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Abstract: Given a quasi-definite linear functional u in the linear space of polynomials with1

complex coefficients let us consider the corresponding sequence of monic orthogonal polynomials2

(SMOP in short) (Pn)n≥0. For the Christoffel transformation ũ = (x− c)u with SMOP (P̃n)n≥0,3

we are interested to study the relation between ũ and ũ(1), where u(1) is the linear functional for4

the associated orthogonal polynomials of the first kind (P(1)
n )n≥0 and ũ(1) = (x − c)u(1) is its5

Christoffel transformation. This problem is also studied for the Geronimus transformations.6

Keywords: Spectral transformation; Darboux transformations; First kind orthogonal polynomials;7

Laguerre-Hahn linear functional.8

1. Introduction and preliminaries9

Let u be a complex-valued linear functional defined on the linear space of polynomi-10

als with complex coefficients P, i.e. u : P→ C, p(x)→ 〈u, p(x)〉. The linear functional11

u is said to be quasi-definite (respectively, positive definite) if every leading principal12

submatrix of the Hankel matrix H = (ui+j)
∞
i,j=0 is nonsingular (respectively, positive-13

definite) where, by definition, uk =:
〈

u, xk
〉

, k ∈ N. In this case, there exists a sequence14

of monic polynomials (Pn)n≥0 such that deg Pn = n and 〈u, Pn(x)Pm(x)〉 = Knδn,m,15

where δn,m is the Kronecker symbol and Kn 6= 0 (see [12]). The sequence (Pn)n≥0 is said16

to be the sequence of monic orthogonal polynomials (SMOP) with respect to u.17

Definition 1. Let u be a linear functional and q(x) a polynomial. Then the linear functionals
q(x)u and (x− c)−mu are defined, respectively, as

〈q(x)u, p(x)〉 = 〈u, p(x)q(x)〉, p ∈ P,

and

〈
(x− c)−mu, p(x)

〉
=

〈
u,

p(x)−
m−1
∑

k=0

Dk p(c)
k!

(x− c)k

(x− c)m

〉
, p ∈ P,

where D denotes the usual derivative operator.18

The derivative u′ of a linear functional u is the linear functional defined as〈
u′, p(x)

〉
= −

〈
u, p′(x)

〉
.

Some times we also use the notation Du to denote the derivative of u.19
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Definition 2. Given the linear application θc : P→ P defined by θc p(x) =
p(x)− p(c)

x− c
we

introduce the linear functional

〈θcu, p(x)〉 = 〈u, θc p(x)〉.

From the above Definition we get〈
(x− c)−mu, p(x)

〉
= 〈u, θm

c p(x)〉,

understanding that θm
c p(x) = θc(θm−1

c p(x)).20

Definition 3. Let u be a linear functional and p(x) = ∑m
k=0 akxk be a polynomial, then we

define the polynomial (u ∗ p)(x) as

(u ∗ p)(x) =:
〈

uy,
xp(x)− yp(y)

x− y

〉
=

m

∑
k=0

(
m

∑
n=k

anun−k

)
xk

Here uy means that the linear functional u acts on the variable y.21

Definition 4 ([29]). The product of two linear functionals u and v is defined from their moments
as follows

(uv)n = 〈uv, xn〉 =
n

∑
k=0

ukvn−k, n ≥ 0.

The above product is commutative, associative and distributive with respect to the sum of linear22

functionals.23

Let c be a complex number and let δc be the linear functional defined by

〈δc, xn〉 = cn, n ∈ N.

Notice that for any linear functional u, uδ0 = u. Moreover, if the first moment of u
is nonzero, then there exists a unique linear functional u−1 such that uu−1 = δ0. The
moments of u−1 are defined recursively by

(u−1)n = − 1
u0

n−1

∑
k=0

un−k(u
−1)k, n ≥ 1, (u−1)0 = u−1

0 .

Proposition 1 ([29]). Let u, v be linear functionals and p(x) and q(x) polynomials. The24

following properties hold.25

i) 〈uv, p(x)〉 = 〈v, (u ∗ p)(x)〉.26

ii) θc(pq)(x) = q(x)θc p(x) + p(c)(θcq(x)).27

iii) p2(x)u2 = (pu)2 + 2xp(x)(u ∗ θ0 p)(x)u.28

iv) p(x)(uv) = (p(x)v)u + x(v ∗ θ0 p)(x)u.29

From Favard’s Theorem [12] we know that there exists a unique quasi-definite
linear functional u, with (Pn)n≥0 its corresponding SMOP, if and only if there exist two
sequences of complex numbers (an)n≥1 and (bn)n≥0, with an 6= 0, n ≥ 1, such that

x Pn(x) = Pn+1(x) + bn Pn(x) + an Pn−1(x), n ≥ 0,

P−1(x) = 0, P0(x) = 1.
(1)
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The above recurrence relation can be expressed in matrix form as follows. If P =
(P0, P1, · · · )>, then xP = JP, where A> denotes the transposed of the matrix A and J is
the following tridiagonal semi-infinite matrix (monic Jacobi matrix, see [12])

J =


b0 1
a1 b1 1

a2 b2
. . .

. . . . . .

.

Definition 5. For k ∈ N we define the associated polynomials of the k-th kind, (P(k)
n )n≥0, (also

called k-th associated polynomials, see [12]) as the sequence of monic polynomials satisfying the
recurrence relation

xP(k)
n (x) = P(k)

n+1(x) + bn+kP(k)
n (x) + an+kP(k)

n−1(x), n ≥ 0,

P(k)
−1 (x) = 0, P(k)

0 (x) = 1.

This means that a shift is introduced in the coefficients of the three term recurrence relation (1).30

According to Favard’s Theorem, there exists a quasi-definite linear functional u(k), called the31

k-associated transformation of u, such that (P(k)
n )n≥0 is its corresponding SMOP.32

There is a direct representation of such polynomials as (see [6,31])

P(k)
n−k(x) =

1〈
u, P2

k−1

〉〈Pk−1(y)uy,
Pn(x)− Pn(y)

x− y

〉
, n ≥ k.

