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Abstract

Aiming at the estimation efficiency problem of multicollinearity and longitudinal data correlation in
the varying coefficient partially nonlinear models, a method based on QR decomposition and quadratic
inference function (QIF) is proposed to obtain the orthogonality estimation of parameter components
and varying coefficient functions. QR decomposition eliminates the pathology of the design matrix,
and combines the adaptive weighting of the relevant structures within the group by QIF to effectively
capture the complex correlation structure of longitudinal data. The theoretical analysis proves the
asymptotic nature of the estimator, and the efficiency of the estimation method proposed in this paper
is verified by simulation experiments.
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1. Introduction

In recent years, longitudinal data have attracted much attention due to their wide applications
in fields such as biomedicine, economics and social sciences. This type of data is obtained through
repeated observations of the same subject at different time points. As a result, multiple measurement
results of the same subject exhibit temporal or spatial dependence, which makes the traditional
independent and identically distributed assumption no longer applicable. To address this issue, the
varying coefficient partially nonlinear model has become one of the research hotspots, as it combines
the interpretability of parametric models and the flexibility of nonparametric models. Li and Mei [1]
put forward a profile nonlinear least squares estimation approach to estimate the parameter vector and
coefficient function vector of the varying coefficient partially nonlinear model, and further derived the
asymptotic characteristics of the obtained estimators.

Important progress has been made in model estimation in existing studies. Yu and Zhu et al. [2]
constructed robust estimators for the partially linear additive model under functional data. Yan and
Tan et al. [3] explored the empirical likelihood inference targeting the partially linear errors-in-variables
model under longitudinal data. Varying coefficient partially nonlinear model based on mode regression,
a robust two-stage method for estimation and variable selection was proposed by Xiao and Liang
[4]. Zhao and Zhou et al. [5] put forward a new orthogonality-based empirical likelihood inference
method through orthogonal estimation techniques and empirical likelihood inference methods, which
is used to estimate the parametric and nonparametric components in a class of varying coefficient
partially linear instrumental variable models for longitudinal data. Liang and Zeger [6] applied the
generalized estimating equation to longitudinal data analysis, which effectively handles the correlation
issue of longitudinal data. For the varying coefficient partially nonlinear quantile regression model
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under randomly left-censored data, Xu and Fan et al. [7] introduced a three-stage estimation weighting
method.

However, significant challenges still exist in the existing methods for estimating the varying
coefficient partially nonlinear model. For instance, the estimation of nonlinear parameters is easily
disturbed by nonparametric components and longitudinal correlation structures, leading to reduced
estimation efficiency; when there is multicollinearity among explanatory variables, the ill-posed nature
of the design matrix will further decrease the stability of estimation. Such issues severely limit the
performance and practicality of the model in practical applications.

To address the above issues, existing studies have proposed a variety of improved methods. For
example, Qu and Lindsay et al. [8] used the quadratic inference function to improve the estimating
equation, and this method maintains optimal performance even when the working correlation structure
is misspecified. Bai and Fung et al. [9] applied the quadratic inference function to handle longitudinal
data, and the results demonstrate that the proposed estimation method exhibits excellent asymptotic
properties. Schumaker [10] used B-spline basis functions to approximate the varying coefficient
part, which improves the computational efficiency. Wei and Wang et al. [11] proposed a model
averaging method for linear models with randomly missing response variables. Jiang and Ji et al. [12]
proposed an estimation method for the varying coefficient partially nonlinear model based on the
exponential squared loss function. Xiao and Chen [13] proposed a procedure for local bias-corrected
cross-sectional nonlinear least squares estimation. For left-censored data, Xu and Fan et al. [14]
established a quantile regression estimation and variable selection method for the varying coefficient
partially nonlinear model. Based on the varying coefficient partially nonlinear model where the
nonparametric part has measurement errors, Qian and Huang [15] discussed a modified profile least
squares estimation method. Wang and Zhao et al. [16] proposed an inverse probability weighted
cross-sectional least squares method to estimate unknown parameters and nonparametric functions
for the varying coefficient partially nonlinear model.

