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Abstract

Aiming at the estimation efficiency problem of multicollinearity and longitudinal data correlation in
the varying coefficient partially nonlinear models, a method based on QR decomposition and quadratic
inference function (QIF) is proposed to obtain the orthogonality estimation of parameter components
and varying coefficient functions. QR decomposition eliminates the pathology of the design matrix,
and combines the adaptive weighting of the relevant structures within the group by QIF to effectively
capture the complex correlation structure of longitudinal data. The theoretical analysis proves the
asymptotic nature of the estimator, and the efficiency of the estimation method proposed in this paper
is verified by simulation experiments.
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quadratic inference function
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1. Introduction
In recent years, longitudinal data have attracted much attention due to their wide applications

in fields such as biomedicine, economics and social sciences. This type of data is obtained through
repeated observations of the same subject at different time points. As a result, multiple measurement
results of the same subject exhibit temporal or spatial dependence, which makes the traditional
independent and identically distributed assumption no longer applicable. To address this issue, the
varying coefficient partially nonlinear model has become one of the research hotspots, as it combines
the interpretability of parametric models and the flexibility of nonparametric models. Li and Mei [1]
put forward a profile nonlinear least squares estimation approach to estimate the parameter vector and
coefficient function vector of the varying coefficient partially nonlinear model, and further derived the
asymptotic characteristics of the obtained estimators.

Important progress has been made in model estimation in existing studies. Yu and Zhu et al. [2]
constructed robust estimators for the partially linear additive model under functional data. Yan and
Tan et al. [3] explored the empirical likelihood inference targeting the partially linear errors-in-variables
model under longitudinal data. Varying coefficient partially nonlinear model based on mode regression,
a robust two-stage method for estimation and variable selection was proposed by Xiao and Liang
[4]. Zhao and Zhou et al. [5] put forward a new orthogonality-based empirical likelihood inference
method through orthogonal estimation techniques and empirical likelihood inference methods, which
is used to estimate the parametric and nonparametric components in a class of varying coefficient
partially linear instrumental variable models for longitudinal data. Liang and Zeger [6] applied the
generalized estimating equation to longitudinal data analysis, which effectively handles the correlation
issue of longitudinal data. For the varying coefficient partially nonlinear quantile regression model
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under randomly left-censored data, Xu and Fan et al. [7] introduced a three-stage estimation weighting
method.

However, significant challenges still exist in the existing methods for estimating the varying
coefficient partially nonlinear model. For instance, the estimation of nonlinear parameters is easily
disturbed by nonparametric components and longitudinal correlation structures, leading to reduced
estimation efficiency; when there is multicollinearity among explanatory variables, the ill-posed nature
of the design matrix will further decrease the stability of estimation. Such issues severely limit the
performance and practicality of the model in practical applications.

To address the above issues, existing studies have proposed a variety of improved methods. For
example, Qu and Lindsay et al. [8] used the quadratic inference function to improve the estimating
equation, and this method maintains optimal performance even when the working correlation structure
is misspecified. Bai and Fung et al. [9] applied the quadratic inference function to handle longitudinal
data, and the results demonstrate that the proposed estimation method exhibits excellent asymptotic
properties. Schumaker [10] used B-spline basis functions to approximate the varying coefficient
part, which improves the computational efficiency. Wei and Wang et al. [11] proposed a model
averaging method for linear models with randomly missing response variables. Jiang and Ji et al. [12]
proposed an estimation method for the varying coefficient partially nonlinear model based on the
exponential squared loss function. Xiao and Chen [13] proposed a procedure for local bias-corrected
cross-sectional nonlinear least squares estimation. For left-censored data, Xu and Fan et al. [14]
established a quantile regression estimation and variable selection method for the varying coefficient
partially nonlinear model. Based on the varying coefficient partially nonlinear model where the
nonparametric part has measurement errors, Qian and Huang [15] discussed a modified profile least
squares estimation method. Wang and Zhao et al. [16] proposed an inverse probability weighted
cross-sectional least squares method to estimate unknown parameters and nonparametric functions
for the varying coefficient partially nonlinear model.

