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Abstract

The aim of the article is to introduce a few variants of generalized quasi-continuity of multifunctions
defined on a bitopological space and to study their mutual relationship. The results known for
functions are extended to multifunctions which provide a wider range of relationships, mainly in terms
of upper and lower semi continuities and corresponding continuities with respect to a dual bitopology.
The proof procedures are based on a notion of pseudo refinement of two topologies and the Baire
property in a bitopological space. A characterization of some continuities depending on two topologies
by continuities depending only on one topology and the structure of the sets of semi discontinuity
points are given. The end of the article is dedicated to several interpretations that facilitate and clarify
orientation in the achieved results.
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1. Introduction

This article is dedicated to the theory of continuous multifunctions which has been intensively
developing in recent decades. The theory of multifunctions was first codified by Kuratowski [17]
and it has advanced in a variety of ways and applications of this theory can be found for example, in
economic theory, noncooparative games, artificial intelligence, medicine, information sciences and
decision theory [2].

Many different types of generalized continuities have been introduced for functions, e.g., quasi-
continuity [16], a-continuity [30], B-continuity [1], [32], semi continuity [19], B-continuity, Br-continuity
[20,21], B*-continuity [7-9], some further generalizations of B*-continuity, namely, contra B*-continuity,
slight B*-continuity, weak B*-continuity [15], somewhat continuity [10], cliquishness [29] and many
more. Similar continuities can also be introduced for multifunctions, for which each generalized type
of continuity can be introduced in a lower and an upper variant, see the comprehensive article [28].

The definition of quasi-continuity was introduced in [16]. Nevertheless, a funtion of two variables
being quasi-continuous under the assumption that it is continuous in each variable separately was
mentioned by Volterra [3]. Many results have been obtained for functions as well as for multifunctions.
The most studied issues include the structure of continuity points of quasi-continuous functions
(quasi-continuous multifunctions), joint quasi-continuity of separately quasi-continuous functions,
decomposition theorems, selection theorems, various applications of quasi-continuity in other areas
of mathematics and last but not least quasi-continuity variants in a bitopological space. Relevant
results can be found in earlier published works [4-6,12,20,21,24,26,27,31] and recently published
works [14,22,25] document the continued interest in quasi-continuity research. We bring to the reader’s
attention an overview article [28] and a recently published book [13] which summarizes the results
devoted to the quasi-continuity of functions and multifunctions from various aspects.
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As for the bitopological case, a typical example is the strong quasi-continuity of real functions
for the density topology and the Euclidean topology on the real numbers [11], [18], [35,36]. For two
arbitrary topologies, where one is finer than the other, the strong quasi-continuity of functions was
studied in [22]. Another motivation is the work of Rychlewicz [33], where in a bitopological space
two types of generalized notion of quasi-continuity of multifunctions are defined, namely the upper
(lower) intersection quasi-continuity and the upper (lower) inclusion quasi-continuity.

The objectives of the article are following:

(1) to investigate the basic relations between tree defined continuities with respect to two topologies
(Definition 2, Remark 1),

(2) to investigate the relations between quasi-continuity, Baire continuity and continuities with
respect to a given ideal (Theorem 1, 2),

(3) to characterize continuities depending on two topologies by continuities depending on one
topology (Theorem 7, 8),

(4) toinvestigate the structure of the sets of upper and lower semi discontinuity points (Theorem 3, 5,
9, Corollary 7, Corollary 9),

(5) toinvestigate the relations between the continuities with respect to a given bitopological space and
the continuities with respect to its dual bitopological space (Theorem 10, Corollary 9, Corollary 12).

(6) to provide a unifying interpretation of the results using diagrams and formal symbolism (Chapter 5).

2. Definitions and Basic Observations

This chapter is a survey of some basic notions concerning semi continuity, quasi-continuity, and
Baire continuity. We also introduce tree variants of quasi-continuity of multifunctions with respect to
two topologies that are the focus of our attention.

Let (X, T), Y be two topological spaces. The closure (the interior) of A C X, the closure (the
interior) of B C Y is denoted by cl;(A) (int:(A)), cI(B) (int(B)), respectively. By Z; we denote the set
of all subsets of X that are of T-first category and a set is called T-residual if its complement is of T-first
category. By R we denote the real numbers.

A multifunction F : X — Y is any set-valued mapping from X to 2¥ \ {@}. For any set W C Y the
upper and lower inverse images are defined as

Fr(W)={x€ X:F(x) CW}, F-(W)={x€ X:F(x)NW # Q}.

Let us note, that
X\F (W) =Fr(Y\W),

X\ EH(W) = E~(Y \ W).

A function f : X — Y is understood as a strictly nonempty single-valued multifunction with values

{f(x)},x € X.

Definition 1. Let (X, T) be a topological space and F : X — Y be a multifunction. Then, F is said to be

(1) lower (upper) semi t-continuous (for short, T-Isc (t-usc)) [17], [28] at x € X if for any open set V
for which F(x) NV # @ (F(x) C V) there is a T-open set U containing x such that F(u) NV # @
(F(u) C V) for any u € U. Fis t-Isc (t-usc) if it is so at any point x € X. That means, F~ (V)
(F*(V)) is T-open for any open set V C Y. In case of a single-valued mapping the lower (upper)
semi T-continuity coincides with T-continuity.

By C:(f) (CL(F), C¥(F)) we denote the set of all points in which a function f is T-continuous (a
multifunction F is T-Isc, T-usc) and D7 (f) = X \ C+(f) (DL(F) = X\ CL(F), DX(F) = X \ C¥(F)).

(2) lower (upper) quasi T-continuous [28], [31] (lower (upper) Baire T-continuous [21]) at x € X if for
any open set V for which F(x) NV # @ (F(x) C V) and any t-open set H containing x there is
a nonempty T-open set (a set of T-second category with the T-Baire property) U C H such that
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F(u)NV # @ (F(u) C V) for any u € U. In case of a single-valued mapping the lower (upper)
quasi t-continuity (the lower (upper) Baire T-continuity) coincides with quasi T-continuity (Baire
T-continuity). Note in the case of the lower (upper) Baire T-continuity the set U can be replaced
by a set G \ A, where G is a set of T-second category and t-open and A is of T-first category.

By Q:(f) (QL(F), Q“(F)) we denote the set of all points in which a function f is quasi T-continuous
(a multifunction F is lower quasi T-continuous, upper quasi T-contunuous).

By B:(f) (BL(F), BX(F)) we denote the set of all points in which a function f is Baire T-continuous
(a multifunction F is lower Baire T-continuous, upper 7-Baire contunuous).

A bitopological space (X, T,0) is a set X with two topologies T, o on X. A bitopological space
(X,0,7)is called a dual of (X, 7,0). A typical example of a bitopological space is the space (R, T, 0)
with the upper topology T = {(a,0) : a € R} U {®,R} and the lower topology ¢ = {(—o0,a) :
a € R} U{®,R} on the real line R. The usual Euclidean topology on R is the join topology TV o =
{HNG:Hert,Gev}oftando.

Denote

Z: = {A: Ais of t-first category},

Z, = {A: Ais of o-first category},

B(t,Z7) ={G\A:G € tand A € T}, where Z is an ideal on X,

B(c,I) ={G\A:G e cand A € 7}, where T is an ideal on X,

77 - an ideal topology generated by the base B(7,Z),

o7 - an ideal topology generated by the base (o, Z),

T* - an ideal topology generated by (7, Z),

o7, - an ideal topology generated by B(c, Z¢).

Note H € t* ifand only if H = G\ A, where G € Tand A € .

The following definition introduces six variants of generalized quasi-continuity of multifunction
with respect to a bitopological space (X, T, ), namely

-lower /upper quasi-continuity (denoted by ¢'(t,0)/q"(t, 7)),

-sectional lower/upper quasi-continuity (denoted by sq'(t, o) /sq"(t, 7)),

-weak sectional lower /upper quasi-continuity (denoted by wsq'(t, o) /wsq" (T, 7)).

Definition 2. Let (X, 7,0) be a bitopological space and F : X — Y be a multifunction. Then, F is said
to be

(1) 4'(t,0)-continuous (§*(t, 7)-continuous),
2) sq'(t,0)-continuous (54" (T, 7)-continuous),
(3) wsq'(t,0)-continuous (wsq* (T, )-continuous)

ata € X if for any open set V for which V N F(a) # @ (F(a) C V) and any T-open set U containing a
there is a nonempty o-open set G such that

(1) GCUandF(x)NV #@ (F(x) C V)forany x € G,
20 GNU#@and F(x)NV # @ (F(x) C V) forany x € G,
(B) GNU#@and F(x)NV # @ (F(x) C V) forany x € G N U, respectively.

The global definitions are given by the local ones at each point. In case of a single-valued
mapping both the upper and the lower versions defined above coincide with (7, 0)-continuity,
sq(t, o)-continuity, wsq(T, ¢’)-continuity, respectively [23]. By QL ,(F), sQ% , (F), wsQ. ,(F), Q" ,(F),
sQ% ,(F), wsQ¥% ,(F) we denote the corresponding sets of continuity points.

In the sequel we will consider the same notions with respect to a dual bitopological space (X, o, T).

In Definition 2, the item (1) is a natural generalization of the lower (upper) quasi T-continuity
(for T = 0). The item (1) and (2) are motivated by Richlewicz definition of lower (upper) inclusion
and lower (upper) intersection quasi-continuity in a bitopological space (X, t,0) [33]. The item
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(3) is a generalization of a lower (upper) strong quasi-continuity that was introduced for function
(multifunction) defined on (R, 7, o), where 7 is the density topology and ¢ is the Euclidean topology
on the real line R [11], [18], [35], [36].

Remark 1. Let (X, 7, o) be a bitopological space. The next inclusions and equalities are clear. Note, all
inclusions can be strict [23].

M @
Qt,o(F) € 5Qt,o(F) € wsQt, o (F),

Qt,¢(F) CsQr,¢(F) C wsQ%, ¢ (F).

(b)
Co(F) C5Quro(F),  Ci(F) C5Qqc(F),

Co(F) € Q7 o(F), Ci(F) CsQq(F).

(2) Ifoq Copand 4 C 1, then
stlL’z,O'l (F) C st{Lj,O’z (F)/ SQ!L’z,O'l (F) C SQ{Q,O'Z (F)/ Qg[z,o'l (P) - ngl,o'z (F)’

wsQ¥ . (F) CwsQ¥ ,(F), sQ% ,.(F)CsQ¥ ,.(F), QY ,(F)CQ¥ . (F).
(3) If T =0, then
CL(F) € QL (F) = sQL .(F) = wsQ\ . (F) = QL(F),

Ci(F) C Q7 (F) = 5Q7 . (F) = wsQ - (F) = Qz(F).