This paper proposes an orthogonal estimation framework that integrates QR decomposition
and the QIF. QR decomposition can effectively eliminates the ill-posed nature of the design matrix
and improves numerical stability. The QIF method avoids the limitations of traditional generalized
estimating equations by adaptively weighting the intra-group correlation structure, significantly
enhancing estimation efficiency. This study not only provides a new theoretical tool for longitudinal
data analysis but also offers a feasible solution to complex modeling problems in practical applications.

The structure of this paper is arranged as follows: Section 2 introduces the model specification
and estimation method, including the specific implementation of QR decomposition and QIF; Section 3
discusses the asymptotic properties of the estimators; Section 4 verifies the superiority of the proposed
method through simulation experiments; The proof process of the main conclusions is provided in the
Appendix.

2. Models and Methods

Consider the varying coefficient partially nonlinear model introduced by Li and Mei [1]:
Y = x"a(U) +g(Z,B) + ¢, 1)

where, Y € R is the response variable, X € R?, U € R, and Z € R’ are covariates, a(U) =
(v (U), a2 (U), - - - ,ocp(U))T and ax(U),k = 1,2,-- -, p are unknown smooth functions, g(-,-) is a
nonlinear function with a known form, B = (B1,B2, - ,Bq) T denotes a g-dimensional unknown

parameter vector, and ¢ is the model error with mean zero and variance ¢>.
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2.1. Estimation of Parameter Vector

Considering the model (1) under longitudinal data, suppose the j-th observation of the i-th
individual satisfies:

Yl]:XZa(ul])+g(zl]/ﬁ)+£l]/ Z:1/2/ /n/j:1/2/"'lnl'/ (2)

among them, ¢;; has a mean of zero, and X;; € R?, Z;; € R”, Uj; are covariates.

Based on the idea of Schumaker [10], the unknown function ay(-),k = 1,2,-- -, p can be ap-
proximated using basis functions. The B-spline basis functions are denoted by the vector B(u) =
(By (), By(u),- - -, By (u))". The dimension L is defined as L = K + M, where K and M represent the
number of interior knots and the order of the spline, respectively. Then ay (1) can be approximately
expressed as

ap(u) ~Bu) vy, k=12,---,p, 3)

here v = (Y1, Yios ¢ ’ykL)T are the coefficient vector for the B-spline basis functions. model (2) can
be expressed as

YZ]%WJ’)’_Fg(Zl]/ﬁ)‘Fgl]/ i:1/2/"'/nrj:1/2/"'rnir (4)
T
define W;; = I, ® B (UZ-]-) - Xij, where @ is the Kronecker product, and let v = (’le, 'sz, e, 75) LY =

T T T
(Yill YiZ/' t /Yini) ’ Wi = (Will Wi2/' c /Wini) ’ g(Zir ,B) = (g(zill ,B)rg(ZiZI ,B)/ Tty g(ZiVlir ,B)) ’
e = (en,€, ,eini)T. Then model (4) can be expressed as

Yi = Wiy +9(Z;,B)+e;, i=1,2,---,n. )

Suppose that foralli = 1,2, - - - ,n, the matrices W; have full column rank, their QR decomposition can

WZZQZ<RZ>I Z‘:1/2/"'/1’1/ (6)

where Q; is an n; x n; orthogonal matrix, R; is a pL x pL triangular matrix, and 0 denotes a (1; — pL) x

be expressed as:

pL zero matrix. The matrix Q; can be divided into two parts as Q; = (Qj1, Qi2), where Q;; is a
n; X pL matrix and Qj; is a n; x (n; — pL) matrix. Substitute the decomposition of Q; into (6) to
obtain W; = Q;1R;, from the properties of orthogonal matrices, Ql-T2 Q;1 = 0 can be derived, and then
QiT2 W; = Qig Qi1R; = 0is obtained. Multiplying both sides of Equation (5) by Ql-Tz, and we get:

QLY; ~ Qhg(Z:,B) + Qhei, i=1,2,---,n. @)

It is easy to see that model (7) is a regression model containing only unknown parameters. Following
Liang [6], the generalized estimating equation for 8 can be defined as:

¢V(z,B) Qv QL (Y; — g(Z:,B)) =0, 8)