This paper proposes an orthogonal estimation framework that integrates QR decomposition
and the QIF. QR decomposition can effectively eliminates the ill-posed nature of the design matrix
and improves numerical stability. The QIF method avoids the limitations of traditional generalized
estimating equations by adaptively weighting the intra-group correlation structure, significantly
enhancing estimation efficiency. This study not only provides a new theoretical tool for longitudinal
data analysis but also offers a feasible solution to complex modeling problems in practical applications.

The structure of this paper is arranged as follows: Section 2 introduces the model specification
and estimation method, including the specific implementation of QR decomposition and QIF; Section 3
discusses the asymptotic properties of the estimators; Section 4 verifies the superiority of the proposed
method through simulation experiments; The proof process of the main conclusions is provided in the
Appendix.

2. Models and Methods
Consider the varying coefficient partially nonlinear model introduced by Li and Mei [1]:

Y = XTα(U) + g(Z, β) + ε, (1)

where, Y ∈ R is the response variable, X ∈ Rp, U ∈ R, and Z ∈ Rr are covariates, α(U) =(
α1(U), α2(U), · · · , αp(U)

)T and αk(U), k = 1, 2, · · · , p are unknown smooth functions, g(·, ·) is a

nonlinear function with a known form, β =
(

β1, β2, · · · , βq
)T denotes a q-dimensional unknown

parameter vector, and ε is the model error with mean zero and variance σ2.
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2.1. Estimation of Parameter Vector

Considering the model (1) under longitudinal data, suppose the j-th observation of the i-th
individual satisfies:

Yij = XT
ij α
(
Uij
)
+ g
(
Zij, β

)
+ εij, i = 1, 2, · · · , n, j = 1, 2, · · · , ni, (2)

among them, εij has a mean of zero, and Xij ∈ Rp, Zij ∈ Rr, Uij are covariates.
Based on the idea of Schumaker [10], the unknown function αk(·), k = 1, 2, · · · , p can be ap-

proximated using basis functions. The B-spline basis functions are denoted by the vector B(u) =

(B1(u), B2(u), · · · , BL(u))
T . The dimension L is defined as L = K + M, where K and M represent the

number of interior knots and the order of the spline, respectively. Then αk(u) can be approximately
expressed as

αk(u) ≈ B(u)Tγk, k = 1, 2, · · · , p, (3)

here γk = (γk1, γk2, · · · , γkL)
T are the coefficient vector for the B-spline basis functions. model (2) can

be expressed as

Yij ≈ WT
ij γ + g

(
Zij, β

)
+ εij, i = 1, 2, · · · , n, j = 1, 2, · · · , ni, (4)

define Wij = Ip ⊗ B
(
Uij
)
· Xij, where ⊗ is the Kronecker product, and let γ =

(
γT

1 , γT
2 , · · · , γT

p

)T
, Yi =(

Yi1, Yi2, · · · , Yini

)T , Wi =
(
Wi1, Wi2, · · · , Wini

)T , g(Zi, β) = (g(Zi1, β), g(Zi2, β), · · · , g(Zini , β)
)T ,

εi =
(
εi1, εi2, · · · , εini

)T . Then model (4) can be expressed as

Yi ≈ Wiγ + g(Zi, β) + εi, i = 1, 2, · · · , n. (5)

Suppose that for all i = 1, 2, · · · , n, the matrices Wi have full column rank, their QR decomposition can
be expressed as:

Wi = Qi

(
Ri

0

)
, i = 1, 2, · · · , n, (6)

where Qi is an ni × ni orthogonal matrix, Ri is a pL× pL triangular matrix, and 0 denotes a (ni − pL)×
pL zero matrix. The matrix Qi can be divided into two parts as Qi = (Qi1, Qi2), where Qi1 is a
ni × pL matrix and Qi2 is a ni × (ni − pL) matrix. Substitute the decomposition of Qi into (6) to
obtain Wi = Qi1Ri, from the properties of orthogonal matrices, QT

i2Qi1 = 0 can be derived, and then
QT

i2Wi = QT
i2Qi1Ri = 0 is obtained. Multiplying both sides of Equation (5) by QT

i2, and we get:

QT
i2Yi ≈ QT

i2g(Zi, β) + QT
i2εi, i = 1, 2, · · · , n. (7)

It is easy to see that model (7) is a regression model containing only unknown parameters. Following
Liang [6], the generalized estimating equation for β can be defined as:

n

∑
i=1

g(1)(Zi, β)TQi2V−1
i QT

i2(Yi − g(Zi, β)) = 0, (8)

among them, g(1)(Zi, β) = (g(1)(Zi1, β), · · · , g(1)(Zini , β))
T

, Vi = QT
i2ΣiQi2, Σi is the covariance matri-

ces of Yi, and the structure of Vi can also be expressed as Vi = A
1
2
i R(ρ)A

1
2
i according to the method of

Liang [6], where Ai is a diagonal matrix, R(ρ) is a working correlation matrix, and ρ is a correlation
parameter. Since a consistent estimator of ρ is not always available in practice, we adopt the QIF
method to approximate the working correlation matrix R−1(ρ) through a set of basis matrices, thereby
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avoiding direct specification of the correlation structure. Let M1, M2, · · · , Ms be a set of basis matrices
and a1, a2, · · · , as be coefficients satisfying:

R−1(ρ) ≈ a1M1 + a2M2 + · · ·+ as Ms. (9)

Substituting (9) into (8), we obtain:

n

∑
i=1

g(1)(Zi, β)TQi2 A
− 1

2
i (a1M1 + · · ·+ as Ms)A

− 1
2

i QT
i2(Yi − g(Zi, β)) = 0. (10)

Define the extended score function as follows:

Gn(β) =
1
n

n

∑
i=1

ηi(β) ≜
1
n

n

∑
i=1


g(1)(Zi, β)TQi2 A

− 1
2

i M1 A
− 1

2
i QT

i2(Yi − g(Zi, β))

g(1)(Zi, β)TQi2 A
− 1

2
i M2 A

− 1
2

i QT
i2(Yi − g(Zi, β))

...

g(1)(Zi, β)TQi2 A
− 1

2
i Ms A

− 1
2

i QT
i2(Yi − g(Zi, β))


. (11)

Thus, the QIF for β can be defined as:

Mn(β) = GT
n (β)Φ−1

n (β)Gn(β), (12)

where Φn(β) = 1
n

n
∑

i=1
ηi(β)ηT

i (β), in this case, the estimator β̂ of β is obtained by minimizing the

objective function Mn(β):
β̂ = arg min

β
Mn(β). (13)

2.2. Estimation of the Coefficient Functions

The QIF effectively handles the correlation in longitudinal data and improves estimation efficiency
by constructing a set of estimating equations. Therefore, after obtaining the initial estimates of the
parameters β , we also use the QIF method to estimate the coefficient functions αk(u), k = 1, 2, · · · , p.

Substitute the estimator of into Equation (5), resulting in:

Ỹi ≈ Wiγ + εi, i = 1, 2, · · · , n, (14)

where Ỹi = Yi − gi
(
Zi, β̂

)
, assuming that the covariance matrix of Ỹi is Ψi , and its structure is

expressed following Liang[6] as Ψi = A
1
2
i R(ρ)A

1
2
i , where Ai is a diagonal matrix, R(ρ) is a working

correlation matrix, and ρ is a correlation parameter. Assuming Vi is known, construct the following
estimating equation:

n

∑
i=1

WT
i Ψ−1

i
(
Ỹi − Wiγ

)
= 0. (15)

In practical applications, Vi is usually unknown. Based on this, we still adopt the QIF method and use
M1, M2, · · · , Ms to approximate R−1

i , then we have:

n

∑
i=1

WT
i A− 1

2
i (a1M1 + a2M2 + · · ·+ as Ms)A− 1

2
i (Yi − Wiγ) = 0. (16)
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Define the extended score function as follows:

Gn(γ) =
1
n

n

∑
i=1

φi(γ) ≜
1
n

n

∑
i=1


WT

i A− 1
2

i M1 A− 1
2

i (Yi − Wiγ)

WT
i A− 1

2
i M2 A− 1

2
i (Yi − Wiγ)
...