Since (Pn(x))n≥0 and (P(1)
n−1(x))n≥0 are two linearly independent solutions of the

difference equation [31]

xwn = wn+1 + bnwn + anwn−1, n ≥ 1,

every solution of the above equation can be represented as a linear combination of
(Pn(x))n≥0 and (P(1)

n−1(x))n≥0. In particular (see [24,31])

P(k)
n−k(x) = A(x, k)Pn(x) + B(x, k)P(1)

n−1(x), n ≥ k, (2)

where

A(x, k) = −
P(1)

k−2(x)

∏k−1
m=1 am

and B(x, k) =
Pk−1(x)

∏k−1
m=1 am

.

Definition 6. Let (Pn)n≥0 be a SMOP with respect to u satisfying the recurrence relation (1).
The sequence of monic polynomials (Pn(x; α))n≥0 is said to be co-recursive of parameter α with
respect to the linear functional u, if they also satisfy (1) but with initial conditions P0(x; α) = 1
and P1(x; α) = P1(x)− α. Notice that

Pn(x; α) = Pn(x)− αP(1)
n−1(x), n ≥ 0.

For co-recursive polynomials Pn(x, α) the following three-term recurrence relation
holds

x Pn(x; α) = Pn+1(x; α) + bn Pn(x; α) + an Pn−1(x; α), n ≥ 1,

x P0(x; α) = P1(x; α) + (b0 + α) P0(x; α).
(3)
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Definition 7. Given a quasi-definite linear functional u, we can define the formal series

Su(z) =:
∞

∑
n=0

un

zn+1 .

It is said to be the Stieltjes function associated with u.33

Definition 8 ([33]). Let ũ be a quasi-definite linear functional and S̃(z) its Stieltjes function.
ũ is said to be a rational spectral transformed of u if there exist polynomials A(z), B(z), C(z)
and D(z) such that

S̃(z) =
A(z)Su(z) + B(z)
C(z)Su(z) + D(z)

.

The above mapping between two linear functionals is called rational spectral transformation. In34

particular if C(z) ≡ 0, then ũ is said to be a linear spectral transformed of the linear functional u.35

In such a case the mapping between two linear functionals is called linear spectral transformation.36

Theorem 1 ([2,12,16,27,29]). Let Su(z), Su−1(z), Su(1)(z) and Suα(z) be the Stieltjes functions37

associated with u, u−1, u(1) and uα, respectively. Then the following relations hold38

i)
Su(z)Su−1(z) = 1/z2.

ii)

Su(1)(z) = −
u0u(1)

0
a1

z2Su−1(z) +
u(1)

0
a1

(z− b0).

iii)

Suα(z)

[
−α

(uα)0z2 +
u0

(uα)0
Su−1(z)

]
=

1
z2 .

iv)

Su(z) =
u0

(z− b0)−
a1

u(1)
0

Su(1)(z)
. (4)

Moreover, from the above equations we can deduce the following relations between the correspond-
ing linear functionals.

u(1) = −
u(1)

0 u0

a1
x2u−1, uα =

uα
0

u0

(
u−1 +

α

u0
δ′0

)−1
. (5)

The analysis of perturbations of linear functionals constitutes an interesting topic39

in the theory of orthogonal polynomials on the real line (scalar OPRL) ([9,10,14,15,33]40

and references therein). Among the perturbations of linear functionals, spectral linear41

perturbations have attracted the interest of researchers (see [33]). Such perturbations are42

generated by two particular families, the so called Christoffel and Geronimus transfor-43

mations.44

45

Christoffel perturbations, that appear when considering orthogonality with respect46

to a new linear functional ũ = p(x)u, where p(x) is a polynomial, were studied in47

1858 by E. B. Christoffel (see [13]) when u is the linear functional associated with the48

Lebesgue measure dµ supported on the interval (−1, 1) and dµ̂(x) = p(x)dµ(x), with49

p(x) = (x − q1) · · · (x − qN), a signed polynomial in the support of dµ. Connection50

formulas between the corresponding SMOP are obtained therein. The location of their51

zeros as nodes of the quadrature rules is also deduced. More recently, from a numerical52
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point of view in [23] the authors focus the attention on the sensitivity of Gauss–Christoffel53

quadrature with respect to small perturbations of the probability measure. On the54

other hand, the relations between the coefficients of the three term recurrence relations55

of the corresponding SMOP have been extensively studied, see [17], as well as the56

relation between the Jacobi matrices in the framework of the so-called discrete Darboux57

transformations. They are based on the LU factorization of such matrices (see [9] and58

[32], among others).59

Notice that the zeros of orthogonal polynomials with respect to the canonical60

Christoffel transformation (the perturbation by a linear polynomial) of a nontrivial61

probability measure) are the nodes in the Gauss-Radau quadrature formula. In the case62

of a perturbation of the measure by a positive quadratic polynomial on the support of63

the measure, the zeros of the corresponding orthogonal polynomials are the nodes of the64

Gauss-Lobatto quadrature rule (see [19]).65

Geronimus transformations appear when you deal with perturbed functionals û66

defined by p(x)û = u, where p(x) is a polynomial and u is a quasi-definite linear67

functional. Such a kind of transformations were used by J. L. Geronimus (see [20]), in68

order to provide an alternative proof of a result given by W. Hahn [22] concerning to69

the characterization of classical orthogonal polynomials (Hermite, Laguerre, Jacobi and70

Bessel) as the unique families of orthogonal polynomials whose first derivatives are also71

orthogonal polynomials. Examples of such transformations have been done by P. Maroni72

[28] for a perturbation of the type p(x) = x− c. Examples for the quadratic and cubic73

case can be found in [3,5,11] and [30], respectively.74

75

Next, we will point out the goals of our contribution. In [16] we study the following76

problem:77

Problem 1. (Figure 1) Let u be a quasi-definite functional and let ũ = (x− c)u and (x− c)û =78

u be the canonical Christoffel and Geronimus transformation of u, respectively. What is the79

relation between u(1) and ũ(1) (resp. û(1))? There, ũ(1) (resp. û(1)) is the associated linear80

functional of the first kind of ũ (resp. û).

u u(1)

ũ ũ(1)

Associated
transformation

Darboux
transformation

?

