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GENERALIZED GEOMETRY FOR SECOND-ORDER TANGENT GROUPS &
AFFINE CONFIGURATION COMPLEXES

1* Azhar Igbal > Gohar Ali ,* Javed Khan

AssTrACT. In this work, generalized geometry of second-order tangent groups and affine
configuration complexes is proposed. Initially, geometry for higher weights n = 4 and
weights n = 5 is presented through some interesting and suitable homomorphisms, finally,
this geometry is extended and generalized for any weight n € N.

1. INTRODUCTION

Suslin [12] connected free abelian groups by differential boundary maps to define his
famous chain complex called Grassmannian configuration chain complex. Configuration
chain complex has many applications in algebraic K-theory and geometry. Leibniz in-
troduced Polylog function Li,(z) = 3 i

n=0 1
log(v) = 0. For weight 1, Bloch defined polylog groups $B,(F), it is a quotient of Z-

module Z[PllF /{0, 1, o}] by its subgroup, generated by the relation [x] + [y] — [xy] [15].
Bloch also introduced dilogarithmic group B,(F). It is the quotient of Z [P;/ {0, 1, co}] by
the relation Z?:O(—l)ir(vo, s Viy ..., v4). This relation is also called the five term relation
of cross ratio of four points in two dimensional vector space. Bloch also introduced chain
complex for dilogarithmic group called Bloch-Suslin chain complex. Goncharov [5, 6, 7]
generalized Bloch group for any weight n € N to define the generalized polylogarithmic
chain complex called Goncharov complex.

Goncharov [5] connected Bloch Suslin and configuration chain complexes by morphisms
for the geometry of weight 2 and 3. By making use of derivation, Cathelineau [4, 2, 3]
introduced variant of Goncharov chain complex in two setting, one was infinitesimal while
the other was tangential. Siddiqui [11] introduced both cross ratio and the Siegel cross
ratio properties in tangential form. Siddiqui [11] also defined geometry of configuration
and first order tangential chain complexes for weight 2 and weight 3. Khalid et. al [10]
extended the work of [11] up to weight 5. Hussain [14] introduced second order tangent
group and its chain complexes for weight 2 and 3. Hussain [14] also defined geometry of
second order tangent group and configuration chain complexes both for weight 2 and 3.
The present work extends the work of [14], to introduce generalized geometry for affine
configuration and 2nd order tangent groups chain complexes through generalized homo-
morphism. Section 2 provides basic ideas of the affine configuration chain complexes,
truncated polynomial and its rings, cross ratio and duel numbers cross ratio, classical poly-
logarithmic groups and its complexes, first and second order Tangent groups and its gener-
alized chain complexes, geometry of second order tangential and affine configuration chain
complexes up to weight 3. Section 3 extends the work of [14] to define new geometry of

, z < 1, with relation log(uv) — log(u) —
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2nd order tangent groups and affine configuration complexes for weight 4 and weight 5.
For weight 4 initially the subcomplex of Grassmannian affine configuration chain complex
and subcomplex of second order tangent group complex are connected through some in-
teresting homomorphism. After connecting these two chain complexes we will show that
the resultant diagram is commutative. Finally work done for weight 4 is extended for the
geometry of weight 5 also and the resultant diagram is shown to be commutative. Section
4 describes generalization of the previous work. It propose generalized geometry for sec-
ond order tangent groups and affine configuration complexes for any weight n € N. Last
section is the conclusion of the whole research work.

2. BACKGROUND & LITERATURE REVIEW

2.1. Grassmannian Configuration Chain Complex. Let GL,(F) be a general linear group
of order n. The group action of GL,(F) = V" = V", where the set V" is an n-dimensional
vector space with elements (v, ..., v,) called configurations of V”. Following morphisms
are two types of differential maps defined as:

A0, s v) = D (=1 (Vs s Dis s 1), (1
i
and
PO, ) = D (=D Wilvo, B V). @)

Let G,,(n) be a free abelian group generated by m elements in n-dimensional vector space
then following is the Grassmannian configuration chain complex:

G3(n +3) —2> Gro(n + 3) —L Gy (n + 3) (A)

lp I lp

Ga(n +2) —> Gt (n +2) —2—> Gu(n +2)

Each square in diagram A is commutative (see [12]).

2.2. Affine Configuration Chain Complex. Let F be a field with characteristic 0. Let the
k™ truncated polynomial ring be denoted by Flel; := Fle] /b k = 1. Let A};’[a]n be the
affine space defined over the truncated polynomial F[g],,.

