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Article

Formal Axiomatization of Emergent Physical Laws: An
Agent-Based Approach
Alberto Miró Morán

Government of Extremadura, Spain; albertomiro1991@gmail.com

Abstract: This work presents a formal axiomatization of emergent physical laws derived from the local
decision-making of discrete agents. By postulating a set of foundational axioms—including Locality,
Internal Persistence, Minimal Consensus, Strategic Indeterminacy, Temporal Compatibility, Equitable Ex-
change, and Historical Optimization—the framework rigorously establishes how microscopic stochastic
interactions and variational principles give rise to macroscopic phenomena such as conservation laws
and wave dynamics. The approach integrates concepts from classical mechanics, variational calculus, and
game theory to bridge local agent behavior with global emergent order, providing a unified description
applicable to both classical and quantum regimes.
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1. Introduction
Understanding how macroscopic physical laws emerge from microscopic interactions is a central

challenge in modern physics. In this document, we introduce an agent-based framework where each
agent possesses a local state and adheres to decision rules governed by intrinsic stochasticity and local
interactions with its neighbors. This formalism is built upon several key axioms:

• Locality: The future state of any agent depends solely on its own present state and that of its
immediate neighbors.

• Internal Persistence: Certain intrinsic properties of agents remain invariant over time, ensuring the
preservation of identity.

• Minimal Consensus: The collective evolution of the system corresponds to the minimization of a
global cost functional, mirroring the principle of least action.

• Strategic Indeterminacy: The stochastic nature of decision making introduces inherent uncertainty,
analogous to mixed strategies in game theory.

• Temporal Compatibility and Historical Optimization: The framework guarantees continuously
differentiable evolution, accounting for memory effects in the agents’ decision processes.

• Equitable Exchange: Symmetry in interactions ensures the conservation of global invariants in
accordance with Noether’s theorem.

Drawing inspiration from both classical variational principles and strategic decision-making models
found in game theory, the proposed framework demonstrates how simple local rules can lead to the emer-
gence of complex global phenomena. Through variational calculus, the derivation of Euler–Lagrange
equations and conservation laws is achieved, showing that the macroscopic dynamics obey well-known
physical laws, such as energy conservation and wave propagation, while also capturing the probabilistic
aspects inherent to microscopic dynamics.

The remainder of the document details the axiomatic foundations, mathematical derivations, and
examples illustrating the transition from local agent-based decisions to global physical behavior. This
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synthesis offers a perspective that unites elements of classical physics, stochastic processes, and game
theory, thereby contributing to a deeper understanding of emergent phenomena in complex systems.

Preliminaries and Global Setup
Let A be a countable set of fundamental agents, indexed by a ∈ A. For each agent a, we define:

• A state space Sa ⊂ Rd, equipped with its Borel σ-algebra B(Sa).
• A local decision kernel

Da : Sa × SNa → P(Sa), (1)

where SNa = ∏b∈Na Sb and P(Sa) denotes the set of Borel probability measures on Sa.
• A finite neighborhood Na ⊂ A, determined by a hypergraph G = (A, E), where each hyperedge

e ∈ E is a finite subset of A.

The global configuration space is defined as:

S := ∏
a∈A

Sa, (2)

and a configuration at time t ∈ R+ is represented by

s(t) = (sa(t))a∈A ∈ S . (3)

The evolution of the system is governed by the local decision kernels {Da}, inducing a joint Markov
process on S .

Axiom I: Locality (Causal Decoupling)
The stochastic process {s(t)}t≥0 is said to satisfy the locality condition if, for every agent a ∈ A and

for every measurable set B ∈ B(Sa), it holds that:

P
[
sa(t + 1) ∈ B | Ft

]
= P

[
sa(t + 1) ∈ B | sa(t), sNa(t)

]
, (4)

where the filtration Ft is defined by

Ft = σ
(
sb(τ) : b ∈ A, τ ≤ t

)
. (5)

This axiom enforces that the future state of any given agent depends solely on its current state and the
states of its local neighbors.

Axiom II: Internal Persistence (Invariant Quantities)
For each agent a, there exists a measurable function

Πa : Sa → Rn, (6)

such that for all time steps t,
Πa(sa(t + 1)) = Πa(sa(t)). (7)

This property guarantees the conservation of intrinsic quantities (such as mass, charge, or other topologi-
cal invariants). The equivalence classes defined by the level sets

[s]Πa = {s′ ∈ Sa | Πa(s′) = Πa(s)} (8)

represent the persistence of agent identity over time.
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Axiom III: Minimal Consensus (Emergent Action)
Every agent a ∈ A is associated with a local cost functional

Ca : Sa × SNa × [t0, t1] → R+. (9)

The global action over a trajectory γ : [t0, t1] → S is defined as:

A[γ] :=
∫ t1

t0
∑

a∈A
Ca(sa(t), sNa(t), t) dt. (10)

Principle of Minimal Consensus. The system is postulated to evolve along the trajectory γ∗ that
minimizes the global action:

γ∗ = arg min
γ∈Γ

A[γ], (11)

with Γ denoting the set of admissible (differentiable) trajectories. This is the emergent analog of the
classical principle of least action, where local decision optimizations collectively induce global dynamics.

Axiom IV: Strategic Indeterminacy (Probabilistic Dynamics)
Let Xa, Ya ∈ L2(Ω,F ,P) be square-integrable random observables associated with agent a. There

exists a constant ηa > 0 such that:
Var(Xa) · Var(Ya) ≥ ηa. (12)

This inequality emerges naturally from the stochastic structure of the decision kernel Da, reflecting the
intrinsic limitations on the simultaneous predictability of dual quantities associated with each agent.

