 bl/\* c 1
bLpr L+ B 1 a  bh—-c 1
Jw =l = tapo L3+ps 1 - a3 b3—c

(18)
A comparison between the entries of the matrices (18) and (14) and taking into account
(3), yield (16). (17) is a direct consequence of (5). O

Corollary 2. Under the hypothesis of Proposition 5, we get the following relations

e 14 ~ ] = ly ~
(0. PV(x)= {1 -5 - boﬂ (B) D () + 2 Pt (), n 2 2
— O -1
(ii). (x—c)~v(D) + vél)dc = Yo (w‘1 . gldé) .
Wy Wy

Proposition 6. The Stieltjes functions Sg and S oo are related as follows

A(z)Sy(z) + B(z)

503 = o8, + 2= %o’
where
v 5 v "0
A(z) = (z—0¢) [;(Z_bO)_I_VO , B(z) = ;T[Vo(z—bo)—vo]—%vo .

Proof. It follows the guidelines of the proof of Proposition 4. [

3. Laguerre-Hahn linear functional

Definition 10 ([1,8,25]). A linear functional u is said to be of the Laguerre-Hahn class if its
Stieltjes function satisfies a Riccati equation

$(2)Su(2z) = A(2)S5(2) + B(2)Su(2) + C(2), (19)
where ¢(z) # 0, A(z), B(z), C(z) are polynomials with

C(z) = (Dux o) (z) — (u*B)(z) — (u® * 65A) (2). (20)
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In particular, if A(z) = 0, then the linear functional is said to be semi-classical.

Proposition 7 ([1,8,25]). Let u be a quasi-definite and normalized linear functional, i. e.
ug = 1, and let (P, )0 be its corresponding SMOP. The following statements are equivalent

i) u is a Laguerre-Hahn functional.
ii) u satisfies the functional equation
D(g(x)u) + p(x)u— A(x)(x"'u?) =0, (21)

where ¢(x), A(x), B(x), C(x) are the polynomials in (19) and

p(x) = —[¢'(x) + B(x)].

iii) Each polynomial Py, (x) verifies the so called structure relation
(1) n+d
(P(x)P;,H-l (x> + A(x)Pn (x) = Z /\n,kpk(x)/ nz>s+1.
k=n—s

Here ¢(x) and A(x) are the polynomials given in (19), s = max{t —1,d — 2} and
d = max{r,m}, wherer = deg ¢, t = deg ¢ and m = deg A.

Remark 1. We notice that there are changes of signs in the previous characterizations compared
to the works of Maroni [27,29], Belmehdi [7], Marcelldn and Prianes [25,26] and many other
authors. This is because in these articles the Stieltjes function was multiplied by a negative sign.

In characterization (ii), we must notice that you have not uniqueness in the repre-
sentation. Indeed, if u is Laguerre-Hahn and g(x) is a polynomial, then u also satisfies
the functional equation

D(q(x)p(x)u) + (q(x)p(x) — 4" (x)p(x))u — g(x) A(x) (x"'u?) = 0.

With this in mind we give the following definition

Definition 11 ([1,8,25]). The class of a Laguerre-Hahn functional u is the nonnegative integer
number defined as

s := minmax{deg ¢(x) — 1, max{deg ¢(x),deg A(x)} — 2},

where the minimum is taken among all polynomials ¢(x), P(x) and A(x) such that u satisfies
©1).

Taking into account that the class of a Laguerre-Hahn linear functional is very
useful in order to state a hierachy of such families, we need to give a simple way to
characterize it.

