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Abstract: Few switching transitions in high power and medium voltage application of Power 11 
converters are desirable. The selective harmonics elimination (SHE) pulse width modulation offers 12 
a better quality waveform with lower switching transitions and hence lower switching losses. The 13 
SHE is a pre-programmed modulation technique where certain amounts of lower order harmonics 14 
are removed and fundamental voltage is controlled. After Fourier analysis of output waveform, a 15 
set of nonlinear transcendental equations is obtained which exhibits, multiple, unique or no 16 
solution in different range of modulation index (MI). In this paper, an iterative method based on 17 
the Jacobian estimate is proposed to solve a highly non-linear set of SHE equations. The proposed 18 
technique is easy in implementation and can solve a large number of such equations as 19 
computation of the Jacobian matrix in the subsequent iteration is estimated from the previous 20 
values.  Moreover, the proposed method also removes the singularity problem, especially for large 21 
SHE equations. High accuracy in the initial guess is also not essential for this method and can 22 
converge to the solution with any random initial guess. The computational and simulation results 23 
are given to validate the concept. The hardware result is provided to confirm the computational 24 
and simulation results. 25 

Keywords: Staircase Waveform; Harmonics Control; Field Programming gate array (FPGA); 26 
Estimation; Iterative technique, VHDL 27 
 28 

1. Introduction 29 

Multilevel voltage source/current source converters have been widely studied and researched 30 
for a variety of applications which includes induction machine drives, renewable energy integration 31 
in the grid, active rectifiers, pumps, fans, rolling mills, marine propulsion, HVDC transmission, 32 
railway traction etc. [1–7]. Various research groups mainly focused on its topology, modulation, 33 
and control algorithm. The important topologies include Neutral point clamped (NPC), cascaded H 34 
bridge (CHB) and Flying capacitor (FC) and various hybrid topologies such as active neutral point 35 
clamped (ANPC), H bridge neutral point clamped (HNPC) etc. The performance characteristics of 36 
multilevel converters are highly dependent on the choice of modulation techniques adopted for 37 
their operation. The broad classification of important modulation techniques is high switching 38 
frequency pulse width modulation techniques and low switching frequency techniques [8]. The 39 
high switching frequency techniques include sine pulse width modulation (SPWM) based phase 40 
shifted (PS-PWM), level shifted (LS-PWM) and space vector pulse width modulation (SVPWM) [3]. 41 
The low switching frequency modulation techniques are classified as optimum PWM, selective 42 
harmonics elimination (SHE) PWM, nearest vector control (NVC) PWM and selective harmonics 43 
mitigation (SHM) PWM [9-10]. In the high switching frequency PWM techniques the power 44 
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switches are operated at several kHz and yield good quality waveforms whereas lower switching 45 
frequency PWM techniques operate power electronics switches at few hundreds of Hertz [11–12].A 46 
detailed classification modulation method for the multi-level inverter is shown in Fig.1 [3], [8], [10]. 47 