Axiom V: Temporal Compatibility (Differentiability of Evolution)
Assume that the global configuration

s(t) ∈ S , t ∈ [t0, t1], (13)

is continuously differentiable, i.e.,
s ∈ C1([t0, t1],S). (14)

In particular, for each agent a, if an invariant observable Πa : Sa → Rn is defined (see Axiom II), then

d
dt

Πa(sa(t)) = 0, ∀ t ∈ [t0, t1]. (15)

This condition ensures that the microscopic evolution of agents is temporally coherent, preserving the
invariance properties necessary for the emergence of conserved physical quantities at a macroscopic
level.

Axiom VI: Equitable Exchange (Symmetry of Interactions)
Let Gint be a Lie group acting on the product state space Sa × Sb for any interacting pair (a, b), with

associated action:
ρ : Gint ↷ Sa × Sb. (16)

For any g ∈ Gint, the transformation is given by

ρ(g)(sa, sb) = (s′a, s′b), (17)
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and we impose the conservation condition

µ(s′a) + µ(s′b) = µ(sa) + µ(sb), (18)

where µ : S → R denotes an invariant scalar (which might represent energy, momentum, or a similar
quantity). This axiom guarantees that agent interactions are governed by symmetries, leading to
conserved quantities in accordance with Noether’s theorem.

Axiom VII: Historical Optimization (Memory Effects)
Let τ > 0 be a fixed memory timescale. The stochastic decision process of an agent is said to exhibit

a memory effect if the update for agent a depends on its finite history:

Da
(
sa(t), sNa(t)

)
⇝ P

[
sa(t + 1)

∣∣∣ {sa(t − τ), sa(t − τ + 1), . . . , sa(t)}
]
. (19)

This modification to the decision kernel introduces non-Markovian behavior, enabling past states to
influence present decisions. Such memory effects are crucial in capturing the delayed responses observed
in complex systems and in driving the temporal evolution towards an emergent global consensus.

Global Setup: Agent-Based Configuration Space

We consider a set of fundamental agents a ∈ A, each with a local state sa(t) ∈ Sa ⊂ Rd, evolving
over time. The global configuration space is:

S := ∏
a∈A

Sa, s(t) = (sa(t))a∈A. (20)

We aim to derive the Euler–Lagrange equations from first principles using the emergent axioms
defined in the formalism.

Axiomatically Building the Action Functional
Local Dependencies (Axiom I: Locality)

Each agent’s evolution depends only on its own state and its neighborhood:

P[sa(t + 1) | Ft] = P[sa(t + 1) | sa(t), sNa(t)]. (21)

Implication: The dynamics are locally constrained, which allows the definition of a local cost
functional:

Ca : Sa × SNa × [t0, t1] → R+. (22)

Existence of Conserved Quantities (Axiom II: Internal Persistence)

Each agent has a measurable invariant Πa(sa(t)) ∈ Rn such that:

d
dt

Πa(sa(t)) = 0. (23)

Implication: Agent identity and intrinsic quantities are preserved through time. These invariants
will later be associated with conserved currents via Noether’s theorem.
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Global Objective (Axiom III: Minimal Consensus / Least Action)

The global trajectory γ(t) ∈ S is the one that minimizes the total action:

A[γ] :=
∫ t1

t0
∑

a∈A
Ca(sa(t), sNa(t), t) dt. (24)

Interpretation: This is the emergent analogue of Hamilton’s principle, where agents collectively
minimize the sum of their local costs.

Differentiability of Trajectories (Axiom V: Temporal Compatibility)

We assume that:
s(t) ∈ C1([t0, t1], S), (25)

which allows us to perform variational calculus.
Implication: The action functional becomes differentiable, and the calculus of variations is valid.

Defining the Emergent Lagrangian

We define a local Lagrangian for each agent using:

La(sa, ṡa, sNa , t) := Ta(ṡa)− Va(sa, sNa , t), (26)

where:

• Ta is a kinetic energy term (e.g., Ta =
1
2 ma∥ṡa∥2),

• Va is a local potential, possibly including interactions.

By Axiom I, this Lagrangian depends only on local state and neighbors.
The global Lagrangian becomes:

L(s(t), ṡ(t), t) = ∑
a∈A

La(sa(t), ṡa(t), sNa(t), t). (27)

Hence, the action functional is written as:

A[s] =
∫ t1

t0

L(s(t), ṡ(t), t)dt. (28)

Principle of Least Action: Variational Derivation

Let sa(t) → sa(t) + εδsa(t), with δsa(t0) = δsa(t1) = 0. Then:

δA =
d
dε

∣∣∣
ε=0

∫ t1

t0
∑

a∈A
La(sa + εδsa, ṡa + εδṡa, sNa , t) dt. (29)

Expanding to first order:

δA = ∑
a∈A

∫ t1

t0

(
∂La

∂sa
δsa +

∂La

∂ṡa
δṡa

)
dt. (30)

Integrating the second term by parts (using Axiom V):

∫
∂La

∂ṡa
δṡa dt = −

∫ d
dt

(
∂La

∂ṡa

)
δsa dt, (31)

since boundary terms vanish.
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Thus:

δA = ∑
a∈A

∫ t1

t0

[
− d

dt

(
∂La

∂ṡa

)
+

∂La

∂sa

]
δsa(t) dt. (32)

For δA = 0 under arbitrary variations δsa(t), we obtain the Euler–Lagrange equations:

d
dt

(
∂La

∂ṡa

)
− ∂La

∂sa
= 0 ∀a ∈ A. (33)

Noether’s Theorem from First Principles: Axiomatic Derivation

We present an explicit derivation of Noether’s Theorem using only the axioms introduced in this
framework. The goal is to show that every continuous symmetry of the emergent Lagrangian gives rise
to a conserved quantity.