Figure 1. Structure of Problem 1.
81

To give a solution of the above problem we use the LU and UL factorization of the82

monic Jacobi matrix associated with u, as well as the co-recursive polynomials.83

84

In the present contribution we are interested to study the following problem.85

Problem 2. (Figure 2) Let u be a quasi-definite functional and let ũ = (x− c)u and (x− c)û =86

u be the canonical Christoffel and Geronimus transformation of u, respectively. What is the87

relation between ũ and ũ(1) (resp. û(1))? There ũ(1) (resp. û(1)) is the Christoffel (resp.88

Geronimus) transformation of u(1).89

With this in mind the structure of the manuscript is as follows. In Section 2, for90

the Christoffel transformation we study the connection between the linear functionals ũ91
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u ũ

u(1) ũ(1)

Darboux
transformation

Associated
transformation

?

Figure 2. Structure of Problem 2.

and ũ(1). As consequence, we deduce the relation between the corresponding Stieltjes92

functions as well as the sequences of monic orthogonal polynomials. In a second step,93

we study the same problem when the Geronimus transformation is considered, i. e.94

the relation between û and û(1). In Section 3, we analyze a general family of linear95

functionals (the so called Laguerre-Hahn) whose Stieltjes function satisfies a Riccati96

equation. Once we introduce the definition of the class of such a linear functional,97

we study the class of a Laguerre-Hahn linear functional when either a Christoffel or a98

Geronimus transformation is implemented. Finally, an illustrative example about the99

above questions is discussed.100

2. Darboux transformation and associated polynomials of the first kind.101

2.1. Christoffel transformation and its associated polynomials of first kind102

Let u be a quasi-definite linear functional and let (Pn(x))n≥0 be its corresponding103

SMOP. If c is a complex number, the linear functional ũ = (x − c)u is said to be the104

Christoffel transformation of the functional u. Let assume that ũ is also quasi-definite105

(this fact is equivalent to Pn(c) 6= 0 for all n ∈ N) and let (P̃n)n≥0 be its SMOP. It is well106

known that (Pn)n≥0 and (P̃n)n≥0 are related by107

(x− c)P̃n(x) = Pn+1(x)− Pn+1(c)
Pn(c)

Pn(x), n ≥ 0.

We have the following relation between their Jacobi matrices108

Theorem 2 ([9,32]). Let J and J̃ be the Jacobi matrices associated with u and ũ = (x− c) u,
respectively. If Pn(c) 6= 0, for all n ∈ N, then J − cI has an LU factorization, i.e.,

J − cI := LU :=


1
`1 1

`2 1
. . . . . .




β0 1
β1 1

β2
. . .
. . . . . .

,

where L is a lower bidiagonal matrix with 1’s in the main diagonal and U is a upper bidiagonal
matrix with βn = −Pn+1(c)/Pn(c).{

bn − c = `n + βn, b0 − c = β0,
an = `nβn−1, n = 1, 2 . . .

Moreover, J̃ − cI = UL, where{
b̃n − c = `n+1 + βn,
ãn = `nβn,

n = 0, 1, 2 . . .
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Proposition 2 ([33]). Let Su(z) and Sũ(z) be the Stieltjes functions associated with u and ũ,
respectively. Then Sũ(z) is a linear spectral transformation of Su(z). Indeed, the moments of ũ
and u satisfy the following relation

ũn = 〈ũ, xn〉 = 〈u, (x− c) xn〉 = un+1 − c un.

From here,

Sũ(z) = (z− c) Su(z)− u0. (6)

Since u is a quasi-definite linear functional, then u(1) is quasi-definite, Let (Pn(x))n≥0109

be the SMOP with respect to u, and assume that Pn(c) 6= 0 for every n ∈ N. We are110

interested to analyze the relation between the linear functionals ũ and ũ(1) given by111

ũ(1) := (x− c)u(1) and ũ := (x− c)u, respectively.112

Proposition 3. The linear functionals ũ and ũ(1) are related as follows

ũ(1) = s(x− c)(x− t)
(
(ũ)−1 − 1

u0
δ′0

)−1
, (7)

with t = ã1
P1(c)
P2(c)

+ b̃0 −
ũ0

u0
and s = −P2(c)

P1(c)
u(1)

0
ã1ũ0

.113

Proof. In [16, Proposition 16] the following relation was proved.

P̃n(x) +
ũ0

u0
P̃(1)

n−1(x) = P(1)
n (x)− Pn+1(c)

Pn(c)
P(1)

n−1(x), n ≥ 0, (8)

where (P̃(1)
n )n≥0 is the SMOP of the first kind associated transformation of the linear

functional ũ (see Definition 5). Notice that the polynomials in the left hand side of (8) are
co-recursive of parameter α = − ũ0

u0
with respect to the linear functional ũ. Let us denote

Vn(x) = P̃n(x) +
ũ0

u0
P̃(1)

n−1(x), n ≥ 0,

such a monic polynomial sequence and let w be the linear functional such that (Vn)n≥0114

is the corresponding SMOP. Then from (5)115

w =
w0

ũ0

(
(ũ)−1 − 1

u0
δ′0

)−1
. (9)

If we expand the linear functional u(1) in the dual basis(
Vn(x)w
〈w, V2

n (x)〉

)
n≥0

of the polynomials (Vn(x))n≥0 [29], then using the fact that
〈

u(1), Vn(x)
〉
= 0 for all116

n ≥ 2, we get117

u(1) = α0
w
w0

+ α1
V1(x)w〈

w, V2
1 (x)

〉 .

From the orthogonal relations we obtain α0 = u(1)
0 , α1 = −P2(c)

P1(c)
u(1)

0 . Thus118
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u(1) = −P2(c)
P1(c)

u(1)
0

〈w, V1(x)〉

(
V1(x)− P1(c)

P2(c)
〈w, V1(x)〉

w0

)
w.

Taking into account that 〈w, V1(x)〉 = ã1w0 and (9) we obtain the result.119

Let us assume that P(1)
n (c) 6= 0 for all n ∈ N. Then the SMOP (P̃(1)

n (x))n≥0 with

respect to ũ(1) satisfies

(x− c)P̃(1)
n (x) = P(1)

n+1(x)−
P(1)

n+1(c)

P(1)
n (c)

P(1)
n (x), n ≥ 0.

An equivalent condition is given in terms of the co-recursive polynomials (Vn(x))n≥0120

defined in the above Proposition. Indeed,121

Corollary 1. ũ(1) is quasi-definite if and only if dn 6= 0 for every n ∈ N, where122

dn =


det

(
Vn+1(c) Vn(c)
Vn+1(t) Vn(t)

)
, if t 6= c,

det

(
Vn+1(c) Vn(c)
V′n+1(c) V′n(c)

)
, if t = c,

with Vn(x) = P̃n(x) +
ũ0

u0
P̃(1)

n−1(x).