Proposition 8 ([1,25]). Let u be a Laguerre-Hahn linear functional and let ¢(x) and ¢(x) be
non-zero polynomials with deg ¢(x) =: r, deg (x) =: t and deg A(x) =: m, such that (21)
holds. Let s := max{t — 1,d — 2} with d = max{r,m}. Then s is the class of u (s = s) if and
only if

IT (l(a) + ¢/ (@) + 1 A(@)| + | (0, 0u8p(x) + 62¢(x) — (w x Bo[BaA()]))|) > 0.
a:¢(a)=0

From the above Theorem, there is an alternative way to find the class in terms of
the polynomials involved in the Riccati equation (19). Indeed,
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Corollary 3 ([1,25]). Let u be a Laguerre-Hahn functional satisfying (19) such that deg ¢(x) =
r, deg A(x) = mand degyp = t with (x) = —[¢'(x) + B(x)]. Let s = max{t —1,d — 2}
with d = max{r,m}. Then s = s if and only if the polynomials ¢(x), A(x), B(x) and C(x)
are coprime ot, equivalently,

[T (14@)]+|B(@)]+[C@)]) > 0.
a:¢(a)=0

Theorem 5. Let u(") be the first associated transformation of u and assume without lost of

(1)

generality that ug = uy’ = 1. If u is a Laguerre-Hahn functional of class s satisfying (19), then

sois u'V). In this case we have that

$1(2)S ) (2) = A1(2)S%) (2) + B1(2) S, (2) + Ci(2), (22)
where
$1(z) = ¢(2),
Ay(z) = a1 C(2),
Bi(z) = —2(z — bo)C(z) — B(2),
C1(2) = - [#(2) + A(2) + (2 = b0)B(2) + (=~ b)°C(2)|.

The above polynomials are coprime. Moreover, if sy is the class of u)), then s —2 < s; < s.

Proof. Let a be a zero of ¢1(x). If Aj(a) # 0, we get the result. If A;(a) = 0, then
Bi(a) = —B(a).If B(a) # 0 we stop the analysis. If Bj(a) = 0, then Cy(a) = A(a) # 0
necessarily, since in other case we would have a contradiction with the class of u. Thus
we have that ¢1, A1, By and C; are coprime.

Now, since u is of class s, then deg¢p < s+2,deg A < s+2and degyp < s+ 1.
Denote

s5+2 s+1 s5+2

x)=Y Ak, B(x) =Y, Bk, Alx)=Y" arxk, (23)
k=0 k=0 k=0

Using (20), we have deg C < s. Moreover,

Z ot = —(Agyn + Bsi1+ dsi2)x®
— (Agg1 +2bAg 10 + Bs + Bsr1bo + tgy1 + 2boag 2)x® L4 - -

On the other hand, taking into account that

1(x) = —[¢(x) — 2(x — bo)C(x) — B(x)]
—[(5+2)As12 —2cs — Bora]x® T — [(5+1)Agsq1 — 2c5 1 + 2bgcs — Bs]x® + - -
Then we can distinguish the following cases
(1) If As4p # 0, thens; = s.
(2) If A;1p =0and 2¢s + Bsi1 # 0, then 51 = s.
(3) If A;4p = 0and 2¢s + Bs+1 = 0 we have the subcases
(3-1) IfA;1q #0thens; =s—1.

(3-2) If Ay 11 =0and 2¢;_1 — 2bgcs + Bs # O then sy =5 — 1.
(3-3) If A;1q =0and 2¢5_1 — 2bgcs + Bs = 0.
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(3-3-1) In this case the leading coefficient of Aj(x) reduces to ajcs = a1(Bst1+
asi2). If zero, then from item (3) Bs11 = 0. In conclusion we would have
(( +2)Ag41 + Bst1) = Ag42 = 512 = 0, which is contradictory with
the class of u. Thus a1¢cs #0and 51 =5 — 2.
O

Corollary 4. With the notation of (23), if s and s1 are the classes of u and ul®, respectively, we

get

o If|Bst1 + ast2| + [Asq2| # O, then s1 = s.

o If|Bsi1 + asia| + |Asq2| = 0and |Bs + 2(boasyo + as1)| + [Asy1| # O, then 51 =
s—1.

o If|Bsi1 +asia| + [Asia| + [Bs + 2(botssn + tsi1)| + [As1| = O, then 51 = 5 — 2.

3.1. Linear spectral transformation on Laguerre-Hahn functional

Now we will deduce some results concerning the Christoffel and Geronimus trans-
formation when the original linear functional u is Laguerre-Hahn.