Differentiable Agent Evolution (Axiom V)

By Axiom V (Temporal Compatibility), the global configuration s(t) = (sa(t))a∈A ∈ S is assumed
to be continuously differentiable:

s ∈ C1([t0, t1], S). (34)

This allows us to apply variational calculus to derive equations of motion.

Variational Principle (Axioms I, III)

According to Axiom III (Minimal Consensus), the system evolves along a trajectory s(t) that
minimizes the global action:

A[s] =
∫ t1

t0

L(s(t), ṡ(t), t) dt, (35)

where the global Lagrangian L is defined as the sum of local Lagrangians:

L(s, ṡ, t) = ∑
a∈A

La(sa, ṡa, sNa , t). (36)

By Axiom I (Locality), each local Lagrangian La depends only on the state of agent a and its neighbors
Na.

Variational Derivative

Consider an infinitesimal variation sa(t) → sa(t) + εδsa(t) with δsa(t0) = δsa(t1) = 0. Then:

δA = ∑
a∈A

∫ t1

t0

(
∂La

∂sa
· δsa +

∂La

∂ṡa
· δṡa

)
dt. (37)

Integrating the second term by parts and using the vanishing boundary condition:

δA = ∑
a∈A

∫ t1

t0

(
− d

dt

(
∂La

∂ṡa

)
+

∂La

∂sa

)
· δsa dt. (38)

Since δsa is arbitrary, we obtain the Euler–Lagrange equations:

d
dt

(
∂La

∂ṡa

)
=

∂La

∂sa
, ∀a ∈ A. (39)
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Continuous Symmetry (Axiom VI)

Axiom VI (Equitable Exchange) states that for each interacting pair (a, b), there exists a Lie group
Gint acting on Sa × Sb such that the interaction is symmetric under the transformation:

ρ(g)(sa, sb) = (s′a, s′b), (40)

with the invariance condition:
µ(s′a) + µ(s′b) = µ(sa) + µ(sb). (41)

Suppose the action of G extends to the full configuration space S, with s(t) 7→ sε(t) := ρ(g(ε))(s(t)) for
a smooth path g(ε) ∈ G and g(0) = id, such that:

L(sε(t), ṡε(t), t) = L(s(t), ṡ(t), t). (42)

Conservation Law

Since the action is invariant under the transformation:

δA =
d
dε

A[sε]

∣∣∣∣
ε=0

= 0. (43)

Using the chain rule and previous results, we obtain:

d
dt

(
∑

a∈A

∂La

∂ṡa
· δsa

)
= 0. (44)

Define the Noether current:

J(t) := ∑
a∈A

∂La

∂ṡa
· d

dε
ρ(g(ε))(sa)

∣∣∣∣
ε=0

. (45)

Then:
d
dt

J(t) = 0 ⇒ J(t) = constant. (46)

Internal Quantities (Axiom II)

Axiom II (Internal Persistence) posits the existence of invariants Πa : Sa → Rn such that:

Πa(sa(t + 1)) = Πa(sa(t)). (47)

These invariants can often be directly associated with the symmetries of the Lagrangian. Thus, the
conserved current J(t) is functionally linked to Πa, confirming the conservation law derived above.

The derivation above shows that:

Every continuous symmetry of the emergent Lagrangian (Axiom VI), under differentiable dynamics
(Axiom V) and locality (Axiom I), gives rise to a conserved quantity (Axiom II), in accordance with
Noether’s Theorem.

This demonstrates that conservation laws emerge directly from the axiomatic structure of local agent-
based dynamics.
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Role of Symmetries and Conservation Laws (Axiom VI)

Axiom VI (Equitable Exchange) postulates that interactions are symmetric under Lie group trans-
formations ρ : G ↷ Sa × Sb, and that some quantity µ(s) is preserved:

µ(s′a) + µ(s′b) = µ(sa) + µ(sb). (48)

If the Lagrangian is invariant under a continuous group G, then Noether’s theorem guarantees the
existence of a conserved quantity:

d
dt

J(t) = 0. (49)

This connects Axioms II and VI directly with the conservation laws emerging from the variational
structure.

Renormalization Group Flow and Emergent Constants

Microscopic dynamics are inherently dependent on local decisions and fluctuations. However,
when these dynamics are averaged over many agents and over appropriate scales, the system may flow
under a renormalization group (RG) transformation. Let the effective action at scale µ be denoted by
Seff(µ). The RG flow is characterized by a beta function:

µ
dSeff(µ)

dµ
= β

(
Seff(µ)

)
. (50)

The existence of fixed points S∗ such that
β
(
S∗) = 0, (51)

signals the emergence of scale-invariant behavior and the appearance of physical constants as emergent
parameters. In our framework:

• The fixed point corresponds to a stable collective behavior of the agents.
• Couplings in Seff(µ) (e.g., effective masses, interaction strengths) converge to constant values.

The quantization via the path-integral formalism provides a bridge between the microscopic
stochastic dynamics of individual agents and the macroscopic quantum-coherent behavior observed
in physical systems. The renormalization process further explains how intrinsic fluctuations at the
agent level, when averaged appropriately, lead to effective constants and conservation laws consistent
with classical and quantum physics. This synthesis suggests that traditional parameters of physics may
emerge naturally from underlying micro-dynamics governed by local decision rules.