Moreover,

(x− c)(x− t)P̃(1)
n (x) =



1
dn

det

Vn+2(x) Vn+1(x) Vn(x)
Vn+2(c) Vn+1(c) Vn(c)
Vn+2(t) Vn+1(t) Vn(t)

, if t 6= c,

1
dn

det

Vn+2(x) Vn+1(x) Vn(x)
Vn+2(c) Vn+1(c) Vn(c)
V′n+2(c) V′n+1(c) V′n(c)

, if t = c,

n ≥ 0,

where t is as in Proposition 3.123

Proof. The proof is a consequence of (7).124

Proposition 4. The Stieltjes functions Sũ(z) and S
ũ(1)(z) are related as follows.

S
ũ(1)(z) =

A(z) Sũ(z) + B(z)
Sũ(z) + u0

,

where

A(z) =
u(1)

0
a1

[(z− c)(z− b0)− a1], B(z) =
u0u(1)

0
a1

[(c− b0)(z− c)− a1].

Proof. From (4) and (6)

S
ũ(1)(z) = (z− c)Su(1)(z)− u(1)

0

= (z− c)
u(1)

0
a1

[
(z− b0)− u0

(z− c)
Sũ(z) + u0

]
− u(1)

0
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=
(z− c)

u(1)
0
a1

[(z− b0)Sũ(z) + (z− b0)u0 − u0(z− c)]− u(1)
0 (Sũ(z) + u0)

Sũ(z) + u0

=
A(z) Sũ(z) + B(z)

Sũ(z) + u0
.

125

2.2. Geronimus transformation and its associated polynomials of first kind.126

Let v be a quasi-definite linear functional and let (Pn)n≥0 be its corresponding127

SMOP.128

Definition 9. Given a complex number c, a linear functional v̂ defined by (x− c)v̂ = v is said129

to be the canonical Geronimus transformation of the linear functional v.130

It is important to emphasize that v̂ is not uniquely defined since its first moment is
arbitrary. The explicit expression of v̂ is [32]

v̂ = (x− c)−1v + v̂0δc.

If we assume that v̂ is also quasi-definite and (P̂n)n≥0 is its corresponding SMOP, then it131

is well known that (Pn)n≥0 and (P̂n)n≥0 are related by [9,32]132

P̂n(x) = Pn(x) + `nPn−1(x), n ≥ 1,

where

`n = −
v0P(1)

n−1(c) + v̂0Pn(c)

v0P(1)
n−2(c) + v̂0Pn−1(c)

, n ≥ 1. (10)

Thus, a necessary and sufficient condition on v̂ to be a quasi-definite linear functional is133

v̂0 6= −
v0P(1)

n−1(c)
Pn(c)

, for all n ≥ 1. (11)

A second relation between (Pn)n≥0 and (P̂n)n≥0 is (see [32])

(x− c)Pn(x) = P̂n+1(x) + βn P̂n(x), n ≥ 0, (12)

where βn = −P̂n+1(c)/P̂n(c).134

Theorem 3 ([33]). If Sv(z) and Sv̂(z) are the Stieltjes functions for v and v̂, respectively, then
Sv̂(z) is a linear spectral transformation of Sv(z). Indeed, taking into account that the moments
of v̂ and v satisfy

vn = 〈v, xn〉 = 〈v̂, (x− a) xn〉 = v̂n+1 − c v̂n,

then

Sv̂(z) =
Sv(z) + v̂0

(z− c)
.

Returning to the previous discussion, (10) and (12) imply the following relation135

between the corresponding monic Jacobi matrices associated with v and v̂.136
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Theorem 4 ([9,14,15,32]). Let J and Ĵ be the monic Jacobi matrices associated with v and v̂,
respectively. If v̂0 satisfies (11), then J − cI has an UL factorization. Indeed,

J − cI := UL :=


β0 1

β1 1

β2
. . .
. . . . . .




1
`1 1

`2 1
. . . . . .

, (13)

or, equivalently, {
bn − c = `n+1 + βn, n = 0, 1, . . .
an = `nβn, n = 1, 2 . . .

where L is a lower bidiagonal matrix with 1’s as diagonal entries and U is an upper
bidiagonal matrix with βn = −P̂n+1(c)/P̂n(c). Moreover

Ĵ − cI = LU.

If we assume that `0 := 0, then the corresponding entries satisfy{
b̂n − c = `n + βn, n = 0, 1, . . .
ân = `nβn−1, n = 1, 2 . . .

Observe that the UL factorization depends on the choice of v̂0 since β0 = v0/v̂0,137

138

The matrices U and L given in (13) can be written139

U =


β0 1 0 · · ·
0
0
...

U1

, L =


1 0 0 · · ·
`1

0
...

L1

,

where U1 and L1 are upper and lower bidiagonal matrices, respectively. From here140

we deduce that the semi infinite matrix J(1) − cI, with J(1) the Jacobi matrix associated141

with v(1), has also an UL factorization i. e.,142

J(1) − cI := U1L1 :=


β1 1

β2 1

β3
. . .
. . . . . .




1
`2 1

`3 1
. . . . . .

.

Moreover, since β1 =
a1

b0 − c− β0
then β1 also depends on the choice of v̂0. Now ,143

if we define144

Ĵ(1) − cI := L1U1 =


β1 1
â2 b̂2 − c 1

â3 b̂3 − c
. . .

. . . . . .

, (14)

then Ĵ(1) is the Jacobi matrix associated with the linear functional û(1) defined by145

û(1) = (x− c)−1u(1) + û(1)
0 δc, where û(1)

0 = u(1)
0 /β1. (15)
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Let (P̂(1)
n )n≥0 be the SMOP with respect to û(1). Then from (14) we can deduce146

Proposition 5. Let (P̂n
(1)

)n≥0 be the SMOP with respect to the first kind associated transfor-

mation of the linear functional v̂ that will be denoted by w. Then the polynomials (P̂(1)
n )n≥0 are

co-recursive of parameter α = `1 with respect to w, i.e.,

P̂(1)
n (x) = P̂n

(1)
(x)− `1P̂n−1

(2)
(x), n ≥ 0. (16)

Moreover, the linear functional v̂(1) such that (P̂(1)
n )n≥0 is the corresponding SMOP can be

written as

v̂(1) =
v̂(1)

0
w0

(
w−1 − `1

w0
δ′0

)−1
. (17)

Proof. In [16, Proposition 24] it is proved that if the Jacobi matrix J − cI has an LU147

factorization as in (13), then the Jacobi matrix Jw associated with w satisfies148

Jw − cI =


`1 + β1 1
`2β1 `2 + β2 1

`3β2 `3 + β3 1
. . . . . . . . .