If o C 7, then
Qé’,T(F) = SQ(IT,T(P) = sté’,T(F)’ Qg’,T(F> = SQ(I;,T(F) = ZUSQZ,T(F),

QL(F)UQL(F) c Q) .(F), wsQ. ,(F) C QL(F)NQL(F),
QUEF)UQYF) C Q4 (F), wsQ¥ ,(F) C Q“F)NQYL(F).

(4) A multifunction F is lover c-somewhat continuous (upper o-somewhat continuous) [10] if for any
openset V C Y, int,(F~(V)) (int,(F(V))) is nonempty, provided F~ (V) (F"(V)) is nonempty.
If F is wsq! (T, o)-continuous (wsg" (T, )-continuous), then F is lover o-somewhat continuous (up-
per o-somewhat continuous). It is clear, since F is wsq' (T, o)-continuous (wsq" (T, ¢’)-continuous),
then for any open set V. C Y such that F~(V) (F™(V)) is nonempty and for X € 7 there is
a nonempty o-open set U such that @ # UNX = U and F(u) NV # @ (F(u) C V) for any
u € UNX = U. That means, U C F~ (V) (U C F*(V)), so int,(F~(V)) (int,(FT(V))) is
nonempty.

(5) In [23] we defined another type of continuity for a function called asq(T, ¢)-continuity. Two
variants of this notion can be introduced for a multifunction. It is easy te see, F is wsq' (7, oz, )-
continuous (wsq" (T, 07.)-continuous) if and only if F is asq' (T, ¢)-continuous (asq" (7, ¢)-continu-
ous). The wsq' (7, 07, )-continuity (wsq" (T, oz, )-continuity) is the most general type of continuity
for which it is still possible to achieve relevant results, see Chapter 4.

Lemma 1. Let (X, T,0) be a bitopological space and F : X — Y be a multifunction. Then,

(1) F is sq'(t,0)-continuous (sq"(t,o)-continuous) at a if and only if a € cl;(int,(F~(V))) (a €
clr(inty (F*(V)))) for any open set V intersecting (containing) F(a).

(2) Fissq'(t,0)-continuous (sq"(t, o)-continuous) if and only if F~ (V) C cl¢(inty(F~(V))) (F¥(V) C
clr (inty (F*(V)))) for any open set V.C Y.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Proof. (1) Suppose F is sq' (1, 7)-continuous (sq* (7, 7)-continuous) at a. Leta € F~ (V) (a € F*(V)),
V be open and a € U € . From sq' (7, o)-continuity (sq* (T, o)-continuity) of F at a there is aset G € ¢
suchthat GNU # @and G C F~ (V) (G C F*(V)). Since G C inty(F~ (V)) (G C int,(F™(V))), @ #
GNU Cint,(F~(V))NU (Cints(F*(V)) NU). So, a € clc(int,(F~(V))) (a € cle(inty(F(V)))).

Suppose a € cl¢(ints(F~(V))) (@ € cle(inty(FT(V)))) for any open set V intersecting
(containing) F(a). Leta € U € 7. Then, UNint,(F~(V)) # @ (UNint,(FT(V)) # @).
Put G = int,(F(V)) (G = int,(F*(V))). Then, UNG # @ and for any x € G C F (V)
(x € G C FH(V)), F(x)NV # @ (F(x) C V), so Fis sq'(t,0)-continuous (sq*(t, ¢)-continuous)
ata.

(2) follows from (1). O

3. Ideal Topological Setting and Baire Continuity

This chapter discusses the Baire continuity, which is closely related to quasi-continuity and it
can be understood as a special case of the Baire property (Theorem 4). For the functions, the Baire
continuity is equivalent to the quasi-continuity (Corollary 2), but for multifunctions, the upper/lower
Baire continuity is a more general type of continuity than the upper/lower quasi-continuity (Example
1(3)). Although it is more general than the upper/lower quasi-continuity, the upper Baire continuity
guarantees the existence of a quasi-continuous selector [20], [21] and the set of semi continuity points
of upper/lower Baire continuous multifunction is a residual set (Corollary 3).

The main objectives of this section are the equivalence between the upper and lower quasi-
continuity, the upper and lower Baire continuity, and other pairs of continuities with respect to a
given ideal. Also, the points of continuity of upper and lower Baire continuous multifunction are
investigated. The results of this section will be used in the next chapter.

Let Z be an ideal on X. Recall, 7 is called t-codence if any nonempty t-open set is not from Z.
The family (7,Z) = {G\ A: G € Tand A € T} is a base for an ideal topology 77 finer than 7. Similar
notions can be considered with respect to a topolofy ¢. The next remark is clear.

Remark 2. Let F : X — Y be a multifunction. The next conditions (1), (2), (3) are equivalent.

(1) Fisqg'(t,77)-continuous (g"(t, T7))-continuous at a,

(2) Fissq'(t, 7)-continuous (sq* (T, T7))-continuous at a,

(3) Fis wsq' (1, 77)-continuous (wsq" (T, T7))-continuous at a.

(4) Fis wsq'(t,07)-cotinuous, sq' (1, o7 )-continuous, ¢! (7, 07)-continuous (wsq" (T, o7)-continuous,
sq' (T, o7)-continuous, 4’ (T, o7 )-continuous) at a if and only if for any open set V and any t-open
set U such that VN F(a) # @ (F(a) C V) and a € U there is a nonempty set E € p(c,Z) such that
ENU#Q,ENU#Q,EC Uand VNF(e) # D (F(e) C V) forany e € EN U, E, E, respectively.

(5) It is clear, if F is upper Baire T-continuous, lower Baire 7-continuous, then F is ¢*(t,7*)-
continuous, ¢’ (T, T*)-continuous, respectively. Suppose (X, T) is T-Baire. Then F is g"(t, T*)-
continuous, ¢'(t, T*)-continuous if and only if F is upper Baire T-continuous, lower Baire -
continuous, respectively.

(6) If Xis finite and (X, 7) is T-Baire, then F is upper Baire T-continuous, lower Baire T-continuous if

and only if F is upper, lower quasi T-continuous, respectively.
Proof: Suppose X is finite. The implication "<" is clear. Suppose F is lower (upper) Baire 7-
continuous at 4. Let V be open intersecting F(a) (containing F(a)) and H € 7,a € H. Since F is
lower Baire T-continuousat 4, there is a set Hy € T and Ag € Z; such that @ # Hy \ Ag C H and
F(x)NV # @ (F(x) C V) forany x € Hy \ Ay. Since X is finite, Ao is T-nowhere dense and cl;(Ay)
is also T-nowhere dense. So, Hy \ cl¢(Ay) is T-open nonempty and for any x € Hy \ cl-(Ag) C
Ho\ Ap C H,F(x) NV # @ (F(x) C V). That means F is lower quasi T-continuous at a.

Theorem 1. Let Y be reqular, T be T-codense and F : X — Y be a compact valued multifunction. The next
conditions are equivalent.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(1)  Fis upper and lower quasi T-continuous,

(2) Fis g*(t,t7)-continuous and ' (t, t7)-continuous,

(3) Fissq"(t, t7)-continuous and sq' (t, T7)-continuous,

(4) Fis wsq" (T, 77 )-continuous and wsq' (T, t7)-continuous.

Proof. (1)=-(2) is trivial.

(2)=(1) Leta € X, V be open such that F(a) C V(VNF(a) # @®)anda € U € 7. Since Y is
regular and F is compact valued, there is a nonempty open set Vy C V such that cl(Vy) C V and
F(ll) CcVo(Whn F(Il) #+ Q).

Since F is g% (T, T7)-continuous (g’ (T, T7)-continuous) at 4, there is a nonempty set E = G\ A €
B(t,Z), E C U, G € 1, A € T (see Remark 2(4)) such that F(e) C Vy (F(e)NVy # @) for any
e € E. We will show F(e) C cl(Vy) (F(e) Ncl(Vg) # @) for any e € G. Suppose there is ¢y € G
such that F(ep) N (Y \ cl(Vp)) # @ (F(eg) € X\ cl(Vyp)). Since F is g/ (1, 7)-continuous (4*(t, t7)-
continuous), there is a nonempty set Ey = Go \ Ag, Eg C G, Gy € T, Ag € Z (see Remark 2(4))
such that F(e) N (Y \ cl(Vg)) # @ (F(e) C X\ cl(Vp)) for any e € E. Itis clear GN Gy # @ (if
GNGy = @, then GN (Gy \ Ag) = @, a contradiction with @ # Ey = Gy \ A9 C G). Since T is
T-codense, @ # (GNGy) \ (AUAg) = (G\A)N(Gy\ Ag) = ENEy. So, for e € EN Ey, we have
F(e) C Vopand F(e) N (Y \ cl(Vop)) # @ (F(e) NV # @ and F(e) C X \ cl(Vp)), a contradiction. So,
F(e) C cl(Vo) (F(e)Ncl(Vy) # @) foranye € G. Since@ #E=G\ACU,@®# GNU C U.So, Fis
upper (lower) quasi T-continuous at a.

The equivalences (2) < (3) < (4) follow from the items (1) (2), (3) of Remark 2. [

Corollary 1. Let Y be regular, T be T-codense and f : X — Y be a function. The next conditions are equivalent.

(1)  f is quasi T-continuous,

(2)  fis q(t, T7)-continuous,
(3)  fissq(t, T7)-continuous,
(4)  fis wsq(t, T7)-continuous.

Example 1. The assumption "Z is T-codense", the regularity of Y and one variant of continuity in
Theorem 1 can not be omitted.

(1) Let X = {a,b}, T = {0,{a}}, T = {X,0,{a}}. Then, T is not t-codense and 177 =
{X,@,{a},{b}}. Put f: X — R (R with the Euclidean topology) defined by f(a) = 1 and
f(b) = 0. Then, f is q(7, T77)-continuous but it is not quasi T-continuous.

(2) Let X = R with the Euclidean topology 7 and Y = {0, 1} with topology {@, Y, {0}}. It is clear
Y is not regular. Then, a function f : R — Y defined as f(x) = 0 if x is irrational and f(x) =1
otherwise is q(T, 77)-continuous, where Z = {A C R : A is of t-first category} but it is not quasi
T-continuous.

