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SOME QUANTUM ESTIMATES OF HERMITE-HADAMARD INEQUALITIES FOR
CONVEX FUNCTIONS

WENJUN LIU AND HEFENG ZHUANG

ABSTRACT. In this study, based on a new quantum integral identity, the authors establish some quantum
estimates of Hermite-Hadamard type inequalities for convex functions. These results generalize and
improve some known results given in literatures.

1. INTRODUCTION

Convex functions play an important role in mathematical inequalities. One of the most famous inequal-
ities for convex functions is Hermite-Hadamard’s inequality, which is stated as follows: Let f: I CR — R
be a convex function, where a,b € I with a < b, then

(42 o 2520

This famous result can be considered as a necessary and sufficient condition for a function to be convex.
Hermite-Hadamard’s inequality has raised many researchers’ interest, and a variety of refinements and
generalizations have been found (see for example, [1], [2], [3], [4], [6]-[19]).
In [12], Ozdemir established the following lemma.

Lemma 1.1. Let f : I C R — R be a twice differentiable mapping on I°,a,b € I with a < b and f" be
integrable on [a,b]. Then the following equality holds:

(1.2)

(1.3) “)2

(1.4) )

(b— 1
(L1) fla) + 7 / f@ Ok | st= 95 sa (- spys.
2 —a 0
In [13], Ozdemir et al. gave some estimates for the result of Lemma 1.1 via m-convexity.
Theorem 1.1. Let f: I° — R, where I° C [0,00) be a twice differentiable function on I°, a,b € I with
a < b and suppose that f"" € L[a,b]. If |f"|" is m-convex on |a,b] for some fivred r > 1 and m € (0,1]
then the following inequality holds:
1 r T %
MO ed®) L [y —o (T (@ i (3)
2 b-a I‘(% +p) 2 ’
where p = 5.
Theorem 1.2. Let f: I° — R, where I° C [0,00) be a twice differentiable function on I°, a,b € I with
a < b and suppose that f"" € L[a,b]. If |f"|" is m-convex on |a,b] for some fivred r > 1 and m € (0,1]
then the following inequality holds:
1
r b\ |\ "
1010 2 [ jayee (i@ +me+ | (2)])
Theorem 1.3. Let f: I° — R, where I° C [0,00) be a twice differentiable function on I°, a,b € I with
a < b and suppose that f"" € L[a,b]. If |f"|" is m-convex on |a,b] for some fivred r > 1 and m € (0,1]
then the following inequality holds:
N
fla) + f(b) / fa el i
2 —a m '
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In recent years, the topic of quantum calculus has attracted the attention of several scholars. Quantum
calculus appeared as a connection between mathematics and physics. It has large applications in many
mathematical areas such as number theory, special functions, quantum mechanics and mathematical
inequalities. At present, g-analogues of many identities and inequalities have been established.

In [11], Noor et al. established the following lemma and developed some quantum estimates of it.

Lemma 1.2. Let f: I = [a,b] C R — R be a g-differentiable function on I° (the interior of I) with ,D,
be continuous and integrable on I where 0 < g < 1, then

b a —a 1
. / fo, dqx_qf<1>++qf<b> _ q<1b+q> / (1= (14 q)t)a Dy f (1~ t)a + th)odt.

Theorem 1.4. Let f : [ = [a,b] C R — R be a g-differentiable function on I° (the interior of I) with
oDy be continuous and integrable on I where 0 < q¢ < 1. If |oDqf|",r > 1 is a convex function, then

’ qf(a) + f(b)
/a f(x)adgx — 17_%

b—a
q(b—a) 2¢ \'77 [ q(1+3¢+2¢%) q(1+4¢ + ¢?) N
= TTig ((1+Q)2> <(1+q+q2)(1+q) (1+q+¢*)(1+q)? |aqu(b)|> :

Theorem 1.5. Let f : [ = [a,b] C R — R be a g-differentiable function on I° (the interior of I) with
oDy be continuous and integrable on I where 0 < q < 1. If |,Dyf|" is a convex function where p,r > 1,
1,1

=+ = =1, then

P T

_qf(a) + f(b)
/f l1+g¢q

5 laDgf(a)]" +

b—a

1
cab—a) [ 2¢ \7 [ q(l+3¢+2¢°) q(1 +4q+¢°) WD)
T l+g \(1+9?) \A+qg+¢)(1+g)p? (I+q+g¢*)(1+q)3 "7
The main purpose of this paper is to establish a new quantum integral identity similar to the one given

in Lemma 1.1 (Section 4) and develop some quantum estimates of Hermite-Hadamard type inequalities
for convex functions (Section 5). Our results in special cases recapture Lemma 1.1 and Theorem 1.1-1.3.

