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1. Introduction
Mathematics is a free construction of the human mind that does not obey external rules. Perhaps

strangely, some of the mathematical constructions are useful for the development of Science and
Engineering. This means that it is not to be expected that all the operators and results obtained will be
of interest in those areas. It is they who, on the basis of experimental results, select the operators and
techniques that really matter. Often, it is researchers in these areas who introduce and develop these
mathematical techniques. This may mean that there should be a distinction, albeit not a very clear one,
between applications of mathematics, such as signal processing [1,2] and applied mathematics. Such a
distinction was highlighted by D. Wilson a few years ago [3].

Entering Fractional Calculus, we find a huge number of derivatives and pseudo-derivatives
that produce great confusion in the minds of those who just want to apply some of these derivatives
to practical problems [4–10]. Some work on unification and synthesis has been done, but it cannot
be said that it has been successful [11–14]. In everyday mathematics, there are operators who, for
some particular reason, become famous and fashionable. This is often because they introduce some
simplification into the calculation. However, nobody said that Nature is simple. Therefore, it is not
expectable they are very useful.

Therefore, it is important to select those derivatives that are suitable for being used in Sciece and
Engineering for modelling/identification systems. It is important not to mix, without justification,
different types of derivatives, as scale and shift invariant [15]. However, we need to find criteria for
doing it. For now, we can state that such operators must:

1. have back-compatibility with classic (integer order) formulations;
2. be shift or scale invariant, since these are important characteristics of many physical, biologic,

and social systems;
3. be defined for as many as possible functions, avoiding particular features;
4. be coherent with auxiliary mathematical tools, e.g. Laplace (bilateral) or Mellin transforms;
5. transform a sinusoid into a sinusoid;
6. have inverse, even if distribution theory has to be used, a very current situation in Physics and

Engineering.

Usually, these rules are disregarded and supposedly simpler operators are adopted, leading to
strange situations that give fractional calculus a bad name. It is well known the designation “meta-
physical derivatives” associated to the fractional derivatives [16,17]. It is not difficult to see that such
designation corresponds to partial observation of the correct results. The Riemann-Liouville (RL) and
Caputo (C) derivatives are in this kind of situation, with the aggravating factor that they are the most
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commonly used derivatives in milliards of books and papers. Some years ago [18] we made an anal-
ysis of the main problems created by RL and C derivatives and showed they have several shortcomings:

1. They make a confusion between the constant function f (t) = 1 and the Heaviside unit step;
2. With the bad help of the one-sided Laplace transform, introduce wrong initial-conditions (these

depend on the past history of the system and on its structure, not on any mathematical tool; the
C initial-conditions are not good because they have integer order [19];

3. Their derivatives of a sinusoid is not a sinusoid, preventing the correct definition of frequency
response;

4. They do not have additivity/commutativity of the orders which transforms an invariant system
in variable.

Meanwhile, some reports of incorrect results were published, describing contradictions between
theoretical and experimental results [20–25]. A recent paper [26] description and solution of several
problems found in dealing with fractional calculus of piecewise continuous functions gave some
motivation for this text. Several difficulties associated with the C, and also RL, were illustrated through
several simple examples. In particular, it was shown that “additivity of integration on intervals for
integer-order integral does not hold for fractional integrals, not to mention fractional derivatives.” In a
similar way, the paper [27] shows some of the difficulties in computing the fractional derivatives of
power functions.

Here, we will show that such difficulties are false problems and have simple solutions. All the
difficulties have origins in the definitions and uses of fractional derivatives. In fact, the most used
definitions are particularised in the sense that each derivative has its own definition, instead of having
general definitions. This fact is easily understood by looking into the RL and Caputo derivative
definitions [28–30]

RL
a Dα

t f (t) =
1

Γ(n − α)

dn

dtn

∫ t

t0

f (τ)
(t − τ)1+α−n dτ, (1)

and
C
a Dα

t f (t) =
1

Γ(n − α)

∫ t

t0

f (n)(τ)
(t − τ)1+α−n dτ, (2)

where n − 1 < α ≤ n, n ∈ Z+ and t ∈ [a, b]. These derivatives impose a particular domain and a given
“starting point”: each function has its own derivative definition. This creates difficulties when trying to
deal with functions having different domains, so different definitions [26,31]. It is this problem that
gives “justification” for the “metaphysical” character of some derivatives.