(3) A multifunction F: R — R (G : R — R) defined as F(x) = [0, 1] if x is rational and F(x) = {0}
otherwise (G(x) = {0} if x is rational and G(x) = [0,1] otherwise) is g*(7, T77)-continuous
(¢' (T, T7)-continuous) but F (G) is not upper nor lower quasi T-continuous, where 7 is the
Euclidean topology on Rand Z = {A C R : A is of 7-first category}.

Theorem 1 holds for any 7-codense ideal. So, also for an ideal Zr = {A C X : A is of t-first
category}, provided (X, T) is T-Baire. If (X, 7) is T-Baire, then the upper Baire T-continuity, the lower
Baire T-continuous is equivalent to the g* (T, T*)-continuity, the ¢ (t, T*)-continuity, respectively, see
Remark 2(5). So, we have the next result that is a spacial case of Theorem 1, since 7, = T*. Note Z; is
T-codense if and only if (X, 7) is T-Baire.

Theorem 2. Let Y be reqular, (X, T) be T-Baire and F : X — Y be a compact valued multifunction. The next
conditions are equivalent.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(1)  Fis upper Baire T-continuous and lower Baire T-continuous,
(2)  Fis upper and lower quasi T-continuous.

(3) Fisq"(t,T*)-continuous and ¢' (t, T*)-continuous,

(4)  Fissq*(t, T)-continuous and sq' (t, T*)-continuous,

(5) Fiswsq"(t, T*)-continuous and wsq' (T, T*)-continuous.

Note, under conditions Y is regular, (X, 7) is T-Baire, Z is a T-codense ideal and F : X — Yisa
compact valued multifunction, all items from Theorem 1 and Theorem 2 are equivalent. It is a special
case when the second topology is finer then the first one and further combinations will be solved in
the next chapter

In function setting, by Theorem 1 and Theorem 2, we have the next corollary.

Corollary 2. Let Y be reqular, (X, T) be T-Baire, L be a T-codense ideal and f : X — Y be a function. Then,
we can express all equivalences by the next diagram.

wsq (T, 77) wsq(t, ")

Theorem 3. Let (X, T) be a topological space, Y be a reqular second countable topological space and F : X — Y
be a multifunction.

(1) IfFisq"“(t,T")-continuous (sq" (T, T*)-continuous, wsq" (T, T*)-continuous), then F is T-Isc except for
a set of T-first category (DL(F) € I).

(2) IfFis g'(t, t)-continuous (sq' (T, T*)-continuous, wsq' (t, T)-continuous) and compact valued, then F
is T-usc except for a set of T-first category (D¥(F) € I).

Proof. Let B={B,:n=1,2,... } beabase of Y.

(1) Foraset A C X, put D:(A) = {x € X : AN G s of T-second category for any G € T containing
x}. Let SL(F) = {x € X : x € int;(D+(F~(V))) for any open set V such that V N F(x) # @).

Leta € SL(F). We show F is T-Isc at a. Let V be open and V N F(a) # @. Since Y is regular, there
is an open set Vj such that cl(Vy) C V and Vy N F(a) # @. Denote H = int;(D-(F~(Vp)). It is clear
a € int:(D¢(F~(Vp)). We will show cl(Vp) N F(x) # @ for any x € H. Suppose there is xy € H such
that F(xp) C Y\ cl(Vp). Since F is ¢*(t, T*)-continuous, there is a nonempty set G\ A C H, where
G € 1, A € I, (see Remark 2(4)) and F(xp) C Y\ cl(Vp) forany x € G\ A. (*)

Itisclear HN G # @. Since HN G C int:(D<(F~(Vp)) C D(F~(V)), thereisaset S C HNG
which is of T-second category and F(x) NV # @ for any x € S. That means, thereiss € S\ A C
(HNG)\ A C G\ A, for which F(s) N Vp # @and F(s) C Y \ cl(Vp) (see (x)), a contradiction.

Now it is sufficient to show that X \ SL(F) is of T-first category. It is clear

[e9)

X\ SH(F) € JIF (Ba) \ int(Dz(F~ (Bn)))] =: R.

n=1

Denote

Ap = F~(By) \ Dc(F~(By)),

By = [Dr(F~ (Bu)) \ inte(D<(F~ (Bx)))] N F~ (Bn).
Since the sets A, and B, are of 7-first category, the set

R=J A.UB,

n=1
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is of T-first category, so X \ SL(F) is of T-first category.
(2) Let S“(F) = {x € X : x € int(D<(F"(V)) for any open set V such that F(x) C V}. Similar
like in the case (1) we can show that F is T-usc at x if x € S¥(F). It is clear

X\ Sz(F) C G [F"(Gn) \ int(D<(F" (Gn)))] =: R

n=1

where {G1, Gy, G3, ... } is a sequence of all finite unions of sets from 5. Similar like in the case (1), we
can show R is of T-first category, so X \ S%(F) is of T-first category.

The other cases in brackets follow from the equations Q .. = sQ7 .. = wsQ7 .. and QIT,T* =
SQ{[,T* = stlT,T*, see Remark 1(3). O

Theorem 3 has two applications. It can be applied for the upper (lower) T-quasi continuity and
the upper (lower) Baire T-continuity (see Remark 2(5)).

Corollary 3. ([4],[20]) Let Y be a reqular second countable topological space and F : X — Y be a multifunction.

(1) If F is upper t-quasi continuous, upper Baire T-continuous, then F is T-Isc except for a set of T-first
category (DL(F) € T.), respectively.

(2) If F is compact valued and lower T-quasi continuous, lower Baire T-continuous, then F is T-usc except for
a set of T-first category (D%(F) € I ), respectively.

Proof. If F is upper T-quasi continuous (lower T-quasi continuous and compact valued), then F is
7" (T, T)-continuous (q'(t, T*)-continuous) and by Theorem 3, F is T-Isc (T-usc) except for a set of
T-first category.

If F is upper Baire T-continuous (lower Baire T-continuous and compact valued), then F
is ¢*(t, T*)-continuous (g’ (T, *)-continuous) and (X, 7)-is Baire. By Remark 2(5), F is g% (T, T¥)-
continuous (ql(T, T*)-continuous) and by Theorem 3, F is T-Isc (T-usc) except for a set of T-first
category. [

By Corollary 2, for a function, we have the next result.

Corollary 4. Let Y be a reqular second countable topological space, X be t-Baire, L be a T-codense ideal and
f X — Y bea function. If f is T-quasi continuous, Baire T-continuous, q(T, T*)-continuous, wsq (T, tr)-
continuous, sq(T, Tz )-continuous, q(T, Tz )-continuous, then f is T-continuous except for a set of T-first category
(D<(f) € Z), respectively.

Next theorem shows that the lower and upper 7-Baire continuities are very closed to a multifunc-
tion having the 7-Baire property.

Theorem 4. Let (X, T) be a T-Baire topological space, Y be a reqular second countable topological space and
F : X — Y be a compact valued multifunction. Suppose any open subset of Y can be written as a union of closed
sets.

(1) F is lower Baire T-continuous if and only if for any open set V, F~ (V) = (G \ A) UB, where G € T,
A,B € Zrand B C cl¢(G).

(2)  F is upper Baire T-continuous if and only if for any open set V, F* (V) = (G \ A) U B, where G € T,
A,B € Iy and B C cl¢(G).
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Proof. (1) =: Let F be lower Baire T-continuous. By Corollary 3, F is T-usc except for a set A which is
of t-first category. Then, for any open set V, F™ (V) N (X \ A) has the T-Baire property, so F* (V) has
the 7-Baire property. Let V = (J;— F;, where F,, C Yis closed forany n = 1,2,.... Then

Fr(v)= U F (E) = X\ () F*(X\ B

n=1

has the t-Baire property. Let F~ (V) = (G\ A) UB, where G € T and A, B are of t-first category.
We show B C cl(G). Suppose there is x € B\ cl¢(G). Since F is lower Baire T-continuous, there is
a set C which is of t-second category with the 7-Baire property and C C F~ (V) N (X \ cl¢(G)) =
((GNA)UB)N (X \ clr(G)) C B. So, C is of T-first category, a contradiction.

<«: Leta € X, U be T-open containing a and V be open intersecting F(a). Then,a € F~ (V)N U =
[(GNA)UBINU = [(G\ A)nU]JU[BN U], where G € 17, A,B € Zr and B C cl¢(G). We show
(G\ A) NU is of T-second category. If a € (G\ A) NU, then (G \ A) N U is of T-second category, since
(X,7) is T-Baire. If a € BN U, then GNU # @, since B C cl¢(G). So, (G\ A) N U is of t-second
category. Moreover, (G \ A) N U has the 7-Baire property. Since (G\ A)NU C F~(V)NU, F is lower
Baire T-continuousat 4.

Item (2) is similar. [

4. Bitopological Setting

This section presents the main results of the article. In particular, we study the continuities
depending on two topologies and their properties depending on one topology. Namely, let F be g/ (T, o)-
continuous (" (T, ¢)-continuous), sq' (T, r)-continuous (s4* (T, ¢)-continuous), wsq' (T, r)-continuous
(wsq"(t,0)-continuous), respectively. All continuities depend on two topologies. The following
questions are of interest.

(1) Is F lower/upper quasi-continuous or lower/upper Baire contnuous with respect to T or ¢ ?
(Theorem 6, Corollary 7)

(2) What is the structure of the sets of discontinuity points D% (F), D¥(F), D.(F), D¥(F) of F?
(Theorem 5, Theorem 9, Corollary 9)

(3) Isthere a characterization of a continuity depending on two topologies by continuity/continuities
depending only on one topology ? (to find one topological decomposition theorem, Theorem 7,
Theorem 8)

(4) What are the continuity properties of F with respect to the corresponding dual bitopological
space ? (Theorem 10, Corollary 9, Corollary 12)

We will focus mainly on the following combinations of two continuities.

(5) wsq'(t,0) and wsq(t,0) / sq'(t,0) and sq* (7, o) (the same topological order and the different
versions of continuities, Corollary 7, Corollary 10)

(6) wsq*(t,0) and wsq" (o, ) / sq'(t,0) and sq' (o, T) (the different topological order and the same
versions of continuities, see two last diagrams in Chapter 5)

(7) wsq'(t,0) and wsq* (o, T) / sq'(t,0) and sq* (o, T) (the different topological order and different
versions of continuities, Corollary 9, Corollary 12)

Let us note a few known facts in a bitopological setting, provided ¢ C .

Lemma 2. Let (X, T,0) be a bitopolocal space, o C T and F : X — Y be a multifunction.

(1) IfFis wsq' (T, 0)-continuous at a, then F is lower quasi T-continuous at a and lower quasi o-continuous
at a.