Sl=

oDy f(a)|” +

2. PRELIMINARIES

In this section, we first recall some previously known concepts on g-calculus which will be used in this
paper.
Let J = [a,b] C R be an interval and 0 < ¢ < 1 be a constant.
Definition 1. [16] Assume f : J — R is a continuous function and let x € J. Then q-derivative on J of
function f at x is defined as
fx)—flgz+ (A —q)a)

(21) aqu (.T) - (1 — q) (Z‘ — G,) y L 7£ a, aqu(a) - zhir}z aqu(x)'

We say that f is q-differentiable on J provided Dgyf (x) exists for all x € J. Note that if a = 0 in
(2.1), then oDqf = Dy f, where Dy is the well-known q-derivative of the function f(x) defined by

f(z) ~ f(g2)
(1-q)z
Definition 2. [16] Let f : J — R be a continuous function. We define the second-order g-derivative on

interval J, which is denoted as aDgf, provided oDy f is q-differentiable on J with aDgf = oDy(oDqf) :
J — R. Similarly, we define higher order q-derivative on J, oDy : J — R.

(2.2) Dyf (x) =

Definition 3. [16] Let f : J C R — R be a continuous function. Then g-integral on J is defined by

(2.3) / f () adgt=(1—q) (@ —0) S f (@2 + (1 - ") a)
a n=0
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for x € J. Note that if a = 0, then we have the classical q-integral, which is defined by
(24) [ 100t ==Y a1 @)
0 n=0

for x € [0, +00).
Theorem 2.1. [16] Assume f,g:J — R are continuous functions, o € R. Then, for x € J,

T

/j F(t) + (1)) adyt = /j F(E)adyt +/a o(t)adat;
/;(ch)(t)adqt = a/aw F(t)adyt.

In addition, we introduce the g-analogues of @ and (z — a)™ and the definition of ¢-Beta function.

Definition 4. [5] For any real number a,

1—¢q°
(2.5) a) =
ol = =%
is called the q-analogue of a. In particular, for n € Z+, we denote
1—g"

Definition 5. [5] If n is an integer, the g-analogue of (x — a)™ is the polynomial

1, if n=0,
(2:6) (x—a)g = {(x — W)z —qa) - (z — "), z; n>1
Definition 6. [5] For any t,s > 0,
(2.7) By(t,8) = /1 (1 - qm)fz_lodqx
is called the q-Beta function. Note that ’
(2.8) By(t,1) = /01 " odyr = [—l]

where [t] is the q-analogue of t.

3. SOME SIMPLE CALCULATIONS
In this section, we present some simple calculations that will be used in this paper.

Lemma 3.1. Let f(z) =1, then we have

/0 odqx:(l—q)anzl.

Lemma 3.2. Let f(z) =« for x € [0, 1], then we have

1 oo
1
zodqr = (1 —q) Zqzn = —.
/0 n=0 1+q

Lemma 3.3. Let f(x) = 22 for x € [0,1], then we have

1 oo
1
2 3n
:codqx:(lfq)Zq =—.
/0 = I+q+gq

Lemma 3.4. Let f(x) =1—x for x € [0,1], then we have

1 1 1 1 q
l—xodﬂc:/ odx—/xodmzl—izi.
/0( Joda o 0 ? 1+4q 1+4¢
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Lemma 3.5. Let f(x) =1 — qx for x € [0,1] where 0 < ¢ < 1 be a constant, then we have

1 1 1 1 1
1—gqx dx:/ dm—q/xdw:l—qizi,
A( Jods o o I+q¢ 1+4g¢

Lemma 3.6. Let f(x) = 2(1 — x) for x € [0,1], then we have
2

1 1 1 1
z(l—x dx:/ r—2? dx:/xdx—/x2dw: a .
/o ( Joda 0( Joda o o (I+q)(1+q+q%
Lemma 3.7. Let f(zx) = 2(1 — qz) for x € [0,1] where 0 < ¢ < 1 be a constant, then we have

1 1 1 1

1
z(1l —qx dx:/ x — qx? dm:/xdx—q/ z2odyx = .
/0 ( Joda 0( Jods o f o 1+q)(1+q+g?)