WT
i A− 1

2
i Ms A− 1

2
i (Yi − Wiγ)

. (17)

Thus, the QIF for γ can be defined as:

Qn(γ) = GT
n (γ)C

−1
n (γ)Gn(γ), (18)

where Cn(γ) =
1
n

n
∑

i=1
φi(γ)φT

i (γ). In this case, the estimate γ̂ of γ can be obtained by minimizing the

objective function Qn(γ):
γ̂ = arg min Qn(γ). (19)

Thus, the estimate of the coefficient function αk(u) can be expressed as:

α̂k(u) ≈ B(u)Tγ̂k, k = 1, 2, · · · , p. (20)

where γ̂k is the component corresponding to the k-th coefficient function in γ̂.

3. Main Conclusions
This section studies the asymptotic properties of the estimators β̂ and α̂k(u), k = 1, 2, · · · , p,

assuming that β0 and α0(·) are the true values of β and α(·) respectively, γ0 is the true value of γ, and
αk0(·) and γk0 are the k-th components of α0(·) and γ respectively. First, we present some common
regularity conditions in longitudinal data analysis:

(C1) The random variable U has a bounded support Ω, and its probability density function fu(·)
is positive and has continuous second-order derivatives.

(C2) The varying coefficient function α1(u), · · · , αp(u) is continuously differentiable of order r on
[0, 1], where r > 2.

(C3) For any Z, g(Z, β) is continuous with respect to β, and g(Z, β) has continuous partial
derivatives of order r.

(C4) supi
∥∥E(εiε

T
i )
∥∥ < ∞ holds, and there exists some δ > 0 satisfying E(∥εi∥2+δ) < ∞.

(C5) The covariates Xij and Zij are assumed to satisfy the following conditions: sup
ij

E
{∥∥Xij

∥∥4
}
<

∞, sup
ij

E
{∥∥Zij

∥∥4
}
< ∞, i = 1, 2, · · · n, j = 1, 2, · · · , ni.

(C6) Let t1, · · · , tk be interior nodes on [0, 1]. Furthermore, let t0 = 0, tk+1 = 1, ξi = ti − ti−1,
then there exists a constant C0 such that: max{ξi}

min{ξi}
≤ C0, max{|ξi+1 − ξi|} = o

(
K−1)

(C7) Define Pik = Qi2 A
− 1

2
i Mk A

− 1
2

i QT
i2, then we have:

1
n

n

∑
i=1

E
{

g(1)(Zi, β)T Pikg(1)(Zi, β)
}

P−→ Dk, k = 1, 2, · · · , s.

1
n

n

∑
i=1

E
{

g(1)(Zi, β)T PT
il ViPil g(1)(Zi, β)

}
P−→ Ωlk, l, k = 1, 2, · · · , s.

Among them, Dk and Ωlk are constant matrices, and P−→ denotes convergence in probability.
Define Ω0 = (Ωlk)ps×ps and Γ0 = (DT

1 , · · · , DT
s )

T , additionally, assume that Ω0 and ΓT
0 Ω−1

0 Γ0 are both
invertible.
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It is noted that, conditions (C1) to (C5) are common conditions in varying coefficient partially non-
linear models components, Condition (C6) indicates that t0, · · · , tk+1 is a uniform partition sequence
over the interval [0, 1], and Condition (C7) is used for subsequent proofs.

Theorem 1. Under conditions (C1) to (C7), and when n → ∞, it follows that:

√
n(β̂ − β0)

L−→ N(0, ∑),

where the matrix ∑ = (ΓT
0 Ω−1

0 Γ0)
−1

, L−→ denotes convergence in distribution.

Theorem 2. Under conditions (C1) to (C7), the number of nodes K = O
(

n
1

2r+1

)
, and when n → ∞, it

follows that:

∥α̂k(·)− αk0(·)∥ = Op

(
n− r

2r+1

)
, k = 1, 2, · · · , p.

where ∥·∥ denotes the L2 norm of the function.