-

I
—

1

among them, gV(Z;, B) = (¢W(Z;1,B),-- -,V (Zin,, ,B))T, Vi = QL%,Qpp, L, is the covariance matri-
1 1

ces of Yj, and the structure of V; can also be expressed as V; = A?R(p)A? according to the method of
Liang [6], where A; is a diagonal matrix, R(p) is a working correlation matrix, and p is a correlation
parameter. Since a consistent estimator of p is not always available in practice, we adopt the QIF
method to approximate the working correlation matrix R~1(p) through a set of basis matrices, thereby
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avoiding direct specification of the correlation structure. Let M1, My, - - - , M; be a set of basis matrices
and ay,ap, - - - , a5 be coefficients satisfying:

Rfl(p) ~aiMy+a My + -+ asMs. )

Substituting (9) into (8), we obtain:

n 1 1
Y eM(Z:, ) QuA; (M + - +asMs) A, 2Qb(Yi — ¢(Zi, B)) = 0. (10)
i=1

Define the extended score function as follows:

§(zi, B)" QA 2M1 Q( ~8(Zi,B))
Zm jely V(2 p)" Qn4, ZMz'A 20 - 317, B) o ay

V(Z;,B)" QA4 2Ms Q L (Yi — g(Zi, B))

Thus, the QIF for  can be defined as:
Mu(B) = Gu (B): " (B)Gn(B), (12)

n P
where @, (8) = 1Y #;(B)n] (B), in this case, the estimator f of B is obtained by minimizing the
=1

objective function M, (B):
B = arg n’/mgin M, (B). (13)

2.2. Estimation of the Coefficient Functions

The QIF effectively handles the correlation in longitudinal data and improves estimation efficiency
by constructing a set of estimating equations. Therefore, after obtaining the initial estimates of the
parameters § , we also use the QIF method to estimate the coefficient functions ay (1), k =1,2,-- -, p.

Substitute the estimator of into Equation (5), resulting in:

Y= Wiy +e,i=12,--,n, (14)

where Y; = Y, — gi(Zi, B), assuming that the covariance matrix of Y; is ¥;, and its structure is
1 1
expressed following Liang[6] as ¥; = A’ R(p)AZ.2 , where A; is a diagonal matrix, R(p) is a working
correlation matrix, and p is a correlation parameter. Assuming V; is known, construct the following
estimating equation:
n

Y Wi (Y - Wiy) =0. (15)

i=1
In practical applications, V; is usually unknown. Based on this, we still adopt the QIF method and use
My, My, - -+, M; to approximate R;l, then we have:

n _1
Y WIA; 2 (i My + aaMy + -+ - + asMs) A; (Y Wiy) = 0. (16)
i=1
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Define the extended score function as follows:

_1 _
WA, leAl. (Y; — Wiy)
| WEA 2My A 2 (Y — Wiy)

chz j | A . (17)

WIA; I MA] 2 (Y; — W)

Nl= NI

Thus, the QIF for 7y can be defined as:
Qu(7) = G (N (MGu(7), (18)

n
where C,(7) = 1 Y ¢;(7) @7 (7). In this case, the estimate § of 7 can be obtained by minimizing the
=1

1=
objective function Q,(7y):
4 = argmin Qy (7). (19)

Thus, the estimate of the coefficient function ay(u) can be expressed as:
&e(u) ~ B(w) 9, k=1,2,---,p. (20)
where 4y is the component corresponding to the k-th coefficient function in 4.

3. Main Conclusions

This section studies the asymptotic properties of the estimators B and a;(u),k = 1,2,---,p,
assuming that By and ag(-) are the true values of § and «(-) respectively, g is the true value of y, and
ago(+) and kg are the k-th components of ag(-) and -y respectively. First, we present some common
regularity conditions in longitudinal data analysis:

(C1) The random variable U has a bounded support (2, and its probability density function f(-)
is positive and has continuous second-order derivatives.

(C2) The varying coefficient function aq (1), - - - , (1) is continuously differentiable of order r on
[0,1], where r > 2.

(C3) For any Z, g(Z,B) is continuous with respect to B, and g(Z, ) has continuous partial
derivatives of order r.

(C4) sup; ||E(g;el) || < oo holds, and there exists some 6 > 0 satisfying E(|[¢; 1279)

< 0.