In this paper, we state that all the described problems are fictitious and disappear if we consider
that all the functions are defined on R. This is valid for any of the usual shift-invariant derivatives [11].
In the following, we will consider the problems described in [26] and present a new perspective into
the solution. For reasons stated in [32], we will use the bilateral Laplace transform (LT). We will
consider fractional derivatives with LT given by [32]

L[Dα f (t)] = sαL[ f (t)]. (3)

for Re(s) ≥ 0, s ̸= 0. The paper outlines as follows. In Section 2 we introduce the shift-invariant
(Duhamel) convolution and describe its properties (Section 2.1). The convolution of piecewise con-
tinuous function is treated in Section 2.2. In Section 3 we introduce the derivatives suitable for our
study. These are used in Section 4 for exemplifying the applications to piecewise functions. Finally, we
present some conclusions.
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2. The Duhamel Convolution
2.1. Properties

Definition 1. Let f (t) and h(t) be two locally integrable functions with support on R. We define the continuous-
time Duhamel convolution as the operator given by [33–36]

g(t) = h(t) ∗ f (t) =
∫ ∞

−∞
h(τ) f (t − τ)dτ =

∫ ∞

−∞
h(t − τ) f (τ)dτ. (4)

Working in the context of the distribution theory, we enlarge the validity of the above definition
[37–39]. Assume also that f (t) and h(t) are of exponential order. We can prove that:

• The eigenfunction of the convolution is the exponential, est, s ∈ C, t ∈ R.
• The eigenvalue, H(s), is given by

H(s) =
∫ ∞

−∞
h(t)e−stdt, (5)

that is the bilateral Laplace transform (LT) [32]. In many interesting situations, the region of
convergence (ROC), R [32] is a vertical strip that includes the imaginary axis, therefore h(t) has
Fourier transform.

The main properties of the convolution are [40]

1. Commutativity
h(t) ∗ f (t) = f (t) ∗ h(t);

2. Associativity
h(t) ∗ f (t) ∗ g(t) = (h(t) ∗ f (t)) ∗ g(t);

3. Invertibility
h(t) ∗ f−1(t) = δ(t);

4. Neutral element
h(t) ∗ δ(t) = h(t);

5. Causality
If h(t) = 0, t < 0, then

g(t) =
∫ ∞

0
h(τ) f (t − τ)dτ =

∫ t

−∞
h(t − τ) f (τ)dτ. (6)

It means that the output g(t) at a given t = t0 depends only on the values of f (t) for t ≤ t0. In
the following, we shall be dealing with this case.

6. Shifting
g(t) = h(t) ∗ f (t) → h(t − a) ∗ f (t − b) = g(t − a − b); (7)

7. Derivation
d
dt
(h(t) ∗ f (t)) =

(
dh(t)

dt
∗ f (t)

)
(8)

Remark 1. This last property deserves some comments since it is very important [41].

• Due to the commutativity, we can choose which is the more suitable function to be differentiated;
• It is known that the result of the convolution is a smoother function than each of the factors;
• Attending to the previous statement, it is clear that the existence of the right hand side implies the existence

of the left one, but the reverse may not be true;
• For functions with LT, they are equal.
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2.2. Bounded Piecewise Continuous Functions

Definition 2. Let N be a positive integer number. Consider a bounded function defined on R by

f (t) =



f0(t) t < t0

· · ·
fk(t) tk < t < tk+1, k = 1, · · · , N − 1

· · ·
fN(t) t > tN

(9)

where all the involved functions are continuous and have bounded variation. f (t) is a bounded piecewise
continuous function.

This definition can be extended to include periodic and almost periodic functions.
Let h(t) be the impulse response of a causal linear system described by (6), but suppose that

f (t), t ∈ R assumes several forms, particular cases of piecewise continuous function.

1. Let f (t), t ∈ R be a bounded support function (BSF)

f (t) =

 f0(t) t0 < t < t1

0 t < t0 ∧ t > t1
.

The corresponding output is given by

g(t) =

0 t < t0∫ min(t,t1)
t0

h(t − τ) f0(τ)dτ t > t0.
(10)

This means that, even the input has finite duration, the output has an infinite support. For
simplicity, we will assume by default that the convolution exists but is null for values of t less
than the lower limit of the integral.