Example: Local Lagrangian Formulation
Consider a chain of N agents indexed by i = 1, 2, . . . , N. Let the position of each agent be denoted

by xi(t) ∈ R. The local Lagrangian for the ith agent is defined as:

Li(xi, ẋi, xi−1, xi+1) = Ti(ẋi)− Vi(xi, xi−1, xi+1), (52)

where:

• The kinetic energy is given by

Ti(ẋi) =
1
2

m ẋ2
i , (53)

with m being the mass of each agent.
• The potential energy includes two contributions:
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– A local harmonic potential:

U(xi) =
1
2

k x2
i , (54)

where k is the spring constant.
– An interaction potential with the nearest neighbors:

Vint(xi, xi−1, xi+1) =
1
2

g
[
(xi − xi−1)

2 + (xi − xi+1)
2], (55)

with g > 0 representing the coupling strength between neighboring agents.

Thus, the local Lagrangian becomes:

Li(xi, ẋi, xi−1, xi+1) =
1
2

m ẋ2
i −

1
2

k x2
i −

1
2

g
[
(xi − xi−1)

2 + (xi − xi+1)
2
]
. (56)

Global Action and the Principle of Least Action

The total action S for the chain is given by summing the local Lagrangians and integrating over
time:

S =
N

∑
i=1

∫ t1

t0

Li(xi, ẋi, xi−1, xi+1) dt. (57)

According to the principle of least action, the actual trajectory {xi(t)}N
i=1 realized by the system minimizes

S.

Derivation of the Equations of Motion

Performing a variation δS = 0 for each agent i, we derive the Euler–Lagrange equation:

d
dt

(
∂Li
∂ẋi

)
− ∂Li

∂xi
= 0. (58)

Kinetic Term Contribution

∂Li
∂ẋi

= m ẋi,
d
dt
(m ẋi) = m ẍi. (59)

Potential Term Contribution

For the local harmonic potential:

∂

∂xi

(
−1

2
k x2

i

)
= −k xi. (60)

For the interaction with the left neighbor:

∂

∂xi

[
−1

2
g(xi − xi−1)

2
]
= −g(xi − xi−1), (61)

and for the interaction with the right neighbor:

∂

∂xi

[
−1

2
g(xi − xi+1)

2
]
= −g(xi − xi+1). (62)
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Summing these contributions, we obtain:

∂Li
∂xi

= −k xi − g
[
(xi − xi−1) + (xi − xi+1)

]
= −k xi − g(2xi − xi−1 − xi+1). (63)

Thus, the Euler–Lagrange equation for agent i becomes:

m ẍi + k xi + g(2xi − xi−1 − xi+1) = 0. (64)

Continuous Limit

In the continuum limit, where the spacing between agents is small (say a) and the discrete index i is
replaced by a continuous variable x, the finite difference

2xi − xi−1 − xi+1 (65)

approximates the second spatial derivative:

2xi − xi−1 − xi+1 ≈ a2 ∂2u
∂x2 , (66)

where u(x, t) represents the continuous displacement field. Thus, the equation of motion becomes:

m
∂2u
∂t2 + k u − g a2 ∂2u

∂x2 = 0. (67)

This is a standard wave equation with the term g a2 determining the propagation speed of the wave-like
excitations in the medium.

This example demonstrates how, starting from local interaction rules and a corresponding action
functional, one can derive macroscopic equations of motion via the Euler–Lagrange formulation. In the
continuous limit, the dynamics reduce to a wave equation, illustrating the emergence of global physical
laws from microscopic agent-based decisions.

Example: Discrete Model on a Two-Dimensional Lattice
Let the agents be arranged on a regular lattice indexed by (i, j) with grid spacing a. Each agent has

state ui,j(t) ∈ R. The local update rule is defined by:

ui,j(t + ∆t) = ui,j(t) + D ∆t ∆dui,j(t), (68)

where:

• D > 0 is a diffusion coefficient.
• ∆dui,j(t) is the discrete Laplacian given by

∆dui,j(t) =
ui+1,j(t) + ui−1,j(t) + ui,j+1(t) + ui,j−1(t)− 4 ui,j(t)

a2 . (69)

This update rule expresses that each agent adjusts its state according to the difference between its value
and the average of its four neighbors.
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Global Action Formulation

While the above update rule is inherently diffusive, one can also introduce a variational formulation.
Define a local “energy” functional:

Li,j(ui,j, unbr) =
1
2 ∑

(k,l)∈Ni,j

(
ui,j − uk,l

)2, (70)

where Ni,j = {(i + 1, j), (i − 1, j), (i, j + 1), (i, j − 1)}.
The global energy over the lattice is then:

E(t) =
1
2 ∑

i,j
Li,j(ui,j(t), unbr(t)). (71)

Minimizing this energy with respect to local perturbations yields the discrete Laplacian form given
above, and the corresponding evolution equation for a steepest descent (gradient flow) takes the form:

ui,j(t + ∆t)− ui,j(t)
∆t

= − δE
δui,j(t)

= D ∆dui,j(t). (72)

Continuous Limit and the Diffusion Equation

Taking the limit a → 0 (and ∆t → 0 in a compatible manner) leads to a continuous scalar field
u(x, y, t) defined on a domain in R2. In this limit, the discrete Laplacian ∆dui,j(t) converges to the
continuous Laplacian:

∆u(x, y, t) =
∂2u
∂x2 (x, y, t) +

∂2u
∂y2 (x, y, t). (73)

Thus, the evolution equation becomes the standard diffusion (heat) equation:

∂u
∂t

(x, y, t) = D ∆u(x, y, t). (74)

This example demonstrates the emergence of macroscopic diffusive dynamics from simple local
interactions among agents arranged on a two-dimensional lattice. The process can be interpreted in the
emergent framework as follows:

• Individual agent updates, governed by local averaging rules, reduce local differences (gradients) in
the state field.