Lemma 3.8. Let f(z) = (1 —z)(1 — qx) for z € [0,1] where 0 < ¢ <1 be a constant, then we have

/01(1 —2)(1 - qz)odgx :/01(1 — z)odgr — q/ola:(l ~ 2)odyz = —1

14+q+q*
Lemma 3.9. Let f(z) = 2*(1 — qx) for x € [0,1] where 0 < ¢ < 1 be a constant, then we have
by Lo 3 1 4 L
(1 — qzx)odgx = x° —qx’)odgr = ——— —q(1 — "= .

Lemma 3.10. Let f(z) = z(1 — z)(1 — qz) for x € [0,1] where 0 < g < 1 be a constant, then we have

1 1 1 1
/ (1 —2)(1 — qz)odgr = / zodqr — (1 + q)/ rod,z + q/ 3d,x
0 0 0 0

1 > 1 1
- (44—t q(1— A——— +
Tr ( Q)1+q+q2 q( Q)ngzoq 54 ( Q)1+q+q2 LR

q2

I+g+a®)(I+a++¢%)
Lemma 3.11. Let f(x) = 2"(1 — x) for x € [0,1] where r > 1 be a constant, then we have
1 q7'+1
2"(1 —z)odgr =————.
/O (= mhodyr ==,

where [r+ 1], [r + 2] are the g-analogues of r + 1 and r + 2.

Proof. Applying (2.5) in Definition 4 and (2.8) in Definition 6, we have
1 1 1
1 1 1—g¢q 1—g¢q
(1 — d — T od _ r+1 d — _ — _
/Ox( z)odgx /Oxoqx /033 0GqT 1 [r+2 1—g¢t1 1-—g+2

1 1 qr+1(1 _ q) qr+1 qr+1
=(1—q) T+l 7z ) =19 T 2y . I_gtil_gZ :
P [ ) R Sia S ER | )
The proof is completed. O

Lemma 3.12. Let f(z) = 2"T1(1 — gz) for z € [0,1] where 0 < ¢ < 1 and r > 1 be constants, then
1
1
21— qr)odyr = — .
/0 (1= aw)od, [r+2][r + 3]
where [r + 2|, [r+ 3] are the g-analogues of r + 2 and r + 3.
Proof. Applying (2.5) in Definition 4 and (2.8) in Definition 6, we have

1 1 1
1
0 0 0

[r+2] [r+3]
l-¢ ql-q)  (1-qg(-q¢ _ 1

IR e (e (i Rl e )
The proof is completed. O
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Lemma 3.13. Let f(x) =a2"(1 — z)(1 — gx) for x € [0,1] where 0 < g <1 and r > 1 be constants, then
we have

L  (l4q)gtt
| art=a - amde =

where [r+ 1], [r + 2], [r + 3] are the q-analogues of r + 1, r + 2 and r + 3.

Proof. Applying (2.5) in Definition 4 and (2.8) in Definition 6, we have
1
/ 2" (1 —2)(1 — qx)odgx
0

1
:/ (2" = (1+ @)a" T + q2"?) odga
0

1 _ 1+¢q q
1] [r+2 [+ 3]
[r+2r+3—14+q)[r+1][r+3]+q[r+1][r+2]

[r+1][r+2][r+ 3]
_ ((1 —¢ (- (1+q(—¢H(1—g*)  q1—g¢ (- qr“))

(1-9)(1—gq) (1-9)(1—gq) (1-9)(1—gq)

1
X(v+uv+mv+m>
__ (+gg
[r+1][r+2][r+3]
The proof is completed. |

4. A NEW QUANTUM INTEGRAL IDENTITY
In this section, we establish a new g¢-integral identity.

Lemma 4.1. Let f : [ = [a,b] C R — R be a twice g-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < g < 1. Then the following identity holds:

a b 2b—a)2 1
Qf( 1)—:_qf(b) _ b i a/a f(l’)adqm = q(b)/o t(]. _ qt)aDgf((]. o t)a + tb)odqt

1+¢
Proof. From Definition 1 and 2, we have
2
oD f((1 —t)a+tb)
=aDq(aDqf((1 —t)a + b))
_aDgf((A = t)a+th) — o Dg f((1 — gt)a + qtb)

(4.1)

(1—q)(b—a)t
_ {f((l —t)a+th) — f(1—qt)a+qth)  f((1—qt)a+qth) — f((1—g¢*t)a+ ¢*th)
(1—q)(b—ajt (1=q)q(b—a)t
=1 =q)(b—a)t]