Example 1. Let
h(t) = tα−1ε(t)

where α > 0 and ε(t) is the Heaviside function. Assume that f (t) a is rectangular pulse

f (t) = ε(t + 1)− ε(t − 1).

The convolution gives

g(t) =
∫ min(t,1)

−1
(t − τ)α−1dτ =

1
α

(t + 1)α −1 < t < 1

(t + 1)α − (t − 1)α t ≥ 1
. (11)

2. Consider two BSF, f0(t), as above, and f1(t), t2 < t < t3. For simplicity, set t0 < t2 < t1 < t3. We
have

g0(t) =
∫ min(t,t1)

t0

h(t − τ) f0(τ)dτ.

and

g1(t) =
∫ min(t,t3)

t2

h(t − τ) f1(τ)dτ.
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so that g(t) = g0(t) + g1(t) is given by

g(t) =


∫ min(t,t2)

t0
h(t − τ) f0(τ)dτ t0 < t < t2∫ t2

t0
h(t − τ) f0(τ)dτ +

∫ min(t,t1)
t2

h(t − τ)[ f0(τ) + f1(τ)]dτ t2 < t < t1∫ t1
t0

h(t − τ) f0(τ)dτ +
∫ t1

t2
h(t − τ) f1(τ)dτ +

∫ min(t,t3)
t2

h(t − τ) f1(τ)dτ t > t1.

.

Attending to the fact that

f (t) =


f0(t) t0 < t < t2

f0(t) + f1(t) t2 < t < t1

f1(t) t1 < t < t3.

,

we can show the validity of the additivity property. With some interest in applications is the case
t1 = t2 (disjoint supports). In this case,

g(t) =


∫ min(t,t2)

t0
h(t − τ) f0(τ)dτ t0 < t < t1∫ t1

t0
h(t − τ) f0(τ)dτ +

∫ min(t,t3)
t1

h(t − τ) f1(τ)dτ t > t1.
= g0(t) + g1(t). (12)

In the general case stated in definition 2 and for a given tK < t < tK+1 we obtain

g(t) =
K−1

∑
m=0

∫ tm+1

tm
h(t − τ) fm(τ)dτ +

∫ min(t,tK+1)

tK

h(t − τ) fK(τ)dτ

=
K

∑
m=0

∫ min(t,tm+1)

tm
h(t − τ) fm(τ)dτ

=
K

∑
m=0

gm(t).

(13)

Finally, for any t ∈ R, we have

g(t) =
N

∑
m=0

∫ min(t,tm+1)

tm
h(t − τ) fm(τ)dτ (14)

We showed that the convolution of a BSF resulting from the concatenation of a given number of pieces
is the sum of the partial convolutions.
These results are useful in the computation of fractional derivatives.

3. Liouville Type Derivatives
3.1. Definitions

The idea of non integer order differentiation seems to have resulted from some reflections ex-
pressed by Leibniz in a letter addressed to J. Bernoulli [16]. The subject was first discussed between
the two and later with other mathematicians, but no formula or procedure resulted. Euler, Abel,
and Fourier touched the problem, but did not produce any developments. The first real important
contribution in fractional calculus was accomplished by J. Liouville that proposed several formulae
for computing the derivatives of any order [42–44]. However, Liouville based his theory on the devel-
opment of the functions as a sum of exponentials, what created several technical dificulties because
at that time the Bromwich integral was not yet formulated. Among several formulae he proposed
generalizations of the incremental ratio. However, the importance of this result was overlooked and
only later Grünwald and Letnikov returned to the subject, but considering only the particular case of
functions defined in R+. The designation “Grünwald-Letnikov derivatives” is currently adopted in
incremental ratio based derivatives. Let the function f (t) to be defined on R and α any real number.
We have the forward (causal) and backward (anti-causal) derivatives given by [43,45–47]:
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Dα
f f (t) = lim

h→0+

∞
∑

n=0

(−α)n
n! f (t − nh)

hα
, (15)

Dα
b f (t) = e−iπα lim

h→0+

∞
∑

n=0

(−α)n
n! f (t + nh)

hα
. (16)

In the following, we will treat the causal case only.

Example 2. Consider the constant function f (t) = 1, t ∈ R. For every α ∈ R, then we have

Dα f (t) = lim
h→0+

∑∞
k=0

(
α

k

)
(−1)k

hα
=


0, if α > 0

∞, if α < 0

. (17)

We can apply the two-sided LT to (15) to obtain (3)

L
[

Dα
f f (t)

]
= sαL[ f (t)], Re(s) > 0.