 =


b̂1 − c 1

â2 b̂2 − c 1

â3 b̂3 − c
. . .

. . . . . .

.

(18)
A comparison between the entries of the matrices (18) and (14) and taking into account149

(3), yield (16). (17) is a direct consequence of (5).150

Corollary 2. Under the hypothesis of Proposition 5, we get the following relations151

(i). P̂(1)
n (x) =

[
1− `1

â1
(x− b̂0)

]
(P̂n)(1)(x) +

`1

â1
P̂n+1(x), n ≥ 2.152

(ii). (x− c)−1v(1) + v̂(1)
0 δc =

v̂(1)
0

w0

(
w−1 − `1

w0
δ′0

)−1
.153

Proposition 6. The Stieltjes functions Sv̂ and S
v̂(1) are related as follows

S
v̂(1)(z) =

A(z)Sv̂(z) + B(z)
(z− c)2Sv̂(z) + (z− c)v̂0

,

where

A(z) = (z− c)

[
v(1)

0
a1

(z− b0) + v̂(1)
0

]
, B(z) =

v(1)
0
a1

[v̂0(z− b0)− v0]− v̂0v̂(1)
0 .

Proof. It follows the guidelines of the proof of Proposition 4.154

3. Laguerre-Hahn linear functional155

Definition 10 ([1,8,25]). A linear functional u is said to be of the Laguerre-Hahn class if its156

Stieltjes function satisfies a Riccati equation157

φ(z)S′u(z) = A(z)S2
u(z) + B(z)Su(z) + C(z), (19)

where φ(z) 6= 0, A(z), B(z), C(z) are polynomials with

C(z) = (Du ∗ θ0φ)(z)− (u ∗ θ0B)(z)− (u2 ∗ θ2
0 A)(z). (20)
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In particular, if A(z) ≡ 0, then the linear functional is said to be semi-classical.158

Proposition 7 ([1,8,25]). Let u be a quasi-definite and normalized linear functional, i. e.159

u0 = 1, and let (Pn)n≥0 be its corresponding SMOP. The following statements are equivalent160

i) u is a Laguerre-Hahn functional.161

ii) u satisfies the functional equation

D(φ(x)u) + ψ(x)u− A(x)(x−1u2) = 0, (21)

where φ(x), A(x), B(x), C(x) are the polynomials in (19) and

ψ(x) = −[φ′(x) + B(x)].

iii) Each polynomial Pn(x) verifies the so called structure relation

φ(x)P′n+1(x) + A(x)P(1)
n (x) =

n+d

∑
k=n−s

λn,kPk(x), n ≥ s + 1.

Here φ(x) and A(x) are the polynomials given in (19), s = max{t− 1, d− 2} and162

d = max{r, m}, where r = deg φ, t = deg ψ and m = deg A.163

Remark 1. We notice that there are changes of signs in the previous characterizations compared164

to the works of Maroni [27,29], Belmehdi [7], Marcellán and Prianes [25,26] and many other165

authors. This is because in these articles the Stieltjes function was multiplied by a negative sign.166

In characterization (ii), we must notice that you have not uniqueness in the repre-167

sentation. Indeed, if u is Laguerre-Hahn and q(x) is a polynomial, then u also satisfies168

the functional equation169

D(q(x)φ(x)u) + (q(x)ψ(x)− q′(x)φ(x))u− q(x)A(x)(x−1u2) = 0.

With this in mind we give the following definition170

Definition 11 ([1,8,25]). The class of a Laguerre-Hahn functional u is the nonnegative integer
number defined as

s := min max{deg ψ(x)− 1, max{deg φ(x), deg A(x)} − 2},

where the minimum is taken among all polynomials φ(x), ψ(x) and A(x) such that u satisfies171

(21).172

Taking into account that the class of a Laguerre-Hahn linear functional is very173

useful in order to state a hierachy of such families, we need to give a simple way to174

characterize it.175

Proposition 8 ([1,25]). Let u be a Laguerre-Hahn linear functional and let φ(x) and ψ(x) be
non-zero polynomials with deg φ(x) =: r, deg ψ(x) =: t and deg A(x) =: m, such that (21)
holds. Let s := max{t− 1, d− 2} with d = max{r, m}. Then s is the class of u (s = s) if and
only if

∏
a: φ(a)=0

(
|ψ(a) + φ′(a)|+ |A(a)|+

∣∣∣〈u, θaψ(x) + θ2
a φ(x)− (u ∗ θ0[θa A(x)])〉

∣∣∣) > 0.

From the above Theorem, there is an alternative way to find the class in terms of176

the polynomials involved in the Riccati equation (19). Indeed,177
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Corollary 3 ([1,25]). Let u be a Laguerre-Hahn functional satisfying (19) such that deg φ(x) =178

r, deg A(x) = m and deg ψ = t with ψ(x) = −[φ′(x) + B(x)]. Let s = max{t− 1, d− 2}179

with d = max{r, m}. Then s = s if and only if the polynomials φ(x), A(x), B(x) and C(x)180

are coprime or, equivalently,181

∏
a: φ(a)=0

(
|A(a)|+ |B(a)|+ |C(a)|

)
> 0.

Theorem 5. Let u(1) be the first associated transformation of u and assume without lost of182

generality that u0 = u(1)
0 = 1. If u is a Laguerre-Hahn functional of class s satisfying (19), then183

so is u(1). In this case we have that184

φ1(z)S′u(1)(z) = A1(z)S2
u(1)(z) + B1(z)Su(1)(z) + C1(z), (22)

where

φ1(z) = φ(z),

A1(z) = a1 C(z),

B1(z) = −2(z− b0)C(z)− B(z),

C1(z) =
1
a1

[
φ(z) + A(z) + (z− b0)B(z) + (z− b0)

2C(z)
]
.