Let us denote the element v = (a1, a2, as, ..., a,)" € A%\(0,0,0,...,0), vi = (@16, .... ane) €
AT also v = (a) g1, Ay g1, A3 gty ooy Gy 1) € AL [14]. Let G (A ]k) be the free abelian

Fle
group, generated by (v}, ..., v;,) vectors in the n-dimensional affine space A’ , where the

Flely’
vector is defined as v* = v + v.& + ... + v~ [14]. Now, let us introduced the following
differential morphisms:

d: G (ALrg) = Gu(Aprg,)
and

P 1 Gt (A = Gu(ARL).


https://doi.org/10.20944/preprints202102.0223.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 February 2021 d0i:10.20944/preprints202102.0223.v1

GENERALIZED GEOMETRY FOR SECOND-ORDER TANGENT GROUPS & AFFINE CONFIGURATION COMPLEXES

Following is the generalized affine configuration chain complex:

d d n
Gm+l(A?[E]k) I Gm(A?[E]k) I Gmfl(AF[g]k) (B)

lﬂ I I

n— d n— d n—
Gm(AF[gl]k) - Gm_l (AF[El]k - Gm_2(AF[;]k)

2.3. Cross Ratio. Cross ratio of four points (v, ..., v3) is defined as:

F(Vo, V1. Vo, v3) = A(vg, v3)A(Vy, v2)
0, V1 V2, V3) = — >

A(vo, v2)A(V1, v3)

where (v, ..., v3) € A%.

Following important property is called the Siegel [13] cross ratio property

Ao, v3)A(vi,va) - A(vg, vi)A(vz, v3)

= . 3
Ao, v2)A(V1, V) A(ve, v2)A(v,v3)
2.4. Siegel cross ratio property in Polynomial Ring F[¢];.
Case 1: For k=1 and n=2,
AL, VE) = AWV, V)0 = AV, 12). )
Case 2 : For k =2 and n=2,
AWV, Vy) = AWV, V50 + AV, V3.l E, 5)
AWV, VY)e = AV, Voe) + Vi, V2).
Case 3 : For k=3 and n=2,
AWV, VY) = AWV, V) + AT, VE)e1E + AV, vz)gzsz, (6)
A(VT, v;)sz = A(vl, VZ,SZ) + A(Vl,s, V2,8) + A(V],st VZ) [11’ 14]
Following are cross ratio properties and relation in F[e];
r(vy, ..., V3) = (o + re &+ ... + rgk-usk’l)(vf“), e V3). @)
In the above eq.(7)
A(vo, v3)A(Ve, v2)
sy V) = ey V3) = ——————— =2 8
(V- V3) = 100, 0 v3) A(vo, v2)a(v, v3) ©
{a(vg, VAT, V)le {a(vg, v3)AL], V))e
Tt (Vg ooy V3) = (g v3)A 0, v3) - r(vg, ..., 3 2 LAE )
A(vo, v2)Aa(vy, vs) A(vo, v2)A(v, v3)
{Aa(5, ViAW, Ve {a(vg, v)AWV], v)le
re(Vy, .., V3) = (g v3)A 1. v5) — (g, s V3 o2 L3
A(vo, v2)Aa(vy, v3) A(vo, v2)Aa(ve, v3)
{a(vy, v)AWT, v))e
— (Vs ey v3) — L3 (10)

AW, v2)A(V1,v3)
up to rg-1(vo, ..., V3).

2.5. Polylogarithmic Groups Complexes. Leibniz introduced polylogarithmic function

00 n
by a series Liy(z) = 2, Z—,
n=0 n?
a unit disc. Let us assume a Z-module defined over doubly punctured set denoted by

Z[PllF /{0, 1, co}].It is also a free abelian group generated by an element [x].

z < 1. This infinite series is absolutely convergent in
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2.5.1. Polylogarithmic Group. The polylog Scissor congruence group B(F) is a factor
group of Z[P /{0, 1, oo}] and its subgroup generated by the relation [v{] — [v2] + [2] -
Vi

1-v;
[ 2 ] [ ] vi # vy and vy, vy # 0, 1, also called Abel five term relation [5].

2.5.2. Bloch polylogarithmic group for Weight-1. In [15] Bloch defined a subgroup R;(F)
of Z[P /10, 1, 00}], generated by the three relation {viv2} — {v{} — {v2}, (v1,v2 € F*). The
quotient group B (F) = Z[P}F /{0, 1, c0}]/ <R1 (F )> is called Bloch classical polylogarithmic
group for weight n = 1. Bloch also introduced an isomorphism §; : B,(F) — F*, where
o1 :[v] = .

2.5.3. Polylog Bloch Group for weight 2 and Bloch Suslin Chain Complex. For weight 2
4

group, let Ry(F) = Z(—l)ir(vo, <eey Viy ...y V4) be a subgroup of Z[P}/{O, 1, o0}], generated
i=0
by cross ratio of four points relation.
B (F) = Z[P /10, 1, 00}]/(R2(F)). Bloch also connected B,(F) and A>F* to form the
following chain complex called the Bloch Suslin chain complex [15].

By(F) —2= A2F*
Where morphism ¢ is defined as 5[v], = v A v.

2.5.4. Goncharov Chain Complex for Weight-3. Goncharov [5] introduced Rj3(F) sub-
group of Z[P}E /{0, 1, 0}]/, generated by the triple cross ratio relation of six points given
by,

Y

(vo, Vi, v3)(Vi, V2, va)(Vo, V2, Vs)]
(vo, v1,va)(v1, V2, vs5)(Vo, V2, V3)

Goncharov [5] defined a factor group B3(F) = Z[P}, /{0, 1, 00}]/{(R3(F)). Goncharov also
introduced the following chain complex for Bloch group B3(F ):

6
Ra(F) = ) (~1)/Altg|
i=0

B3(F)—>BQ(F)®FX A3F*
Lemma 2.1. §06 =0 [5].