(C5) The covariates X;; and Z;; are assumed to satisfy the following conditions: sup E{ HXi]- ||4} <
ij
o0, SUPE{||Z1']‘H4} <00, i=1,2,---n,j=1,2--,n
ij

(C6) Let tq, - - -, tx be interior nodes on [0,1]. Furthermore, letty =0, ty =1, & =t — £,

then there exists a constant Cy such that: r;fﬁgﬁ < Cp, max{|&i41 — &} = o(K™1)
1 1

(C7) Define Py, = QiZAi_ 2 MkAl._z Qig, then we have:

< P
ZE{ ZZI,B lkg (Zi'ﬁ)}_)Dk/ k=1,2,---,s.
i=1

3\»—\

[\’_]:

|-

{g(l (ZIHB)TPZIIHVPllg (ZZI,B)} £>(2lk/ lrk:1/21"'ls

i=1

Among them, D; and () are constant matrices, and L, denotes convergence in probability.
Define Qp = (Qy) psxps and To = (Df,---,DI )T, additionally, assume that Qg and T'{ Q) 'T are both
invertible.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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It is noted that, conditions (C1) to (C5) are common conditions in varying coefficient partially non-
linear models components, Condition (C6) indicates that tg, - - - , fx11 is a uniform partition sequence
over the interval [0, 1], and Condition (C7) is used for subsequent proofs.

Theorem 1. Under conditions (C1) to (C7), and when n — oo, it follows that:
V(B —Bo) = N(O,Y),

. _ -1 T .
where the matrix Y = (T} QY ry) ", Ly denotes convergence in distribution.

1
Theorem 2. Under conditions (C1) to (C7), the number of nodes K = O(n2r+1), and when n — oo, it
follows that:

o
Hﬁck(-) — “ko(')H = Op <n 2r+1>, k=1,2,--- ,P-
where ||-|| denotes the Ly norm of the function.

4. Simulation Study

This section evaluates the finite-sample performance of the proposed orthogonality estimation
method based on QR decomposition and quadratic inference functions in varying coefficient partially
nonlinear models through a Monte Carlo simulation study. Consider the following model:

Y = XTa(U) +8(Z B) +e

among them, the covariates X, Z = (Z;, ZZ)T both follow normal distributions, the nonlinear func-
tion g(Z, B) is defined as ¢(Z, B) = B1Z1 + P2 exp(Z,), with the parameter vector B = (B1,82)" =
(0.8,—0.5)T. Additionally, U ~ U(0,1), the coefficient function a(U) = sin(27tU), the error term ¢
follows an AR(1) process, and its structure is: ¢;; = 0.5¢; ;1 + v; ;, where v; j ~ N (0,0.5v/1 —0.5%) to
ensure the error variance is 0.5.

The sample size is set to n = 100, 150, 200, for the i-th subject, the number of repeated measure-
ments is m; = 8, and 1000 simulation runs are conducted for each case. The method combining QR
decomposition and QIF proposed in this paper (OQIF) is compared with the profile nonlinear least
squares method (PNLS) proposed by Li and Mei [1]. After sorting out, the following Tables 1 and 2 are
obtained.

Table 1. The bias and standard deviation of 1 and 8, measured by different methods

Method Parameter n =100 n =150 n =200
Bias SD Bias SD Bias SD
OQIF Bl 0.00257 0.02012 0.00123 0.01890 0.00079 0.01568
.BZ -0.00390 0.03890 -0.00235 0.03568 -0.00157 0.02946
PNLS 31 0.01457 0.03012 0.01235 0.02789 0.00988 0.02346
/%2 -0.02789 0.05890 -0.02457 0.05235 -0.02012 0.04457

It can be seen from the results in Table 1 that as the sample size increases, the bias and standard
deviation of both methods decrease. However, the bias and standard deviation of the OQIF method are
smaller, indicating more accurate estimation. Although a larger sample size improves the estimation
accuracy of both methods, the OQIF method performs better in bias control.