(2) If Fis wsq"(t,0)-continuous at a, then F is upper quasi T-continuous at a and upper quasi o-continuous
at a.

Suppose Y is second countable.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1043.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 13 February 2026 d0i:10.20944/preprints202602.1043.v1

10 of 26

(3) If Fis wsq' (T, o)-continuous, then
DL(F) € Z.nI,, D.(F) e ,.
Moreover, if F is compact valued and Y is reqular, then
D¥(F) € I; N1Z,, Dy(F) € Z,.
(4) IfFis wsq"(t,0)-continuous and compact valued, then
D¥(F) € Z:NZ,, Dy(F) € I,.
Moreover, if Y is regular, then
DL(F) e Z.NI,, D.(F) e Z,.

Proof. Since o C 7, (1) and (2) hold, see Remark 1(3).

(3) Suppose F is wsq' (T, o)-continuous and Y is second countable. By (1), F is lower quasi 7-
continuous and lower quasi o-continuous and by [28], DL(F) is of t-first category and D/ (F) is of
o-first category. Since CL(F) C CL(F), DL(F) is also of o-first category. Moreover, if F is compact
valued and Y is regular, then (by [28]) D%(F) is of 7-first category and D} (F) is of o-first category.
Since CY(F) C C¥(F), D%(F) is also of o-first category.

(4) Suppose F is compact valued wsq" (T, )-continuous and Y is second countable. By (2), F is
upper quasi T-continuous and upper quasi o-continuous and by [28], D¥(F) is of T-first category and
DY(F) is of o-first category. Since C%(F) C C%(F), D¥(F) is also of o-first category. Moreover, if Y is
regular, then (by [28]) D% (F) is of T-first category and D/, (F) is of o-first category. Since C..(F) C CL(F),
DL (F) is also of o-first category. [

A question is if in Lemma 2, wsq' (T, ¢)-continuity (wsq" (T, ¢’)-continuity) can be changed by a
dual continuity, namely by wsq' (¢, T)-continuity (wsq" (¢, T)-continuity). The next example shows it is
not possible.

Example 2. The function F (G) in Example 1(3) is wsq" (T, T*)-continuous (G is wsq' (T, T*)-continuous)
but C*(F) (CL(G)) is the set of all rational numbers.

In Lemma 2, the structure of the sets D¥(F), DL(F), D%(F), D!.(F) follows from the condition
o C 7 which guarantees the lower (upper) quasi T-continuity and the lower (upper) quasi o-continuity.
When the condition ¢ C T is omitted, the structure of the sets D¥(F), DL(F), DX(F), D!.(F) may vary,
as the next example shows.

Example 3.

(1) Let X = {a,b,c,d}. Putoc = {@,X, {d},{a,b},{a,b,d}}, T = {©,X, {b},{c,d}, {b,c,d}},
o ¢ 1, T ¢ 0. The sets of o-first category: @, {c}. The sets of T-first category: @, {a}. A multifunction
F : X — R (R with the Euclidean topology) defined as F(a) = F(c) = {1,2} and F(b) = F(d) = {1}
is wsq" (1, 0)-continuous but D¥(F) = {b}, D.(F) = {a,c}, D¥(F) = {d}, DL(F) = {a,c} are not of
T-first category nor o-first category.

A multifunction G : X — R defined as G(a) =
wsq' (T, 0)-continuous but D%(G) = {a,c}, DL.(G) = {b
T-first category nor o-first category.

G(c) = {1} and G(b) = G(d) = {1,2} is
}, D¥(G) = {a,c}, DL(G) = {d} are not of

(2) Even for a sq(t,0)-continuous function the set Dy (f) doesn’t have to be from Z;. Let X =
{a,b,c}. Puto = {Q, X, {a},{c},{a,c},{bc}}, T ={D,X,{a,b}}, 0 ¢ T, T ¢ 0. The sets of o-first
category: @, {b}. The sets of T-first category: @, {c}. A function f : X — R (R with the Euclidean
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topology) defined as f(a) = f(b) = 1and f(c) = 2 is sq(t, 0)-continuous but Dy (f) = {b} is not of
T-first category.

(@) Let X = {a,b,c,d}. Puto = {0, X,{a},{b,c},{d},{a,b,c},{bc,d}, {a,d}}, T = {D X, {a},
{v},{d},{a,b},{b,d},{a,d},{a,bd}}, 0 & T, T ¢ 0. The sets of T-first category: @, {c}. The sets
of o-first category: @. Let f : X — R, f(a) = f(c) = 1, f(b) = f(d) = 2 (R with the Euclidean
topology). Then, f is wsq (T, o)-continuous, f is quasi T-continuous, D (f) = {c} is of T-first category,
Dy (f) = {b,c} is of T-second category. Note, the conditions T < ¢, B(7, ) hold (see Definition 3
below) and this example shows the sets D¥(F) and D..(F) in Corollary 7(3) are not necessary from Z-.

Question is whether D¥(F) and D/ (F) in Lemma 2 are of T-first category, provided ¢ C 7. The
next example shows it does not apply.

Example 4. Let X = {a,b,c}. Puto = {@, X, {a}, {b}, {a,b}}, 1 =25, 0 C 1.

The sets of o-first category: @, {c}.

The sets of T-first category: @.

A multifunction F; : X — R (R with the Euclidean topology) defined as F;(a) = F;(b) = {0,1}
and Fy(c) = {0} is wsq! (1, 0)-continuous but D! (F;) = {c} is not of T-first category. Note, F; is not
wsqg" (T, 0)-continuous at c.

A multifunction F, : X — R defined as F,(a) = F(b) = {1} and F(c) = {1,2} is wsq"(7,0)-
continuous but D%(F,) = {c} is not of t-first category. Note, F, is not wsq' (t, ¢)-continuous at c. A
case when F is wsq' (T, o’)-continuous and wsq" (T, o)-continuous is solved in Corollary 10, provided
o C T and in Corollary 7(3), provided T < ¢.

In the following we will show that the condition ¢ C T can be replaced by a more general condition
(see Definition 3 below) that guarantees satisfactory results concerning the set of discontinuity points
and the mutual relations between the studied continuities.

Definition 3. ([23]) Let (X, 7,0) be a bitopological space. A set A is T-pseudo openif A = GU Z,
where G € T and Z is of T-first category. A topology T pseudo refines ¢, denoted by T < ¢ if any
o-closed set is T-pseudo open. By B(7, ) we denote the next property: for any H € Tand any G € ¢
the intersection H N G is of T-second category, provided HN G # @.

Lemma 3. ([23]) Let (X, T,0) be a bitopological space.

(1) Ift < o, then HN G has the t-Baire property for any H € T and G € 0. (Since any o-closed set is
T-pseudo open (so, it has T-Baire property), any c-open set has the T-Baire property, so H N G has T-Baire
property).

(2)  Since any T-closed set F can be expressed as F = int.(F) U (F\ int¢(F)), where F\ int¢(F) is T-nowhere
dense, T < T.

(3) Let o C t. Then, B(,0) holds if and only if (X, T) is T-Baire.

If F is o-closed, then F is also T-closed. Since F\ int (F) is T-nowhere dense, F can be expressed as F =
int:(F) U (F\ int;(F)). So, T < 0. As a special case we get T7 < T for any ideal Z and for L, we have
™ <T

Suppose F is T*-closed in (X, T*). Then F* C F, where F* is a set of all points at which F is of T-second
category and F* is T-closed. So, F = int(F*) U [F* \ int-(F*)] U [F \ F*]. Since F \ F* is of T-first
category and F* \ int, (F*) is T-first category, F is T-pseudo open. That means T < T*.

(4) If B(t,0) holds, then (X, T) is T-Baire and any nonempty o-open set is of T-second category. The condition
B(t, ) holds if and only if (X, T) is T-Baire.

Theorem 5. Let (X, T,0) be a bitopological space, T < o, Y be a second countable topological space and
F : X — Y be a multifunction.
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(1) If Fis sq! (t, o)-continuous except for a set of T-first category (F is sq' (T, o)-continuous), then F is o-lsc
except for a set of T-first category (D%(F) € I¢).

(2)  Suppose Y is regular. If F is compact valued sq" (T, o)-continuous except for a set of T-first category (F is
compact valued sq" (T, o)-continuous), then F is o-usc except for a set of T-first category (D(F) € Zz).

Proof. We will prove the item (1).
Let B={B,:n=1,2,...} beabase of Y. Then, the set of all points at which F is not o-Isc can be
expressed as

(G

[F~(Bn) \ inty(F~ (By))]-

n=1

We will prove that A, = F~(By) \ inty(F~ (By)) is of t-first category for any n = 1,2,... Assume
there is n such that A, is of T-second category. Denote G = X \ inty(F~ (By)). Since T < ¢ and G is
o-closed, there are H € T and I which is of t-first category such that G = H U I. Since A, (A, C HUI)
is of T-second category, there is a point a € H N A, and F is sq' (T, )-continuous at a. Moreover,
HnNint,(F~(By)) = @.

Since F is sq' (7, 0)-continuous at a, there is a nonempty set U € ¢ such that UN H # @ and
F(x)NB, # @ for any x € U. That means, U C inty;(F (By)). Since H Nint,(F(B,)) = @,
UNH = @, a contradiction.

(2) is similar. Since Y is regular and F is compact valued, the set of all points at which F is not
o-usc can be expressed as U5 [F(Vy) \ inte (FT(V,,))], where {V3, V5, V3,... } is a sequence of all
finite unions of sets from B. O

The assumption T < ¢ in Theorem 5 cannot be omitted, see Example 3, where f is sq(t,0)-
continuous but Dy (f) = {b} is not of t-first category. The set {b} is o-closed but it is not T-pseudo
open,soT A 0.

Theorem 5 does not hold for a wsg' (T, o)-continuous or wsq* (T, r)-continuous multifunction.
In Example 4, F; (F,) is wsq' (T, o)-continuous (wsq" (T, o’)-continuous) but D% (F;) (D¥(F,)) is of T-
second category (it holds in some special cases, see next corollary). A case when a multifunction F is
wsq' (T, 0)-continuous and wsq" (T, ¢)-continuous is solved in Corollary 10.

From Theorem 5, we can obtain two consequences. It is worth to compare the item (3) in
Corollary 5 concerning (X, T, T) with Theorem 3 concerning (X, T, T*). Note, Corollary 5 is a special
case of Lemma 2 (T C 17) and a generalization is solved in Corollary 10.

Corollary 5. Let Z be an ideal on X, Y be a second countable topological space and F : X — Y be a
multifunction.

