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Abstract: We study the formulas for binomial sums of harmonic numbers of higher order
i n _ L N
Z H]Er) (k) (1 B q)kqn k_ H,(f) _ Z Dr(n,])i
k=0 j=1 J

Recently, Mneimneh proved that D; (1, j) = 1. In this paper, we find several different expressions of
Dy(n,j) forr > 1.
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1. Introduction
For a positive integer r, define the n-th harmonic number of order r by

1

7

H,([) =

NM A

i=1

Whenr =1, H; = H,Sl) is the original harmonic number. In this paper, we study the formula
n n n ) j
3 1 () A=) = B0 = D)% <1>
k=0 j=1 J
In [1], for a positive integer n and 0 < g < 1, it is shown that D;(n, j) = 1. Namely,

ZHk() AT oL ) %)

11]

This relation is derived by the author from an interesting probabilistic analysis. The identity (2) is a

n n " n 1
Yn(y) =2 (- L)

which has been proved in [2] in the field of symbolic computation and in [3] in finite differences.

generalization of the one

The main aim of this paper is to show several different expressions of D, (1, j) as no simple form
has been found.

In fact, more different generalizations of (1) or (2) can be considered. For example, recently in [4],
the so-called hyperharmonic number generalizes harmonic number of order r in the formula. However,
when we generalize too much, we often lose the fundamental properties that make us interesting.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Observation

By using the harmonic numbers to express D;(1,j), for 1 < r < 7, we can manually get the
followingl.

@ _ 4
D3(n, j) = e
3\ ) 5 ,
oun, ) — Hr ) (Hy — Hy_)(HY = HY) . HY —HY,
a(n,j c 5 3 ,
Do,y — (o= o)t (o= Hy )2 (HE = HP)
5\1,]) = 4l 2
| (Ho - o) (HY — HY ) . (HY — H )2 ) HyY —HY,
3 8 4 ’
D (1’1 ) _ (Hn an])S + (HV! - Hn—])3(H152) - H,(f,)])
6\ J) = 51 12
, (Hm o2 B (Hy - He) (Y - HY)P2
6 8
L EHo@E) - HY @D - s - 1Y)
4 6
5 5
. HyY —HY,
5 7
D (n ) . (Hn - Hn—j) + (Hn - Hn7])4(H1g2) - H,Sz_)])
7] = 6! 18
(Ho—Hy )P(HY = H)) - (Hy = Hy 2(HP —HP )2
" 18 * 6
. (Hy — Hy_)?(HyY — B N (Hy— H,)(HY — B2 )Y ~BY)
8 6
| (- Hi)(HY - HY) N (B —HP))3
5 48
1P —aZ )P —H ) mY -BY)? =Y -,
+ 8 + 18 + 6

It is interesting to observe that the number of terms of each of the right-hand sides of D, (#, j) is equal

to the number of partitions of r (1 < r < 7), respectively. In addition, the same terms of generalized
harmonic numbers appear in [6,7]:

© H, B
n; i D(nt2)

(Hn)z _ H,(12)

n;z(nH)(Hz) =1

i (Hp)® - 3H,H +207 .
n=1

3i(n+1)(n+2)

1 At first we calculated them one by one using the method in [5], but of course they can be calculated directly from the
theorems described below.
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> (Ha)* — 6(H,)?Hy +8H,HY +3(Hy”)? — 6H,"
L N+ 1)(n+2) ,

5!(11—!—11)(11—1-2) <(H”)5 - 10(Hn)3H752) + 20(Hn)2H753))2

n=1
+15H, (H? — 30H,HY" — 20HP HY + 24H,§5)> 1,

i 1
L 6l(n+1)(n +2)

n=1

+45(H,)2(HP)? — 90(H,)2HSY — 120H, HP HY) + 1441, HY

((Hn)6 —15(H,)*HP + 40(H,)?HY

—15(H?)? + 0P HY + 40(H )2 — 120H£,5)) —1.
3. Expressions (Main Results)
Let n, j, r be positive integers.

Theorem 1.

mied - B (1717 ()

Dyy1(n,j) :jlz::ljzgl‘ ’ .jr;l m—p+1)mn—jo+1)---(n—j+1)°

Dy(n,j) (r > 2) can be expressed in terms of the determinant ([8, Ch. I S 2]). See also [9,10].

Theorem 3.

Dr+l (nrj)

Remark 1. By using the inversion formula (see, e.g., [11, Lemma 1],[12, Theorem 1],[8, p.28],) about (5) below,
we also have

n

(-1 Y(HY - HY)

Da(n,)) 1 0 0

2Ds(n,j)  Da(n,j) 1 0
(r—O)D(nj) Dyr(nj) Dralmj) - 1
Dya(nj)  D(mj) Dys(mg) - Da(m])
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Dy(n,j) (r > 2) can be expressed by a combinatorial sum ([7, Proposition 1 (17)]):

Theorem 4.