2.5.5. Weight-n. Goncharov [5] generalized Bloch group B,,(F) = Z[P}F /{0, 1, c0}]/ <Rn(F )>,
R, (F) is a subgroup of Z-module Z[P};] and it is also the kernel of the morphism ¢,
Z[P}/ {0,1,00}] = B,_1(F) ® F*. Following is the generalized classical polylog chain
complex called Goncharov complex:

an '12

Bu(F) 2 B,1(Fy e F* 255 B, 0 (F @ A2(F) 22

Lemma 2.2. §,_; 06, =0 [5].

% n-2 0L nypx
. Br(F)@N'TA(F) — ANY(F) (12)

2.6. First Order Tangent Group. Let us assume v and v are elements of field F and
<v; v']z = [v+ve] - [v] € Z[F[e):]. Cathelineau [3] defined first order T8, (F). It

is a quotient group of Z-module generated by the elements <x; x']2 € Z[F[eg],] and the
following relation

' ’ Nolow (Lowyy v —w) v —w)y
<V;v]_<w;w]+<%;(%)]"<1—vvv;(1_3)]+<:v(1—v:);(:v(1—t))]’

v#wandv,w # 0, 1. This relation is also called five term relation [3, 14].
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2.6.1. Tangent Group Chain Complex for Weight 2. Following is the tangential chain com-
plex to Bloch Suslin complex for weight 2 [3, 11]:

TBy(F) - F @ F* @ \2F*

where

w w w w

8ot (vow], = (;®(1 VT ®V)+((1 — " ;). (13)
2.6.2. Tangent Group Chain Complex for Weight 3. Cathelineau [3] introduced tangent
group of order 3 defined as TB3(F) = Z[F|e]2]/ker;, where kers is the kernel of the
morphism 6, = Z[F[g],] = TBy(F) ® F* & F ® B,(F). Following chain complex is the
tangential chain complex for weight 3 to Goncharov complex:

TBy(F) s TBy(F)® F* @ F ® By(F) — "> F @ A2F* @ ASFX .

2.6.3. Generalized First Order Tangent Group Chain Complex. Cathelineu [3] introduced
generalized tangent group 7 B,(F) and then constructed the following generalized first or-
der tangent group complex for any weight n:

One TBu 1 (F)Y®F* Sn-1)e S1e TBF)RN2FX 6, _
TB,(F)—> "' B N R S (FRATIFY) @ (AF)
F@B,_(F) FQB,(F)QA" 3 F*

6(n—1),£ o 6n,£ =0 [3]

2.7. Second Order Tangent Group. In [14] Hussain defined the second order tangent
group TB%(F) as the quotient group of Z-module generated by elements <v; v',v”] €
Z[Flels],

where <v; v, v”] = [v +ve+v ez] - [v] and v,v,v" € F and the following relation:

o LTy A=)y (- w)y
(il = Qoo T (5 ) C) TG (=) () B
v(L=w)y v =w)y vl —w)\”
<(W(1_V))’(W(I—V)),(W(l—v)) ]’ vw#0, 1, v#w. (14)

2.7.1. Second Order Tangent Group Chain Complex for Weight 2. Hussain [14] also de-
fined the following chain for second order tangential complex to the Bloch Suslin complex
for weight 2:

5,2
TBIF)—— F @ F* & A\*F*,
where morphism J,. is defined as

) 2
552<V§ W1,W2] = (% - %) ®(1-a)+ ((IZV_'QV) -5 Vi’lv)z) ® v+

2 w 2 wi
(57-32)n (G v—vzv) “aoep) vwemek

2.7.2. Second Order Tangent Group Chain Complex for Weight 3.

TBAF) > TBUF) ® F* & F ® By(F) —=> F ® A2F* & A3FX,
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2.7.3. Generalized Second Order Tangent Group Chain Complex. Following is the gener-
alized second order tangent group chain complex:

T82 | (F)®F% 6-1)e 51 TBIF)®N"2FX 5,
® —_— e s —)

One _
TB2(F)— o =S (FR AP @ (AF),
F®B,_1(F) F®B,(F)®N" 3 F*

where 6(,,_1)’8 o 6,[,5 =0 [14]

2.8. Second order Tangential and Grassmannian Affine Configuration Complexes
Geometry up to Weight 3.

2.8.1. Weight 2 Geometry. Hussain in [14] introduced the following geometry for weight-
2:

gl,e2

Gs(Ad ) —— Ga(Ady,)) TB(F) ©)

Ok

p .62
Ga(A}y,) — G3(A},) —— F @ F* & N'F*

Theorem 2.3. g7, 0d =6, 0 g7, [14].

