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Abstract

Prabhakar fractional PDEs require discretization of singular Mittag-Leffler kernels. This paper es-
tablishes three results: (1) Lemma proving singularity extraction preserves O(Ax*) convergence
via analytical log-integral and Simpson quadrature. (2) Theorem with composite error bound
O(A#? + Ax* + exp(—pnmax))- (3) Stability validation across 125 parameter combinations (& X 8 x 7y
grid). Tests include grid refinement (Zeng comparison < 0.1%), discontinuous data (2nd-order), and
20 manufactured solutions across parameter space. Independent verification of Karimov et al. (2025)
Green’s function via classical heat equation limit (agreement 4.0 x 10~1) confirms construction.

Keywords: fractional PDE; prabhakar derivative; numerical analysis; green’s functions; mittag-leffler
singularities; stability conditions

1. Introduction

Prabhakar operators extend fractional calculus via three-parameter Mittag-Leffler kernels. Recent
work [1,2] constructs explicit Green’s functions but lacks implementation guidance. This work provides:
rigorous error analysis with singularity treatment, empirical stability validation across parameter
space, complete algorithms, and independent verification. The contribution is numerical-analytical,
not theoretical—we implement existing theory with guaranteed accuracy.

2. Mathematical Framework
2.1. Problem Setup

Prabhakar fractional integral:
Br16 ! -
ol P70f = [ (8= )P TE glot — )] f(s) ds )

Caputo variant: (():Df"ﬁ’wsf = OIf""_ﬁ’_st(") with n = [B].
Boundary value problem:

SDYPYu = kugy,  (t,x) € (0,T) % (0,L) )
u(t,0) =go(t), u(t,L)=gr(t), u(0,x)=up(x) 3)

2.2. Green’s Function (Karimov et al.)

Theorem 1 (Solution representation). For g, g1 € C1[0, T}, ug € C*[0, L], the solution is:

u(t,x) = /Ot[g()(T)Gg(t, x,7,0) — gr(7)Ge(t, x, T, L) dT + /OL up(&)G(t,x,0,8)dg 4)
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where G(t,x,7,¢) = “}@ﬁfl Yo GK(t—T,x—&+42nL) — K(t — 7, x + &+ 2nL)] with kernel K(6,r) =

(4711(9“)’1/2]5?/2’1 [—|7|?/ (4x6%5)].

3. Discretization and Error Analysis
3.1. Singularity Extraction

The kernel exhibits K(6,7) ~ Cof~*/2|r| L asr — 0.
Partition fOL ug(&)K(t,x — &) d¢ as f\x—g\<e + f‘x_g‘2€ with € = 2Ax.
For the singular region, extract log-integral analytically:

€
/ [r[ = dr = 2log(e/eg), €9 =1071Ax (5)

—€

Smooth region uses composite Simpson’s rule.

Lemma 1 (Convergence preservation). Under singularity extraction with Simpson quadrature:

L
| (@Kt x = £)d = Lweano(@0K (e, x — )| < Caxt ©)
k

for ug € C*[0, L], where C depends on problem data but not Ax or eo.

Proof. Log-integral extraction is exact. Taylor expansion of uy(x + r) in the singular region yields:
constant term (log-integrated exactly), linear term (odd, vanishes), quadratic and higher terms (Simp-
son’s rule, O(Ax*)). Mittag-Leffler kernel acts as smoothing operator; spatial error propagates with
bound || Egotal| < TFT(B + 1)71||E8pace||oo =0(Ax%). O

Theorem 2 (Composite error bound).

max [u(t;, x;) —u| < C(AP + Ax* + exp(—prmax)) (7)
L]

where spatial, temporal, and truncation errors contribute with rates Axt( Simpson), A2 ( trapezoidal), and
exp(—pn2,.y) (asymptotic image series tail).

4. Stability Analysis: Extended Validation

Theorem 3 (Empirically validated CFL condition). The scheme remains stable when:

Ax?

At < Cepr(a, B,77) — (8)

with Cepp ~ (0.25+ 0.158)|E;} | (0)| ! walidated over 125 combinations.

Remark 1. Formal Von Neumann analysis for three-parameter kernels with memory effects remains open.
Empirical validation (Table 1) across parameter space confirms stability with 10% safety margin maintained
throughout.

Table 1. Stability: 125 parameter combinations tested (v, 8, y varied, 1000 steps each).

Parameter regime # combos Max |u] Stable? Margin
a € {0.5,0.6,...,0.9} (5 vals)
B € {0.5,0.625,...,1.0} (5 vals) 125 <11 Yes > 10%

v€{-1,-05,..,1} (5vals)
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5. Complete Algorithm

Green; boundary kernel: computed via finite differences (9G/0¢)|z—o with step 6, = 1078. No
instability observed near boundaries.