DrJrl (nrj)

, i i
p (R (o
- i 4+2ip+3ig+- =1 nliligl- - 1 2 3

Remember that the (complete exponential) Bell polynomial Y, (x1, x, ..., x,) is defined by

o0 tm [ee] tn
exp me% =1+ ZYn(xl,xz,...,xn)—.
m=1 :

= n!
That is,
Y}’l(xll x2/ cecy xn)
_yy__ ™ (3" (2)" Xoogn )
7}(:1 ipliph- -1y g\ 1! 2! (n—k+1)!
with Yo = 1. Here, the second sum satisfies the conditions
i1+2i+3i3+---+(n—k+1)iy po1=n i1+ir+iz+---=k.

Theorem 5. Forr > 1, we have

1
Dysa(n,j) = = Yr(Hy = Hyj, 1(HP - Hfjj),z!(Hff) - Hff)j),. ).

4. Proof
Proof of Theorem 1. We shall show

Y H (Z) (1= )k

k=0

- £ () (g () ) Y

We have

k=0 k=0 =0
(g
-5 g ()
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e Vio( 1)" (i) — (_1)1(]_11> (proved by induction on /(> 0))
and
e (f)=a-1-o,
we have
s () Tty
1 wet /[
-z @o(_l)v @) = z;l (ﬁf‘”@) =
::( () o
By (3),
oo = 1(}) (Z;lf v () e >
- j:< v () (0 e
O

Dy(n,j) — Dy(n,j—1)
]

£ (55 G O

i ne (N (e

_ D, 1(” ])
n—j+1"

Hence, by D,(n,0) = 0 we have

Dy (n,j)

n—j+1

Dy(n,j—1) + D, (n,j)
n—j+2 n—j+1

Dyy1(n,j) = Dyya(n,j—1) +

= Dr-i-l (Tl,j - 2) +

_ _i Dr(”]l
]_171—]1—1—1

:i ]lerln]z

]1211’1—]1+1 — 11—]2+1

:in L~ 1 D)

ja=1 n—jz+1
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fliln_jl+172:1n_j2+1 friln_jr+1
P I R I
jlzln_j1+1j2:ln_j2+1 jr:ln_jf'f'l.
a
In order to prove Theorem 4 amd Theorem 3, we need the following relations.
Lemma 1. For the sequences {py }n>1 and {hy },>1, we have
hy 1 o --- 0
2hy,  hy 1 :
(D" =1 3K Iy
: : 1
nhy  hy_q hy
pp —1 0 0
P2 p1 =2
<~— nlh, = s m 0
: : —n+1
Pn Pn—1 - P2 P1
_ n! p1\1/p2\i2 P\ in
B i1+2i§.+nin iylip! - - -in!( 1 ) (2 ) ( n ) ‘
4, eensin >0
Proof. The last identity is a simple modification of Trudi’s formula ([13, Vol.3, p.214],[14]):
a ag . 0
an a
p-1 Ap—2 -+ 41 Ao
ap  Op—1 -+ 42 M
T
i1 2ipntp=n 1: n:
Notice that the expansion of the second determinant is equivalant to the relation
n
nhy, = 2 pihy—1 with hg=1. 4)

i=1
By applying the inversion formula (see, e.g. [11, Lemma 1],[12, Theorem 1]), we can get the first
identity. O

Proof of Theorem 3. The determinant in Theorem 3 is equivalent to the recurrence relation:

]- ! 7’ 1 T .
Dy (n, j) ?Z% - H D). (%)
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By applying the relation (4) in the first identity of the second part of Lemma 1 to (5), we can get the
desired determinant identity. The identity of Remark can be given from the first part of Lemma 1. O

Proof of Theorem 4. The result follows from the second part of Lemma 1 by setting h, = D,;1(n, )
and p; = H,(ZZ) — Hislz i’ satisfying (5). O

Proof of Theorem 5. Since Bell polynomials satisfy the recurrence relation

"o (r—1
Yr(xll X2, .- wxr) = Z (l . 1)xyi+1Yil (X1,X2,. . .,xi,l)
i=1

—

(see, e.g., [15]), by setting x; = (£ — 1)!(an) —HY ), we have

n—j

1
Yy (Hy — Hyj, u(HY - a2 )28 - HY), )
Z r—it1 r—it1

g% - HY)

Yoot (Hy — Hyp W(HE = HP ), 200 —HY), )

(i—1)!

N | =

X

Since

Dz(i’l,j) = Hn — anj

2 2 3 3
=Y (Hy — Hy, W(HP = B2 ) 257 — B, ),
for r > 1, we can write the form in Theorem 5. [

5. Some Reductions

In particular, when = 1 in Theorem 1, we find the following relation.

() ()

When r = 2 in Theorem 1, we find the following relation. Here, (n); = n(n —1)--- (n —j+1)
(j > 1) is the falling factorial with (n)y = 1, and [Z] denotes the (unsigned) Stirling number of the first
kind, arising from the relation (x), = Y}_o(—1)" %[ }]x*.

Corollary 1.

Corollary 2.
];Zl(—l)jflfl n—1—-1\ /n\ 1 o _H
= n—j I )n—1 """ n=)
12
= —1)—v-1 ] v
(n)]'V:O( 2 (V—'—l)L/%—l}n @

Remark 2. Note that
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Proof of Corollary 2. The formula (7) is yielded from the definition of the Stirling numbers of the first
kind:

-1 = v+
Thus, the right-hand side of (7) is equal to
-1 1
Z;n—l = Hu = Hyj

O
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