Christoffel transformation

Theorem 6. Let u = (x — c)u. If u is Laguerre-Hahn functional of class s with ug = ug = 1
satisfying (19), then u is also a Laguerre-Hahn functional satisfying the equation

$(2)S5(z) = A(2)S3(2) + B(2)Sa(z) + C(2), (24)
where
$(z) = (z=c)p(2),
Az) = A(z),
B(z) = ¢(z) +2A(2) + (z — ¢)B(2),
C(z) = ¢(z) +2A(z) + (z — ¢)B(z) + (z — ¢)*C(2).

Moreover, the class of U, denoted by s, satisfies s —2 <5 < s+ 1.

Proof. (24)is a direct consequence from the fact that you can write, by using (6), Su(z) in
terms of S (z) and then you replace it in (19). Moreover, the linear functional u satisfies
the distributional equation

D(¢(x)u) + Pp(x)d — A(x)(x"'a?) =0,

with ¢(x) = (x — c)p(x) — 2[¢(x) + A(x)] and ¥(x) = —[¢’(x) + B(x)]. Thus, if 5 is the
class of 4, it follows from above that

deg(¢) =7 < s+3, deg(§) = F<s+2,

d=max{F,m} <s+3, 5§ < max{ftvfl,dN—Z}gerl,
where deg B(x) = 7.
On the other hand, since u is a Laguerre-Hahn functional of class 5, then there exist
polynomials ¢(x), ¥(x) and A(x) such that
D(§(x)u) +p(x)u + A(x) (x"10%) =0, (25)

and 5 := max{deg ¢(x) — 1, max{deg ¢(x),deg A(x)} —2}. Using (6) again, and tak-
ing into account (25), we have that u also satisfies the distributional equation

D((x —c)p(x)u) + (x — ) [P(x) +2A(x)|u+ (x — c)?A(x)(x u?) =0.
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With this in mind
deg(¢) =1 <5+3, deg(yp) =t <5+2,
d =max{r,m} <5+4, s <max{t—1,d—-2} <542

Asaconclusion, s —2<s5<s+1. O

The above gives bounds for the class of u. However, the following result show that
the class only depends on the value c and never take the value s — 2.

Theorem 7 ([21]). Let U = (x — c)u be a linear functional such that ug = Uy = 1 and where
u is of class s. If 5 is the class of U, then

e §=s+1,if¢p(c) #0and A(c) # 0.

e S=35ifp(c)=A(c)=0,¢(c) #0and A’(c) # 0.

e F=s-1Lifp(c) = Alc) = p(c) = A'(c) = 0.

Geronimus transformation

Theorem 8. Let U be the linear functional defined by (x — c)u = u. Assume that ug = tp = 1.
If w is a Laguerre-Hahn functional of class s satisfying (19), then so is U. In this case

$(2)S5(2) = A(2)S5(2) + B(2)Sa(2) +C(z), (26)
where

$(z) = (z—)9(2), (27)

A(z) = (z —¢)?A(z), (28)

B(z) = —[p(2) +2(z — ) A(2)] + (z — ©) B(2),

C(z) = A(z) — B(z) + C(z)

The class § of U depends only on the zero x = c. Moreover,s —1 <& < s+ 2.

Proof. Let a be a zero of ¢(x), then

¢'(a) +P(a) = (a—c)(¢'(a) + ¥(a) +2A(a)), A(a) = (a—c)*A(a)  (29)
and

(u, 0P (x) + 02(x) — (w090, A) (x)) = (w,0,9(x) + O3¢p(x) — (% 600 A) (x))
+(a) +¢'(a) + A(a), (30)

where
P(x) = (x — o) [p(x) + 2A(x)]. (31)
Observe that from (27), (28) and (31) we get (29) in a straightforward way. Now, to
find (30) let us notice that

0,0 (x) = (x — ¢)8,(x) + 260, A(x) + ¢(a) + 2UgA(a), (32)
ba(x) = (x — )79 (x) +¢'(a). (33)
On the other hand, using (28) and Proposition 1 (ii) we get

(800, A)(x) = 0p((x — €)?0,A(x)) + A(a)
=(x— c)2(909aA)(x) + (x —2¢)(6,A)(0) + A(a).
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Thus from the above and Proposition 1 (iii) and (iv)

<§Ax—d%wﬁﬂm>:<¥A%%Aﬂﬂ>+%h@m%%AQ»,
(W, (x = 20)(804)(0) ) = Tio((2 — c) + x¥ho) (6aA4) (0),
@%M@>:mA@.