We can use the convolution property of the LT, provided that we get the inverse LT of sα. We can show
[48] that, if α > 0,

L−1 1
sα

=
tα−1

Γ(α)
ε(t). (18)

Therefore, attending to (3), the fractional anti-derivative of f (t) is given by a convolution

D−α f (t) =
1

Γ(α)

∞∫
0

τα−1 f (t − τ)dτ. (19)

In the derivative case, the expression (19) is not as handy as (15), but it can be regularized [49]

Dα f (t) =
1

Γ(−α)

∞∫
0

τ−α−1

[
f (t − τ)−

N−1

∑
0

(−1)m f (m)(t)
m!

τm

]
dτ. (20)

that we will call regularized Liouville derivative and where N − 1 < α ≤ N. As sα = sNsα−N , we can
“transform” a derivative into a sequence of an anti-derivative and a classic derivative

Dα f (t) = DN

 1
Γ(−α + N)

∞∫
0

τN−α−1 f (t − τ)dτ


= DN

 1
Γ(−α + N)

t∫
−∞

(t − τ)N−α−1 f (τ)dτ

,

(21)

that constitutes a derivative of the Riemann-Liouville type. Such derivative was introduced by
Liouville and adopted by Weyl for studying the fractional calculus of sinusoids. Following Hilfer and
Kleiner we will call it Liouville-Weyl derivative (LW) [13]. However, it appeared, for the first time,
in the anti-causal version, in the first paper of Liouville [42,50]. The procedure makes sense, since
it transfers the singularity to a pos-processing that consists in derivating a well-behaved function.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 December 2024 doi:10.20944/preprints202412.2114.v1

https://doi.org/10.20944/preprints202412.2114.v1


7 of 16

However, we can consider the property of the convolution (8) and move the derivation to inside the
convolution, sα = sα−NsN .

Dα f (t) =
1

Γ(−α + N)

t∫
−∞

(t − τ)N−α−1 f (N)dτ. (22)

This has been called Liouville-Caputo derivative [42,51]. However, in recent times, people attributed
this designation to what has been called Caputo derivative. To be more clear, we will call it Liouville
(L) derivative. It must be remarked that expression (22), while equivalent to (21) in terms of the LT,
may be worse from analytical point of view, since successive derivations increase the rugosity. A fair
comparison of the 3 derivatives lead us to conclude that

• If f (t) has Laplace transform, the three derivatives give the same result;
• The Liouville derivative demands too much from analytical point of view, since it needs the exis-

tence of the Nth order derivative, but this feature is interesting if the distributional environment
is assumed;

• If f (t) = 1, t ∈ R the Riemann-Liouville derivative does not exist, since the integral is divergent,
the others give the correct result (17);

• The usual RL (1) and C (2) derivatives are particular cases of the LW and L derivatives.

3.2. The Constant Function vs the Heaviside Unit Step

As written above, the RL and C derivatives make a confusion between the constant function
c(t) = 1, t ∈ R and the Heaviside unit step. While the RL gives a result that coincides with Liouville’s
result, the C derivative gives the null function, a strange result that allows us the explain the abnormal
results in laboratorial experiments [20,22,25].

The derivative of the constant function in the sense of Liouville is the null function, as shown
above. Concerning the Heaviside function, we showed above for the GL derivative, that it is given by

t−α

Γ(1−α)
ε(t). It is easy to prove it with the LR and L derivatives. For simplicity, let 0 < α < 1. We can

show that [47]

Dαε(t) =
t−α

Γ(1 − α)
ε(t). (23)

This relation can be obtained from the three derivatives and enlarge its validity; for example:

Dαε(t) =
1

Γ(−α)

t∫
−∞

(t − τ)−αδ(τ)dτ =
t−α

Γ(1 − α)

This last result enters in contradiction with the C solution which identifies the Heaviside function with
a constant and gives a null value.

As δ(t) = Du(t), we have also

Dαδ(t) =
t−α−1

Γ(−α)
ε(t). (24)

Example 3. According to the above result, the fractional derivative of a rectangular pulse,

p(t) = ε(t)− ε(t − d), d ∈ R,

is

Dα p(t) =
t−αε(t)− (t − d)−αε(t − d)

1 − α
.
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This is illustrated in Figure 1. It must be stressed the fact that for positive orders near 1 it is clear that the
derivative approaches two impulses. This is a consequence of [37]

t−1

Γ(0)
ε(t) = δ(t).