2.8.2. Weight 3 Geometry. Following geometry is for weight 3 as defined in [14]:

Gr(A3,,,) — = Go(Ad) D)

F Flels

Pk

3
d 8 &2
Go(A,,)) ——Gs(A, ) “—=TB(F) ® F* & F ® By(F)

O ST

3 d 3 0 2 3
Gs(AY,,) —> Ga(A}, ) — > F® N'F* & N'F*

Theorem 2.4. g}, 0d =6, 0¢) , [14].

3. GEOMETRY FOR HIGHER WEIGHTS

3.1. Second order Tangential and Grassmannian Affine Configuration Complexes
Geometry up to Weight 4. For this weight connect the subcomplex of second order tan-
gent group and affine configuration chain complexes. For the geometry of weight 4, take
subcomplex of affine configuration and second order tangent group chain complexes. Now
connect these two chain complexes by introducing two suitable and interesting homomor-
phisms géez and g‘l‘gz. These homomorphisms will help to produce a commutative diagram.

The following commutative diagram is produced by connecting these two complexes:

g4
Gi(Ay,,) —> Go( AL, )~ TBUF) @ NF* @ F® By(F)® F*  (E)

AT

Go(A},,) ——= Gs(Ak ) —————= F® A F* @ A*F*
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Where,

4 ~ N
4. . ; A(vg,...,v*i,...,vj;)s2 A(V(’;,...,v*i,...,vf‘)zs
g6, (0 Vi) = Y (=1(2 - - - )
© pary AVQ, ey Viy oaey V) AV, eeey Viy ey V4)
A(V(),..., 9i+19'-'9 V4) A(VO,..., ‘,}i+29"-sv4) A(VO""9 9i+37-"a V4)+

A(VO""ai}i+2""’ V4) A(VO7"" 0i+3,...,v4) A(VO""7 i\)l'+47"" V4)

4 4 * A oy 2 * N 2
Z(—l)m /\ (2A(v0, LV A,, s VY)E B A(VO, vV A,, o Vy) 8) (i mod 5)
pary o AWV, ooy Viy oeey V) AV, eeey Viy ey V4)

(15)
and
1 5
4 i A ) " n
81200 s Vs) == D> (=D)'({r(vi, vjlvo, ... Di, D)y s 5); 7oV, VIV oy Vi VE ooy VE),
le 6 J

i+

5
A A 2
* Kk * PN
rgz(vi,vjlvo, S A T A R ¥ ]2 ® | | AWQ,y wees Vi Yy ooy V5)A
i#r

5 A, A,
AWy o0y VEis VEpy w0y VE) 2

5
[ 200,005, v5) +

j#r 1_'¢r A(VO""s ﬁh 9"7-"’ VS)

i=0
[r(vi, vilvo, «oos Dis Dy oy v5) 2 ®
5 5 ot ot
o AWy ey VY s v*r,...,v;)g
HA(VO,...,vj, v,,...,V5)+Z o — ) ®
e T V(),...,Vj,Vr,...,V5
Jj=0
5
[FWi Vi1V05 0§19y s V)2 @ [ | 800,00 B0, ¥y, v5)) (mod 6. (16)
i#r

Theorem 3.1. gg ,© d=0,0 g‘l‘sz

Proof: Let (v, ...,vs) € G6(ﬂ;[812), apply morphism d

5
Ao, ... v5) = Z(—l)j(vo, Do V5 (17)

J=0

now apply gggz

5 5 A, A A, A
4 o4 ( l)j ( l)i 2A(v3,...,v*i, v*j,...,v;)s2 AWy s Vi v*j,...,vg)zs ®
80, ° :§ - § - ( P - PPN )
& = pro AW, e Diy V¥, ey V5) AW, -ey Viy D)y ey V)

A(V()»"" ‘,)i+l",>j’-~-9 VS) A(V05°"’ i)i+2’ 1,>j9""VS) A(VO’“" f)i+37f)j""’ V5)+
A(V(),---, ">i+27 f)j’"-, VS) A(VO,-"’ f)i+39 f)j,"-,vS) A(VO’"'s i\)i+49 9j3-~-’ VS)

5 5 5 N A N
Z( 1)j Z( 1)i+1 /\(ZA(VS,...,V*,‘,V*j,...,v§)82 AWy e Vi v*j,...,v;)zs)
= P i A(Vo,...,\’;’i,ﬁj,...,VS) A(Vo,...,ﬁi,ﬁj,...,V5) '

(18)
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Consider again (vy, ..., Vs) € GG(\?(‘}[E]Z), apply morphism g‘l‘g2
5

1
8182(V0a~ Vvs) =— Z( 1) <r(vl, Vilvo, coos Dis Dy oy 5); rg(vl,vlvo,.. v,,v],.. Vs),
i#j

A 2
* EYE ] * A oA
rgz(vi,vjlvo,...,v*[, V¥ ey V ]2 ® | | AWVQ, eeey Viy Yy ooy V5)A
i#r

AVE, o VL VR Vi)g2
HA(V(),.. 1T V5)+Z 0 3 ®

JEr 1¢r A(V(),-' vlsvrs ",VS)