(1) IfF is wsq' (tz, T)-continuous except for a set of Tz-first category (except for a set of T-first category), then
F is t7-1sc except for a set of Tz-first category (T-Isc except for a set of T-first category).

(2)  Suppose Y is regular. If F is compact valued wsq" (tz, T)-continuous except for a set of r-first category
(except for a set of T-first category), then F is Tz-usc except for a set of Tz-first category (T-usc except for
a set of T-first category).

(3)  Suppose Y is reqular and F is compact valued. If F is wsq' (T*, T)-continuous except for a set of T-first
category (wsq" (T*, T)-continuous except for a set of T-first category), then DL(F) € Z, (D*(F) € I).

Proof. (1) Since F is wsq' (7, T)-continuous except for a set of T7-first category (except for a set of 7-
first category), F is wsq' (17, T7)-continuous except for a set of T7-first category (wsq' (T, T)-continuous
except for a set of t-first category), by Remark 1(2). So, F is sql (77, T7)-continuous except for a set
of t7-first category (sq' (T, T)-continuous except for a set of T-first category), by Remark 1(3). Since
17 < 77 (T < T), by Theorem 5, F is T7-Isc except for a set of 17-first category (T-Isc except for a set of
T-first category).

The item (2) is similar.

(3) Since T* = 77, it follows from (1) and (2). O
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In fact, Corollary 5 involves the next known result.

Corollary 6. ([28]) Let Y be a second countable topological space and F : X — Y be a multifunction.

(1) If F is lower quasi T-continuous except for a set of T-first category (F is lower quasi T-continuous), then F
is T-Isc except for a set of T-first category (DL(F) € T;).

(2) If F is compact valued upper quasi T-continuous except for a set of T-first category (F is upper quasi
T-continuous), then F is T-usc except for a set of T-first category (D% (F) € Z).

Proof. Consider T = ¢. Then, the lower quasi T-continuity (upper quasi T-continuity) is equivalent to
the sql (T, T)-continuity (sq" (7, T)-continuity), by Remark 1(3). Since T < 7, we can use Theorem 5. [J

Recall, 07, is a topology generated by abase {G \ A : G € 0 and A is of T-first category}.

Theorem 6. Let B(t,0) hold, T < o and F : X — Y be a multifunction.

(1) IfFis wsq'(t,07, )-continuous (wsq' (t,c)-continuous) at a point a, then F is lower Baire T-continuous
at a. Moreover, if X is finite, then F is lower quasi T-continuous at a.

(2) IfFis wsq"(t, oz, )-continuous (wsq" (T, o)-continuous) at a point a, then F is upper Baire T-continuous
at a. Moreover, if X is finite, then F is upper quasi T-continuous at a.

Proof. We will prove the item (1), the second one is similar.

Recall, (X, T) is T-Baire and any nonempty o-open set is of T-second category, by Lemma 3 (4).
Leta € H € T and V be open, F(a) NV # @. Since F is wsq' (7, 0z, )-continuous at a, there is a set
E=G\Asuchthat G\ A # @, G € 0, A is of t-first category, HNE # @ and F(x) NV # @ for all
x € HNE.

It is clear, HN G # @. Since B(t,0) holds and T < ¢ (see Lemma 3(1)), HN G is of t-second
category and it has the T-Baire property. That means, (HNG) \ A = HN (G \ A) is of T-second category
with the T-Baire property, HN (G\ A) C Hand F(x) NV # @ foranyx € HN(G\ A) = HNE. So,
F is lower Baire T-continuousat a.

Suppose X is finite. Since F is lower Baire T-continuous at 4, F is lower quasi T-continuous at 4,
by Remark 2(6).

The case in the brackets follows from the inclusion o C o7_, see Remark 1(2). [

By Lemma 3(3), if (X, T) is T-Baire, then all conditions B(t*,7), 7" < 7, B(7,7*), T < 7" hold.
It is trivial example. The next example shows there is a non-trivial bitopological space in which all
conditions B(7,0), T < 7, B(c, ), 0 < T hold. It also shows that the lower (upper) Baire T-continuuity
in Theorem 6 can not be replaced by the lower (upper) quasi T-continuity, provided X is infinite.

Example 5. Let Xg = {1 :n=2,3,4,...}, X = Xou {0},

Xi={pm7:n=123...},Xo={5:n=1234,..},

G ={0},G={04%1%1%...},G6G={034%L . ..}, Gi={012.8... )

Gs={0,423%...}G={0¢, %%, 1,G={034 & ...} ...

T = {@,X,GQ,G4,G6,. .. }, o= {@,X,Gl, G3,G5, G7. .. }

All finite subsets of Xj are 7- and c-nowhere dense, any infinite subset of X is of 7- and o-first
category. Any subset of X has the 7- and o-Baire property.

Any set containing 0 is of 7- and o-second category, both topological spaces are Baire. Moreover,
the conditions B(t,0), T < ¢, B(0, ), 0 < T hold.

Consider Y = R with the Euclidean topology. Define a multifunction F : X — R (G : X — R)
as F(x) = {0} (G(x) = {0,1}),if x € X3 U{0} and F(x) = {0,1} (G(x) = {0}) otherwise. Then, F
is wsq" (T, o)-continuous (even sq* (T, o’)-continuous) (G is wsq' (T, ¢’)-continuous (even sq' (T, )-con-
tinuous)) but it is not upper quasi T-continuous at any point x € X; U {0} (lower quasi T-continuous at
any point x € X7 U {0}). So, the lower (upper) Baire T-continuity in Theorem 6 can not be replaced by
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the lower (upper) quasi T-continuity, provided X is infinite. The sets of continuities are summarized in

the next tables.
(X,7,0) (X,0,7)
CL(F) XU{0} | C¥(F) X, Ch(F) Xu{0} | Cy(F) X
QL(F) X;0{0} | Q¥(F) X, QL(F) X;0{0} | QK(F) X
BL(F) x,0{0} | BY(F) X BL(F) X;U{0} | BY(F) X
QL o (F) X;u{0} | Q% ,(F) X Ql, <(F) ? Q4 +(F) X,
Q% o(F) X1U{0} | sQ% ,(F) X sQh +(F) | X3u{0} | sQY .(F) X5
wsQk o(F) | X1U{0} | wsQ ,(F) | X wsQh +(F) | X1U{0} | wsQ¥ -(F) | X
CL(G) Xy | CH(G) X,u{0} Ch(G) X | Cy(G) X;U{0}
QL(G) Xy | Q4G) X;U{0} Q4(G) X | QUG X;U{0}
BL(G) X | BY(G) x;U{0} B(G) X | BY(G) X;U{0}
Qt ,(G) X %,0(G) X;U{0} Q. +(G) Xy | Q4:(G) 2
sQro(G) | X | sQ4,(G) | Xiu{0} | | sQb.(G) | Xa | sQi.(G) | X1U{0}
wsQk o(G) | X | wsQ¥ (G) | Xu{0} | | wsQl(G) | X | wsQ¥ (G) | X;U{0}

The assumption B(7,0) or T < ¢ in Theorem 6 can not be omitted as the next two examples show.

Example 6. Let X = {a,b}, T = {®, X, {b}}, ¢ = 2X. The intersection of {a} € ¢and X € 7 is equal
to {a} that is of T-first category, so B(7, o) does not hold and 7 < ¢ is fulfilled. Define F : X — R (R
with the Euclidean topology) as F(a) = {1}, F(b) = {0,1}. Then F is wsq" (7, r)-continuous, but it is
not upper quasi T-continuous nor upper Baire T-continuous at 4.

Example 7. Let X be a set containing at least two points and 7, o be the indiscrete, the discrete topology
on X, respectively. A set A is of T-first category (o-first category) if and only if A = @, so the condition
B(t,0) (B(c, 7)) holds. Itis clear T 4 ¢. Let f : X — Y be any bijection, where Y = X with the discrete
topology. Then, f is wsq(T, o)-continuous (even 4(7, 0)-continuous), but it is not quasi T-continuous
nor Baire T-continuous at any point.

The opposite implications in Theorem 6 are not valid, as the next example shows.

Example 8. Let X be a set containing at least two points and 7, o be the discrete, the indiscrete topology
on X, respectively. The sets of o-first category: @. The sets of T-first category: @. It is clear T < ¢ and
B(t, o) hold.

Let f : X — Y be any bijection, where Y = X with the discrete topology. Then f is Baire
T-continuous (even T-continuous and quasi T-continuous) but it is not wsq(, o)-continuous at any
point.

Remark 3. Example 5 and Example 8 show in general there is no connection between the upper/lower
quasi T-continuity and wsq" (T, o’)-continuity /wsq' (T, ¢’)-continuity. Lemma 2 shows wsq' (T, ¢)-con-
tinuity (wsq" (7, 0)-continuity) implies the lower quasi T-continuity and the lower quasi o-continuity
(the upper quasi T-continuity and the upper quasi o-continuity), provided ¢ C 7. The opposite
implication does not hold. By [22], there is even a function f : (R,7,0) — (R,0) that is quasi 7-
continuous and quasi o-continuous but it is not wsq (7, o)-continuous, where 7 is the density topology
and ¢ is the Euclidean topology on the real line R, see also [23].

By Theorem 6 and Corollary 3, we have the next corollary.

Corollary 7. Let B(t,0) hold, T < 0, Y be reqular second countable and F : X — Y be a multifunction.
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(1) If F is wsq (7, 0z.)-continuous (wsq'(t,o)-continuous) and compact valued, then F is lower Baire
T-continuous and D%(F) € Z;. Consequently, F is sq" (o, T)-continuous on a t-residual set, by Re-
mark 1(1)(b).

(2) If F is wsq" (7,07, )-continuous (wsq" (T, 0 )-continuous), then F is upper Baire T-continuous and
DL(F) € Z.. Consequently, F is sq' (o, T)-continuous on a T-residual set, by Remark 1(1)(b).

(3) IfF is compact valued wsq' (t, 07, )-continuous (wsq' (T, o)-continuous) and wsq" (T, oz, )-continuous
(wsq" (T, 0)-continuous), then F is lower and upper quasi t-continuous and D*(F), DL(F) € I
(by (1), (2) and Theorem 2).

Example 3(3) shows the sets D¥(F), DL.(F) in Corollary 7(3) are not necessary from Z,. Compare
with Corollary 10, where among other things, it is shown that F is wsq'(t, 07, )-continuous and
wsq" (T, 07, )-continuous if and only if F is lower and upper quasi T-continuous and D¥(F), D%.(F) € Z,
provided ¢ C 7.