• The gradient descent (or energy minimization) approach leads naturally to a diffusion-like smooth-
ing effect.

• In the continuum limit, the dynamics converge to the diffusion (heat) equation, illustrating how
local rules give rise to global macroscopic behavior.

Game Theory
Modern physics has long sought to understand how complex global phenomena emerge from simple

local interactions. A promising approach lies in the use of an axiomatic framework where agents—each
possessing their own state and decision-making rule—interact on a local level while collectively giving
rise to macroscopic laws. Simultaneously, game theory has provided powerful insights into the behavior
of strategic players, whose local decisions based on limited information lead to emergent equilibria in
complex systems.

In the framework presented here, the agents (or “players”) evolve according to a set of axioms.
These axioms not only guarantee that the emergent dynamics respect global conservation laws and
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symmetries but also embody principles familiar in game theory. This document aims to provide a
deep and extended analysis of each axiom from both the emergent physical laws perspective and its
game-theoretic interpretation. The result is a narrative that connects deterministic variational principles
with the stochastic, adaptive dynamics found in strategic games.

Locality: Limited Information and Local Interactions
The first axiom, Locality, asserts that the future state of any given agent is determined solely by

its current state and that of its immediate neighbors. This axiom is analogous to the assumption in
game theory that each player operates with a limited view of the overall system. In many strategic
settings, players do not have complete global information; instead, they make decisions based on local
or neighboring information.

In emergent physical systems, locality is crucial because it ensures that the macroscopic behavior is
a direct product of countless simple, local interactions rather than requiring any global coordination.
Similarly, in strategic games, the absence of global information forces players to rely on local interactions
and to develop strategies based on their immediate surroundings. This process of localized decision-
making can lead to the emergence of global equilibria, where the overall system exhibits coherent,
predictable behavior despite each agent’s limited perspective.

Moreover, locality introduces a natural form of modularity into the system: each agent, acting as
a localized decision-maker, contributes to an aggregate behavior when interacting with others in its
neighborhood. This interdependence is a cornerstone of decentralized optimization, where the overall
state evolves from the superposition of many localized decisions. Thus, the Locality axiom in physics
can be viewed as ensuring that each agent’s “strategy” is formed in isolation from—but in constant
interplay with—its nearby neighbors, leading eventually to a coordinated global outcome.

Internal Persistence: Conservation of Strategic Identity
The Internal Persistence axiom posits that specific intrinsic quantities associated with each agent

are invariant over time. In physical systems, such invariants may represent conserved quantities such as
energy, charge, or momentum. In game theory, this invariance mirrors the preservation of a player’s
identity or core strategic properties across multiple rounds of a game.

For instance, in iterated games where players adjust their strategies over time, certain underlying
preferences or dispositions may remain unchanged even as players adapt to the environment. These
underlying strategic invariants ensure continuity; they provide a stable reference point that allows
the overall system to evolve without degenerating into randomness. Internal persistence, therefore,
guarantees that while agents may vary their external actions (or strategies) in response to local conditions,
their fundamental characteristics are preserved, ensuring that the conservation laws observed at the
macroscopic level have a micro-level origin.

From a game-theoretic perspective, such invariants serve as a baseline for strategy evaluation. They
ensure that players are not entirely mutable but instead retain a consistent identity that influences their
interactions and learning processes over time. This stable identity is essential for the emergence of
long-term equilibria, just as the conservation of energy or momentum is key to the predictability of
physical phenomena.

Minimal Consensus: Toward a Global Equilibrium
The Minimal Consensus axiom embodies the principle of least action, whereby the global trajec-

tory of the system corresponds to the minimization of a total action functional. This total action, an
aggregation of local cost functionals over time, plays a role analogous to a potential function in a game.
In strategic terms, each agent is modeled as a player aiming to minimize its own cost or maximize its
payoff, and the aggregation of these objectives leads naturally to the emergence of an equilibrium state.
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In many games, especially in the context of potential games, the players’ local objectives can be
combined into a single global potential function. An equilibrium—often a Nash equilibrium—is reached
when no agent can unilaterally reduce its cost any further. Here, the global minimum of the action
functional represents a state in which each agent’s local decision is optimally coordinated with the
decisions of others. In this state of minimal consensus, no single agent finds it beneficial to deviate from
its current strategy.

This convergence toward a minimal global action illustrates how local optimization, when consis-
tently applied across all agents, leads to macroscopic order. It highlights the interplay between local
decision-making and global dynamics, emphasizing that the collective behavior of the system is not
imposed externally but arises naturally from the self-organizing interactions of its constituents.

Strategic Indeterminacy: Embracing Uncertainty
The Strategic Indeterminacy axiom captures the intrinsic uncertainty in the decision-making

process by introducing probabilistic elements into the evolution of each agent. Analogous to mixed
strategies in game theory, this axiom recognizes that in many real-world scenarios, decisions are made
under conditions of uncertainty. Rather than following a single deterministic path, agents sample from a
distribution of potential actions.

In game theory, mixed strategies allow players to randomize their choices in order to optimize
expected outcomes, especially when facing incomplete or imperfect information. The indeterminacy
in physical systems, therefore, is not an aberration but a fundamental characteristic that contributes to
the robustness and adaptability of the overall dynamics. It prevents the system from being trapped in
suboptimal or overly rigid configurations by ensuring that a diversity of actions is maintained over time.