[r(vi’ Vj|V(), ey Vl‘, Vj, ceey VS)]2®

AWE, o Vi Ve, V)2
0’ ’ J° rs s V5/¢e
HA(V(),.. T V5)+Z ®

A(vg, ..., \7j, Vryeeey V5)

JET ]#r
5

FORYI TR RN Y-Y [ PCTR A S ) (19)
i#r

now applying morphism 8> and using wedge, tensor and Siegel cross ratio properties [13],
we get

5

5 * % Ok ) 2 5 “ o 512
. AV, VRV L Ve AWV, L VLV L VE)E
02 og‘ll‘92 = E -1y E (—1)1(2 0 h I 0 o > )®

= pary AWQ, eers Dis Ve V5) AW, oy iy Dy i V5)

A(VO,...,ﬁi+1,\’>j,...,V5) A(Vo,...,ﬁHz,ﬁj,...,vS) A(Vo,...,\75+3,f/j,...,\15)
A(vo,... \7,-+2,f1j,...,V5) AW, ooy Dig3, V) s V5) AV, ey Diga, D)y ey V5)
Z( 1)] Z( 1)l+1 /\ A(v(’;, e VY vA*j, ...,v;)s2 ~ A(VZ‘), ...,ﬁ*i,\;*j, ...,v’g)za).
) AW, oy Dis Dy iy V5) AW, oy Diy Dy iy V5)
(20)

So from Eq.(18) and Eq.(20), gg ,ed=06z0 g?gz'

3.1.1. Weight 5 Geometry. For the geometry of weight 5, we extend the geometry of
weight 4. Connect the subcomplex of second order tangent complex for weight 5 with
subcomplex of Grassmannian affine configuration chain complex by two new homomor-
phisms gg .» and g? .2~ Following is the resultant commutative diagram for weight 5 after
connectin,éy these chain complexes:

5

8
Gs(AL,,.) — > Go(A,) ) — TBUF) ® NF* & F @ By(F) ® AP (F)

oLl 5

0.&

6 4 5
G7(ﬂF[e] ) —— GG(ﬂF[e]z) FOAN'F*®NF
where,
5 A~
5 . o l.+1 ( Vi wees V v5)8 A(v(’;, e V5, ...,vg)ze
gogz(vo,m,VS) = (=D = )®
’ Py A(VQ,...,V,’,...,V5) AV, eeey Viyonry V5)
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AWVQy weey Vi1 oees V5) AWVQ,y eey Vig2y ey V5) A(Vo,...,lA/i+3,...,V5)/\
AV, oeey Vig2y ey V5) AWV, ceey Vig3y ey V5) AWVQ, wees Vizdy oy V5)
AW, ooy Vigdy ooy V5) +

AWVQ, eeey Viz5y ey V5)

5 5 N ) A
Z(—Uﬁl /\ (ZA(VS,...,v*j,...,vg)s ~ A(v(’;,...,v*j,...,v’g)s) (i mod 6)
= i A(V(),...,\A/j,...,V5) A(Vo,...,f/j,...,V5)
Jj=0
21
and
6
5 i A n )
812 (Vs oo V) T Z(—l)'«r(vi,vj, Vilvo, ey Dis Dy Diey vevs V6)s 1o (V7 Vi ViV, oy
i*)
6
N % N * 2 A A A
ViV, Y k,...,vé)]2 ® l_[ AWQ,y eey Viy Vs Vs ooy VEIA
I#r#S
6 6
l_[ AW, oy Vjy Dy Vg, o0y V) A l—[ AWQ, .oy Vi Dy, Dy ey V)
JEIES k#r#s
6 A A A A A A
.\ Z (A(vg,...,v*i,v*,, v*s,...,vg)s2 AWVGs ey Vi Ve, v*s,-..,v;)zs)
iErEs A(VO’ ceey ‘,}ia f)h 9s, eeey V6) A(V()’ ceey ﬁi, f)h f)s’ eeey V6)
i=0
6
[r(vl’ vj7 vk|v0’ ey 919 9]7 f)k’ ey V6)]2 ® r[ A(VO’ ey 9]7 f)h ‘,}S’ ey v6)/\
JEr#ES
6
[T 200, 00 91 9510 v6)
k#r#s
6 A A A A A A
N Z (A(vg,...,v*j,v*,,v*s,...,v2)82 A(v(’;,...,v*j,v*,,v*s,...,vZ)zs)
j#rEs A(VOy ceey ‘31, ‘,)r’ ﬁs: ceesy V6) A(V(), veey f/], 1’)” f/S, ceey VG)
J=0
[r(vi, vjs velvo, .., D,
6 6
90 s s V)2 ® [ | 800s s D1 B Vo) A [ | 8004 81D B v6)
k#r#s i£r#s

I ) A A oA )
. Z (A(vg,...,v*k,v*r,v*s,...,vz)s AVs eves Vi VEpy Vs ey V) s)
AW, .oy Vs Dy, Dy oy V) AW, .oy iy Dy, Dy <oy V)