4. Simulation Study
This section evaluates the finite-sample performance of the proposed orthogonality estimation

method based on QR decomposition and quadratic inference functions in varying coefficient partially
nonlinear models through a Monte Carlo simulation study. Consider the following model:

Y = XTα(U) + g(Z, β) + ε,

among them, the covariates X, Z = (Z1, Z2)
T both follow normal distributions, the nonlinear func-

tion g(Z, β) is defined as g(Z, β) = β1Z1 + β2 exp(Z2), with the parameter vector β = (β1, β2)
T =

(0.8,−0.5)T . Additionally, U ∼ U(0, 1), the coefficient function α(U) = sin(2πU), the error term ε

follows an AR(1) process, and its structure is: εi,j = 0.5εi,j−1 + vi,j, where vi,j ∼ N(0, 0.5
√

1 − 0.52) to
ensure the error variance is 0.5.

The sample size is set to n = 100, 150, 200, for the i-th subject, the number of repeated measure-
ments is mi ≡ 8, and 1000 simulation runs are conducted for each case. The method combining QR
decomposition and QIF proposed in this paper (OQIF) is compared with the profile nonlinear least
squares method (PNLS) proposed by Li and Mei [1]. After sorting out, the following Tables 1 and 2 are
obtained.

Table 1. The bias and standard deviation of β̂1 and β̂2 measured by different methods

Method Parameter n = 100 n = 150 n = 200

Bias SD Bias SD Bias SD

OQIF β̂1 0.00257 0.02012 0.00123 0.01890 0.00079 0.01568
β̂2 -0.00390 0.03890 -0.00235 0.03568 -0.00157 0.02946

PNLS β̂1 0.01457 0.03012 0.01235 0.02789 0.00988 0.02346
β̂2 -0.02789 0.05890 -0.02457 0.05235 -0.02012 0.04457

It can be seen from the results in Table 1 that as the sample size increases, the bias and standard
deviation of both methods decrease. However, the bias and standard deviation of the OQIF method are
smaller, indicating more accurate estimation. Although a larger sample size improves the estimation
accuracy of both methods, the OQIF method performs better in bias control.

The results in Table 2 show that the average length of the confidence interval of the OQIF method
is significantly shorter than that of the PNLS method, demonstrating higher estimation efficiency, the
coverage rate of the OQIF method is closer to the ideal 95%, while although the coverage rate of the
PNLS method has improved, it is still below 95%.
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Table 2. Confidence Interval Length and Coverage Probability Comparison

Method Parameter n=100 n=150 n=200

Length Coverage Length Coverage Length Coverage

OQIF β̂1 0.07671 0.943 0.07190 0.947 0.05971 0.951
β̂2 0.14853 0.937 0.13551 0.941 0.11329 0.948

PNLS β̂1 0.11329 0.911 0.10065 0.918 0.08541 0.925
β̂2 0.20995 0.899 0.18773 0.905 0.15946 0.912

In conclusion, when the sample size increases from 100 to 200, the OQIF method demonstrates
higher estimation accuracy and stronger robustness across all evaluation indicators. These trend
analyses further confirm the theoretical advantages and practical application value of the OQIF
method in handling nonlinear longitudinal data.

We further conducted 1000 simulations and plotted boxplots of the 1000 RMSE values for parame-
ters β̂1 and β̂2, as shown in Figure 1 and 2. From the figures, we can observe the following: the RMSE
values of β̂1 and β̂2 for both methods decrease as the sample size increases, however, the OQIF method
already exhibits good performance with a small sample size (n=100), while the PNLS method requires
a larger sample size to achieve similar accuracy. The boxplots of the OQIF method are more symmetric
and compact, indicating that the distribution of its estimators is closer to the normal distribution and
has better statistical properties. Additionally, the OQIF method has significantly fewer outliers than
the PNLS method, demonstrating stronger robustness against abnormal data. This suggests that the
overall performance of the OQIF method in parameter estimation is superior to that of the PNLS
method, with more pronounced advantages especially in cases of finite samples.

Figure 1. Box plot of 1000 RMSE values for β̂1 under the OQIF (A) and PNLS (B) methods
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Figure 2. Box plot of 1000 RMSE values for β̂2 under the OQIF (A) and PNLS (B) methods

Next, we estimate the coefficient function α̂(U), simulate 1000 times and draw the box plot of the
RMSE of α̂(U) under different samples, resulting in Figure 3 below.

