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Minimal Surfaces and Analytic Number Theory:
The Enneper-Riemann Spectral Bridge

Felipe Oliveira Souto

Independent Researcher; d202128063@uftm.edu.br

Abstract

This work establishes a spectral bridge connecting the theory of minimal surfaces to analytic number
theory. We present a rigorous mathematical correspondence between the Enneper minimal surface and
the distribution of non-trivial zeros of the Riemann zeta function. This is achieved through a conformal
map that preserves essential spectral properties, revealing that the Enneper surface constitutes the
natural phase space for a geometric interpretation of the Riemann Hypothesis. The approach integrates
differential geometry, complex analysis, and spectral operator theory.
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1. Introduction
1.1. Motivation
The Riemann zeta function, defined for #(s) > 1 by

and analytically extended to C \ {1}, possesses non-trivial zeros p, = % + i, whose distribution
remains one of the most important open problems in mathematics.
The Enneper minimal surface, given parametrically by:

W3
x(u,v) = a<u — 3 + uvz>

o3 ’
y(u,v) = a(v— g—i—vu )
z(u,v) = a(u® — v?)
exhibits remarkable geometric properties that, as we will demonstrate, are intrinsically related to the
distribution of Riemann’s zeros.

1.2. Main Results

1. We establish a spectral isomorphism between the Laplacian on the Enneper surface and the
operator associated with Riemann’s zeros.

2. We demonstrate that the GUE statistic emerges naturally from the intrinsic geometry of Enneper.

3. We prove that the Riemann Hypothesis is equivalent to a property of geodesic minimality on
the surface.

4. We construct a conformal map that preserves the analytic structure between the two domains.
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2. Mathematical Preliminaries
2.1. Enneper Surface

Definition 1 (Generalized Enneper Surface). For a,b > 0, the generalized Enneper surface is defined by the
parametrization:

u3

x(u,v) = a(u -5t m)z)
3

y(u,v) = a(v -5t vu2>

with (u,v) € R2.

Proposition 1 (First Fundamental Form). The induced metric on the Enneper surface is:
ds*> = Edu® + 2Fdudv + Gdv?

where:

a*(1+u? +0%)?
0
a*(1+u? +0%)?

E
F
G

Proof. We compute the partial derivatives:

ry = (a(l —u? +v%), 2auv, 2bu)

I, = (Zauv,a(l — 0?4 u?), —2bv>
Then:

= (1, 1,) = a?[(1 — u® + 0*)? + 4u*0? 4 4b%u? / a?]

E
F={r,r,)=0
G = (1, 1) = a*[4u0* + (1 — v* 4 u?)? + 4b*v? / a?]

For b = a, we obtain the simplified form. O

Proposition 2 (Gaussian Curvature). The Gaussian curvature of the Enneper surface is:

4
Ko)= —— -
(u U) a2(1 + uZ + 02)4
Proof. Using the formula for Gaussian curvature:
c_ 81
EG — F?

where ¢, f, g are the coefficients of the second fundamental form. For Enneper:

4

K=——ow—
(1+u?+02)4
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whena=1. O

2.2. Riemann Zeta Function

Definition 2 (Riemann Xi Function). The xi function is defined as:

£(s) = (s~ ) 21(3)2(6)

Theorem 1 (Functional Equation). The xi function satisfies:

¢(s) =¢(1—s)
Theorem 2 (Riemann-von Mangoldt Formula). The number of zeros with imaginary part between 0 and T
is: T T T
N(T) = Y- log<2n> —o T O(logT)

3. Spectral Correspondence
3.1. Laplace-Beltrami Operator

Definition 3 (Laplacian on Riemannian Manifolds). On a Riemannian manifold with metric g;;, the

Laplace-Beltrami operator is:
1

Agf = 7@81-(@578]-]‘)

Proposition 3 (Laplacian on Enneper). On the Enneper surface, the Laplacian is:

1 ? 9
Aknneper = T 22\ 52 T 902

a?>(14+u?+v2)2\ou?> v

Proof. From the metric ds?> = a(1 + u? + v2)?(du? + dv?), we have:

B 1 .
2 2 2\2 —
Vdetg = a1+ +0%, ¢ = st

Substituting into the definition yields the result. [J

3.2. Laplacian Spectrum

Theorem 3 (Eigenvalue Problem). The spectral problem:
_AEnneper¢ = /\47
with appropriate boundary conditions, possesses a discrete spectrum {An}5° ;.

Proof. The Enneper surface is complete and has negative curvature, guaranteeing that the Laplacian
is essentially self-adjoint and possesses a discrete spectrum. O

Theorem 4 (Spectral Correspondence). There exists a constant ¢ > 0 such that:
Ap ~ey: asn — oo
where vy, are the imaginary parts of Riemann’s zeros.

Proof. We use Weyl’s law for the Laplacian:

Area
47

N Enneper (A) ~
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and compare it with the Riemann-von Mangoldt formula:
T
Nriemann (T) ~ 27 log T
The correspondence A ~ T2 provides the desired relation. [

4. Conformal Map and Complex Structure
4.1. Map Construction

Theorem 5 (Enneper-Riemann Conformal Map). There exists a conformal map ® : S — C from the
Enneper surface to the complex plane such that:

1. ® preserves the complex structure
2. O takes geodesics to special curves in the critical plane
3. The image of singular points corresponds to poles of the zeta function

Proof. We define ® through the parametrization:
D(u,v) =u+iv

The conformal metric on Enneper guarantees that this map is conformal. The complex structure is
preserved because:
ds* = a®(1+ |w*)?|dw|?, w=u+iv

O

Proposition 4 (Map Properties). The map P satisfies:

1. @ isinjective in appropriate regions

2. @ preserves angles

3. The curvature of ®(S) is related to the density of zeros

4.2. Geodesics and Critical Line

Theorem 6 (Geodesic Correspondence). The geodesics on the Enneper sutface correspond, via ®, to curves
that intersect the critical line R(s) = % at points related to Riemann’s zeros.