6
[r(Vi, Vj, vk|v0’ bl f)i’ f)_]v f)k’ A V6)]2 ® l_[ A(V(), cee oi’ ‘,)rv f)s’ ceey VG)/\
i#r#s
6

[ ] 80,991,955 ., v6) (mod 6). (22)

J#ErES
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Theorem 3.2. g(s)g2 od=6p0g],
Proof: Let (v, ..., v¢) be points of G7(?l15,[8]2), applying morphism d

6
d(Vg, ... vg) = Z(—l)j(vo, Py oo Vo), (23)

=0

now applying gg 2 we get

6 6 %D A A
5 ; ; A(v(’g,...,v*i,v*j,...,vg)sz A(vf),...,v,-,vj,...,vZ)zs
g 0d =1 )12 o - )

. = AW, ey Dis Dy ey V6) AW, ..oy Diy Dy ey V)
A(VO,...,\’)H_l,\,}j,..., V6) A(VO,..., ">i+2, ﬁjs'“s V6) A(V()?"" ">i+3a‘/>j"-'9 V6)/\
A(VO""’9i+2’ ">j9'"’ V6) A(vo’"" ">i+3",>j""’ V6) A(V07"" 9i+4’ ">j""7 Vﬁ)
A(V(), [RR) ‘,}i+4s ">J’ RRE) v6)

A(VO’ (23] 9i+5a 91, sy V6)

i=j+1

6 6 6 A AN
Z( 1)]. Z( 1)i/\(ZA(VS,...,v*i,v*j,...,vé)sz A(vz‘),...,v*,-,v*j,...,vg)s)
=) fapre) i AWy, ...y Vi, 171', ey V) AWV, ...y Vi, f/j, e V) '

(24)

Consider (vy, ..., vg) € G7(ﬂ;[812), we apply map g?gz

6
1 .
5 * kY i A A A . ko k| ok
g182(v()9 ey vﬁ) _E Z(_l) (<r(Vi, Vj, leV(), s Vi, Vja Vicy ees Vﬁ), rE(vj s vj’ Vk|V0, (XL}
i#]
6
A A A 12 A A a
Vi VijsVikseees VG)]Z ® ]_[ A(VO$ wes Vis Vs Vs ooy Vﬁ)/\
i#r#s
6 6
[] 8000909 v6) A [ | 800, 0 Bi s B 00 v6)
J#ErES k#r#s
6 A~ A A 2 A Y A 2
Z (A(vg,...,v*,-,v*,, v*s,...,vg)z-: A(v;‘),...,v*,-,v*,, v*s,...,vg) 8)
i£r#s A(V()’"" ‘,)iy i)r9 93’-"9 v6) A(VO,.'., ‘,)j, \,)r, f/s,..., V6)
i=0
6
[PV ViV s 9 Dt s V2 ® [ | 5000, 1, s s V)
JErES
6
[ ] 800, s s 91, 955 s v6)
k#r£s
6 % Tk ) o2 5 Tk ok ok #\2
Z (A(vo,...,v VY S,...,V6)8 A(VO,...,V ViV S""’Vs) 8)
j?ﬁr?ts A(VO,..., ‘A}j» i}r’ ‘A}ss'-" V6) A(VO""’ f)]? ‘,)r’ f)s’-"’ V6)
J=0

[r(vl'y vj9 Vk|v0, (X3 9[7
6

6
f)j’ ‘,)k""a V6)]2® l_[ A(VO""7 f)k’ f)ra f)S""? V6) A I—[ A(VO""7 f)ia Qr’{}s"""/b)
k#r#s I#r#s
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6 A, A, A 2 A A A 2
AVGs ever Vi Vs Vi s VEIET AV, wees Vi Vi, Vi, s V)
N — - s Je
S AW s Vi B D s V6) AW, oy Vs Uy Vs, ooy V6)
k=

6
[P,V ViV oo 01 D55 Pt s V)2 ® [ | 800, s D1, By, B s V6)A

i#r#s
6
[] 800,090,955 v6). (25)
J#ErES
Now apply morphism 6, then using wedge, tensor and Siegel cross ratio properties [13],
we get
6 6 s Nk w\ 2 * s N2
5 og5 _Z(—l)j Z (_l)i(2A(v0,...,v iV ],...,vﬁ)s ~ A(vo,...,v,,vj,...,vﬁ) 8)
& 1e2 — Y NP
& i £ AW, oy Vis Dy ey V) AW, oy Dis Dy ey V)

A(VO, ceey f)i+l9 9j, ceey V6) A(V(), ceey 9i+2, \’;’j, ceey V6) A A(V(), ceey 9i+3, \’;’j, . VG) A
AW, vy Dig2, V)i V6) AWV, s Dig3, Dy V) A0, ey Digas s e, V6)
AVQ, ..y Visd, f)j, s Vg) +

AW, .oy Digs, V), .y V6)

i( 1y Zﬁl( 1y /6\ (ZA(v;;, s Ve VE)EE A, e VR VY, ...,vg)g)
‘0 Papre] i A(VQ, ..y Vi, \A/j, ey V6) AVQ, ..y Vi, \7]', ey V6) '
(26)