The above polynomials are coprime. Moreover, if s1 is the class of u(1), then s− 2 ≤ s1 ≤ s.185

Proof. Let a be a zero of φ1(x). If A1(a) 6= 0, we get the result. If A1(a) = 0, then186

B1(a) = −B(a). If B(a) 6= 0 we stop the analysis. If B1(a) = 0, then C1(a) = A(a) 6= 0187

necessarily, since in other case we would have a contradiction with the class of u. Thus188

we have that φ1, A1, B1 and C1 are coprime.189

Now, since u is of class s, then deg φ ≤ s+ 2, deg A ≤ s+ 2 and deg ψ ≤ s+ 1.
Denote

φ(x) =
s+2

∑
k=0

λkxk, B(x) =
s+1

∑
k=0

βkxk, A(x) =
s+2

∑
k=0

αkxk. (23)

Using (20), we have deg C ≤ s. Moreover,

C(x) :=
s

∑
k=0

ckxk = −(λs+2 + βs+1 + αs+2)xs

− (λs+1 + 2b0λs+2 + βs + βs+1b0 + αs+1 + 2b0αs+2)xs−1 + · · · .

On the other hand, taking into account that

ψ1(x) = −[φ′(x)− 2(x− b0)C(x)− B(x)]

= −[(s+ 2)λs+2 − 2cs − βs+1]xs+1 − [(s+ 1)λs+1 − 2cs−1 + 2b0cs − βs]xs + · · · .

Then we can distinguish the following cases190

(1) If λs+2 6= 0, then s1 = s.191

(2) If λs+2 = 0 and 2cs + βs+1 6= 0, then s1 = s.192

(3) If λs+2 = 0 and 2cs + βs+1 = 0 we have the subcases193

(3-1) If λs+1 6= 0 then s1 = s− 1.194

(3-2) If λs+1 = 0 and 2cs−1 − 2b0cs + βs 6= 0 then s1 = s− 1.195

(3-3) If λs+1 = 0 and 2cs−1 − 2b0cs + βs = 0.196
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(3-3-1) In this case the leading coefficient of A1(x) reduces to a1cs = a1(βs+1 +197

αs+2). If zero, then from item (3) βs+1 = 0. In conclusion we would have198

((s+ 2)λs+1 + βs+1) = λs+2 = αs+2 = 0, which is contradictory with199

the class of u. Thus a1cs 6= 0 and s1 = s− 2.200

201

Corollary 4. With the notation of (23), if s and s1 are the classes of u and u(1), respectively, we202

get203

• If |βs+1 + αs+2|+ |λs+2| 6= 0, then s1 = s.204

• If |βs+1 + αs+2|+ |λs+2| = 0 and |βs + 2(b0αs+2 + αs+1)|+ |λs+1| 6= 0, then s1 =205

s− 1.206

• If |βs+1 + αs+2|+ |λs+2|+ |βs + 2(b0αs+2 + αs+1)|+ |λs+1| = 0, then s1 = s− 2.207

3.1. Linear spectral transformation on Laguerre-Hahn functional208

Now we will deduce some results concerning the Christoffel and Geronimus trans-209

formation when the original linear functional u is Laguerre-Hahn.210

Christoffel transformation211

Theorem 6. Let ũ = (x− c)u. If u is Laguerre-Hahn functional of class s with u0 = ũ0 = 1
satisfying (19), then ũ is also a Laguerre-Hahn functional satisfying the equation

φ̃(z)S′ũ(z) = Ã(z)S2
ũ(z) + B̃(z)Sũ(z) + C̃(z), (24)

where

φ̃(z) = (z− c)φ(z),

Ã(z) = A(z),

B̃(z) = φ(z) + 2A(z) + (z− c)B(z),

C̃(z) = φ(z) + 2A(z) + (z− c)B(z) + (z− c)2C(z).

Moreover, the class of ũ, denoted by s̃, satisfies s− 2 ≤ s̃ ≤ s+ 1.212

Proof. (24) is a direct consequence from the fact that you can write, by using (6), Su(z) in
terms of Sũ(z) and then you replace it in (19). Moreover, the linear functional ũ satisfies
the distributional equation

D(φ̃(x)ũ) + ψ̃(x)ũ− Ã(x)(x−1ũ2) = 0,

with ψ̃(x) = (x− c)ψ(x)− 2[φ(x) + A(x)] and ψ(x) = −[φ′(x) + B(x)]. Thus, if s̃ is the
class of ũ, it follows from above that

deg(φ̃) =: r̃ ≤ s+ 3, deg(ψ̃) =: t̃ ≤ s+ 2,

d̃ = max{r̃, m̃} ≤ s+ 3, s̃ ≤ max{t̃− 1, d̃− 2} ≤ s+ 1,

where deg B̃(x) = m̃.213

On the other hand, since ũ is a Laguerre-Hahn functional of class s̃, then there exist
polynomials φ(x), ψ(x) and A(x) such that

D(φ(x)ũ) + ψ(x)ũ + A(x)(x−1ũ2) = 0, (25)

and s̃ := max
{

deg ψ(x)− 1, max{deg φ(x), deg A(x)} − 2
}

. Using (6) again, and tak-
ing into account (25), we have that u also satisfies the distributional equation

D((x− c)φ(x)u) + (x− c)
[
ψ(x) + 2A(x)

]
u + (x− c)2 A(x)(x−1u2) = 0.
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With this in mind

deg(φ) = r ≤ s̃+ 3, deg(ψ) = t ≤ s̃+ 2,

d = max{r, m} ≤ s̃+ 4, s ≤ max{t− 1, d− 2} ≤ s̃+ 2.