The results in Table 2 show that the average length of the confidence interval of the OQIF method
is significantly shorter than that of the PNLS method, demonstrating higher estimation efficiency, the
coverage rate of the OQIF method is closer to the ideal 95%, while although the coverage rate of the
PNLS method has improved, it is still below 95%.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Table 2. Confidence Interval Length and Coverage Probability Comparison

n=100 n=150 n=200
Length Coverage Length Coverage Length Coverage

Method Parameter

OQIF Bl 0.07671 0.943 0.07190 0.947 0.05971 0.951
B2 0.14853 0.937 0.13551 0.941 0.11329 0.948
PNLS Bl 0.11329 0.911 0.10065 0.918 0.08541 0.925
B2 0.20995 0.899 0.18773 0.905 0.15946 0.912

In conclusion, when the sample size increases from 100 to 200, the OQIF method demonstrates
higher estimation accuracy and stronger robustness across all evaluation indicators. These trend
analyses further confirm the theoretical advantages and practical application value of the OQIF
method in handling nonlinear longitudinal data.

We further conducted 1000 simulations and plotted boxplots of the 1000 RMSE values for parame-
ters 31 and B, as shown in Figure 1 and 2. From the figures, we can observe the following: the RMSE
values of A1 and j3, for both methods decrease as the sample size increases, however, the OQIF method
already exhibits good performance with a small sample size (n=100), while the PNLS method requires
a larger sample size to achieve similar accuracy. The boxplots of the OQIF method are more symmetric
and compact, indicating that the distribution of its estimators is closer to the normal distribution and
has better statistical properties. Additionally, the OQIF method has significantly fewer outliers than
the PNLS method, demonstrating stronger robustness against abnormal data. This suggests that the
overall performance of the OQIF method in parameter estimation is superior to that of the PNLS
method, with more pronounced advantages especially in cases of finite samples.

A B
! !
L
0.75 075
0.50 0.50 v v -
g
z
' g 1
0.25 . 0.25 ! :
3
T }
0.00 |---- Lo Lo T 000 F====-=====-----mmmooooooo
n=100 n=150 n=200 n=100 n=150 n=200

Figure 1. Box plot of 1000 RMSE values for B1 under the OQIF (A) and PNLS (B) methods
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e
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Figure 2. Box plot of 1000 RMSE values for .BZ under the OQIF (A) and PNLS (B) methods

Next, we estimate the coefficient function &(U ), simulate 1000 times and draw the box plot of the
RMSE of &(U) under different samples, resulting in Figure 3 below.
Estimation Error Comparison (n=100)

Estimation Error Comparison (n=150) Estimation Error Comparison (n=200)

157 R 1.5 15
11 —_— 1 14
P 2 N kod —
g ? i 8 o T g e
0 0.5 i : & 957 —_— i 0.5 i
c P : ! c H
Ke] J e — o A I L o e - - -
E : £ | : E —t—
n -0.5 I i @ 0.5 3 @ -05 &
u ! u i w
-1 B 19 14
1.5 15 1.5
T T T T T T
OQIF PLS OQIF PLS OQIF PLS
@) (b) (0)

Figure 3. Box plot of 1000 RMSE for &(U) with different sample sizes

As can be seen from the above boxplots: with the increase in sample size, the error distributions
of both the OQIF method and the PNLS method become more concentrated, but the error of the OQIF
method is significantly smaller than that of the PNLS method. This further verifies the superiority of
the OQIF method in the varying coefficient partially nonlinear model.
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Abbreviations

The following abbreviations are used in this manuscript:
QIF Quadpratic inference function

OQIF  The combination of QR decomposition and QIF
PNLS Profile nonlinear least squares

Appendix A

To prove Theorems 1 and 2, we first present the following lemmas:

Lemma A1l. Let c be a positive constant, and let ¢;, i = 1,2, - - - n. be a sequence of independent and identically
distributed random variables. If it satisfies conditions E(&;) = 0 and E(Z?) < ¢ < oo, then we have

Z Gi| = Op(ﬁlog”)-

max
1<k<n

i=

Proof. The result has been proven in Lemma A.2 of Zhao and Xue [17]. O
Lemma A2. Assume that the conditions (C1) to (C7) hold, when n — oo, we have:

VnGn(Bo) & N(0,Q),

where Qg is defined in Condition (C7).

