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Abstract: Pfender []. Combin. Theory Ser. A, 2007] provided a one-line proof for a variant of the Delsarte-Goethals-
Seidel-Kabatianskii-Levenshtein upper bound for spherical codes, which offers an upper bound for the celebrated
(Newton-Gregory) kissing number problem. Motivated by this proof, we introduce the notion of codes in pointed
metric spaces (in particular on Banach spaces) and derive a nonlinear (functional) Delsarte-Goethals-Seidel-
Kabatianskii-Levenshtein-Pfender upper bound for spherical codes. We also introduce nonlinear (functional)

Kissing Number Problem.
Keywords: spherical code; kissing number; linear programming

Mathematics Subject Classication (2020): 94B65; 54E35

1. Introduction
Letd € Nand 6 € [0,277). A set {'L']-}]’-‘:1 of unit vectors in RY is said to be (d, 1, 8)-spherical code
[1]in R? if

<Tj,rk> <cosf, V1<jk<mnj#k
Fundamental problem associated with spherical codes is the following.

Problem 1. Given d and 6, what is the maximum n such that there exists a (d, n, 0)-spherical code {T]-};l:1 in
R4?

The case 8 = /3 is known as the famous (Newton-Gregory) kissing number problem. With
extensive efforts from many mathematicians, it is still not completely resolved in every dimension
(but resolved in dimensions, 1, 2, 3, 4, 8 and 24) [2-21]. We refer [22-37] for more on spherical codes.
Problem 1 has connection even with sphere packing [38]. Most used method for obtaining upper
bounds on spherical codes is the Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein bound which we
recall. Let n € N be fixed. The Gegenbauer polynomials are defined inductively as

(2k+n —4)rG™, (r) — (k= 1)G™, ()

G (1) = k+n—3

, Vre[-1,1], Vk>2.

Then the family {G,En) } oo is orthogonal on the interval [—1, 1] with respect to the weight

o(r) = (1-r)", Vre[-1,1)
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Theorem 1. [32,33] (Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein Linear Programming Bound)
Let {‘L'] L bea (d,n,0)-spherical code in RY. Let P be a real polynomial satisfying following conditions.

(i) P(r) <O0forall =1 <r < cos®.
(ii) Coefficients in the Gegenbauer expansion

P= Z akG,En)
k=0

satisfy

apg >0, a,>0, Vl<k<m.

Then

P(1)

ap

In 2007, Pfender gave a one-line proof for a variant of Theorem 1.

Theorem 2. [19] (Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein-Pfender Bound) Let {Tj}]r.‘:l be
a (d,n,0)-spherical code in R?. Let ¢ > 0and ¢ : [—1,1] — R be a function satisfying following.

(i)
n n
2 ) 9U(Tm w) 2 0.
j=1k=1
(ii)) ¢(r)+c <O0forall =1 <r < cos®.
Then
n< 74)(1) +C.

[

In particular, if (1) +¢c <1, thenn < 1/c.

Motivated from Theorem 2, we formulate the notion of codes in pointed metric spaces. We show
that bound of Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein-Pfender can be extended for pointed
metric spaces (in particular, for Banach spaces).

2. Metric Codes

Let (M, 0) be a pointed metric space. The collection Lip, (M, R) is defined as Lip, (M, R) := {f :
M — Ris Lipschitz and f(0) = 0}. For f € Lip,(M, R), the Lipschitz norm is defined as

[flluip, = sup “———=v
P My A(xY)

We introduce metric codes as follows.

Definition 1. Let (M, 0) be a pointed metric space with metric m. For 1 < j < n, let f; € Lipy(M,R)
and 7j € M. The pair ({f]}] AT j—1) is said to be a (n,0)-metric code or (n,0)-nonlinear code or
(n, 9)-szsch1tz code in M if following conditions hold.

(@) | fillLip, = 1forall1 < j <n.
(ii) m(7;,0) = 1forall1 <j<n.
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(iii) fij(tj) = 1forall1 <j<n.
(iv) fi(t) < cosbforalll <jk<mn,j#k

We call the case 8 = 1t/3 as the nonlinear kissing number problem.

For Banach spaces, we define (linear) functional codes as follows.
Definition 2. Let X' be a real Banach space. For 1 < j < n, let f; € X* and 1; € X. The pair
({fi 1 {T]-};?Zl) is said to be a (n, 0)-functional code in X if following conditions hold.

@) |Ifill = 1forall1 <j<n.
(ii) || gl| = 1forall1 <j<n.
(iii) fij(tj) = 1forall1 <j<n.
(iv) fi(t) < cosbforalll <jk<n,j#k

We call the case 8 = 1t/3 as the functional kissing number problem.

Proposition 1. For the space R?, Definition 2 matches with the spherical codes (in particular with the kissing-
number problem).

Proof. Let ({ f]-};?:l, {Tj};?:l) be a (n,6)-functional code in R?. We need to show that f;(x) = 1; for all

x € R?and forall 1 < j < n. Let 1 < j < n. From Riesz representation theorem, there exists a unique
w; € RY such that f;(x) = (x,w;) forall x € R4 and | fill = llw;i]|.- Now we need to show that w; = T;.
Since || fj|| = 1, we must have ||w;|| = 1. But then

1= fi(5) = (g, wj) < I7llewjll = 1.

Therefore w; = at; for some & € R. The conditions ||w;|| = [|7j|| = 1 and (7j,w;) = 1 then force
wj="T1. O
] ]

Following is a nonlinear generalization of Theorem 2.

Theorem 3. (Functional Delsarte-Goethals-Seidel-Kabatianskii-Levenshtein-Pfender Bound) Let
({fj};?:l, {7 1) bea (n,0)-metric code in a pointed metric space M. Let ¢ > 0and ¢ : [-1,1] — Rbea
function satisfying following.

(i)
2 ) 9fi(w) = 0.
j=1k=1
(ii) ¢(r) +c <O0forall =1 <r < cosé.
Then
e

In particular, if (1) + ¢ < 1, thenn < 1/c.
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Proof. Define ¢ : [—1,1] > r +— ¢(r) := ¢(r) + ¢ € R. Then

fiwﬂn>—zwmmw— Y ()

j=1k=1 = 1< k<n,j#k

=iwn+ Y (i)
2

1<j,k<n,j#k

=n(p()+c)+ Y, (9(fi(w) +c)

1<jk<n,j#k
<n(p(l)+c)+0=n(¢(1)+c).

We also have

anll’fﬂk Zn:i (@(fi(w)) +¢) = Xn:ifp(fﬂk) ) + e,

j=1k=1 j=1k=1 j=1k=1

Therefore
n n
i<y Z ¢(fi(t)) +en® < n(@(1) +c).
j=1k=1

O

Following generalization of Theorem 3 is easy.

Theorem 4. Let ({f; }?:1, {Tj}?:l) be a (n,0)-metric code in a pointed metric space M. Let ¢ > 0 and

4):{]‘]-(Tk):1§j,k§n}—>]R
be a function satisfying following.

(i)
L, L o)
j=1k=1

(ii) ¢(r)+c<0forallr € {fi(n):1<j,k<mn,j#k}
Then

p< @ te
C

In particular, if (1) +¢c < 1, thenn < 1/c.
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