By Theorem 6 and Corollary 2, in the function setting we have the next result.

Corollary 8. Let B(t,0) hold, T < o and Y be regular. If a function f : X — Y is wsq(T, 07, )-continuous
(wsq (T, 0)-continuous), then f is quasi T-continuous.

From Theorem 5 and Remark 1(1)(b) we have the next one topological decomposition theorem.

Theorem 7. Let (X, T,0) be a bitopological space, T < o, Y be a second countable topological space and
F : X =Y be a multifunction.

(1) Fis sq!(t,0)-continuous except for a set of Tfirst category if and only if F is o-lsc except for a set of
T-first category (DL (F) € T;).

(2)  Suppose F is compact valued. Then, F is sq" (T, o )-continuous except for a set of T-first category if and
only if F is o-usc except for a set of T-first category (DY(F) € Zr).

The next theorem deals with the global characterization (the equivalence (a) < (b) in the item
(1) and (2) represents one topological decomposition). The items (3) in Theorem 8 characterizes
the sq! (T, o)-continuity and sq* (T, )-continuity that generalizes a equivalence (3) < (4) given in
Corollary 10.

Theorem 8. Let B(t,0) hold, T < 0, Y be a second countable topological space and F : X — Y be a
multifunction. Then, the next conditions (a), (b), (c), (d) in (1), (2) are equivalent, respectively.

(1) (a) Fissq'(t,0)-continuous,
(b)  F is lower Baire T-continuous and D..(F) € T,
(c) Fiswsq'(t,0)-continuous and D (F) € ..
(d) Fiswsq(t,07,)-continuous and D), (F) € Zy.
(2)  Suppose, Y is regular and F is compact valued.
(a) Fissq"(t,0)-continuous,
(b)  Fis upper Baire T-continuous and D(F) € I,
(c) Fiswsq"(t,0)-continuous and DY(F) € Z.
(d) Fiswsq"(t,07,)-continuous and D} (F) € L.
(3) Suppose, Y is reqular and F is compact valued. Then the next conditions are equivalent.

(a) Fissq!(t,0)-continuous and sq* (T, )-continuous,
(b)  F is lower and upper quasi T-continuous and D'.(F) € Z., DX(F) € .

g
(4)  Suppose Y is regular. A function f is sq(t, o )-continuous if and only if f is quasi T-continuous and f is
o-continuous except for a set of T-first category.
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Proof. (1) (a) = (b): Suppose F is sq' (T, )-continuous. By Theorem 5(1), F is o-Isc except for a set of
T-first category and by Theorem 6, F is lower Baire T-continuous.

(b) = (c): Leta € X,a € H € T and V be open intersecting F(a). From the lower Baire 7-
continuous, there is a set G € T and A that is of T-first category such that G\ A C Hand F(x) NV # @
for any x € G\ A. Since G\ A is of T-second category, there is b € G\ A and F is o-Isc at b. That
means, there is a set Gy € ¢ containing b such that F(x) NV # @ for any x € Gy. So, HN Gy # @ and
F(x) NV # @ for any x € HN Gy. That means, F is wsq' (T, 7)-continuous at a.

The (c) = (d) follows from the inclusion ¢ C o7, see Remark 1(2).

(d) = (a): Leta € X,a € H € T and V be open intersecting F(a). From the wsq" (7, 0z, )-con-
tinuity, there is a set G\ A € B(0,Z) and such that HN (G \ A) # @ and F(x) NV # @ for any
x € HN(G\ A). Since HN (G \ A) is T-second category, there is b € HN (G \ A) such that F is o-Isc
at b. So, there is a set Gg € ¢ containing b such that F(x) NV # @ for any x € Gy. Since HN Gy # @, F
is sq' (T, o’)-continuous at a.

The item (2) is similar.

(3) It follows from (1), (2) and Theorem 2.

(4) It follows from (3). O

In Theorem 8, the lower (upper) Baire T-continuous can not replaced by the lower (upper) T-quasi
continuity, see Example 5.

By Theorem 5 and Corollary 7, we have the next result.

Theorem 9. Let B(7,0) hold, T < 0, Y be a regular second countable topological space and F : X — Y be a
compact valued multifunction.

(1) IfF is sq' (1, 0)-continuous, then F lower Baire T-continuous and F is both o-Isc and T-usc except for a
set of T-first category (D).(F), D¥(F) € ).

(2) IfFissq"(t,0)-continuous, then F is upper Baire T-continuous and F is both o-usc and t-Isc except for
a set of T-first category (DX(F), DL(F) € T,).

In the following we will study the connection between the properties of multifunction with respect
to (X, 7,0) and with respect to (X, o, T). To be as general as possible, let us define the next Denjoy
property in a bitopological setting.

Definition 4. (see [34] for the Euclidean topology and the sets of positive measure) Let (X, T,0) be a
bitopological space. A multifunction F : X — Y has the lower (upper) Denjoy (o, T)-property (denoted
by d' (o, T)-property, (d%(o, T)-property) at a point x if for any open set V for which V N F(x) # @
(F(x) C V) and any c-open set U containing x there is a T-second category set B C U such that
VNEF(b) # @D (F(b) C V) forany b € B. The global definition of the lower (upper) Denjoy (o, 7)-
property is given by the local ones at each point.

Remark 4. The next two easy items will be used in Theorem 10.

(1) Let B(t,0) hold. It is clear if F is wsq' (¢, T)-continuous (wsq" (o, T)-continuous) at a point a, then
F has the lower (upper) Denjoy (o, T)-property at a.

(2) Suppose o C Tand (X, T) is T-Baire. If F is wsq' (7, 07, )-continuous (wsq" (7, 0z )-continuous) at
a point g, then F has the lower (upper) Denjoy (o, T)-property at a.

Proof. Leta € X be arbitrary, U € ¢ containing a2 and V be open intersecting (containing)
F(a). Since ¢ C T and F is wsq'(, 0z )-continuous (wsq" (T, 0z_)-continuous) at 4, there is a set
G\ A € B(0,Zr) such that UN (G\ A) #@and UN (G\ A) C F~ (V) (UN(G\ A) C FF(V)).
So, UNG # @ and U N G is of T-second category (since (X, T) is T-Bare and ¢ C 7), consequently
(UNG)\A =UN(G\A) is of T-second category. Since UN (G \ A) C U, F has the lower
(upper) (o, T)-Denjoy property ata. [
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Theorem 10. Let (X, T, 0) be a bitopological space, B(T,0) hold, T < ¢, Y be a regular topological space and
F : X =Y be a compact valued multifunction.

(1) Let F have the upper Denjoy (o, T)-property (F be wsq" (o, T)-continuous). Then, F is wsq'(t,07,)-
continuous (wsq' (T, o)-continuous) at a if and only if F is sq' (T, 0)-continuous at a.

(2) Let F have the lower Denjoy (o, T)-property (F be wsq' (v, T)-continuous). Then, F is wsq"(t,07,)-
continuous (wsq" (T, o)-continuous) at a if and only if F is sq" (T, 0)-continuous at a.

Proof. (1) Case (i): Let F have the upper Denjoy (o, T)-property.

"=" (a) Suppose F is wsq' (1,07, )-continuous at a. We prove F is sq' (7, ¢)-continuous at a. Let
a € Hy € T and V be open intersecting F(a). Since Y is regular, there is an open set V} intersecting
F(a) and cl(Vp) C V. Put A = FF(Y \ cl(Vp) and Hy = int;(D+(A)), where D (A) is the set of all
points in which A is of T-second category. We will prove Gy N Hy N A is of T-second category, provided
Hy N Gy # @ for some Gy € 0. 1)

Since B(7,0) holds and T < ¢, Hy N Gy is of T-second category with the T-Baire property, by
Lemma 3. Let H)N Gy = (U\ S)UT, where U € Tand S, T are of 7-first category. Then, @ # U N Hy €
7. So, U N HpN A is of T-second category, consequently U N A is of T-second category. Moreover,
HoNGyNA =[(U\S)UTINA =[(UNA)\(SNA)]U(TNA), so HyN GyN A is of T-second
category. We have proven (1).

Let H := H; UHy € 1. Since a € H and F is wsq' (1, 07, )-continuous at a, there isa set G\ I; €

B(o,Zy) suchthat HN (G\ L) # @and F(x)NVy # @ forx € HN(G\ L1). ()
Since HN (G\ 1) #@,HN G # Q. 3)
We will show Hy NG = @. 4)

If HhN G # @, then GN Hy N A is of T-second category, by (1). So, thereisb € (G\ ;) N HyNA C
HN(G\ L) for which F(b) C Y\ cl(Vp), a contradiction with the fact that F(x) NV # @ for any
x € HN(G\ I) (see (2)). That means, HoN G = @.

By(3)and 4), @ #HNG=H NGUHyNG=H1NG. ®)

We will show F(x) Ncl(Vp) # @ for any x € G. (6)

Suppose F(xg) C X\ cl(Vp) for some xy € G. Since F has the upper Denjoy (o, T)-property
at xo, there is a set B C G that is of T-second category such that F(x) C Y\ cI(Vp) for any x € B.
We show intr(D-(B)) NG # @. If int(D+(B)) NG = @, then B\ int:(D-(B)) = B, a contradiction,
since B \ int;(D.(B)) is of t-first category. Since B C A, int;(D(B)) C int;(D.(A)) = Hy. So,
@ # int;(D-(B)) NG C HpN G, a contradiction with (4).

We have proved there is a set G € ¢ such that H NG # @ (see (5)) and @ # F(x)Necl(Vy) C
F(x) NV for any x € G (see (6)). So, F is sq' (T, ¢')-continuous at a.

(b) Suppose F is wsq' (T, 0)-continuous at a. Since ¢ C 07,, F is wsq' (T, 07, )-continuous at a. By
(a), F is sq' (1, 0)-continuous at a.

"«"is trivial.

Case (ii): Let F be F wsq"(c, T)-continuous. Then, by Remark 4(1), F has the upper Denjoy
(o, T)-property. So, by Case (i), the item (1) holds.

Similarly we can prove (2). O

From Theorem 10, Theorem 8 and Corollary 3 we have the next results.

Corollary 9. Let (X, T,0) be a bitopological space, B(t,0) hold, T < o, Y be a regular second countable
topological space and F : X — Y be a compact valued multifunction.