T
Proof. Let R(U;) = (X}r(Upn),--- /Xiir(uini)) L r(u) = (), )T, () = ag(u) —
B (”)T%{, combining with Qig W; = 0, we can obtain:

QhY; = Qh8(Zi, Bo) + QLWivo + QLR(U;) + Qpe;

(A1)
= Q08 (Zi, Po) + QpR(U;) + Qbe;.
Let G, x(B) denote the k-th component of G, (), combining with Equation (11), we obtain:
1 ¢ Ty A=3 g 4~ 3T
VG k(o) = NG Y-8 (Zi Bo) QuA; 2MeA; 2 Qb (Yi — 8(Zi, o))
i=1
1 & T 2= 3as a~3 AT
=7 Y- 8"(Zi, o) QuA; 2MA; ZQLR(U)) (A2)
i=1
1 .0 Ty A=2ap 4= 3T
7 L8 (i Bo) QuA P MiA; Qe
1=

Conclusion [|R(U;)|| = O(K™") can be derived from Conditions (C2), (C5), and Corollary 6.21 of
Schumaker [10], further combining with Lemma A1, we obtain:

1

(1) 2 -2 11 —r
f 28 (Zi, Bo)" QnA; 2MiA; 2QLR(U;)=0,(n 2n2lognK ") = 0,(1). (A3)
1
Let Zu = gW(Z: Bo)  QuA,; 2MkA 2Qh(Yi — g(Zi, Bo)), combining with E(5i|Xi/Zi) = 0 and
cov(e;|X;, Z; ) = V;, we can thus conclude E (i |X;, Z; ) = Oandcov(gik|Xi,Z‘) = g( (Zl,,BO)T kg( )
(Zi, Bo), where Py is defined in Condition (C7). We further let {; = ({} 1 £,~ . ZS) , it follows that
E(gi|Xi, Z;) = 0and

Ni1 -+ Nis
cov(GilXi, Zi)=| + . 1|, (A4)

Nisl Niss
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where Njj, = (Zl,ﬁO)TPlVP M (z;, Bo), L,k =1,2,---,s. combining with Condition (C7) and
the Law of Large Numbers, we conclude that:

1 n
=Y Nix Loy (A5)
i3

Furthermore, for any constant vector a € R*Pthat satisfying condition a”a = 1, we have E{a”{;} =0

||2+5

and sup E||a"g; < ||a||2+5sqp E||§i||2+‘5 < Csup E||ei||2+‘5 < oo, where C is a positive constant.
1 1

i
Therefore, a’ ; satisfies the Lyapunov condition of the Central Limit Theorem. Thus, we obtain:

i ag;
— I LN (0,1). Further combining with Equations (A4) and (A5), we can obtain:

(aT 35 cov(i)a)

i=1
1 n
=) cov(()) L. (A6)
i=1
Further combining with Equations (A2), (A3), and the Central Limit Theorem, we can obtain:

VnGu(Bo) = f ZCz +0p(1) = N(0,0). (A7)
The proof of Lemma A2 is completed. [J

Lemma A3. Assume that the conditions (C1) to (C7) hold, we have G, (Bo) LN —To and Oy (Bo) LN Oy,
where T and Q) are defined in Condition (C7), and G, (Bo) is the first-order derivative of G,,(Bo) with respect

to Bo.

Proof. After simple calculations, we obtain:

. V(Z;, Bo) QuA, 2Ml leg )(Zi, Bo)
1
0=~ ; : . (A8)

1 1
U(Zi,B0) " QuA; ZMsA; 2Qhg™M(Z;, Bo)

Combining with Condition (C7) and the Law of Large Numbers, we have that:

n

1
1 8W(Zi o) QA M 2Qhg 0 (Z o) B D k=121 (A9)
i=1

Further combining with Equation (A8), we obtain: Gau( Bo) Lor 0. The proof of Lemma 2 shows that:

12 12 gzlgll o gilgiq;
Qu(Bo) =~ 3Gl +op()=—3 | = i [Hop(D). (A10)

i=1 i=1 T T

Cis i Cis is

Similar to the proof of Equation (A5), we can obtain:
1& P
~) Gk — Q. (A11)
i=1

Therefore, ), (Bo) LN g, The proof of Lemma 3 is completed. [
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Lemma A4. Assume that the conditions (C1) to (C7) hold, we obtain:

| M1 (Bo) — 261 (Bo) 25 (Bo)Gu(Bo) | = Op(n™),
and

| ¥ (B0) — 267 (Bo) 2, (B) (o) | = 0 (1)

Where My, (Bo) and M, (Bo) are the first-order derivative and the second-order derivative of My, (Bo), respec-
tively.