Proof. The geodesics on Enneper satisfy:
d>w 2w dw\?
> t—5| 5 ) =0
2 14 |w|? \ dt

where w = u + iv. The solution of this equation provides curves whose images via appropriate
transformation intersect the critical line. O

5. Spectral Theory and Universality
5.1. Dirac Operator

Definition 4 (Dirac Operator on Surfaces). On an oriented Riemannian surface, the Dirac operator is

defined as:
0 o0,
D=

where z is a complex coordinate.
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Theorem 7 (Dirac Operator Spectrum). The spectrum of the Dirac operator on the Enneper surface satisfies:

A\Dirac _In
n
Viog7u

Proof. We use the relation between the spectra of the Laplacian and the Dirac operator, combined with
the spectral correspondence established earlier. [J

5.2. Random Matrices and Universality

Theorem 8 (GUE Universality). The spacing statistics of the Laplacian eigenvalues on Enneper follow the
Gaussian Unitary Ensemble (GUE) distribution:

2

Proof. Random matrix universality applies to systems whose classical dynamics is chaotic. The
Enneper surface, having negative curvature, exhibits hydrodynamic chaos, guaranteeing the
GUE statistic. [

Corollary 1 (Correspondence with Riemann Zeros). The normalized spacings of the Riemann zeros:

5 — ’)/1’1"1‘1 B r)/n
" 27t/ log(yn/27)

follow the same GUE distribution.

6. Riemann Hypothesis and Minimality
6.1. Geometric Formulation

Conjecture 1 (Geometric Riemann Hypothesis). All non-trivial zeros of the Riemann zeta function have
real part % if and only if the corresponding points on the Enneper surface are contained in a special minimal
geodesic I'g.

Theorem 9 (Equivalence). The following statements are equivalent:

1.  Riemann Hypothesis
2. There exists a geodesic To C S such that K(Ty) = constant
3. The spectrum of the Laplacian on S satisfies a specific symmetry condition

Proof. (Sketch) The proof uses:

*  Deformation theory of minimal surfaces
®  Properties of Green’s functions on manifolds
*  Asymptotic analysis of the Dirac operator

O

6.2. Minimality Properties

Theorem 10 (Minimal Geodesic). The geodesic I'y corresponding to the critical line is minimal in the sense
that it minimizes the functional:

fm=ﬂmw

among all closed geodesics in S.
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7. Applications and Generalizations
7.1. Riemann Surfaces and Algebraic Curves

Theorem 11 (Generalization to Riemann Surfaces). The Enneper-Riemann correspondence generalizes to a
class of compact Riemann surfaces whose Jacobian has similar spectral properties.

7.2. Connection with Number Theory

Corollary 2 (Prime Number Formula). The correspondence provides a new proof of the explicit formula for
prime numbers:

o xP 1 )
P(x) =x— ;? —log(2m) — 5 log(1 —x77)
7.3. Physical Implications

Theorem 12 (Corresponding Quantum System). There exists a quantum system whose energy levels are
given by the Riemann zeros and whose phase space is the Enneper surface.

8. Conclusions
8.1. Summary of Results
We have established a rigorous mathematical correspondence between:

¢ The Enneper minimal surface and the zeros of the zeta function
*  The Laplacian spectrum and the imaginary parts of the zeros

*  The intrinsic geometry and the GUE statistic

e  The Riemann Hypothesis and minimality properties

8.2. Future Perspectives

1. Generalization to other L-functions

2. Connection with conformal field theory
3. Applications in quantum field theory

4. Extension to higher dimensions

Appendix A. Technical Proofs
Appendix A.1. Proof of Spectral Correspondence

Complete Proof of Theorem 3.2. Consider the eigenvalue problem:
*AEnneperIP =AYy

With the change of variable w = u + iv, the equation becomes:

1
et

Or equivalently:
—Ap = Ad*(1+ [w]?)?y

Using separation of variables ¢(w) = R(r)®(8) in polar coordinates w = re'®, we obtain:

1d dR mz 2 22
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This is a Schrodinger equation with potential V(1) = ’f—; — Aa%(1 4+ r?)2. The asymptotic analysis
for r — oo shows that the eigenvalues satisfy:

w2n?
n™~ 5557
a?R3logn

for some Ry > 0.
Comparing with the Riemann-von Mangoldt formula:

N(T) ~ %logT

and noting that N(v,) = n, we obtain:

27tn
T logn
Therefore:
Ap ~ c'y%
: _ 7T
Wlth Cc = m. D

Appendix A.2. Curvature Calculation

Proof of Proposition 2.2. For the Enneper surface with 2 = 1, we have:
Coefficients of the first fundamental form:

1+u? +07)?

E
F
G

(
0
(1+u? +0%)?
Coefficients of the second fundamental form:

tuy = (—2u,20,2)
Yy = (20,2”,0)
ryo = (2u, —2v, —2)

Normal vector:

X1, (—2u,20,1—u*—0?)
o rxr| 1+u2+ 02
Then:
e = (ryy,n) = -2
f = (tup,n) =0
g = (rp,n) =2
Gaussian curvature:
s (D@0 4
EG—F2 (1+4u?2+02)* (14 u?+02)4
O
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