As a conclusion, s− 2 ≤ s̃ ≤ s+ 1.214

The above gives bounds for the class of ũ. However, the following result show that215

the class only depends on the value c and never take the value s− 2.216

Theorem 7 ([21]). Let ũ = (x− c)u be a linear functional such that u0 = ũ0 = 1 and where217

u is of class s. If s̃ is the class of ũ, then218

• s̃ = s+ 1, if φ(c) 6= 0 and A(c) 6= 0.219

• s̃ = s, if φ(c) = A(c) = 0, ψ(c) 6= 0 and A′(c) 6= 0.220

• s̃ = s− 1, if φ(c) = A(c) = ψ(c) = A′(c) = 0.221

Geronimus transformation222

Theorem 8. Let û be the linear functional defined by (x− c)û = u. Assume that u0 = û0 = 1.
If u is a Laguerre-Hahn functional of class s satisfying (19), then so is û. In this case

φ̂(z)S′û(z) = Â(z)S2
û(z) + B̂(z)Sû(z) + Ĉ(z), (26)

where

φ̂(z) = (z− c)φ(z), (27)

Â(z) = (z− c)2 A(z), (28)

B̂(z) = −[φ(z) + 2(z− c)A(z)] + (z− c)B(z),

Ĉ(z) = A(z)− B(z) + C(z).

The class ŝ of û depends only on the zero x = c. Moreover, s− 1 ≤ ŝ ≤ s+ 2.223

Proof. Let a be a zero of φ(x), then224

φ̂′(a) + ψ̂(a) = (a− c)(φ′(a) + ψ(a) + 2A(a)), Â(a) = (a− c)2 A(a) (29)

and

〈u, θaψ̂(x) + θ2
a φ̂(x)− (u ∗ θ0θa Â)(x)〉 = 〈u, θaψ(x) + θ2

a φ(x)− (u ∗ θ0θa A)(x)〉
+ ψ(a) + φ′(a) + A(a), (30)

where
ψ̂(x) = (x− c)[ψ(x) + 2A(x)]. (31)

Observe that from (27), (28) and (31) we get (29) in a straightforward way. Now, to
find (30) let us notice that

θaψ̂(x) = (x− c)θaψ(x) + 2û0θa A(x) + ψ(a) + 2û0 A(a), (32)

θ2
a φ̂(x) = (x− c)θ2

a φ(x) + φ′(a). (33)

On the other hand, using (28) and Proposition 1 (ii) we get

(θ0θa A)(x) = θ0((x− c)2θa A(x)) + A(a)

= (x− c)2(θ0θa A)(x) + (x− 2c)(θa A)(0) + A(a).
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Thus from the above and Proposition 1 (iii) and (iv)〈
û2, (x− c)2θ0θa A(x)

〉
=
〈

u2, (θ0θa A)(x)
〉
+ 2û0〈xu, θ0θa A(x)〉,〈

û2, (x− 2c)(θ0 A)(0)
〉
= û0((2− c) + xû0)(θa A)(0),〈

û2, A(a)
〉
= û0 A(a).

Taking into account (32), (33) and the fact that (θa A)(x)− (θa A)(0) = xθ0θa A(x) we get225

(30). Using the above we obtain that for any zero a 6= c of φ(x)226

|ψ̂(a) + φ̂′(a)|+ |Â(a)|+
∣∣∣〈u, θaψ̂(x) + θ2

a φ̂(x)− (u ∗ θ0[θa Â(x)])〉
∣∣∣ 6= 0.

The proof of the second part is essentially the same as the one given in Theorem 6 and,
as a consequence, we do not deal with. However, we point out that û satisfies the
distributional equation

D((x− c)φ(x)û) + (x− c)[ψ(x) + 2û0 A(x)]û + (x− c)2 A(x)(x−1û2) = 0.

227

Proposition 9. Let (x− c)û = u and let s and ŝ be the class of u and û, respectively. Let us
define

g =

{
s+ 2, deg A = s+ 2,
s+ 1, deg A < s+ 2.

Then

φ(c) 6= 0⇒ ŝ = g

φ(c) = 0⇒

 A(c)− B(c) + C(c) 6= 0⇒ ŝ = g,

A(c)− B(c) + C(c) = 0⇒ [1],

[1]⇒


−[φ′(a) + 2A(c)] + B(c) 6= 0⇒ ŝ = g− 1,

−[φ′(a) + 2A(c)] + B(c) = 0⇒

 A′(c)− B′(c) + C′(c) 6= 0⇒ ŝ = g− 1,

A′(c)− B′(c) + C′(c) = 0⇒ [2],

[2]⇒


φ′(c) 6= 0⇒ ŝ = g− 2,

φ′(c) = 0⇒

 A(c) 6= 0⇒ ŝ = g− 2,

A(c) = 0 is not posible.

Proof. Notice that deg φ̂(x) ≤ s+ 3, deg Â(x) ≤ s+ 4, and deg ψ̂(x) ≤ max{s+ 1, s+
2}, where φ̂(x) = (x− c)φ(x), Â(x) = (x− c)2 A(x) and ψ̂(x) = (x− c)(ψ(x) + 2A(x)).
Since

ŝ = max
{

deg ψ̂(x)− 1, max{deg φ̂(x), deg Â(x)} − 2
}

,

if φ(c) 6= 0, then there are two possibilities. If deg(A) = s+ 2 then ŝ = s+ 2. If
deg(A) < s+ 2, then ŝ = s+ 1. Now if φ(c) = 0, and A(c)− B(c) + C(c) = 0, then we
can divide both hand sides in (26) by (z− c),

φ(z)S′û(z)
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= (z− c)A(z)S2
û(z) +

(
−
[

φ(z)
(z− c)

+ 2A(z)
]
+ B(z)

)
Sû(z) +

A(z)− B(z) + C(z)
(z− c)

.

If −[φ′(a) + 2A(c)] + B(c) 6= 0, then ŝ = g− 1. On the other hand, if

− [φ′(a) + 2A(c)] + B(c) = 0 (34)

and A′(c)− B′(c) + C′(c) = 0, then in (26) we can divide both hand sides by (z− c)2
228

and, as a consequence,229

φ(z)
z− c

S′û(z) = A(z)S2
û(z)+

(
− φ(z)
(z− c)2 +

[2A(z) + B(z)]
(z− c)

)
Sû(z)+

A(z)− B(z) + C(z)
(z− c)2 .

If φ′(c) 6= 0, then ŝ = g− 2. Finally if φ′(c) = 0, thenA(c) 6= 0 since, otherwise, B(c) = 0230

by (34). This yields the equation (21) is reducible contradicting the class of u.231

4. Example232

Example 1. Let (Lα+1
n )n≥0 be the monic Laguerre polynomials of parameter α+ 1 with α > −1,233

which are orthogonal with respect to the positive definite linear functional v234

〈v, p(x)〉 = 1
Γ(α + 2)

∫ ∞

0
p(x)xα+1e−xdx, p(x) ∈ P.