This probabilistic behavior introduces a form of strategic variability that is essential for exploring
the vast space of possible configurations. It effectively allows the system to “experiment” with different
strategies, gradually reinforcing those that lead to lower costs and higher overall stability. As a result,
the global equilibrium that emerges is a reflection of both deterministic optimization and the stochastic
nature of local decisions—a balance that is central to many complex adaptive systems.

Temporal Compatibility and Historical Optimization: Dynamics Over Time
The Temporal Compatibility axiom ensures that the evolution of the system is continuously

differentiable, which is a necessary condition for applying variational calculus. In both physics and
dynamic game theory, the continuity of the state evolution is crucial for stability and predictability.
This axiom guarantees that small changes in time result in correspondingly small changes in state, thus
allowing for a coherent and predictable evolution of the system.

In parallel, the Historical Optimization axiom emphasizes that the decision-making process is not
memoryless. Agents base their current decisions not only on immediate local information but also on a
finite history of their past states. This incorporation of memory is vital in dynamic games, where past
performance and previous rounds of the game influence future strategies. The cumulative knowledge
acquired from historical interactions enables agents to refine their strategies continuously, leading to
more informed and effective decision-making over time.

The inclusion of memory effects allows the system to capture phenomena such as path dependence
and hysteresis, where the history of the system affects its current dynamics. In game theory, this is akin to
learning dynamics, where players adjust their strategies based on the outcomes of previous interactions.
Over time, the interplay between immediate reactions and long-term historical optimization drives the
system toward a stable equilibrium that reflects both instant feedback and accumulated experience.
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Equitable Exchange and Symmetry: Balancing Strategic Interactions
The Equitable Exchange axiom states that interactions between agents must be symmetric, ensuring

that the total invariant (such as energy, momentum, or any other conserved quantity) is preserved during
exchanges. This symmetry is a cornerstone of modern physics, underpinning Noether’s theorem, which
connects continuous symmetries with conservation laws. In a game-theoretic context, equitable exchange
mirrors the idea of fairness and balanced interactions among players.

In strategic games, a symmetric environment implies that all players are subject to the same rules
and conditions. No player has an inherent advantage solely due to asymmetries in the system. This
balance is crucial for the emergence of fair and stable equilibria, as it prevents scenarios where one player
can exploit the system at the expense of others. The conservation of invariants—whether it is a physical
quantity or a strategic resource—ensures that the system remains in equilibrium over time and that local
imbalances are corrected through symmetric interactions.

By enforcing symmetry at the local level, the Equitable Exchange axiom also facilitates the propaga-
tion of conservation laws throughout the entire system. This propagation is similar to ensuring that every
strategic move in a game is checked by reciprocal actions, thus maintaining a stable, overall equilibrium
that is robust against perturbations.

Synthesis: The Emergence of Global Order from Local Decisions
Integrating the aforementioned axioms, we arrive at a unified picture in which complex global

behavior arises organically from the concerted interactions of many simple, strategically behaving agents.
Each axiom—from locality to historical optimization—imposes a constraint that mirrors a strategic rule
in a multi-agent game, and together they ensure that the system evolves toward a state of minimal global
action.

In this synthesis, local decision-making is not an isolated or fragmented process but a component
of a much larger, self-organizing system. The agents act as players in an iterated, dynamic game,
where their limited information, conserved internal identities, mixed strategic choices, and memory of
past interactions all contribute to the emergence of macroscopic equilibrium. Such an equilibrium is
characterized by global conservation laws, stable symmetries, and the predictable behavior typically
associated with physical systems governed by the principle of least action.

Moreover, this integrated perspective highlights that the mathematical and conceptual tools of
game theory are not merely metaphors but provide rigorous methods for analyzing the dynamics of
complex physical systems. By drawing on ideas such as Nash equilibrium, replicator dynamics, and
mixed strategies, we gain valuable insights into how local decisions can collectively yield the robust,
global phenomena observed in nature.

Energy Conservation
To derive the conservation of energy from first principles using the agent-based action formalism,

under the assumption that the global Lagrangian is invariant under time translations.

Assumptions and Setup

Let s(t) = (sa(t))a∈A ∈ S be the global configuration of the agent system. Suppose:

• Each agent a ∈ A has a local Lagrangian La(sa, ṡa, sNa , t), with the total Lagrangian given by:

L(s, ṡ, t) = ∑
a∈A

La(sa, ṡa, sNa , t). (75)
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• The action is defined as:

A[s] =
∫ t1

t0

L(s(t), ṡ(t), t) dt. (76)

• The Lagrangian is invariant under time translations, i.e.,

L(s(t + ε), ṡ(t + ε), t + ε) = L(s(t), ṡ(t), t) +O(ε2). (77)

Noether’s Theorem for Time Translation

Noether’s theorem states that if the action is invariant under a continuous transformation of time,
there exists a conserved quantity associated with that symmetry.