Figure 1. Derivatives of a rectangular pulse defined in example 3, for α = .18, 0.14, 0.1, 0.06, 0.02 (above) and
α = −0.1,−0.3,−0.5,−0.7,−0.9 (below).

3.3. The Derivatives and the Convolution

The derivatives we introduced above are essentially convolutions. Therefore, the properties
we described in Section 2.1 have direct application. For the BSF case, we must have in mind our
conclusions presented in Section 2.2. In the anti-derivative case, we have direct application of the
rules. For the Liouville-Weyl case, the situation is similar, since we have to make derivations after
doing the convolution. As referred, this operation increases the smoothness of the function. This does
not happen with the L derivative, since we are doing derivations of discontinuous functions. In such
a situation, impulses and their derivatives will appear. We wonder why this does not happen with
current uses of the C derivative. The reason is in the use of the one-sided LT that introduces (indirectly)
a regularization and of the classic derivation rules. This explains why the C derivative of the Heaviside
function is the null function, an abnormal result that implies that the derivative of the impulse is also
null.

4. Illustrative Examples
4.1. Simple Differential Equations

Example 4. Consider the differential equation [26]

Dαx(t) =

−ax(t) 0 < t ≤ 1

0 t > 1,
(25)
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where α > 0. To have non null solution we have to impose a given initial condition (IC), x(0) = 1. To include
such IC, we transform the differential equation into [19]

Dα[x(t)− x(0)ε(t)] = −ax(t), 0 < t ≤ 1,

where ε(t) is the Heaviside function and a ∈ R. Note that the subtraction in brackets is intended to remove the
jump at the origin, since x(t) = 0, t < 0. Using the LT, we get

sα

[
X(s)− x(0)

s

]
= −aX(s), Re(s) > 0.

Therefore,

X(s) =
sα−1

sα + a
,

which gives the solution (x(0) = 1)

x(t) =
∞

∑
k=0

(−a)k tαk

Γ(αk + 1)
,

that is the well-known Mittag-Leffler function. It is interesting to note that this corresponds to solving

Dαx(t) + ax(t) = x(0)
t−α

Γ(−α + 1)
ε(t), 0 < t ≤ 1.

Now, we consider the computation of the solution for t > 1. In this case, the IC is

x(1) =
∞

∑
k=0

(−a)k 1
Γ(αk + 1)

.

If a > 0 the convergence is fast. According to the above description, our problem can be rewritten as

Dα[x(t)− x(1)ε(t − 1)] = 0, t > 1.

Therefore, the solution is obtained from the above result, by setting a = 0 and introducing a shift

x(t) = x(1)
∞

∑
k=0

(−a)k tαk

Γ(αk + 1)
ε(t)|a=0 = x(1)ε(t − 1).

These results are valid for any positive derivative orders and contradict the solution obtained in [26]. Besides,
they express a coherence integer/fractional orders. Such facts are illustrated in Figure 2.
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Figure 2. Solution of differential equation in example 4, for α = 0.25, 0.5, 0.75, 1 with a = 3.

Example 5. Now, let v(t) = t[ε(t)− ε(t − 1)] that is the input to the following differential equation

Dαx(t) = v(t).

We have two approaches to do it:

• Using the LT, we obtain easily
sαX(s) = V(s).

with V(s) = Lv(t). As v(t) = tε(t)− (t − 1)ε(t − 1)− ε(t − 1),

V(s) =
1 − e−s

s2 − e−s

s
, Re(s) > 0.

So,

X(s) =
1 − e−s

s2+α
− e−s

s1+α
, Re(s) > 0,

which leads to

x(t) =
tα+1

Γ(α + 2)
ε(t)− (t − 1)α+1

Γ(α + 2)
ε(t − 1)− (t − 1)α

Γ(α + 1)
ε(t − 1)

• Directly
x(t) = D−αv(t).

Therefore,

x(t) =
1

Γ(α)

∫ min(t,1)

0
τ(t − τ)α−1dτ

=
1

Γ(α)


∫ t

0 τ(t − τ)α−1dτ 0 < t < 1∫ 1
0 τ(t − τ)α−1dτ t > 1.