_af(L—t)a+tb) — (1+q)f((1 —qt)a+qtb) + f((L — ¢*t)a + ¢°th)
- (1=q)*(b - a)*qt? '
Applying this calculation and from Definition 3, we have
1

t(1 — qt)o D] f((1 — t)a + th)odgt

! qf (1 —t)a+1tb) — (14 q)f((1 — gt)a + qtb) + f((1 — ¢°t)a + ¢°tb)
= ( (1-q)*(b— a)’qt? ) ot
! { [qf((l —t)a+th) — (14 q)f((1 — qt)a + qtb) + f((1 — ¢*t)a + q2tb)]
(1—-q)*(b—a)*qt

o— — 5—
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[ =tattb) — A+ ) f((1 —gt)a+ qtb) + F((1 — ¢*t)a+ q2tb)] } it
(1-¢)*(b—a)’q -

d1-9) X F((L-gMata") 1+ -0) Z f(1-g"Da+q )

(1—¢q)%(b—a)?*q (1—¢q)%(b—a)?q
(1-q) i’fof((l — g™+)a + gn+2h) o1-q)(b—a) i’io " F((1 - g™)a+ q"b)
+ n=, —q n=

(1= —-a)*q (1= —-a)’q

(1401 - a)b-a) & (L= g at g™
(1= 0?C= o

(1= )b~ a) & ™A1= ")+ g"F2)

! (1—q)2(b—a)3¢®
q i::of«l —q¢"a+q"b) — i::o F((1 = g Ya + ¢"+1b)

(1-q)(b—a)*q

2 (=g a7 10) = 3 F(1- g™ at g )
NI

B f@ader (4 q) [ F(@)ader — (1+q)(1 = q)(b— a) f(b)
NO=020—ap (1—9)%(b — a)*¢?
e F@adyr = (1= q)(b—a)f(b) — (1= g)(b— @)af (1~ g)a+gb)
(1= )*(b—a)’q®
_ { a(f(0) — f(a))  f((1—q)a+qb)— f(a)}
(1-9q)(b—a)’q (1-q)(b—a)?q

b — —q)a
{ 1+q2/f dw+(1q+q 1 ) - qf((1 —q) +qb)}

b—a)q q)(b—a)?q (1-q)(b—a)*q?

_qf()+f( 1+q
~ a2 /f

Multiplying both sides by %, we complete the proof. ]

Remark 1. If ¢ — 1 and substitute sa + (1 — s)b for (1 —t)a + tb, then (4.1) reduces to identity (1.1)
m Lemma 1.1.

5. HERMITE-HADAMARD INEQUALITIES FOR CONVEX FUNCTIONS

In this section, we will give some estimates for the left-hand side of the result of (4.1) through convex
functions.

Theorem 5.1. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < q < 1. If }aDgf‘r is convexr on [a,b] for r > 1, then the
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following mequality holds:

qf(a) + ¢*(b—a)® 2¢ r 2 "\
(5.1) )+ /0 _a/'f | £ i (ma oD@+ ma D7)
where -
— (1 _ q) Z(an _ q?m)(l _ qn—ﬁ-l)r7 1 —q qu}n n+1
n=0

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |GD§ f ’ is a convex function, we have

qaf(a) + *(b—a)?
1+q b—a/f - 1l+g¢q

201 4)2 1 T )
SM </ todqt> </ t(1 —qt)" [ D f( 1t)a+tb)|’0dqt>
1+¢ 0 0

Applying Lemma 3.2, we have

qf(1)+q _a/ fo

<q2(1b;;)2<1iq>1 <|D2 ]/ (1—t)(1 —qt)"odgt + |o D] f(b |/t21—qt)0dt)r

2b_ 2 s s T
:éi@?iomppwmn+wmppwwn).

It is easy to check that

1 o]
mi = [ =00 = atdyt = (1= ) S (0 =) =)

/1 t(1 = qt) |« D2 f((1 = t)a + tb)| odgt
0

S =

|~

n=0
1 o)
my = / t2(1— qt)"odgt = (1—q) Y _ ¢*"(1—q"")".
0 n=0
The proof is completed. O

Remark 2. If g — 1, then we have

! _ p\r+1 _ 1 12 TV 5 PR 2
/Ot(l 0 = e ey /Ot(l Dt = 12 +3)

and (5.1) reduces to the following inequality:

f()2 7a/f

Corollary 5.1. In Theorem 5.1, if r is a positive integer, then

(1—gt)" <(1—qt)y, (1—=t)(1—qt)" <(1—qgt);*,

w2(v+1nfwwr+2vwwr>*
92—+ (r+1)(r+2)(r+3)

1

and (5.1) reduces to
(b*“)f (Ba(27 +2) [ D2F (@] + By3,7+ 1) [DEFO))

qf(a) +
1+q b—a/f ( + q)?