 48 

 49 
Figure 1.Pulse width modulation techniques for multilevel inverter 50 

 51 
In medium voltage and high power converters, low switching frequency PWM techniques are 52 

preferred as the switching losses are one of the most important criteria for its operation. Among 53 
various low switching frequency PWM techniques, SHE PWM is widely investigated and 54 
researched for various industrial applications [11–14], [15–20]. It is a pre-programmed PWM 55 
technique which selectively eliminates particular harmonics along with control of the fundamental 56 
voltage [21–26]. The Fourier series analysis of the output waveform is carried out and set of 57 
nonlinear transcendental equations are obtained which eliminates pre-specified order of harmonics 58 
along with control of the fundamental frequency voltage component. After offline computation for 59 
switching angles is done, these values for the different modulation index are stored in a look-up 60 
table [27]. Depending upon the modulation index a particular set of switching angles applies to the 61 
power electronics switches in order to obtain the desired waveform at the output. Some literature 62 
also tried to implement it in real times by adopting techniques such as artificial neural network 63 
(ANN), model predictive control, and criteria based control techniques [28–31]. Real-time 64 
implementation is useful, especially in unequal dc voltages such as application in solar photovoltaic 65 
as the size of the lookup table is huge and will consume a lot of memory of the processor board. A 66 
criteria based modulation (CBM) strategy is also proposed which selects the optimum switching 67 
angles from a given objective function while considering all the practical constraints such as 68 
minimum ON and OFF times from the set of solution stored in the lookup table[32]. 69 
 The main challenge to utilize SHE modulation methodology lies in solving the switching angles 70 
from the set of nonlinear transcendental equations which exhibits unique, multiple or no solution 71 
for different values of modulation indices (MI). The most commonly used methods to solve these 72 
equations proposed in the literature are the numerical techniques based conventional methods, 73 
Algebraic methods and various optimization methods such evolutionary and swarm-based 74 
metaheuristic methods. The numerical based methods mainly include Newton Raphson method, 75 
sequential homotopy and analytical methods [23],[33–34]. Numerical methods are very simple to 76 
use, but an accurate guess along with computation of derivates makes these methods difficult to use 77 
and sometimes may fail to give all the solution to the problem. Moreover, they are useful to solve 78 
only few switching angles as calculation of first derivatives become very difficult as size increases. 79 
Algebraic methods such as Walsh function, resultant theory, and Groebner method are proposed in 80 
[35-37]. In the algebraic method, the trigonometric equations are first converted into polynomial 81 
equations by multiple angle formulas and then are solved by a simple Gaussian elimination method 82 
of solving linear equations. Although these methods can give all the possible solutions, but as the 83 
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number of switching angle increases more than four, the method becomes very complex and 84 
time-consuming. The optimization based methods such as genetic algorithm (GA)[38], particle 85 
swarm optimization (PSO)[39], Bee algorithm[40], ant colony optimization (ACO)[41], memetic 86 
algorithm [42] and differential evolution (DE) algorithm[27], tries to minimize an objective function 87 
to obtain optimal switching angles. Although the optimization method is less dependent on initial 88 
guess, but is very slow convergent, doesn’t give very accurate results and takes longer time in its 89 
computation. Moreover, it requires an experience and expert knowledge of its computational 90 
algorithm. A detailed analysis of various optimizations based SHE methods is given in [10], [43]. 91 

In this paper, a novel iterative method with Jacobian estimates is proposed. The proposed 92 
method is fast convergent and easier in its implementation. Moreover, it gives all the possible 93 
solutions with any random, initial guess which overcomes the problem of numerical techniques. 94 
Also, the proposed method is capable of evaluating a large number of switching angles (levels) with 95 
efficient convergence. The computational results are presented for various switching angles starting 96 
from five switching angles (11-levels) to fifteen switching angles (31-level). The harmonics profile at 97 
some particular modulation index and %THD is also given. The simulation results of phase and line 98 
voltages are obtained using Simulink to verify the computational results. A prototype is also built 99 
in the laboratory to validate the computational and simulation results. 100 

2. Problem Formulation: Mathematical Analysis 101 
Figure 2a shows a typical configuration of single phase cascaded H-cell inverter having n cells 102 

with n- separate dc sources. The IGBT switches operated in the fundamental switching frequency. 103 
The output voltage of the cascaded H Bridge is given by the summation of voltages from different 104 
H-cells. To analyze the output voltage waveform from the inverter, Fourier series expansion is used. 105 
The general Fourier series expansion can be expressed as (1); 106 
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Where Fourier Coefficients are defined as (2) and (3) 107 
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Considering quarter wave symmetry in the output waveform shown in Fig. 2b, we will have 108 
a0=0 and an=0 and the generalized Fourier coefficient for the multilevel stepped waveform is given by 109 
(4). 110 
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Where bn is the amplitude of the nth harmonics and Ns is the number of switching angles in a 111 
quarter’s period. By having Ns switching angles in a quarterly period Ns-1 harmonics can be 112 
eliminated along with control of the fundamental frequency component, defined by modulation 113 
index, 114 
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(b) 118 

Figure2. Generalized multilevel inverter structure(a) Circuit topology(b) Output stepped waveform 119 
from one leg 120 
 121 
m (0<m<1). The set of non-linear transcendental equations is given by (5) and (6) while eliminating 122 
lower order harmonics along with varying m in linear range. 123 
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 Where  127,5,3  sNn  in the case of single phase cascaded H-bridge inverter and for 3 phase 124 
case     ; 2313,11,7,5 oddNNn ss   or     ; 1313,11,7,5 evenNNn ss   .The amplitude of the 125 
fundamental frequency component for both the cases is given by (7). 126 
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Where 1,SHEv


 is defined as the fundamental frequency voltage magnitude. In the case of five 127 
switching angles (11-level), the set of selective harmonic elimination equations for 3-phase 128 
multilevel inverter considering four low order non-triplen harmonics for elimination is given in (8) 129 
 130 
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  132 
The generalized non-linear transcendental equation given in (5) and (6) for various cases is 133 

solved in the next section by using the proposed Jacobian estimation based iterative technique. 134 