=


tα+1

Γ(α+2) 0 < t < 1

− (t−1)α

Γ(α+1) ε(t − 1) + tα+1−(t−1)α+1

Γ(α+2) ε(t − 1) t > 1.
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Figure 3. Solution of differential equation in example 5, for α = 0.25, 0.5, 0.75, 1.

4.2. Concatenated Bounded Continuous Functions

Consider a bounded function defined in Section 2.

Theorem 1. The Liouville derivative of the kth function, fk(t), is given by

LDα
t fk(t) =

0 t < tk

1
Γ(n−α)

∫ min(t,tk+1)
tk

f (n)k (τ)

(t−τ)1+α−n dτ t > tk.
(26)

The proof is obvious. It is important to highlight the fact that, while the function is of bounded
support, the derivative is not. On the other hand, the derivative must be taken in generalized sense, to
keep the coherence with the bilateral LT. We will continue with the L derivative, since it is the one that
creates more difficulties (we remove the “L”).

According to the previous theorem, we can say that the derivative of a sum is the sum of the
derivatives, but we must be careful with the range of the derivative.

Corollary 1. Let

g(t) =

 f0(t) t < t1

f1(t) t1 < t < t2

We have

Dα
t g(t) =

1
Γ(n − α)

∫ min(t,t2)

−∞

f (n)0 (τ) + f (n)1 (τ)

(t − τ)1+α−n dτ

Dα
t g(t) =

1
Γ(n − α)

[∫ min(t,t1)

−∞

f (n)(τ)
(t − τ)1+α−n dτ +

∫ min(t,t2)

t1

f (n)(τ)
(t − τ)1+α−n dτ

]
. (27)

According to the results obtained in Section 2, this formula can be generalized for any number of
concatenated functions, and contradicts again the statements presented in [26].
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Example 6. In agreement with the previous corollary, let f0(t) = ε(t)− ε(t − 1) ( rectangular pulse) and
f1(t) = f0(t − 1). Therefore, f (t) = f0(t) + f1(t) is a rectangular pulse with duration 2, ε(t)− ε(t − 2). We
recover the above result concerning the derivative of the Heaviside function to obtain

Dα f0(t) =
t−αε(t)− (t − 1)−αε(t − 1)

Γ(1 − α)
,

Dα f1(t) =
(t − 1)−αε(t − 1)− (t − 2)−αε(t − 2)

Γ(1 − α)
,

and

Dα f (t) =
t−αε(t)− (t − 2)−αε(t − 2)

Γ(1 − α)
.

As we observe, Dα f (t) = Dα f0(t) + Dα f1(t)

Example 7. Consider another example constructed from the previous one. Define the Manchester pulse by

p(t) = − f0(−t) + f0(t) = −ε(t + 1) + 2ε(t)− ε(t − 1).

The fractional derivative is

Dα p(t) =
−(t + 1)−αε(t + 1) + 2t−αε(t)− (t − 1)−αε(t − 1)

Γ(1 − α)
.

Example 8. Consider the function [26]

f (t) =

0 t < 0 ∧ t > 1

1 − t 0 ≤ t ≤ 1
= ε(t)− tε(t) + (t − 1)ε(t − 1).

Its LT is given by

F(s) =
1
s
− 1 − e−s

s2 , Re(s > 0).

therefore,

LDα f (t) =
1

s1−α
− 1 − e−s

s2−α
, Re(s > 0).

For simplicity, assume that α < 1. As it is easy to compute

L 1
s1−α

=
t−αε(t)

Γ(1 − α)

and

L 1
s2−α

=
t1−αε(t)
Γ(2 − α)

,

so that

Dα f (t) =
t−αε(t)

Γ(1 − α)
− t1−αε(t)− (t − 1)1−αε(t − 1)

Γ(2 − α)

This result is different from the one given by the C derivative [26]. To confirm the correctness of this result, let us
compute the LC derivative directly. We begin by noting that

D f (t) =

0 t < 0 ∧ t > 1

−1 + δ(t) 0 ≤ t <≤ 1
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Therefore,

Dα f (t) =
1

Γ(−α + 1)

min(t,1)∫
0

[δ(τ)− 1](t − τ)−αdτ

=
t−αε(t)

Γ(−α + 1)
− 1

Γ(−α + 1)

min(t,1)∫
0

(t − τ)−αdτ

=
t−αε(t)

Γ(−α + 1)
− (t − min(t, 1))−α+1 − t−α+1

Γ(−α + 2)

=
t−αε(t)

Γ(−α + 1)
− t−α+1

Γ(−α + 2)
[ε(t)− ε(t − 1)]− (t − 1)−α+1 − t−α+1

Γ(−α + 2)
ε(t − 1)

The previous example shows the advantage provided by the impulse that suggests we go ahead
with integer order derivations, even if we don’t need to.