The following properties are very well known in the literature ([12])235

i) Recurrence relation.

xLα+1
n (x) = Lα+1

n+1(x) + (2n + α + 2)Lα+1
n (x) + n(n + α + 1)Lα+1

n−1(x), n ≥ 0,

Lα+1
0 (x) = 1, Lα+1

−1 (x) = 0.

ii) Explicit formula as an hypergeometric function

Lα
n(x) =

n!
(−1)n

n

∑
k=0

Γ(n + α + 1)
(n− k)!Γ(α + k + 1)

(−x)k

k!
.

iii)
(

di

xi Lα+1
n

)
(0) = (−1)n+i n!Γ(α + n + 2)

(n− i)!Γ(α + i + 2)
.236

iv)
〈
v, Lα+1

n (x)Lα+1
m (x)

〉
=

n!Γ(n + α + 2)
Γ(α + 2)

δn,m.237

The linear functional v satisfies the distributional equation [13] D(xv) + (x− α− 2)v = 0,
and, as a consequence, it is a Laguerre-Hahn functional of class s(v) = 0. Its Stieltjes function
satisfies the first order linear differential equation

zS′v(z) = (−z + α + 1)Sv(z) + 1. (35)

In [4] the authors studied the first kind associated Laguerre polynomials which are denoted238

by (Lα+1
n (x, 1))n≥0. In particular it was proved that these polynomials are orthogonal with239

respect to the positive definite functional v(1) defined by240 〈
v(1), p(x)

〉
=

1
Γ(α + 3)

∫ ∞

0
p(x)

xα+1e−x∣∣Ψ(1,−α, xe−πi)
∣∣2 dx,

where

Ψ(c, a, x) =
1

Γ(c)

∫ ∞e(3π/4)i

0
tc−1(1 + t)a−c−1e−xtdt,

Re(c) > 0, −π/2 < 3π/4 + arg x < π/2.241
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The associated monic orthogonal polynomials of the first kind (Lα+1
n (x, 1))n≥0 satisfy the242

following properties243

i) Explicit formula.

Lα+1
n (x, 1) = (−1)n(n + 1)(α + 3)n×

n

∑
k=0

(−n)kxk

(k + 1)!(α + 3)k
× 3F2

(
k− n, 1, α + 2
α + k + 3, k + 2

; 1
)

.

ii) Lα+1
n (0, 1) =

(−1)n

α + 1
[(α + 2)n+1 − (n + 1)!].244

iii)
〈

v(1), Lα+1
n (x, 1)Lα+1

m (x, 1)
〉
=

(n + 1)!Γ(n + α + 3)
Γ(α + 3)

δn,m.245

Using Theorem 5 and (35) we get that the functional v(1) is Laguerre-Hahn of class zero
satisfying the distributional equation

D(xv(1)) + (x− α− 4)v(1) − (α + 2)
(

x−1
[
v(1)

]2
)
= 0.

From Proposition 7 we have the structure relation246

x
d

dx
Lα+1

n+1(x, 1) + (α + 2)Lα+1
n (x, 2) =

n+1

∑
k=n

λn,kLα+1
k (x, 1); n ≥ 1.

Using (2) and comparing the coefficients on both sides we get

λn,n+1 = (n + 1), λn,n = (n + α + 3)(n + 2),

as well as the relation

x
d

dx
Lα+1

n+1(x, 1)− Lα+1
n+2(x) = (−x+ α+n+ 3)Lα+1

n+1(x, 1)+ (n+ α+ 3)(n+ 2)Lα+1
n (x, 1), n ≥ 1.

Besides from (22), its Stieltjes function satisfies the differential equation

zS′v(1)(z) = (α + 2)S2
v(1)(z) + (−z + α + 3)Sv(1)(z) + 1.

Next, let v̂ be the linear functional defined by the Geronimus transformation xv̂ = v with

v̂0 =
1

(α + 1)
. Then from (2.2) with c = 0 we get

〈v̂, p(x)〉 = 1
Γ(α + 2)

∫ ∞

0
(p(x)− p(0))xαe−x dx +

p(0)
Γ(α + 2)

∫ ∞

0
xαe−x dx

=
1

Γ(α + 2)

∫ ∞

0
p(x)xαe−xdx, p(x) ∈ P.

If Jα+1 is the monic Jacobi matrix associated with v, then Jα+1 has UL factorization as in247

(13) with βn = α + n + 1, n ≥ 0, `n = n, n ≥ 1. Therefore248

Jα+1 = UL 7−→ Ĵα+1 =: LU = Jα.

Notice that L̂α+1
n (x) = Lα

n(x) for all n ∈ N. Now, let v̂(1) be the Geronimus transformation249

of v(1) obtained from (15), then250

〈
v̂(1), p(x)

〉
=

1
Γ(α + 3)

∫ ∞

0
(p(x)− p(0))

xαe−x∣∣Ψ(1,−α, xe−πi)
∣∣2 dx +

Γ(α + 2)
Γ(α + 3)

p(0).
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Let (Pn(x, 1))n≥0 be the SMOP with respect to v̂(1). Then from Corollary 2 we get the
three term recurrence relation

xPn(x, 1) = Pn+1(x, 1)(x) + (2n + α + 1)Pn(x, 1) + (n + 1)(n + α + 1)Pn−1(x, 1), n ≥ 1,

P0(x, 1) = 1 P1(x, 1) = x− (α + 2),

as well as the following connection formula251

Pn(x, 1) =
1

α + 1
(

xLα
n(x, 1)− Lα

n+1(x)
)

n ≥ 2.

Using Theorem 8 we get that the linear functional w :=
Γ(α + 3)
Γ(α + 2)

v̂(1) is a Laguerre-Hahn

functional and

z2S′w(z) = (α + 2)z2S2
w(z)− z(z + α + 2)Sw(z) + z.

Note that it equation is reducible to252

zS′w(z) = (α + 2)zS2
w(z)− (z + α + 2)Sw(z) + 1.

Taking into account that the polynomials are coprime, then the class of w is also zero. Since
ψ̂1(x) = x + (α + 1), then w satisfies the distributional equation

D(xw) + (x + α + 1)w− (α + 2)x
(

x−1[w]2
)
= 0.
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