3. Switching Angles Computation by Fast Novel approach 135 
The selective harmonics elimination represents a set of n non-linear simultaneous 136 

transcendental equations, having equality and non-equality constraints with maximum and 137 
minimum bounds on the design variables, which in generalized and vector form is represented by 138 
(9), and (10). 139 

 140 
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Where nR and nn RRG  :)( is a n×1 function matrix. This problem may have many, unique or 141 
no solution. The inequality along with upper and lower bounds on the switching angles is given by 142 
(11). 143 
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In the Newton Raphson method, the main challenge is in the computation of the Jacobian matrix in 144 
the subsequent iterations. This problem further aggravated in solving the nonlinear equation for 145 
large variables. In addition, the Jacobian Matrix becomes a singular matrix when the difference in 146 
the solution vectors in the consecutive iterations becomes small. These challenges can be solved be 147 
adopting a technique which needs Jacobian matrix computation only at the start of the algorithm 148 
and then Jacobian matrix in the subsequent iterations is estimated using previous iteration values. 149 
At the start of the algorithm, the initial values of different functions are obtained using (12) to (14). 150 
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The value of Jacobian Matrix in (12) alternatively can be estimated by using the values of function 151 
vectors evaluated in the previous iterations. If moving from ithiteration to (i+1)th iteration the 152 
difference in solution vectors is not large,  then the Jacobian matrix in the (i+1)th iteration, i.e. J(i+1) 153 
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can be approximated to be J(i). Therefore, the rank one update given in (12) can be used for the 154 
Jacobian matrix in (i+1)th iteration. 155 

  Tiiii YXJJ )()()()1(   (15) 

In (15), X(i) and Y(i) are vectors whose values depend upon solution vectors and function matrix in the 156 
two consecutive iterations i.e. on α(i), α(i+1), G(i), and G(i+1). The Jacobian estimate formula can be 157 
derived by considering the Jacobian J(i) which produces Δα(i), as given in (16)-(18). 158 
 159 
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 160 
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 161 
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To accurately estimate the Jacobian matrix in the (i+1)th iteration, i.e. J(i+1) the following two 162 
conditions should be imposed on the designed vector. 163 

1. For a vector z, if  0)(  zTi , i.e. in the perpendicular direction of )( i , a new Jacobian 164 

estimate )1( iJ maintains the same function vectorG . Both )( iJ  and )1( iJ  are related to vector 165 
z given in (19). 166 
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2. The prediction for )1( iJ )( i  is same in linear expansion as for )( iG , i.e. 167 
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or 168 
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Also for the normal vector z  to )(i , the following relations are obtained given in (22)-(25); 169 
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We can choose )1()(  iiy  because )(i is perpendicular to z . After substituting in (15) and 173 

post-multiplying by )(i the relationship is modified as given in (26). 174 
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Using (21) and substituting in (15), will yield (27) and (28). 175 
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Therefore, the Jacobian estimate for the next iteration can be found by (29). 176 
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Thus, on further simplification the approximate Jacobian estimate is given by (30). 177 
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The solution by iterative methods is required to generate an approximation of the set of 178 
simultaneous equations. The approximation of the solution is normally generated using the iteration 179 
sequence of vectors under considered space vector given in (32).   180 
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In the proposed method, the convergence criteria for the required solution are defined as in (33)-(34). 181 
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 Where ε1and ε2represent the accuracy required in the solution. The quality or effectiveness of the 182 
modulation techniques is expressed in terms of non-desirable components in the output relative to 183 
a pure sinusoidal (desired) component. For three phase system, it is expressed as given in (35). 184 
 185 
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 Where V1 represents the peak value of the fundamental component of line-to-line voltage and Vn 186 
represents that of nth harmonics component. A systematic implementation process of the proposed 187 
method for solving the non-linear transcendental SHE equations is given in Fig. 3. 188 

This section may be divided by subheadings. It should provide a concise and precise 189 
description of the experimental results, their interpretation as well as the experimental conclusions 190 
that can be drawn. 191 