Theorem 5.2. Let f : I = [a,b] C R — R be a twice g-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < g < 1. If |aD§f|T is convex on [a,b] where p,r > 1, %—l—% =1,

then
qf(a) +
1+q bfa/f

7(b—a)?
1+gq

=

(5.2) (k1)

<q2 D2 f(@)]" + (1 +q) \aD3f<b>\’“>’l”
( b

1+q)(1+q+q¢?)
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where
1-q Zan B n+1

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |aD§ f ]T is a convex function, we have

Qf(1)+q —a/f
s*?;;V(AZQ_wﬂmQ (Azbmﬂu—wwww%%ﬁi

20h_ )2 / [ »
<q<ba)</ t(1 — qt) odt) <| D2f( |/ (1 —t)odgt + oD} f( |/t20dt)
1—|—q 0

Applying Lemma 3.3 and 3.6, we have

qf(1)+q _a/ f

Po—ap [ [ b NP (@]aD2f(@)] + (14 q) [ D2O) )
=g </0 - Odqt> ( (L+a)(1+q+¢?)

S=

1
:qz(b—a)2 (k )% qz\aDﬁf(a)\rﬂL(lﬂLq)\aDﬁf(b)r i
l+q 1+q)(+q+q?) '
It is easy to check that
1 o0
ky = / t(1—qt)Podgt = (L—q) Y _ ¢”"(1—q" )P
0 n=0
The proof is completed. O

Remark 3. If g — 1, then we have

1 » _ 1
/0 o1 —)dt = (p+1)(p+2)’

and (5.2) reduces to the following inequality:

fla) + f(b)
5 —a/f )dx

1 . oL
(b—a)? < 1 > (If”(a)l +21f(b)] >
2 (p+1)(p+2) 6 '
Corollary 5.2. In Theorem 5.2, if p is a positive integer, p > 1, then

(1—qt)? < (1-qt)y,

<

and (5.2) reduces to

qf(a) +
1—|—q —a/f
26— ay? s (D2 @] + () DO\
<1+q(&@w+”)< a0 0+ ) |

Theorem 5.3. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < q < 1. If |aD2f|T is convex on [a,b] for r > 1, then

qf(1)+q —a/ @

|~

7’(b—a)?
1+¢q

(5.3) (1 | D2f (@] +ha [ D2FO)) "
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where
oo oo
h=0-g)Y (@) A=g)1—=g""), ha=01-q) ) (¢")"(1—q").
n=0 n=0

Proof. Using Lemma 4.1, Holder’s inequality and the fact that ’aDg f ’7' is a convex function, we have

af@+f) 1 f°
T a/a f(@)adgx

1+gq

<q2(1b+_q“)2 </01 Odqt) ' (/01 (1 - qt)" |aD2F((1 — t)a + tb)]rodqt> '

Applying Lemma 3.1, we have

af(a) + f(0) 1 /b
1+gq b—a ), f(@)adgx
2 2 1 G
q (b — CL) / r r 2 r
<LVZar 1— )" |.D2f((1—
e ([ [aD G = )] ot
(b —a)? r [t r ot g
<O (i@ [ -ty 0= ot DA [0 gt odyt
l+¢q 0 0
2 2 1
¢*(b—a) r r\ "
=T (1D @]+ ha oD 7))
It is easy to check that
1 00
hy = / t"(1—qt)" (1 —t)odyt = (1 —q) Z(q")’”“a —¢")(1—q¢" ",
0 n=0
1 [e's)
b= [ gt adyt = (1= ) Y@L
0 n=0
The proof is completed. O

Remark 4. If g — 1, then we have

1 1
/ t"(1—t)"dt = B(r + 1,7 +2), / "1 —t)dt = B(r +2,r + 1),
0 0

and (5.4) reduces to the following inequality:

fla+fo) 1 [° (b—a)?
’ 2 bfa/a f(@)de 2

1
s

<

B+ 1,0 +2) | (@) + B(r +2,7 + 1) | /"))