Example 9. Consider a segment of a well known triangular periodic function. Let

f0(t) = [1 − |t|][ε(t + 1)− ε(t − 1)],

and
f ′0(t) = [ε(t + 1)− 2ε(t) + ε(t − 1)].

We define f (t) by

f (t) =
1

∑
k=−1

f0(t − 2k).

Then

f ′(t) =
1

∑
k=−1

[ε(t − 2k + 1)− 2ε(t − 2k) + ε(t − 2k − 1)],

and
f ′′(t) = δ(t + 3)− 2δ(t + 2) + 2δ(t + 1)− 2δ(t) + 2δ(t − 1)− 2δ(t − 2) + δ(t − 3)

We could continue, but this is sufficient for computing the derivative of order 1 < α < 2. We have then:

Dα f (t) =
1

Γ(−α + 2)

1

∑
k=−1

ak(t − 2k + 1)1−αε(t − 2k + 1),

where ak = 1,−2, 1.
For 0 < β = α − 1 < 1, we have

Dβ f (t) =
1

Γ(−β + 3)

1

∑
k=−1

ak(t − 2k + 1)2−βε(t − 2k + 1).

Example 10. Consider a segment of a mixed triangular/parabolic function. Let f0(t) as above and f1(t) =
t2[ε(t + 1)− ε(t − 1)] We define f (t) by

f (t) = f0(t) + f0(t − 1) + f1(t − 3).

As above,
f ′0(t) = [ε(t + 1)− 2ε(t) + ε(t − 1)],

f ′′(t) = δ(t + 1)− 2δ(t) + δ(t − 1)

f ′′′(t) = δ′(t + 1)− 2δ′(t) + δ′(t − 1)
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Besides
f ′1(t) = t[ε(t + 1)− ε(t − 1)],

and
f ′′1 (t) = δ(t + 1) + [ε(t + 1)− ε(t − 1)]− δ(t − 1)

f ′′′1 (t) = δ′(t + 1) + δ(t + 1)− δ(t − 1)− δ′(t − 1)

Joining terms, we obtain

f ′′′(t) = δ′(t + 1)− 2δ′(t) + 2δ′(t − 2) + δ(t − 2)− δ(t − 4)− δ′(t − 4)

This is enough for computing the derivative of order 2 < α < 3. We need

ϕ(t) =
t2−αε(t)

Γ(−α + 3)

and its order 1 derivative

ϕ′(t) =
t1−αε(t)

Γ(−α + 2)
.

The corresponding order 1 anti-derivative is

ϕ−1(t) =
t3−αε(t)

Γ(−α + 4)
.

We have then:

Dα(t) = ϕ′(t + 1)− 2ϕ′(t) + 2ϕ′(t − 2) + ϕ(t − 2)− ϕ(t − 4)− ϕ′(t − 4)

For 1 < β = α − 1 < 2, we have

Dβ f (t) = ϕ(t + 1)− 2ϕ(t) + 2ϕ(t − 2) + ϕ−1(t − 2)− ϕ−1(t − 4)− ϕ(t − 4).

For 0 < β = α − 2 < 1, the solution is obvious.

This example shows the great advantage in doing successive derivations until only impulses and
their derivatives remain.

We are allowed to express derivatives and anti-derivatives, including the function, as linear combination of

fractional power functions of the type tN−αε(t)
Γ(−α+N+1) .

We wonder what types of functions verify such hypothesis. As it is evident, segments of polyno-
mials, functions of t and |t| are suitable for such application. It is clear that segments of exponential or
logaritmic characteristic are not suitable.

5. Conclusions
We presented a study involving piecewise continuous functions and their fractional derivatives.

We showed, through various examples, that the difficulties encountered in practical applications can be
avoided through appropriate derivative formulations. If we want to maintain similarity and backward
compatibility with classical theories, we must use functions defined in R and extended by including
distributions. This implies adopting Liouville-type derivatives.
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