Infinitesimal Time Shift: Consider a transformation of the time variable:

t 7→ tε = t + ε, (78)

and the corresponding shift in the trajectory:

sa(t) 7→ sa(t + ε) = sa(t) + εṡa(t) +O(ε2). (79)

Then the variation of the Lagrangian under this transformation is:

δL =
dL
dt

· ε +O(ε2). (80)

If the Lagrangian is invariant (i.e., δL = 0), then:

dL
dt

= 0. (81)

However, since L depends on s, ṡ, and t, we use the total derivative:

dL
dt

= ∑
a∈A

(
∂La

∂sa
· ṡa +

∂La

∂ṡa
· s̈a

)
+

∂L
∂t

. (82)

Using the Euler–Lagrange equations:

d
dt

(
∂La

∂ṡa

)
=

∂La

∂sa
, (83)

we rearrange to obtain:
d
dt

(
∑

a∈A

∂La

∂ṡa
· ṡa − L

)
= −∂L

∂t
. (84)

Therefore, if ∂L
∂t = 0, i.e., if L does not depend explicitly on time, then the quantity:

E(t) := ∑
a∈A

∂La

∂ṡa
· ṡa − L(s, ṡ) (85)

is conserved. That is,
dE
dt

= 0. (86)
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Emergent Conservation of Energy: If the global Lagrangian L(s, ṡ, t) is invariant under time
translations (i.e., ∂L/∂t = 0), then the emergent energy:

E(t) = ∑
a∈A

∂La

∂ṡa
· ṡa − L(s, ṡ) (87)

is a conserved quantity. This result follows directly from Noether’s theorem applied within the agent-
based axiomatic framework.

Axiom IV: Strategic Indeterminacy
Let Xa, Ya ∈ L2(Ω,F ,P) be square-integrable random observables associated with an agent a ∈ A.

Axiom IV asserts the existence of a constant ηa > 0 such that

Var(Xa) · Var(Ya) ≥ ηa. (88)

This inequality embodies the intrinsic limitation on the simultaneous precision with which two observ-
ables can be measured; it arises from the stochastic nature of the decision kernel Da.

Interpretation

In this formalism, we assume that Xa and Ya represent dual observables analogous to quantities
such as position and momentum (or, more generally, state and flow). The local randomness in the agent’s
decision-making process precludes deterministic access to these observables. Specifically, the decision
kernel Da(sa, sNa) defines a probability distribution over the state space Sa, thereby inducing inherent
randomness in the outcomes of Xa and Ya.

Variance-Based Inequality

The variances of the observables are defined by

Var(Xa) = E[X2
a ]− (E[Xa])

2, Var(Ya) = E[Y2
a ]− (E[Ya])

2. (89)

Consequently, Axiom IV guarantees that

E[X2
a ] ·E[Y2

a ] ≥ ηa + (E[Xa])
2 (E[Ya])

2. (90)

This expression serves as a generalized form of the uncertainty principle emerging directly from the
probabilistic structure of agent decisions, rather than from traditional operator or wavefunction methods.

Emergent Uncertainty Principle

Theorem. Let Xa and Ya be observables associated with an agent a, derived from the local decision kernel Da.
If the stochastic behavior of these observables satisfies Axiom IV, then

Var(Xa) · Var(Ya) ≥ ηa > 0. (91)

This result implies that any increase in precision for one observable inevitably results in a corresponding increase
in uncertainty for the other. The constant ηa quantitatively measures the intrinsic uncertainty inherent in the
agent’s decision-making process.
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Analogy with Quantum Mechanics

The inequality stated above is structurally analogous to the Heisenberg uncertainty principle,

σx · σp ≥ h̄
2

, (92)

where σx and σp denote the standard deviations of position and momentum, respectively. Unlike the
universal constant h̄ in quantum mechanics, the constant ηa is specific to each agent, emerging from
local interactions, memory effects, or inherent randomness within the decision process. Hence, the
agent-based formalism provides an emergent uncertainty principle that sets a fundamental lower bound
on the joint predictability of dual observables.

Wave Equation
To derive the classical wave equation from a one-dimensional chain of locally interacting agents,

using the Lagrangian formalism from the agent-based framework.

Setup: Discrete Chain of Agents

Let agents be indexed by i = 1, 2, . . . , N. Each agent has a state xi(t) ∈ R representing its position at
time t. The local Lagrangian is defined as:

Li(xi, ẋi, xi−1, xi+1) = Ti(ẋi)− Vi(xi, xi−1, xi+1), (93)

where:

• Kinetic energy: Ti(ẋi) =
1
2 mẋ2

i ,
• Potential energy includes:

– Local restoring force: U(xi) =
1
2 kx2

i ,
– Coupling with neighbors: Vint =

1
2 g
[
(xi − xi−1)

2 + (xi − xi+1)
2].

Thus, the total Lagrangian is:

L =
N

∑
i=1

Li =
N

∑
i=1

[
1
2

mẋ2
i −

1
2

kx2
i −

1
2

g
(
(xi − xi−1)

2 + (xi − xi+1)
2
)]

. (94)

Euler–Lagrange Equations

The equation of motion for agent i is obtained via the Euler–Lagrange equation:

d
dt

(
∂Li
∂ẋi

)
− ∂Li

∂xi
= 0. (95)

We compute:

∂Li
∂ẋi

= mẋi, ⇒ d
dt
(mẋi) = mẍi,

∂Li
∂xi

= kxi + g[2xi − xi−1 − xi+1].

Therefore, the discrete equation of motion is:

mẍi + kxi + g(2xi − xi−1 − xi+1) = 0. (96)
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Continuum Limit

Let a be the spatial distance between neighboring agents. Define a continuous function u(x, t) such
that:

xi(t) ≈ u(x = ia, t). (97)

Using the second-order finite difference approximation:

xi+1 − 2xi + xi−1 ≈ a2 ∂2u
∂x2 (xi, t), (98)

the equation becomes:

m
∂2u
∂t2 + ku − ga2 ∂2u

∂x2 = 0. (99)

Wave Equation Form

Rewriting:

∂2u
∂t2 − c2 ∂2u

∂x2 + ω2
0u = 0, (100)

where:

c2 =
ga2

m
, ω2

0 =
k
m

. (101)

This is a generalized form of the linear wave equation with restoring potential. In the case k = 0, it
reduces to the standard wave equation:

∂2u
∂t2 = c2 ∂2u

∂x2 . (102)

Emergent Wave Equation: Starting from local interactions between neighboring agents in a discrete
chain, and using the agent-based Lagrangian formalism, we obtain the macroscopic wave equation in
the continuum limit. This demonstrates how collective oscillatory dynamics emerge from simple, local
agent decisions.