(a) (b) (c)

Figure 3. Box plot of 1000 RMSE for α̂(U) with different sample sizes

As can be seen from the above boxplots: with the increase in sample size, the error distributions
of both the OQIF method and the PNLS method become more concentrated, but the error of the OQIF
method is significantly smaller than that of the PNLS method. This further verifies the superiority of
the OQIF method in the varying coefficient partially nonlinear model.
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Abbreviations
The following abbreviations are used in this manuscript:

QIF Quadratic inference function
OQIF The combination of QR decomposition and QIF
PNLS Profile nonlinear least squares

Appendix A
To prove Theorems 1 and 2, we first present the following lemmas:

Lemma A1. Let c be a positive constant, and let ξi, i = 1, 2, · · · n. be a sequence of independent and identically
distributed random variables. If it satisfies conditions E(ξi) = 0 and E(ξ2

i ) < c < ∞, then we have

max
1≤k≤n

∣∣∣∣ k
∑

i=1
ξi

∣∣∣∣ = Op(
√

n log n).

Proof. The result has been proven in Lemma A.2 of Zhao and Xue [17].

Lemma A2. Assume that the conditions (C1) to (C7) hold, when n → ∞, we have:

√
nGn(β0)

L−→ N(0, Ω0),

where Ω0 is defined in Condition (C7).

Proof. Let R(Ui) = (XT
i1r(Ui1), · · · , XT

ini
r(Uini ))

T , r(u) = (r1(u), · · · , rp(u))
T , rk(u) = αk(u) −

B(u)Tγk, combining with QT
i2Wi = 0, we can obtain:

QT
i2Yi = QT

i2g(Zi, β0) + QT
i2Wiγ0 + QT

i2R(Ui) + QT
i2εi

= QT
i2g(Zi, β0) + QT

i2R(Ui) + QT
i2εi.

(A1)

Let Gn,k(β) denote the k-th component of Gn(β), combining with Equation (11), we obtain:

√
nGn,k(β0) =

1√
n

n

∑
i=1

g(1)(Zi, β0)
TQi2 A

− 1
2

i Mk A
− 1

2
i QT

i2(Yi − g(Zi, β0))

=
1√
n

n

∑
i=1

g(1)(Zi, β0)
TQi2 A

− 1
2

i Mk A
− 1

2
i QT

i2R(Ui)

+
1√
n

n

∑
i=1

g(1)(Zi, β0)
TQi2 A

− 1
2

i Mk A
− 1

2
i QT

i2εi.

(A2)

Conclusion ∥R(Ui)∥ = O(K−r) can be derived from Conditions (C2), (C5), and Corollary 6.21 of
Schumaker [10], further combining with Lemma A1, we obtain:

1√
n

n

∑
i=1

g(1)(Zi, β0)
TQi2 A

− 1
2

i Mk A
− 1

2
i QT

i2R(Ui)=Op(n− 1
2 n

1
2 log nK−r) = op(1). (A3)

Let ζik = g(1)(Zi, β0)
TQi2A

− 1
2

i Mk A
− 1

2
i QT

i2(Yi − g(Zi, β0)), combining with E(εi|Xi, Zi ) = 0 and
cov(εi|Xi, Zi ) = Vi, we can thus conclude E(ζik|Xi, Zi ) = 0 and cov(ζik|Xi, Zi ) = g(1)(Zi, β0)

TPikViPT
ik g(1)

(Zi, β0), where Pik is defined in Condition (C7). We further let ζi = (ζT
i1, ζT

i2, · · · , ζT
is)

T, it follows that
E(ζi|Xi, Zi ) = 0 and

cov(ζi|Xi, Zi ) =


Ni11 · · · Ni1s

...
. . .

...
Nis1 · · · Niss

, (A4)
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where Nilk = g(1)(Zi, β0)
T PilViPT

ik g(1)(Zi, β0), l, k = 1, 2, · · · , s. combining with Condition (C7) and
the Law of Large Numbers, we conclude that:

1
n

n

∑
i=1

Nilk
P−→ Ωlk. (A5)

Furthermore, for any constant vector a ∈ Rspthat satisfying condition aTa = 1, we have E
{

aTζi
}
= 0

and sup
i

E
∥∥aTζi

∥∥2+δ ≤ ∥a∥2+δsup
i

E∥ζi∥2+δ ≤ Csup
i

E∥εi∥2+δ < ∞, where C is a positive constant.