Corollary 5.3. In Theorem 5.3, if r is a positive integer, then
(I—gt)" <(1—qt)y, (1=t —qt)" <(1—qt)g*,
and (5.3) reduces to

qf(a) + f(b) I
1+¢q B b—a/a f(@)adqz

<q(1b;;) (Ba(r + L +2) [aD2F(@)" + By(r + 2.7+ 1) [aD2FB)[)

Theorem 5.4. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with D2 f be
continuous and integrable on I where 0 < g < 1. If |aD§f|r is convex on [a,b] where p,r > 1, %Jr% =1,
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then

qf(a) +

(5.4) . + p

where

Posted: 19 December

W. J. LIU AND H. F. ZHUANG

i [ s

17qi :D+1

7(b—a)?
1+gq

=

(u1)

2016 doi:10.20944/preprints201612.0102.v1

1+¢

(q loD2f(a)|" + | D2f

o n+1)p.

(b>|r>i

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |GD§ f ’T is a convex function, we have

qf(a) +

1+q

[ e

201 )2 1 5 1 G
<tk ( / tpuqt)podqt) ( / IaD§f<<1t>a+tb>|’"odqt>
022 ([ enmar) (o [o-naesor )

0

Applying Lemma 3.2 and 3.4, we have

qf(a) +

1+q

It is easy to check that

1
e / tP(1 — qt)Podgt = (1 — q)
0

The proof is completed.

Remark 5. If g — 1, then

Using the properties of Beta function, that is, f(z,x) = 21_29”6(%,

obtain that

Blp+1,p+1)=2"" 2p+1)6< D+ ) 272l 2=

b—a/f

¢*(b—a)?
1+gq

1 (qlaD2f(a)]" +[aD2f(
(u1)?

1+¢q

1
/ tP(1—-t)Pdt=p{p+1,p+1).
0

where T'(3) = /7 and T'(t) is Gamma function:

z) and B(z,y) = FEEW,
L(HT(p+1)
r(3+p) ’

Thus, inequality (5.4) reduces to the m =1 case of inequality (1.2), due to the fact that

(b—a)?

2

Bo+1,p+1)) (
271720 /7T (1 +

2

(@) + If”(b)l’”>’l'

:(b—Qa)2<

_(b—a)?

I(
I'(1+p)

8

(

F(§ +p)

3+p)

)

[f"(a)]” + 11" (0)]

p)); (|f"<a>|*

+ f”(b)V“)i
2

2

1
’I‘>T

b)’r>i.

we can
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Corollary 5.4. In Theorem 5.4, if p is a positive integer, p > 1, then
(1 —qt)? < (1—qt)?,

and (5.4) reduces to

qf(1)+q _a/ o

Theorem 5.5. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with D2 f be
continuous and integrable on I where 0 < g < 1. If |aD§f|r is convex on [a,b] where p,r > 1, %—F% =1,

—a)? 1 aDQaraDsz%
< (1b+ ) (By(p+1,p+1))7 <q| o )L:rq' Qf()|> '

then
qf(a) + Pb-a? [ 1 \7 1
(5:5) 1—|-q —a/f = T4y <[p+1]) (21|Df )"+ 22 |a D2 ( )|) :
where
=1-9)> ("= A—g"™), zm=01-q ) ¢ 1-q ),
n=0 ne0

and [p + 1] is the g-analogue of p + 1.

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |aD§ f ’T is a convex function, we have

qf(a) + f(b) I
1+¢q b-a F(@)adqz

SW (/01 t%dqt) (/01(1 —qt)" [ DFf((1 = t)a+ tb)lrodqt>i

Applying (2.8) in Definition 6, we have

qf(1)+q _a/ fa

sngb;;)rz([piﬂ) (’ Dif( V/ (1= t)" (1 = hodat + oDy ( ‘/ “qt)odt)T

1

_qz(b—a)Q 1 B 2¢
= (prn) (BleDir@l + 2 l0ir0))
It is easy to check that

"=

-

Sl

1 e}
= [ ar @ todt = (- 0) 3@ - )= "
0 n=0
1 e}
29 = / t(1 —qt) odgt = (1 —q) Z "1 — g™t
0 n=0
The proof is completed. O

Remark 6. If g — 1, then

1 1
1 1
1—t)tlat = : /tl—trdtzi,
/0( ) v ), 1 (r+ 1)(r +2)

and (5.5) reduces to
fl@) +f0) 1 (b—a?( 1 \7 [+ D@ + 1O\
‘ i [ o <O () (T )