(1) IfF is wsq" (o, T)-continuous and wsq' (t, oz, )-continuous (wsq' (t, o)-continuous), then F is sq' (T, 0)-
continuous, lower Baire T-continuous, o-Isc except for a set of T-first category and T-usc except for a set of
T-first category (DL (F), D¥(F) € T;).
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(2) IfFis wsq' (o, T)-continuous and wsq" (T, o7, )-continuous (wsq" (t,o)-continuous), then F is sq* (T, o)-
continuous, upper Baire T-continuous, o-usc except for a set of T-first category and t-Isc except for a set
of T-first category (DY (F), DL(F) € Z,).

At first glance, by Lemma 2, if Y is regular second countable and F is compact valued wsq" (7, 0)-
continuous and wsq! (T, ¢)-continuous, then DX (F), D¥(F) € Z. NZ, and DL (F), D¥(F) € Z,, provided
o C 7. In fact, the wsq" (7, o')-continuity and wsq! (T, ¢)-continuity yield far stronger results, as the
next corollary shows. Example 4 shows, item (4) in the next corollary does not hold for one of the
continuities wsq" (T, o)-continuity or wsq' (T, r)-continuity.

Corollary 10. Let (X, T, ) be a bitopological space, o C T, (X, T) be T-Baire and F : X — Y be a compact
valued multifunction.

(a) IfY is reqular, then the next conditions (1), (2), (3) are equivalent.

(1) Fiswsq"(t,0z,)-continuous and wsq' (T, 07, )-continuous,
(2) Fiswsq"(t,0)-continuous and wsq' (T, o)-continuous,
(3) Fissq"(t,0)-continuous and sq' (T, o)-continuous.

From any conditions (1), (2), (3) follows F is upper and lower quasi T-continuous and upper and lower
quasi o-continuous.
(b)  Consider the next two conditions.

(4) F is upper and lower quasi T-continuous and D,(F), DX(F) € I,
(5) F is upper and lower Baire T-continuous and D..(F), D¥(F) € I.

If Y is reqular second countable, then the conditions (1) - (5) are equivalent and from any condition (1) -
(5) follows DL(F), D¥(F), D.(F), DX(F) € I N Z,.

Proof. The implications (3) = (2) = (1) are clear.

(1) = (3):

Since F is wsq" (T, 0z, )-continuous, F has the upper Denjoy (o, T)-property, by Remark 4(2). Then,
by Theorem 10(1), F is sq' (T, ¢)-continuous.

Since F is wsq' (7, 07, )-continuous, F has the lower Denjoy (¢, T)-property, by Remark 4(2). Then,
by Theorem 10(2), F is sq" (7, o)-continuous.

Suppose Y is regular second countable and F is compact valued. By Lemma 2 and Theorem 5,
DL(F), DX(F), D .(F), DX(F) € I N Z,. Moreover, by Theorem 8 and Theorem 2, the conditions (3)
and (4) are equivalent. Finally, by Theorem 1 and Theorem 2, (4) and (5) are equivalent. [

For a function, from Corollary 10 we have the next corollary that confirms some continuities for
functions are equivalent, compare with Corollary 1. It also confirms that introducing of lower and
upper continuities in Definition 2 for multifunctions yields to more diversified results.

Corollary 11. ([23]) Let (X, T, 0) be a bitopological space, o C T, (X, T) be T-Baire and f : X — Y be a function.
(a) IfY is reqular, then the next conditions (1), (2), (3) are equivalent.

(1) fiswsq(t, 07, )-continuous,

(2)  fis wsq(t,0)-continuous,

(3)  fissq(t,0)-continuous.

From any conditions (1), (2), (3) follows f is quasi T-continuous and quasi o-continuous.
(b)  Consider the next two conditions.

(4)  fis quasi T-continuous and Dy (f) € I,

(5)  f is Baire T-continuous and Dy (f) € L.

If Y is reqular second countable, then the conditions (1) - (5) are equivalent and from any condition (1) -
(5) follows D+ (f), Dy (f) € Zr N L.
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Note, in Corollary 11 (also in Corollary 10), the inclusion o C T can not be omitted, see the function f
from Example 3. Also the 7-Baireness of (X, T) is necessary and it does not apply locally, see [23].

Corollary 10 deals with the continuities with respect to (X, T, o). The next corollary combines the
continuities with respect to (X, 7, ) and its dual and the condition ¢ C 7 is replaced by the conditions
B(t,0),T <0,B(0,7),0 < T.

Corollary 12. Let (X, T,0) be a bitopological space, Y be a regular second countable topological space and
F : X — Y be a compact valued multifunction. Suppose all conditions B(t,0), T < o, B(o, T), 0 < T hold.
Then, in (a), (b) the conditions (1), (2), (3) are equivalent, respectively.

(@) (1) Fiswsq"(c,7)-continuous and wsq' (t,o)-continuous,

(2) Fissq" (o, 7)-continuous and sq' (T, o)-continuous,

(3) Fis upper o-Baire continuous, D¥(F) € I, lower T-Baire continuous, D).(F) € Zy.
(b) (1) Fiswsq (o, T)-continuous and wsq* (T, o)-continuous,

(2) Fissq' (o, T)-continuous and sq* (T, o)-continuous,

(3) F is lower o-Baire continuous, D-(F) € T, upper T-Baire continuous, D*(F) € Z..
(c) IfFiswsq"(c,T)-continuous and wsq' (t,o)-continuous, then D'.(F), DX(F) € Z; N Z,.

If F is wsq' (o, T)-continuous and wsq" (T, o)-continuous, then D*(F), DL(F) € T N Z,.

Proof. (a) (1) = (2) : If F is wsq*(c, T)-continuous and wsq' (T, o’)-continuous, then F is sq'(, 0)-
continuous (by Theorem 10(1) for B(t,0), T < ¢) and sq*(c, T)-continuous (by Theorem 10(2) for
B(o,T),0 < 1).
(2) = (1) is trivial.
(2) < (3) follows from Theorem 8.

(b) is similar.

(c) follows from items (a), (b) and Corollary 3. [

5. Conclusions, Summary of Results and Symbolic Interpretation

The problems of bitopological spaces bring many combinations how to generalize some types of
sets and continuities. For example, a B-open set A, which is defined by inclusion A C cl(int(cl(A))),
can be defined in a bitopological space by three ways: A C cl¢(int,(cl:(A))), A C cly(ints (cl (A))),
A C cl(inty(cly(A))) and tree ones in a dual bitopological space. Similar problems arise in the case
of generalized continuities defined in a bitopological space. Moreover, the situation is complicated by
two variants of upper and lower continuity. The reader may feel that even in our article there are many
results and complicated connections. In Definition 2 there are twelve continuities (six with respect
to (X, 7,0) and six with respect to (X, o, T)). Theoretically, studding the sets of discontinuity points
DL(F), D(F), D!.(F), D(F) of these twelve continuities leads to 48 results. If we assume two different
continuities from twelve (66 pairs) we have 264 results (of course, some of them are duplicated and
trivial). Also, the study of the relationships between continuities leads to many combinations. In
general, the number of questions increases rapidly and the number of results is enormous. Building
upon the results of this paper, the following avenues present directions for further work.

1. To transform bitopological notions into concepts in terms of one topology. For example, similar
to Theorem 7 and Theorem 8§, to find a characterization of other continuities (namely, the upper/lower
g(t,0)-continuity and the upper/lower wsq(T, r)-continuity) by suitable continuities dependent on
one topology.

2. To generalize the results of the work to a space (X, T,0) in which one topology is replaced by a
more general structure, for example, by a generalized topology, a soft topology, a fuzzy topology or a
cluster system, see [21].

3. To look for a selection of multifunction with suitable continuity properties. For example, if F is
wsq" (T, 0)-continuiou, is there a function f that is quasi T-continuous, Dy (f) € Zr and f(x) € F(x)
for any x € X?
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Symbolic interpretation

Let’s try to summarize the results and to find a simple and comprehensive view how to get such
large number of results by simple rules. We present a series of relevant implications and a symbolic
interpretation of the sets of discontinuity points and the relations between twelve studied continuities.

To better understand the symbolic interpretation below, it is useful to make a few notes. Let

eo,0oc{l,u},e#o

X,O€e{r,c},K£0

Notation
(X,X,0) - bitopological space, X is the dominant topology: (X, 7,0), (X, 0, T)
B(X,0O) - Baireness: B(t,0), B(c, T)
X <0 - X pseudo refines[1: 7 < 0,0 < T
I - the family of X-first category sets: Z., Z,
g*(X,0) - quasi-continuity: §*(t,0), 4 (t,0),4" (v, T),4' (0, T)
sq*(X,0) - sectional quasi-continuity: sq* (7, ¢),sq' (t,0),5q% (o, 7),54' (0, 7)
sq(X,0) - upper and lower sectional quasi-continuity: sq(t,c),sq(c, T)
wsq® (X, 0) - weak sectional quasi-continuity: wsq"(, o), wsq' (t, o), wsq" (¢, T), wsq' (0, T)
wsq (X, 0) - upper and lover weak sectional quasi-continuity: wsq(t, ), wsq(c, T)
wsq®(®,0g,) - weak sectional quasi-continuity: wsq" (t, o7, ), wsq' (T, 07, ), wsq" (o, 7z, ), wsq' (o, 7z, )
d*(X,0) - Denjoy property: d“(t,¢),d (t,0),d*(0,7),d (0, T)
Dy(F) - the set of semi discontinuity points of F: D¥(F), DL(F), D¥(F), D}(F)
Qx(F) - the set of quasi continuity points of F: Q%(F), QL(F), Q(F), Q% (F)
By (F) - the set of Baire continuity points of F: BY(F), BL(F), B4(F), BL.(F)

If B(X,0), X < 0, then the first topology is called a dominant topology. This topology often
determines how the topologies X, ] and the versions of continuities e, o from the assumptions are
transferred to the resulting continuities and the sets of discontinuity points. The dominant topology is
usually preserved. We can also observe changes of e and o.

For example: If B(X, ), K < O (X is the dominant topology), then
wsg® (X, ) — e Baire X -continuity (Bg(F) = X), Dgx(F) € Ix (C.7)
wsq® (X, 0) +wsq® (K, 0) — Qx(F) = Qx(F) = X. (C7)

Sometimes we can use "a cansel rule".
If B(X, ), X < [, then X is the dominant topology and

wsg® (X, 0) + wsqg® (O, X) — s¢* (K, O). (T.10)

On the other hand if B({J,X), O < X, then [ is the dominant topology and
wsg® (X, 0) +wsq° (0, X) — sq° (0, K). (T.10)

If B(X, ), X < O, B(,X), 0 < X (both topologies are dominant), then

wsg® (X, 0) +wsq®(0,K) — Dy(F),DY(F) € Iy N 1o (C.12)
wsg® (X, 0) + wsq® (0, X) <> sq*(X,0) and sg° (0, K). (C.12)

There is one exceptional case when the dominant topology is not preserved.

sq*(X,0) — D(F) € Ig.
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Let us describe the content of the following diagrams. The most comprehensive of them is
Diagram A and the others (Diagram B1, B2, C1, C2) visually better express the relationships between
two continuities and their consequences for the structure of the sets of discontinuity points.