Taking into account (32), (33) and the fact that (6,A)(x) — (6,4)(0) = x600,A(x) we get
(30). Using the above we obtain that for any zero a # c of ¢(x)

[§(a)+ (@) + | A(@)] + |, 608 (x) + 30(x) — (o [BaA(x))))| # 0.

The proof of the second part is essentially the same as the one given in Theorem 6 and,
as a consequence, we do not deal with. However, we point out that 1 satisfies the
distributional equation

D((x —c)p(x)0) + (x — c)[w(x) + 26eA(x)]d + (x — )2 A(x) (x~162) = 0.
O

Proposition 9. Let (x —c)u = u and let s and s be the class of u and U, respectively. Let us
define

_ 542, degA=s5+2,

Cs41, degA <s+2.

Then

Pp(c) #0=>35=g

{ A(c) =B(c) +C(c) #0=5=g,
$(c) =0=
A(c) = B(c) +C(c) =0 = [1],

~[¢/(a) +24(c)] + B() A0 =F=g—1,
1] = { A(c)=B'(c)+C'(c) #0=>5=¢—1,
—[¢'(a) +2A(c)] + B(c) =0 =
A'(c)=B'(¢c)+C'(c) =0=[2],
¢'(c) #0=>5=g-2,
2] = Alc) #0=5=g-2,
P (c)=0= {
A(c) = 0is not posible.

Proof. Notice that deg¢(x) < 5+3, deg A(x) < 5+ 4, and deg P (x) < max{s + 1,5+
2}, where ¢(x) = (x — c)p(x), A(x) = (x — )*A(x) and §(x) = (x — ) ((x) + 24(x)).

Since
5= max{deg ¥(x) — 1, max{deg p(x),deg A(x)} — 2}
if ¢(c) # 0O, then there are two possibilities. If deg(A) = s + 2 then’s = s + 2. If

deg(A) < s+2,thens =s+1. Now if ¢(c) = 0,and A(c) — B(c) + C(c) = 0, then we
can divide both hand sides in (26) by (z — ¢),

¢(2)85(2)
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A(z) — B(z) + C(z).

— (z— ) A()S2(2) + (—[ 9(2) +2A(z)] +B(z))Sﬁ(z)+

(z—¢) (z—c¢)
If —[¢'(a) +2A(c)] + B(c) # 0, thens = g — 1. On the other hand, if
—[¢'(a) +2A(c)] + B(c) =0 (34)

and A’(c) — B'(c) + C'(c) = 0, then in (26) we can divide both hand sides by (z — c)?
and, as a consequence,

¢(z) o ¢(z) | [2A(z) + B(z)] A(z) — B(z) + C(2)
Z—Csﬁ(z) :A(Z)S%(Z)+(_ (Z—C)Z + (Z—C) )Sﬁ(z)+ (Z—C)2 .

If ¢'(c) #0, thens = ¢ — 2. Finally if ¢/(c) = 0, thenA(c) # 0 since, otherwise, B(c) = 0
by (34). This yields the equation (21) is reducible contradicting the class of u. [

4. Example

Example 1. Let (L&+1),~0 be the monic Laguerre polynomials of parameter o + 1 with a > —1,
which are orthogonal with respect to the positive definite linear functional v

v p() = gy PRy () <P

The following properties are very well known in the literature ([12])
i) Recurrence relation.