Proof. According to the definition of M, (), we can obtain the following result through calculation:

M, (Bo) = 2G5 (Bo) " (Bo)Gu(Bo) + Gor (Bo) 2, (Bo) 2 (Bo) 2, (Bo) G (Bo)- (A12)

1
It follows from Lemma A2 that: G,(Bo) = Op(n"~ 2). Further, from Condition (C7) and Lemma A3, we
can obtain:

Gur (B0) 2 (Bo)n (Bo) Q2 (Bo) G (Bo)=Op (n™1). (A13)
Combining the Equations (A12) and (A13), we can obtain:
Mn(,BO) = ZGE([&O)Q;l(ﬁO)Gn(ﬁO) + Op(nil)- (Al4)

Similarly, we can obtain the following through calculation:

M (Bo) = 2Gy (o) ' (Bo) Gu(Bo) + Ru, (A15)
where,
Ry = 26;(50)051(50)@1 (,30)
— 4G (Bo) 2 (Bo) Q0 (Bo) 2, (Bo) G (o)
+ 2G5 (Bo) % (Bo) 2 (Bo) 2 (Bo) 2 (Bo) Q2 (Bo) G (Bo) (Al6)

— G (B0) Q% (Bo) i (Bo) 2y 1 (Bo) G (Bo)
=h+DL+I+]1

1
Combining Lemma A2 and Lemma A3, we can obtain the following: I; and I, are both O, (1~ 2), while
I; and Iy are both Op(n~1), thus, R, = 0,(1). The proof of Lemma A4 is completed. [

Proof of Theorem 1. Noting that § = arg mﬁin M, (B), thus M, (B) = 0, according to the Lagrange

Mean Value Theorem, we have:

M, (Bo) + My (B*)(B— Bo) =0, (A17)

where B* lies between 8 and By, thus, we have:
V(B = po) = VM, (B")Mu(Bo)- (A18)
Combining Lemma A3 and Lemma A4, we can obtain:
1/ % ST OV =17 g%\ * -1 /Tt -1
(B = [26T (BN (BIGH(B) +0,(1)] =5 (TE0T0)  Hop(1),  (A19)
and

VM, (Bo) = 2G (Bo)Q,  (Bo)v/nGu(Bo) + 0p(1) = 2T0Qy ' v/nGyu(Bo) + 0p(1). (A20)
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Combining Equations (A18) to (A20) and Slutsky’s Theorem, we can obtain:
3 Liera-1p) 1 -1
V(B = o) = |5 (T35 To)  +0,(1)| [20005 " ViiGur(Bo) + 0, (1)]
(A21)

- (rgoglro) 71r0051\/ﬁcn(/30) +0,(1)

L N(0, %),

-1
where, 2 = (l"g Q, 1F0) , the proof of Theorem 1 is completed. [J

Proof of Theorem 2. Let T = n~ 71,7 = 7 + 5. That is, we need to prove that for any given e > 0,
there exists a constant C such that the following holds:

P{HTPC Qu(7) > Qul(10)} <1-e (A22)

Let A(y) = nK~1[Qu () — Qu(70)]. By Taylor’s Formula, we can obtain:

A(y) = nK ™ [Qu(v0 +75) — Qu(70)]
T

1 1 0
= nK 1 tsTQ,' (70) + EanlrstQn”('yO)s + gnK*1T3(£{sTQn”(7*)s}) s (A23)

=h+h+]s,

1
where 7* lies between v and 79. Noting that K = O<n27+1>, we can obtain the following

through the assumption conditions and some calculations: J; = O,(ntK™1)||s|| = o0,(1)|s|,
L= Op(nTzK’l)HsH2 = Op(1)||s||2, J3 = Op(nT3K’l)||s||3 = 0,,(1)\|s||3. Thus, there exists a suf-
ficiently large constant C such that when ||s|| = C, J» can control J; and J3; therefore, Equation (A8)
holds, and there further exists a maximum point 4 satisfying:

I
17 = Y0ll = Op(7) = Op(n251), (A24)

then we can obtain: .
lak(-) — k()| = Op(n 2+1), k=1,2,---,p. (A25)

The proof of Theorem 2 is completed. O
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