From Eq.(24) and Eq.(26), ggz od=209,0 g?gz.
4. GENERALIZED GEOMETRY FOR WEIGHT n € N

Following is the generalized geometry for any weight n:

o
Coa( AL ) — Coa (AL ) 2 TBAF) 8 A"2F* @ F @ Bo(F) ® A"3F*  (H)

T

n+1 P n 0 n—-1 X nEx
Cn+2(ﬂp[g]2) e Cn+l(~—7lF[8]2) — > FQ®A F*e AN'F
where,
n * o ) 2 * > *)2
& (Ve vh) = Z(—l)i+1(2A(Vo’ s Vs, VR)E B AWy ooy VEis oes V) s)
2 Vs eees = N —
0 . Py AW, evey Dty ey Vi) AWV, vy Diy ey V)
A(VO""’ ">i+1""9 vn) A(V05°"’ l,>i+2""’ Vn) A(VO,..., 9i+3""7 Vn)/\
A(V()?"" ">i+2"--9 Vn) A(V(),..., f)i+37"'7 Vn) A(VO""’ ‘,}i+47"'7 vn)
AV, ooy Vigdy ooy V AWO,s eeey Vit(ne1)s s VO .
( 0 At+4 n) A ti—(n ) ) (l mod I’l), (27)
A(VO""’ Vit55 a0 vn) A(VO’“" Vitns «oes VG)
and

7
n * % _ i N N N . * 5
812 (Vos oo V1) = E (=D ((r(vi,,viz,...,v,-n,zlv(),...,v,-l,viz,.--,vi,l,z,-.-,vnﬂ),rs(vil,viz,...,
i=0
2 n+2
* * >k * >k * A A A A
Vi,,,2|"o’~~,v‘ viz,...,viH,...,vn+1)]2® | | AW, ey Vi Vs Vs oy s
U#ENEpFF 2
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n+2
s Vig2) A 1_[ AW, ey Vi Vs Vs s D s s Vi) A
b#J1# jo# . F jn-2

n+2

A | | A(VO’nwVi,,,z»le,ij,-‘-,Vj,,,za--~’Vn+2)
in—2¢jl¢j2¢m¢jn—2

n+2 * “ ot o S * 2

. Z (A(VO,...,v*,-l,v*jl,v*jz,...,v*jnfz,...,v“z)s
A(vg, ..., 1’)1” 171‘1 S ‘A)jz’ s ‘,)jn—Z’ s Via2)

H#ENEpFFE 2
i1=0

. N A A N .
AWGs oy Vi V1 Ve s Vs ey Vi )7E

)®[v,- Viyyeees Vi 5 [VO, ..
A A A A 12 V12 s Vip-2 ’ ’
AW, oy Vi V10 Vs ey Vs s Vi) "

n+2
Diys Vigs Vip s ves Vir2) 2 ® | | AW, ooy Vigs Vs Dy ey Vs ey Vig2) A
iy # j1# jo# . F Ju-at
n+2
AWy ey Vigs Vs Vs ey D s eves Vg2
BEJ1FoF - F fn2
n+2

l_[ A(vg, ..., Vipas Vs Vigseo-Vjuas oo Vo )+

in2#F 1 E JoF o F Jn-2

n+2 . A N A * 2
Z (A(vo,...,v i VgV jas eees Vg s Vi 0)E

AV, ..., V1 Vi Vs s Vs e Vit2)

+

2 # 1 #jF o Fjn-2
in-2=0

. A ~ A A . v
AWVGs ooy Vi Vs Vs e Vi s Vi 0)E

)® [Viis Viys s Vi VO, ooe
~ ~ ~ ~ 1° V12 » Vg2 ’ ’
AWy ey Vip s Vs Vs s Vs ey Vig2)

n+2
Bips Vi Vo Vi) ® [ ] G B B D s By o Va2 A
£ 1 # ja# - F jn-2l
n+2 n+2
DG woos Digs Vs P eees Doy eems Vi) ]_[ AWV, oo
b#J1# jo# . F jn-2 In-3#J1# 2% F Jn-2
">in—3"’>jl’f)j2’ ...1’;’]'"72, ...,Vn+2). (28)

Theorem 4.1. gj od=0208,
Proof: Let (v, ..., Vuyt1) be (n + 2) points of the group Cn+2(ﬂ’;[ 8]2). We apply morphism d

n+l
k ~
A0, s Vaet) = Y (=D 00, Py s V1), (29)

k=0

then apply homomorphism g, ,

1 nl AWE, VD VvEER  AWE, VLD T
gn od—z(—l)i+l Z(—l)k(z 0’ is Vks eees n+1 _ 02" is Vs oo n+l1 )®
2 - A A A A
0 A(V()’-'-, Vis Vs eens vn+1) A(V(),..., Vis Vs ees vn+1)

i=0 k=0
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A(v09 eeey 9i+1’ ‘,}k’ seey Vn+1)

A(VO’ eeey ‘,}i+2’ ‘A}k’ (XX} Vn+l)

AFFINE CONFIGURATION COMPLEXHS

A(VO’ B ">i+39 ">k’ (X2} Vn+l)