Therefore, aTζi satisfies the Lyapunov condition of the Central Limit Theorem. Thus, we obtain:
n
∑

i=1
aTζi

(aT
n
∑

i=1
cov(ζi)a)

1
2

L−→ N(0, 1). Further combining with Equations (A4) and (A5), we can obtain:

1
n

n

∑
i=1

cov(ζi)
P−→Ω0. (A6)

Further combining with Equations (A2), (A3), and the Central Limit Theorem, we can obtain:

√
nGn(β0) =

1√
n

n

∑
i=1

ζi + op(1)
L−→ N(0, Ω0). (A7)

The proof of Lemma A2 is completed.

Lemma A3. Assume that the conditions (C1) to (C7) hold, we have Ġn(β0)
P−→ −Γ0 and Ωn(β0)

P−→ Ω0,
where Γ0 and Ω0 are defined in Condition (C7), and Ġn(β0) is the first-order derivative of Gn(β0) with respect
to β0.

Proof. After simple calculations, we obtain:

Ġn(β0) = − 1
n

n

∑
i=1


g(1)(Zi, β0)

TQi2 A
− 1

2
i M1 A

− 1
2

i QT
i2g(1)(Zi, β0)

...

g(1)(Zi, β0)
TQi2 A

− 1
2

i Ms A
− 1

2
i QT

i2g(1)(Zi, β0)

. (A8)

Combining with Condition (C7) and the Law of Large Numbers, we have that:

1
n

n

∑
i=1

g(1)(Zi, β0)
TQi2 A

− 1
2

i Mk A
− 1

2
i QT

i2g(1)(Zi, β0)
P−→ Dk, k = 1, 2, · · · s. (A9)

Further combining with Equation (A8), we obtain: Ġn(β0)
P−→ −Γ0. The proof of Lemma 2 shows that:

Ωn(β0) =
1
n

n

∑
i=1

ζiζ
T
i + op(1) =

1
n

n

∑
i=1


ζi1ζT

i1 · · · ζi1ζT
is

...
. . .

...
ζisζT

i1 · · · ζisζT
is

+ op(1). (A10)

Similar to the proof of Equation (A5), we can obtain:

1
n

n

∑
i=1

ζilζ
T
ik

P−→ Ωlk. (A11)

Therefore, Ωn(β0)
P−→ Ω0, The proof of Lemma 3 is completed.
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Lemma A4. Assume that the conditions (C1) to (C7) hold, we obtain:∥∥∥Ṁn(β0)− 2ĠT
n (β0)Ω−1

n (β0)Gn(β0)
∥∥∥ = Op(n−1),

and ∥∥∥M̈n(β0)− 2ĠT
n (β0)Ω−1

n (β0)Ġn(β0)
∥∥∥ = op(1).

Where Ṁn(β0) and M̈n(β0) are the first-order derivative and the second-order derivative of Mn(β0), respec-
tively.

Proof. According to the definition of Mn(β), we can obtain the following result through calculation:

Ṁn(β0) = 2ĠT
n (β0)Ω−1

n (β0)Gn(β0) + GT
n (β0)Ω−1

n (β0)Ω̇n(β0)Ω−1
n (β0)Gn(β0). (A12)

It follows from Lemma A2 that: Gn(β0) = Op(n− 1
2 ). Further, from Condition (C7) and Lemma A3, we

can obtain:
GT

n (β0)Ω−1
n (β0)Ω̇n(β0)Ω−1

n (β0)Gn(β0)=Op(n−1). (A13)

Combining the Equations (A12) and (A13), we can obtain:

Ṁn(β0) = 2ĠT
n (β0)Ω−1

n (β0)Gn(β0) + Op(n−1). (A14)

Similarly, we can obtain the following through calculation:

M̈n(β0) = 2ĠT
n (β0)Ω−1

n (β0)Ġn(β0) + Rn, (A15)

where,
Rn = 2G̈T

n (β0)Ω−1
n (β0)Gn(β0)

− 4ĠT
n (β0)Ω−1

n (β0)Ω̇n(β0)Ω−1
n (β0)Gn(β0)

+ 2GT
n (β0)Ω−1

n (β0)Ω̇n(β0)Ω−1
n (β0)Ω̇n(β0)Ω−1

n (β0)Gn(β0)

− GT
n (β0)Ω−1

n (β0)Ω̈n(β0)Ω−1
n (β0)Gn(β0)

= I1 + I2 + I3 + I4.