4. Computational and Simulation Results 192 
For computation of switching angles Intel core i7-7500U CPU, 16 GB RAM is used and a 193 

program is written using MATLAB 2016 software. In various cases of a number of switching angles 194 
(Ns=3, 5…15) the solution trajectories of switching angles as a function of modulation index are 195 
obtained and shown in fig.(4)-(6). The minimum and maximum modulation index is set to 0 and 1, 196 
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respectively, and varied in the step of Δm=0.0001. Also, various important graphs are plotted such as 197 
a maximum error in the Non-linear system of equations given in (10), total harmonic distortion as a 198 
function of modulation, the number of iterations required to reach the convergence point set in the 199 
problem, the convergence rate for a particular modulation index and the harmonics profile at 200 
particular modulation index. Selective computational results are shown in Fig. 4 and Fig.5. 201 

Table (1) shows the three solutions obtained by this method for Ns=5, m=0.5467. The choice of 202 
best solution is application dependent and one can choose based on minimum THD, minimum, 203 
differences in consecutive switching angles, and transition from one modulation point to another. 204 

Table 1 Solutions for Ns=5, m=0.5467 205 
 Switching angles (rad.) 

1. 368.1;43.1,951.0,776.0,605.0 54321    

2. 567.1;371.1,771.0,611.0,092.0 54321    

3. 539.1;111.1,989.0,689.0,3503.0 54321    

Figure 4(b) shows the percentage total harmonic distortion in the whole solution as a function 206 
of modulation index computed using (35). The convergence of the maximum function in (8) is shown 207 
in Fig. 4c. Figure 4d shows the convergence of the whole solutions up to a specified accuracy (~10-15) 208 
for various modulation indexes.  Most of the solution converges within 30 iterations which is 209 
evident from Fig. 4d.Likewise, computations are done for a large number of switching cases. Figure 210 
5(a)-(d) shows solution trajectories for Ns=3, Ns=9, Ns=11 and Ns=13, respectively. These trajectories 211 
confirm that there are multiple solutions, unique solution and no solution in the linear range of 212 
modulation index. In case of Ns=15, at )7637.0,5517.0(m and there are three solutions at m=0.58 and 213 
is given in Table (2). For Ns=15 the %THD lies in the range )78.2,69.1( for the entire solution obtained 214 
by the proposed method. Also, the trajectories in Fig.5, shows a similarity in the switching patterns, 215 
therefore, for higher switching angles the solution can be predicted using these trajectories and 216 
advanced mathematical techniques. A simulation model has been developed in MATLAB/Simulink 217 
to verify the computational results obtained from the proposed method. The simulation for a large 218 
number of switching angle cases have been carried out and selected results for Ns=5; and Ns=15for 219 
number of switching angles are shown in Fig. 6.Figure 6 (a) and (b) shows the solution trajectories of 220 
Ns=5 and Ns=15respectively. The spectrum phase and line voltages along with a harmonic spectrum 221 
of line voltages for m=0.84 and m=0.76is shown in Fig. 6c and 6d for Ns=5and Ns=15, respectively. The 222 
harmonics profile confirms that lower order harmonics considered for elimination are absent from 223 
the output waveforms. The next significant harmonics are of the order 17th, 19th…etc. for 11-level and 224 
47th, 51st… etc. for 31-level case. 225 

 226 
          (a)                   (b)                    (c)                      (d) 227 
Figure4.Computational Results for Ns=7 (15-level inverter) (a) Switching angles (rad.) as a function 228 
of modulation index (b) Percentage THD as function of modulation index (c) Convergence steps for 229 
m=0.53 (d) Maximum iterations to reach the accuracy (~10-15) 230 
 231 
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Figure. 3.Algorithm of the proposed method 
(a) Flowchart of the proposed method 
(b)Pseudocode for programming 
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(a) (b)                 (c)                   (d)(e) 233 
Figure5. (b) Switching angle trajectory for (a) Ns=5 (11-level) (b)Ns=9 (19-level) (c) Ns=11 (23-level) 234 
(d) Ns=13(27-level)(e) Switching angle trajectory for Ns=15 (31-level) 235 
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 237 
(a)                        (b) 238 

Figure6. Simulation results(a) Line voltage and harmonics profile at m=0.84 for Ns=5(b) Line 239 
voltage harmonics profile at m=0.76 for Ns=15  240 

Table 2 Solutions for Ns=15, m=0.58 241 
Switching angles (rad.) 