AW, +es Vin2s Vs vves Vg 1)
A(VO, ey ">i+4a ‘,)k’ weey vn+1)

A(VO’ R ">i+3’ ﬁlﬁ R3] Vn+l)
A(VO’ weey 9i+(n—

A(V()? s ">i+4’ ‘,)k’ A Vn+l)

A(V()»'--’ ‘,)i+59‘,>k""9 Vn+l) A(VO’-"’ 1,>i+

1> Vks --~,Vn+1)). (30)

1> Vs ooy Vsl

Let us again take again (n+2) points (vo, ..., Vn+1) € Cp2(Ay,, ) and apply morphism g\,

~ . R
s Vi g5 Vn+1)» rE(vjl s Vi29 ey

n+2

[

AW, ey Vifs V) Vs s B

W#ENEpFFn-2

7
n * * _ i A A
glgz(Vo» ceey vn+1) - Z(_l) (<r(vi19 Vizs weey vi,,,z |V(), ceey Vil 5 vizv .
i=0
* | * ER * * ) 2 ®
Vl-n_z Voo +ees vil’ viz’ eeey Vin_z, o Vit 2
n+2

sy Vn+2) A

[

bL#ENEpFFE 2

n+2

[

in2#F J1# 2 Fjn-2

A

n+2

A(vg, ..., Vigs Viis Vigseeos Vi gs oo Vas2) A .

AW, ey Vi s Vs Vs s Vs s Ving2)

. NooA A - ; )
A(VO,...,V i VsV e V jn_2,...,vn+2)8

+

2

U#EJ1# 2 #F Jn2
i1=0

(

; A o~ N . 2
A(VO,...,v*,-,,v*jl,v*jz,...,v*jz,...,vn+2) &

AW, ey V115 D15 D)y s

A(vg, ..., f/l'] , \7]'[ , f)jz’ . 1’)]')1_2, s Via2)

n+2

[

#J1# jo# . F a2l

f)il ’ ﬁi29 i}in,z PR ] Vn+2)]2 ® A(VO

n+2

[

B3ENEpFFE 2

A(vg, ..., Vigs Vijis Vigs eers Vi, g5 oo

n+2

[

in2F 1 # 2 FFE Jn2

AW, ey Vipys Vs Vs Vs

n+2 * A A
A(vo, s Vi VLV,

Vg wees Ving2)

) ® [Viys Vigs +ves Viy 5 V05 oo

s Vigs Vi Vs es Vs s Vig2) A
* VVH-Z)"'

sy Vn+2)+

T s 2
s Vs e Vi 0)E B

+

2

in2Fj1# 2 FF jn-2
i,-2=0

(

; A N A . 2
A(VO,...,v*,-n_Q,v*j],v*jz,...,v*jz,...,vmz) &

N QUINO UTRIR U

A(vg, ..., f/l'n_z, f)jl , ‘,}jz’ ey 91}1—2’ ooy Ving2)

n+2

[

W#j1#jo# . F a2l

f)il ) ﬁi29 ‘,}in—Z PR ] Vn+2)]2 ® A(VO

n+2

[

bL#ENEpFFE 2

A(vg, ..., Vigs Vijis Viys eers Vi, g5 oo

s Vs s Vng2)

) ® [Vis Vigs +oes Viy 5 V05 -

s Vi Vi Vs s Vs s Vig2) A

n+2

[

in-3FJ1# j2FFJn-2

o Vna2) e A(vg, ...

’
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f)in73’f)jl"/>j2’""’>jn72""’vn+2)' (31)

Now apply map 6> and simplify using wedge, tensor and Siegel cross ratio properties [13],

we get
n n+l * ot a * 2 * OO * 2
Gaogh. = Z(—l)m Z(_l)k(zA(Vo,...,v*i,vk,...,vnH)S B AWy ees V¥ Vs o V1) s)®
2 = A A A A
© le i=0 k=0 A(VO""’VL" Vicy o5 Vn+1) A(VO""7 Vis Vs oees Vn+])

AWy ves Vit ls Vi voes Vit1)  AVOy cves Vieds Vies ees Vit 1) A0y ooy Vi3, Vky ey Vit1)
AV, eees Vig2s Viey ooy Vina1) AW, eees Vig3s Viey eees Vina1) AW, eees Vinds Viey eees Vit 1)
AWV, eees Vinds Vi coes Vir1) A(VO,---,\/}i+(n_1),\}>k,...,Vn+1) ' 32)
Ay wves Viess Vis ees Vit 1) AVQy ves Viens Vics oo Vit 1)
From Eq.(30) and Eq.(32), ggbz od=6p0g",.

5. CONCLUSION

In this work generalized commutative diagrams is presented for the geometry of second
order tangent groups and affine configuration chain complexes. Previous works defined
geometry only up to weight n = 3. Here geometry is generalized for any weight n € N.
Tangent groups have other form and order so generalized homomorphism ggFZ and g’]‘P2

will help us define homology for affine configuration and other form of tangent groups
complexes.
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