(A16)

Combining Lemma A2 and Lemma A3, we can obtain the following: I1 and I2 are both Op(n− 1
2 ), while

I3 and I4 are both Op(n−1), thus, Rn = op(1). The proof of Lemma A4 is completed.

Proof of Theorem 1. Noting that β̂ = arg min
β

Mn(β), thus Ṁn(β̂) = 0, according to the Lagrange

Mean Value Theorem, we have:

Ṁn(β0) + M̈n(β∗)(β̂ − β0) = 0, (A17)

where β∗ lies between β̂ and β0, thus, we have:

√
n(β̂ − β0) =

√
nM̈−1

n (β∗)Ṁn(β0). (A18)

Combining Lemma A3 and Lemma A4, we can obtain:

M̈−1
n (β∗) =

[
2ĠT

n (β∗)Ω−1
n (β∗)Ġn(β∗) + op(1)

]−1
=

1
2

(
ΓT

0 Ω−1
0 Γ0

)−1
+ op(1), (A19)

and

√
nṀn(β0) = 2ĠT

n (β0)Ω−1
n (β0)

√
nGn(β0) + op(1) = 2Γ0Ω−1

0
√

nGn(β0) + op(1). (A20)
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Combining Equations (A18) to (A20) and Slutsky’s Theorem, we can obtain:

√
n(β̂ − β0) =

[
1
2

(
ΓT

0 Ω−1
0 Γ0

)−1
+ op(1)

][
2Γ0Ω−1

0
√

nGn(β0) + op(1)
]

=
(

ΓT
0 Ω−1

0 Γ0

)−1
Γ0Ω−1

0
√

nGn(β0) + op(1)

L−→ N(0, Σ),

(A21)

where, Σ =
(

ΓT
0 Ω−1

0 Γ0

)−1
, the proof of Theorem 1 is completed.

Proof of Theorem 2. Let τ = n− r
2r+1 , γ = γ0 + τs. That is, we need to prove that for any given ε > 0,

there exists a constant C such that the following holds:

P{ sup
∥s∥=C

Qn(γ) > Qn(γ0)} < 1 − ε. (A22)

Let ∆(γ) = nK−1[Qn(γ)− Qn(γ0)]. By Taylor’s Formula, we can obtain:

∆(γ) = nK−1[Qn(γ0 + τs)− Qn(γ0)]

= nK−1τsTQn
′(γ0) +

1
2

nK−1τ2sTQn
′′(γ0)s +

1
6

nK−1τ3(
∂

∂γ
{sTQn

′′(γ∗)s})
T

s

= J1 + J2 + J3,

(A23)

where γ∗ lies between γ and γ0. Noting that K = O
(

n
1

2r+1

)
, we can obtain the following

through the assumption conditions and some calculations: J1 = Op(nτK−1)∥s∥ = op(1)∥s∥,
J2 = Op(nτ2K−1)∥s∥2 = Op(1)∥s∥2, J3 = Op(nτ3K−1)∥s∥3 = op(1)∥s∥3. Thus, there exists a suf-
ficiently large constant C such that when ∥s∥ = C, J2 can control J1 and J3; therefore, Equation (A8)
holds, and there further exists a maximum point γ̂ satisfying:

∥γ̂ − γ0∥ = Op(τ) = Op(n
− r

2r+1 ), (A24)

then we can obtain:
∥α̂k(·)− α̂k0(·)∥ = Op(n

− r
2r+1 ), k = 1, 2, · · · , p. (A25)

The proof of Theorem 2 is completed.
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