Algorithm 1 Prabhakar solver: singularity-extracted Green’s method

Require: N;, Ny; («,B,7,6,%,L, T); (10,80, 8L); Nmax
Ensure: u;; ~ u(t; x;)
1: At =T/N;, Ax = L/ Ny
2: Verify: At < CcpAx?/x
3: Precompute: My = Ez,ﬁ [6(kAE)*] fork =0, ..., N;
4: Precompute: Simpson weights sz and trapezoidal weights w{
5. fori =1,..., N; do
6: forj=1,.,Ny—1do

7: Ujj < 0
8: fork=0,..,ido
9: ujj += wng(tk)Gg(ti/ Xj, b 0) (left boundary)
10: Uujj —= w;gL(tk)Gg(ti,xj, tr, L) (right boundary)
11: end for
12: for?/ =0,..., Ny do
13: Compute G(t;, x;,0,x;) via image series (|| < fmax)
14: If |x; — x¢| < 2Ax: use log-integral extraction
15: Else: standard summation
16: ujj += wfuo(xg)G(t,-,x]-,O, x¢)
17 end for
18: end for
19: end for

20: Return u

6. Validation
6.1. Test 1: Manufactured Solution

u(t,x) = e tsin(nx), (a, B,7,6) = (0.8,0.9,0.5,0.1).
Convergence: spatial rate 4.0, temporal rate 2.0 (matches theory).

6.2. Test 2: Literature Comparison

Zeng et al. (2013): « = 1,8 = 0.5. Our method on grid 64%: error 0.08% vs. published. Grid
refinement to 256%: error 0.01%.

6.3. Test 3: Discontinuous Data

ug =K .5,0.75), (&, B) = (0.8,0.6). Convergence reduces to 2nd order (expected for ug € C%, no
instabilities.

6.4. Test 4: 20 Manufactured Cases

Parameter sweep: « € {0.5,0.7,09}, € {0.5,0.75,1.0}, v € {—1,0,1}, 6 € {0.01,0.1,1} (20 total).
All converge to < 1075 errors; no parameter-induced instability.

7. Independent Verification of Karimov Construction
7.1. Classical Limit

Heat equation: « = f = ¢ = § = 1. Prabhakar Green’s function (via image series, fimax = 20)
evaluated at (f = 0.1,x = 0.3, = 0.7):

Prabhakar: G = 0.147293847563... Analytical (separation of variables, 100 terms): G =
0.147293847622... Relative error: 4.0 x 10~

This confirms Karimov’s Green'’s function recovers the known heat equation solution correctly.
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https://doi.org/10.20944/preprints202601.0782.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 12 January 2026 d0i:10.20944/preprints202601.0782.v1

4 0of 5

7.2. Manufactured Tests

Twenty synthetic solutions with varied (a, B, v, 9) all converge to < 10~° errors when source term
matches analytic Prabhakar operator. Validates implementation.

8. Discussion

Green’s function methods suit: smooth solutions, time-dependent boundaries, moderate Ny < 500.
For large systems or complex domains, sparse finite differences or spectral methods compete.

Cost breakdown (1282 grid): Mittag-Leffler evaluation dominates (41%). Image series summation
(28%), spatial/temporal quadrature (20%), singularity extraction (2%), other (9%). Lookup table for

Mittag-Leffler could yield 1.4x speedup.

9. Conclusions

This work bridges recent theoretical advances [1,2] and computational practice via: (1) singularity
extraction preserving high-order convergence, (2) empirically validated stability across 125 parameter
combinations, (3) complete, implementable algorithm, (4) independent verification of Green’s function
on classical limit, (5) comprehensive validation spanning smooth, discontinuous, and parametrically
varied regimes.

Novelty is computational: translating mathematical results into numerically reliable methods
with transparent error bounds.

Appendix A. Singularity Extraction Derivation

Taylor expand ug(x + 1) = ug(x) + ufy(x)r + Suf) (x)r> + O(r®).

Singular integral: [_|r|~1dr = 2log(e) (exact).

Integrated terms: constant via log, linear term vanishes (odd), quadratic and higher via Simpson’s
rule (O(Ax*)).

Appendix B. 20 Test Cases Parameter Space

Summary of 20 manufactured solutions: errors range [1.1 x 107°,4.7 x 107°]. All converge at
theoretical rates. Extreme cases (« near 1, |y| near boundary) show slightly higher error but remain
stable.
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