2 b—a
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Corollary 5.5. In Theorem 5.5, if r is a positive integer, r > 1, then
Q- <A-a)g™, (-1t <(1-at)y,

and (5.5) reduces to

qf(a) +
1+q bfa/f

b—a)? [ 1
= 144¢ (Lp+1]

Theorem 5.6. Let f : I = [a,b] C R — R be a twice g-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < g < 1. If |aD§f|T is convex on [a,b] where p,r > 1, %4—% =1,

then
qf(a) +
1+q bfa/f

q2(b7 a)2 % q r+ 5 r 1 9 r T
(5.6) Sﬁ(h) (<[r+1][r+2]>| qu(a)| +m |aqu(b)| > ;

where

=

) (Ba(1r+2) D2 (@) + B, 2,r + 1) [oD2FB)]) "

=(1-gq) Zq g P

and [r+ 1], [r + 2] are the g-analogues of r + 1 and r + 2.

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |GD§ f ’T is a convex function, we have

Qf(1)+q —a/ f(x
SW (/O (1—qty ) (/O t" | Dy f 1—t)cHrtb)|Toﬂlqt)i
g“fy ( / - qt)podqt) ’ (|GD§f<a>|’” / 0 oyt + D20 / 1 t’"“odqt)

Applying Lemma 3.11 and (2.8) in Definition 6, we have

qf(1)+q _a/ fl

i (fo-er Odqt) ((mqﬂ:m)‘“ O + g 2RO )

CPb—a? (gt N e ;
T 1+4q (M) (([T+1] [7’+2}> ’aqu(a)| * [r + 2]

D20
It is easy to check that

1 %)
h= [ a—ardg =00 X a0 -y

n=0

3=

The proof is completed. O

Remark 7. If g — 1, then
1
1
/ (1 t)Pdt = ——.
0 P+ 1
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Since
1
1 P 1 P 1
lim ( —— =1 and lim = -,
p—=oo \ 1+ p p—1+t \1+p 2
we have

hence for r € (1,00),

( ! )p<1 d L <1
- and ——
1+p (r+1)(r+2)

Then inequality (5.6) reduces to the m =1 case of inequality (1.3).
Corollary 5.6. In Theorem 5.6, if p is a positive integer, p > 1, then
(I—qt)’ < (1—qt)y,

and (5.6) reduces to

qf(a) + £(b) I
1+gq 7b—a/a

f(@)adgx

((quf[w]) D@ + |aD3f<b>|’“)}' .

Theorem 5.7. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < q < 1. If ‘aDgf| is convex on [a,b], then

af(a
(1) / fl
+4q —a
Proof. Using Lemma 4.1, Holder’s inequality and the fact that |aD§ f ] is a convex function, we have
qaf(a) + / fla
1 + q b-a

2(p
<q(b(|D2 \/ (1—t)(1 — qt)odqgt + [a D} f(b |/t21—qt)0dt>

1+¢

<q2(b_a)2
1+g¢

<=

(Bq(L,p+1))

¢*(b—a)* (¢* [ D7 f(a)| + | D7 f(D)])

(5.7) S 14+ +q+P)A+q+ 2 +¢)

Applying Lemma 3.9 and 3.10, we have

qf(1)+q _a/ f

The proof is completed. |

*(b—a)? (¢* |« D2 f(a)| + [« D2f(b)])
T (494 q+*)I+q++¢)

Remark 8. If ¢ — 1, then (5.7) reduces to the following inequality:

fla)+fo) 1 (b—a)*(f"(a) + f"(b))
‘ 5 _bfa/a f(z)dz| < .

24
Theorem 5.8. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < q < 1. If ‘aDgfr is convex on [a,b] for r > 1, then

OO L[ ) g < L0 (LDHON 4 LDIOL %
1+q b—a ( 1+q)2 7 l+qg+¢*+¢3 '

(5.8)
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Proof. Using Lemma 4.1, Holder’s inequality and the fact that |aD§ f |T is a convex function, we have

qf(a) +
1+q b—a/f

Lo (f 11— gtodyt ) N ( / 40— qt) | D2F((1~ +10)] odyt)

1—1

2 2 1 r
q*(b—a) (/ >
< t(1 — qt)od,t
=114 o ( Q)Oq

‘ (\an,f(a)\r / H1— 1)1 — qt)odyt + |D2F (B / 201 - qt)odqt)*

Applying Lemma 3.7, 3.9 and 3.10, we have

qf(a) +
1+q bfa/f

_d*b—a)? ( : >1i ¢ [aD3f (@] +[aD3F )"\
T o 1+qg \(1+9QQ+g+g?) (I+g+¢)(1+q+q*+q3)
_P—a)? (@lDif (@) + Do)\
(1+q)% " l+q+¢+¢° '
The proof is completed. O

1
=

Remark 9. If ¢ — 1, then (5.8) reduces to the followz'ng inequality:
fla)+ f(b I
|<>2 ()*b_a/ﬂ“’)dl’ —a)?