Under conditions B(X, D), K < [, Diagram A below summarizes the series of implications
from the g*(X, 0)-continuity to the condition Dg € Zg with respect to (X, X, J) and further from the
sq° (0, K)-continuity on a X-residual set to the wsg®([J, Xz, )-continuity on a X-residual set and the
d° (0, X)-property on a X-residual set with respect to (X, [, X).

It contains three characterizations of the sq® (X, [J)-continuity and the equivalence between the o Baire
X-continuity (Bg(F) = X) and the e quasi M-continuity (Qg(F) = X), provided X is finite (the conditions
B(X,0), K < O can be omitted). Also, the equivalences between two continuities with the same topological
order and the different versions of continuities are given, provided [1 C X, Diagram A1.

Moreover, in Diagram A we can see the combinations of two continuities and their consequences.
Namely, two continuities with the different topological order and the different versions of continuities,
namely the implications starting with

wsq® (X, 0) +wsq® (Og,, ) — - - .

In Diagram A2 and Diagram A3 we can see two continuities with the same topological order and the
different versions of continuities, namely the implications starting with

wsg® (X, 0) +wsqg®(K,0) — --- and s¢*(X,0) +s4°(X,0) — - --

It is useful to mention that the first topology X in the triplet (X, X, (J) (called a dominant topology)
determines the continuity properties of F and the dominant topology is preserved. For example (see
(Diagram A, Diagram A2)

7*(X,0) — s¢*(X,0) — wsq*(K,0) — wsq® (X, 0z, ) — Bx(F) — Dx(F) € I

wsg® (KW, 0) +wsq” (8, 0) — -~ = Qx(F) = Qu(F) = X, Dx(F), Dx(F) € Iy

Diagram B1 deals with two weak sectional quasi-continuities under conditions B(X, ), X < O
/ B(O,X), 0 < K. Namely, two continuities with the different topological order and the different
versions of continuities

wsg® (X, 0) + wsq® (0, X), wsq® (X, 0) 4+ wsq® (0, X)
and with the same topological order and the different versions of continuities
wsq® (X, 0) + wsq® (K, 0).

Diagram B2 deals with the same continuities under all conditions B(X, ), X < O, B(d,X), O < X.
In Diagram C1 and Diagram C2 we can see the consequences of two sectional quasi continuities
under conditions B(X,), K < O / B((J,X), 0 < X and under all conditions B(X,), X < [,
B(O,X), 0 < X.
Finally, we conclude with an example of investigating the set of discontinuity points of multifunction.
To state all relevant results in a compact form, in the following diagrams we assume: Y is a regular

second countable topological space and F : X — Y is a compact valued multifunction (R. = Remark, T.
= Theorem, C. = Corollary).
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Diagram A |B(X,0), X <O

DE, (F) €lx
wsq® (X, Oz, )

Dy(F)eTy 19 Du(F)€In 19 Dy(F) eIy
—>. o <—
wsq®* (K, 0) Dy (F) € I By(F) = X

N

T.8 T9 T.8

wsq® (X, Oz,) T wsq® (X, 0) <T sq*(X®,0) T g*(X,0)
T»6 T.lo

By(F) = X «+——T6 wsq® (¥, Oz,) +d°(0,K)

X ﬁniteJ( R4
C3 .
Qx(F) =X wsq® (M, Oz,,) + wsq® (O, X)
Dg(F) € Ix R1
T
c7 (X,X,0) wsg® (K, 0) + wsqg® (0, X)
’ (X,0,K)
1 R1
59°(0, M) on a R-residual set wsg* (8, 00) + wsq® Oz, )
R1

wsq° (0, X) on a K-residual set

R1|R4

~

wsq® (0, ¥z) on a K-residual set
d°(0,X) on a K-residual set

Diagram A1

D, (F), DY(F) € T
Qu(F) = Qa(F) = X

Diagram A2 | B(X,0), K <O

DY(F), Dy (F) € T
Qn(F) = Qy(F) = X
Ter

!
|
|
|
|
|
|
|
:
C10 |
! wsq® (M, Oz,) +wsq® (X, Oz, )
|
|
|
|
|
|
!
!
!
!

wsq' (IZ, DIg ) + wsqo (lzr Dl'g ) TR'l

wsq® (X, Ozy) + wsq® (X,0)

Tr1

wsq® (X, 0) 4+ wsq° (X, 0)

C.10

wsq® (X, 0) 4+ wsg® (K, 0O)

C10 ettt
Diagram A3 | B(X,0), K < O
sq°(X,0) +sq°(,00)
o D2(F), Dg(F), DE(F), Dy (F) € T

De,(F), Dg(F), D& (F), D(F) € T N Ty
Qx(F)=Qx(F)=Qx(F)=Qx(F)=X

T.ZIT. 8

| Q3 (F) = Qy(F) = X
| sq®* (X, 0) +s¢°(K,0)
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Diagram B1 B(X,0), ® <O } B(O,KX), 0< K
Dg(F) € Ig | De(F) € I
D2,(F) € Tx | D3 (F) € I
Tes | cal
By (F) = X o By(R)=
Dg(F) € I } Dg(F) € In
IT.S 3 T.SI
By (F) = X, Dy(F) € Ix 5¢*(®,0) } sq°(0,X) BR(F) = X, DY(F) € In
C7 %‘9 \ i C& /C.'7
wsq® (X, 0) wsqg® (0, X) | wsq *(X,0) wsq® (0, )
Dy(F) € In l l Dy(F) € In
Pab et €7 o) : wsgOm) <7, PO €
Qu(F) =X | Qu(F) =X
Qu(F) =X T 3 T Q(F) =X
wsq® (X, 0) wsq® (O, X) | wsq® (X, 0) wsq* (O, X)
e N S | < 7
By (F) = X, Dy (F) € Ig 5¢°(R,0) 1 5q* (0, K) BY(F) = X, DY(F) € I
IT.S i T.SI
By (F) = X o By(R =X
D (F) € T 3 Dy(F) € I
lc.s 3 c.3l
Dy (F) € I | Dp(F) € I
D (F) € I | Dy (F) € I
Diagram B2 |B®,0), <0, BO,N), O<K|
De(F), Dg(F) € Ig NI
Bgy(F) = By(F) = X

B2,(F) = X, D(F) € I
By(F) = X, Dy(F) € Tg

[
S I i

sq*(X,0) +sg°(0,X)

Dg(F) € T \ / onE e &
D&(F) € L7 wsq(X,0) + wsq (0, X) <7, D&(F) € In
Qx(F) =X Qn(F) =X
Qx(F) =X / \ Qe (F) =X

IC.lZ

sq°(X,0) +s4*(0,X)

ITAS

D (F), Dy(F) € In N In
Bg(F) = By (F) = X
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Diagram C1 [B®O),®<0| 1 |BOK), <K
Dg(F) € I l D2,(F) € T
D(F) € In | Dy(F) € T
Tes } Tes
By(F)=X | By(F)=X
Dy(F) € In DY (F) € I
NS | V
Dy (F) € I sq*(X,0) | sq°(0,X) D (F) € I
Dy (F) € Ty l i D (F) € Iy
Dgy(F) € Ix T8 ! 18 _ Dx(F)€Inp
2 3 5q(®,0 ! 0, K) +—o s
DD(F) €Iz Tz 9®0) 1 (%) 5 Dg(F) € In
Qa(F) = X [ } | Qn(F) = X
Qx(F) =X sq°(®,0) l sq° (0, ) Qy(F) =X
A } Y/TE%\/A
BY(F) = X | Be(F) = X
DE(F) € Ix : Drg(F) €1In
lcs | lcs
D (F) € I | D (F) € I
D (F) € Ixg | Dy (F) € I
Diagram C2 \ B(®,0), X <0, B(O,X), 0<K \
Dy (F) € Ip Dg(F) € I
Dpy(F) € I Dg(F) € Iy
D&(F) € I Dg,(F), D8y(F) € Ty NIy D&(F) € In
D%(P) €Ixn Be (F) —pe (F) —x DIEI(F) €1In
By(F) = X Sy B (F) = X
By(F) =X N\ %8 b ¢, BalF) =X
sq*(X,0) + sg°(0,K)
Dg(F) € In Dy(F) € In
Dy (F) € I DY (F) € In
Diy(F) € Ta 14 18 Du(F) € In
Da(P) €ely T2 sq(X,0) + sq(L, %) W D%(F) € In
Qu(F) = X Qu(F) = X
Qu(F) = X Qy(F) = X
sq°(X,0) + sq* (0, )
Jm
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Example 9. Find the structure of discontinuity points of a compact valued multifunction F that is
-, wsql (t,0)-, wsq"(t,0)-, and sql (7, 0)-continuous, provided

T,0),T <0,

0,T),0 =T,

T,0),T <0,B(0,7),0 <1

~—

wsq' (o, T
a) B
b) B
c)B

—_~ =~

We will proceed strictly according to the rules of the symbolic interpretation even though some of
them are duplicated.

a) B(t,0), Tt <0

By Symbolic interpretation,

1. wsq' (t,0) = D¥(F) € I,

2. wsq"(t,0) = DL(F) € I,

3.s¢'(t,0) = D¥(F) € I, DL.(F) € I,

4. wsq"(t, o) and wsq' (0, T) = sq*(t,0) = DL(F) € Z;, D¥(F) € ..

So, D¥(F), DL(F), DX(F), DL(F) € Z.

Moreover, wsq' (t,0) and wsq*(t,0) = F is upper and lower quasi T-continuous.

b) B(o,7),0 < T

By Symbolic interpretation,

1. wsq' (o, ) = D%(F) € I,.

2. wsq' (¢, 7) and wsq*(t,0) = sq' (0, T) = D(F) € Z,, D-(F) € Z,.
So, DX(F),DL(F) € T,.

Moreover, wsq' (¢, T) = F is lower Baire ¢-continuous.

¢)B(t,0), T <0,B(o,T),0<T
By a) and b), D¥(F), DL(F) € I, N Z and D¥(F), D.(F) € Z.
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