536.1,442.1;355.1;203.1,139.1
,066.1,013.1;938.0;898.0,788.0
;697.0;679.0,587.0,570.0,232.0

1514131211

109876

54321





 















53.1,437.1;352.1;27.1,135.1
,065.1,01.1;940.0;819.0,782.0
;702.0;674.0,589.0,567.0,154.0

1514131211

109876

54321





 















531.1,351.1;271.1;203.1,129.1
,072.1,999.0;952.0;877.0,836.0

;765.0;719.0,601.0,556.0,386.0

1514131211

109876

54321





 

5. Hardware setup and experimental results 242 
A prototype is developed in the laboratory to practically validate the correctness of the 243 

switching angles computed by the proposed method. The prototype developed and the control 244 
algorithm for implementation of SHE PWM for various cases is shown in Fig. 7. The Semikron 245 
SKM100GB12T4 is used to build the H-bridge inverter. The control code is developed and 246 
implemented using Matlab/Xilinx blocks interface with FPGA VIRTEX- 5XC5VLX50T.Since the 247 
FPGA board used in the experimental work offers a clock of 50 MHz so, 20 ns time resolution of the 248 
gate signal is achieved. The dead time is not required as the two switches in the same leg never 249 
operate simultaneously. It also ensures better resolution of the output waveform and avoids any 250 
pulse dropping, in case the difference in consecutive switching angles are very small. The switching 251 
frequency of the IGBT switches of the inverter is kept at line frequency (50 Hz). The PWM gating 252 
pulses have given to gate drivers ADuM3220. For recording the harmonics profile in the output 253 
voltage waveform, a Fluke 43B single-phase power quality analyzer has been used. The harmonic 254 
content only up to 49th has been recorded since the contribution higher order harmonics in the THD 255 
is not significant. 256 
 257 
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Figure.7Hardware setup and Experimental procedure(a) Hardware schematic (b) Gating pulse 264 
generation(c) Actual prototype developed in the laboratory(d) Logics to generate gating pulses 265 
 266 
For 7-level and 11-level cascaded H-bridge case, the experiments have been carried out using the 267 
developed prototype. The experimental data are given in Table (3). The sine magnitude of the 268 
switching angles computed in the previous section is stored in the lookup table. This stored value as 269 
per modulation index fed switching instants and compared with a sinusoidal waveform to produce 270 
gating pulses as shown in Fig. 7b and 7d. The selected results for m=0.747 and m=0.836 have been 271 
shown for 7-level and 11- level cases in Fig.8. The voltage spectrum shows that the targeted 272 
harmonics for elimination i.e. 5th 7th and 5th 7th, 11th, 13th are absent in the output voltage waveform 273 
respectively. 274 

Table 3 Experimental parameters 275 
Ns fsw (Hz) Vdc 
3       50 90 V 
5   50 40 V 

 276 
 277 

 278 
(a) 279 

 280 
(b) 281 
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 282 
(c) 283 

 284 
(d) 285 

Figure.8Hardware results(a) Phase voltages at m=0.505 for Ns=3(b) Phase voltages at m=0.550 for 286 
Ns=3(c) Phase voltages at m=0.747 for Ns=5(d) Phase voltages at m=0.836 for Ns=5 287 

5. Conclusion 288 

In this paper, a novel Jacobian estimation based iterative method is proposed for the 289 
computation of switching angles in the selective harmonics elimination problem. Since the 290 
computation of the Jacobian is avoided in each iteration, the speed of computation is fast. Moreover, 291 
the singularity problem associated with the inverse of the Jacobian matrix evaluation is also avoided. 292 
It makes the proposed method more suitable for computation of a large number of switching angles 293 
in SHE PWM and hence higher stepped waveform. Moreover, the fast computational speed allows 294 
taking a very small step increment for modulation index and it ensures multiple solutions at various 295 
modulation indexes. The non-triplen lower order odd harmonics are considered for elimination 296 
from the output waveform. The proposed technique has been successfully implemented for 297 
switching angles from three to fifteen or from seven levels stepped waveform to 31 levels stepped 298 
waveforms. In the different range of modulation indices, different numbers of solutions are found. 299 
The %THD for all the cases and solutions is also computed and reported. Selective computational 300 
and simulation results are given for 11-level and 31-level. A prototype is also developed and 301 
practical results are provided for 7-level and 11-level to validate the computational results.  302 
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