XLyt (x) = LTI (x) + @n+ a+2)LyT (x) + n(n + a + 1)L5F](x), n >0,

Lil(x)=1, L (x)=0.

if) Explicit formula as an hypergeometric function

wrn onl Tn+at+1) (—x)k
La(x) = (—1)",(2) (mn—k)T(a+k+1) Kk
d . _ wei nT(a+n+2)
iii) <xiL”+l) (0) _ (_1) + (n —i)!l"(zx_|_i+2)'
n'I'(n+«
iv) <V, Lgl+l (x)Li‘ﬂH(x» _ W(sn’m'

The linear functional v satisfies the distributional equation [13] D(xv) + (x —a —2)v = 0,
and, as a consequence, it is a Laguerre-Hahn functional of class s(v) = 0. Its Stieltjes function
satisfies the first order linear differential equation

z8,(z) = (—z+a+1)Sy(z) + 1. (35)

In [4] the authors studied the first kind associated Laguerre polynomials which are denoted
by (L%1(x,1)),>0. In particular it was proved that these polynomials are orthogonal with
respect to the positive definite functional v(1) defined by

ORI S b e
< 1 ,p(x)> = T /0 p(x) ’T(L_“,xe_m)}zdx,

where
3r/4)i

1 Ooe<
¥(c,a,x) = m/0 T O L e 13

Re(c) >0, —m/2<3n/4+argx < /2.
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The associated monic orthogonal polynomials of the first kind (L% (x,1)),>0 satisfy the
following properties

i) Explicit formula.
LE(x,1) = (=1)"(n + 1) (a + 3)n x
f ( xk JF, k—n,1,a+2 q
= ( 1x+3) a+k+3 k4277 )
ii) Let1(0,1) = (=1)

x+1 [("“"Z)n-i-l - (”+1)!]'

n+1)T(n+a+3
i) (v, 27 e 2 (1)) = AR

Using Theorem 5 and (35) we get that the functional v() is Laguerre-Hahn of class zero
satisfying the distributional equation

N

D(xv®) + (x = — 4)vD — (a+2) <x1 o] 2) _

From Proposition 7 we have the structure relation

d n+1
X — LA (1) + (e +2)Ly T (x,2) = Y ALyt (x1); n> 1
k=n

Using (2) and comparing the coefficients on both sides we get
Muss = (141), Aps = (n+ 0 +3)(n +2),
as well as the relation
diLﬁﬂ( x,1) =LA (x) = (—x+a+n+3)Li(x, 1)+ (n+a+3)(n+2)Ls ™ (x,1), n>1.
Besides from (22), its Stieltjes function satisfies the differential equation
28 1) (2) = (vc+2) w(2) + (—z+a+3)S,4)(z) + 1.

Next, let V be the linear functional defined by the Geronimus transformation xV = v with

vy = . Then from (2.2) with c = 0 we get

(a+1)
o _ 1 00 o ,—X p(o) 0 o ,—X
() = gy fo (P00 POt dxt (s [t

= F(ucl—l—Z) /Ooo p(x)x*e *dx, p(x) €P.

If Jy+1 is the monic Jacobi matrix associated with v, then J,41 has UL factorization as in
13 withBy =a+n+1,n>0, ¢, =n,n > 1. Therefore

Jat1 = UL — Jop1 =: LU = Ja.

Notice that LY (x) = L%(x) forall n € N. Now, let v be the Geronimus transformation
of v(1) obtained from (15), then

— B 1 o0 xte”* [(a+2)
(v(0, p(x)) = m/o (p(x) = p(0)) (i, _a,xe,m)|2dx+ R
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—

Let (Py(x,1)),>0 be the SMOP with respect to v(1). Then from Corollary 2 we get the
three term recurrence relation

xPy(x,1) = Ppq(x, D)(x)+ 2n+a+1)Py(x, 1)+ (n+1)(n+a+1)P, 1(x,1), n>1,
Py(x,1)=1  Pi(x,1)=x—(a+2),

as well as the following connection formula

Py(x,1) = p | (xLjy(x,1) — Ly 1 (x)) n>2.
. . . T(a+3) 73 .
Using Theorem 8 we get that the linear functional w := ————%v(1) is a Laguerre-Hahn
I'(a+2)

functional and
228! (z) = (a +2)2282,(z) — z(z + a + 2)Sw(z) + z.
Note that it equation is reducible to

280, (2z) = (a +2)28%(z) — (z+ & +2)Sw(z) + 1.

Taking into account that the polynomials are coprime, then the class of w is also zero. Since
P1(x) = x + (a + 1), then w satisfies the distributional equation

D(xw)+ (x+a+1)w— (a + 2)x<x*l [w]z) =0.
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