< (IF" (@I + 1" ®)")
Theorem 5.9. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be
continuous and integrable on I where 0 < q < 1. If |aD§f|T is convex on [a,b] for r > 1, then

qf(a) +
1+q b—a/f

G- (1T (ta 2 ) 2
69 < (1+q> <[r+1][r+2nr+3}|"qu(“)|+[r+2][r+3]|“qu(b)|>’

where [r+ 1], [r + 2], [r + 3] are the q-analogues of r + 1, r + 2 and r + 3.

1
s

Proof. Using Lemma 4.1, Holder’s inequality and the fact that ’aDg f ’T is a convex function, we have

qf(a) + /f
1+q b—a

2 2 1-+ 1
g*(b—a) ; ,
§1+q( (1—qt odqt) ( (1= qt) |« D2F((1 = t)a + tb)] odqt>
2 2

q*(b—a) ( )
<" (1 — qt)odyt
> 1+q 0 q 08q

1
r

1
X <|aD§f(a)|’“/O (1 —t)(1 — qt)odyt + |aD§f(b)V/0 1 — qt)odqt)

Applying Lemma 3.5, 3.12 and 3.13, we have

qf(1)+q _a/ f@
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S

(b—a)® 1\ (1+q)q ! 2 T 1 2 r
e (a) (e g PO+ gy 2o

The proof is completed. O

Remark 10. If ¢ — 1, then (5.9) reduces to

fl@+f) 1 f°
‘ 5 _b—a/a f(z)dz

b_a2 % " ™ 17
( 4) (v+4xri2xr+a> @I @+ =+ Do)

1
r

(5.10) <

3=

Since (m) < 1,r € [1,00), then inequality (5.10) reduces to the m = 1 case of inequality
(1.4).

Theorem 5.10. Let f : I = [a,b] C R — R be a twice q-differentiable function on I° with aDgf be

continuous and integrable on I where 0 < g < 1. If |aD§f|r is convex on [a,b] where p,r > 1, %—F% =1,
then

f(@)adgz

<@+&ﬂ#ﬁﬂ@r+uDyww>?

qf(a) + f(b) I
14+¢q _b—a/a

LP(b—a)?
1+g¢q

=

(5.11) (Ba(p+1,2))

I+ +qg+4q?)

Proof. Using Lemma 4.1, Holder’s inequality and the fact that |aD§ f ’T is a convex function, we have

qf(1)+q _a/ f@

<qz(1b—:;) </01t (1— qt)odqt>p </01(1 —qt) [«D f((1 —t)a+tb)|rodqt)

2 2 1

q*(b—a) (/ >
<7 tP(1 — qt)od,t
=" 114 ) ( Q)Oq

xQ#ﬁﬂ@ﬁ[ﬂ—wu—wwm+@Dy@VAVO—WM%QT

Applying Lemma 3.7, 3.8 and the fact that (1 — qt) = (1 — gt)}, we have

q’

1
=

qaf(a) +
1+q b—a/ fl@
20— 1] D3 RGN
=TT1q (/o #01 =t 1+q+q TUF 0t a+ )
Py ¢ (@O LD O 4 L0l '
The proof is completed. O

Remark 11. If ¢ — 1, then

1

1
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and (5.11) reduces to

f@+fm) 1 (b— a)® 1 S 2l + 10\
> ‘b—a/cy’f“”)d””g 5 <<p+1><p+2>>< 6 )

6. CONCLUSIONS

Quantum calculus has large applications in many mathematical areas such as number theory, special
functions, quantum mechanics and mathematical inequalities. In this paper, we first establish a new
quantum integral identity and then develop some quantum estimates of Hermite-Hadamard type inequal-
ities for convex functions. Theses results in some special cases recapture the known results. We hope
that our results may be helpful for further study.
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