Fluctuation–Dissipation Theorem
To derive an emergent version of the fluctuation–dissipation theorem (FDT) within the agent-based

formalism, linking spontaneous fluctuations due to stochastic decisions to the system’s linear response
to external perturbations.

Background: Classical FDT

In statistical physics, the FDT states that the response of a system in equilibrium to small external
perturbations is directly related to the internal fluctuations occurring in equilibrium. Symbolically:

χAB(t − t′) =
1

kBT
d

dt′
⟨A(t)B(t′)⟩eq, (103)

where:

• A(t) is the observable responding to a perturbation,
• B(t′) is the observable conjugate to the perturbation,
• χAB is the linear response function,
• ⟨·⟩eq denotes equilibrium average.
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Axiom IV: Strategic Indeterminacy

In the agent-based model, each agent a ∈ A evolves stochastically according to a local decision
kernel:

Da : Sa × SNa → P(Sa), (104)

and has associated observables Xa, Ya ∈ L2(Ω,F ,P) such that:

Var(Xa) · Var(Ya) ≥ ηa > 0. (105)

This variance-based uncertainty encodes the amplitude of spontaneous fluctuations in agent dy-
namics.

Perturbation Framework

Let us consider a small perturbation h(t) applied to the agent’s decision cost functional:

C(h)
a (sa, sNa , t) = Ca(sa, sNa , t)− h(t) · B(sa), (106)

where B(sa) is the observable conjugate to the perturbation.
Define the response of an observable A(sa(t)) via the linear response function:

δ⟨A(t)⟩ =
∫ t

−∞
χAB(t − t′)h(t′) dt′ +O(h2). (107)

Derivation of Agent-Based FDT

Under the assumption that the unperturbed dynamics reach a local stochastic equilibrium governed
by Da, the correlation function:

CAB(t − t′) = ⟨A(t)B(t′)⟩ − ⟨A(t)⟩⟨B(t′)⟩ (108)

can be expressed in terms of internal fluctuations due to the randomness induced by Da.
Applying the fluctuation-response hypothesis (valid near equilibrium and under detailed balance),

we obtain:

χAB(t − t′) =
1
Ta

d
dt′

CAB(t − t′), (109)

where Ta is an effective temperature parameter emerging from the stochastic structure of the agent’s
kernel, analogous to thermodynamic temperature.

Emergent Fluctuation–Dissipation Theorem: In agent-based systems governed by stochastic decision
kernels satisfying Axiom IV, the linear response of an observable A to a perturbation conjugate to B satisfies:

χAB(t − t′) =
1
Ta

d
dt′
(
⟨A(t)B(t′)⟩ − ⟨A(t)⟩⟨B(t′)⟩

)
, (110)

where the fluctuations arise from intrinsic stochasticity of local decision processes. The constant Ta plays the
role of an effective temperature.

Principle of Locality and Causality
To derive the principle of locality and causality in agent-based systems, where the future state of an

agent is determined by its current state and the states of its local neighbors, based on Axiom I (Locality).
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Axiom I: Locality

Axiom I states that the evolution of the system is governed by local decision kernels. Specifically,
for each agent a ∈ A, the future state sa(t + 1) depends only on the current state sa(t) of agent a and the
states of its neighbors, denoted by sNa(t):

P(sa(t + 1) | Ft) = P(sa(t + 1) | sa(t), sNa(t)), (111)

where Ft is the filtration at time t and represents all the information up to time t. This implies that
the evolution of an agent’s state is conditionally independent of the rest of the system given its state and
the states of its local neighbors. Hence, there is no direct influence from non-neighboring agents.

Causality in Local Interactions

Given the locality condition, the evolution of the system is causal . That is, the state of any agent
at time t + 1 is caused by the current state of the agent and the states of its immediate neighbors. The
principle of locality implies that there are no instantaneous long-range interactions between distant
agents, and thus the system evolves causally with respect to local information.

Formally: For any agent a ∈ A, its future state at time t + 1 is fully determined by the following:

sa(t + 1) = f (sa(t), sNa(t)), (112)

where f is a local function describing the agent’s decision rule based on its current state sa(t) and
the states of its neighbors sNa(t). This local causality implies that no event can affect an agent’s state
faster than the propagation of information within its local neighborhood.

Implications for Global Causality

From Axiom I, we can conclude that the overall system evolution is globally causal. If we know the
state of the system at time t, denoted s(t) = (sa(t))a∈A, the state at time t + 1 is determined by:

s(t + 1) = f (s(t)), (113)

where f is the function representing the local decision kernels for all agents. This implies that the
global state evolution is deterministic and local causes precede local effects.

Emergent Principle of Locality and Causality: In agent-based systems, governed by local decision
kernels as described by Axiom I, the system’s evolution follows the principle of locality and causality.
The future state of any agent depends solely on its current state and the states of its local neighbors,
ensuring that no agent’s state is influenced by distant agents instantaneously. This structure underpins
a globally causal evolution, where each agent’s future is determined by local interactions and not by
distant or non-local events.
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